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h=U+PV/]
J
Cy = (bU/aT)V,

CV0
Cp = (d3n/3T)p,

C
P,

Chbmean = (Ah/AT)p

CPmax

B = (1/V) (3V/3T)p

B max

p=(3T/3P)y

Abbreviations
P-V-T
JSME

VDI

NOMENCLATURE

pressure, psia

specific volume, ft 3 /1b

absolute temperature, 459.69 + t, °R
temperature, °F

internal energy per pound mass, B/lbrn

enthalpy, B/lbm

b ft
B

mechanical equivalent of heat, 778.29
specific heat at constant volume, B/lbm SR

specific heat at constant volume for zero
pressure

instantaneous specific heat at constant
pressure, B/lbrn SR

instantaneous specific heat at zero pressure

mean specific heat at constant pressure over
the temperature interval, AT, B/lbm °R

maximum value for the instantaneous specific
heat on a given isobar or on a given isotherm

coefficient of volume expansion, SRSt

maximum value of the volume expansion
coefficient along either an isobar or an
isotherm

Rt
1b

Joule Thompson Coefficient,

pressure, specific volume and temperature
Japan Society of Mechanical Engineers

Verein Deutscher Ingenieure, Germany



VTI All Union Institute, Moscow

MPI Moscow Power Institute

Miscellaneous

Q, rate of heat addition or removal, B/hr

G, flow rate of fluid, 1b, /hr

Q' = h, amount of heat addition or removal per unit

mass, B/lby,

Subscripts

c property at the critical point

f. property of saturated water

g property of saturated water vapor

fg change in property between saturated
liquid state and saturated vapor state
at constant temperature

m mean condition

s property along the liquid-vapor saturation

12 known conditions



AN ANALYSIS OF SPECIFIC HEAT DATA FOR WATER
AND WATER VAPOR IN THE CRITICAL REGION

by

E. S. Nowak and R. J. Grosh

ABSTRACT

A comprehensive review of the available data for the specific heat
at constant pressure of water and water vapor is given for pressures from
14.22 to 4300 psia and temperatures from 680 to 800°F. In addition a des-
cription is given of the various experimental techniques employed by
different investigators to carry out measurements of this property.

Deviations of up to twenty per cent are shown to be in existence
between the measured values of specific heat of different investigators.
The estimated apparent overall error in the specific heat measurements
was found always to be within five per cent. In view of the actual deviation
it would appear that the various estimates that have been made on the
apparent overall error are somewhat optimistic. The authors of this report
have attempted to show that excessive random and systematic errors may
arise in the critical region when values obtained from mean specific heat
measurements are considered as being identical to the instantaneous values
of specific heat.

There are no specific heat formulations Cp = Cp (P, T), in existence
for that part of the critical region where the specific heat first increases
with temperature, attains a maximum finite value, and then subsequently
decreases with temperature. Consequently, the smoothed values of the
specific heat at constant pressure of various steam tables were derived by
graphical interpolation of different experimental data. Deviations between
the various smoothed data for the specific heatat constant pressure approach
and even exceed thirty per cent. This is especially true in the regions of
maxima of various isobars. These large deviations are due, in part,to the
error introduced by graphical interpolation and also to the previously men-
tioned deviations among the experimental data.

In this work values of the specific heat were derived in the critical
region from P-V-T data. Thedeviations between the derived and measured
values were generally between ten to twenty per cent. Near the critical
point, at supercritical pressures, and in the region of maximum specific
heats along various isobars, the deviations were larger. However, except
for one point, even these deviations were entirely within forty per cent.

Finally it is shown that the pressure and temperature relation
corresponding to the maximum values of specific heat along isobars is dif-
ferent to that corresponding to specific heat along isotherms. This is sig-
nificant insofar as it was previously thought by other investigators that the
locus ofpointsona pressure temperature diagram defining (E\Cp/a P)p =0
was identical to the locus of points defining (SCP/ BT)P = 0. The authors
are not certain of the physical significance of the region enclosed by the
locus of pointson a pressure temperature diagram defining (an/a T)p =0
and(BCp/GP)T = 0. It is quite possible that the region enclosed by the
above two curves is the boundary between the liquid and vapor phases in the
supercritical region.
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CHAPTER I
INTRODUCTION

A. General

Research is being conducted by the School of Mechanical Engineering,
Purdue University, on the phenomena of heat transfer in water over a wide
range of pressures and temperatures encompassing the critical point
(P, = 3208 psia, V. = .0525 ft 3/1b and t. = 705.5°F). Comprehensive
studies are being made of forced, free, and combined forced and free con-
vection in the subcooled water and superheated water vapor regions. These
studies are both experimental and theoretical so that intercomparisons of
both will be possible.

The thermodynamic and transport properties of direct interest in
heat transfer are pressure, volume and temperature data; coefficient of
volume expansion; enthalpy; specific heat at constant pressure; dynamic
viscosity; and thermal conductivity. Thus the success of heat transfer
investigations will depend primarily on an accurate and detailed knowledge
of the above properties in the critical region. Therefore in conjunction with
the above heat transfer investigations, parallel studies are being conducted
on the thermodynamic and transport properties of water and water vapor.

The subject of this report is the specific heat at constant pressure,
Cp, of subcooled water and superheated water vapor. Because of the com-
plexity of the topic, this study was limited to the region of pressures from
14.22 to 4300 psia and temperatures from 680 to 800°F. Heretofore such
specific heat information has been widely scattered throughout the litera-
ture and much has also been in the form of unpublished reports of different
investigators.

The starting point of this work began with a study of the smoothed
values of various steam tables.(1=8)* The text by Dorsey(g) and the survey
report by Callendar(10) were excellent sources of information throughout
the entire investigation.

This report is divided as follows: Chapter II gives a complete
survey of available experimental data for the specific heat at constant
pressure. Chapters IIl and IV review the various formulations and smoothed
values proposed for the specific heat. Chapter V gives a description of the
different methods and procedures used to derive values for the specific heat
from P-V-T values. Chapter VI reviews the various attempts made to ob-
tain a functional relation for pressure and temperature locating the maxima
of specific heat along isobars and isotherms in the supercritical region.

*Numbers in parentheses refer to references in the Bibliography.
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At the end of each chapter, conclusions and recommendations are
made. A considerable amount of time was devoted toward making this work
as comprehensive as possible. An effort was made to obtain all papers and
reports dealing with Cp data for water and water vapor which have been
published during the past thirty-five years. Dorsey's text(g) was relied
upon for the earlier experiments on the specific heat at constant pressure
for water and water vapor. Even the earlier work was consulted in a few
cases where it proved possible and convenient.

B. Definitions

To avoid misunderstanding, this section will give certain definitions
of terms which appear frequently in the text of this report. These defini-
tions will be of help and useful in explaining certain discrepancies between
various sets of specific heat data. Thus, this section will consider the sig-
nificance and full meaning of enthalpy and specific heat at constant pressure.

Enthalpy, h

In the past, enthalpy bore such names as heat content, total heat and
thermal potential. It is defined as the sum of the internal energy and the
pressure specific volume product, i. e.

h =U+PV/J (1)
The authors of various thermodynamic texts(11-14) show, from First Law
consideration, that the heat added to a unit mass of a pure substance under

constant pressure and during a non-flow process is equal to the change in
enthalpy.

Specific Heat at Constant Pressure, Cp

The instantaneous specific heat at constant pressure is defined as
Cp = (3/3T)p (2)

It may be interpreted analytically as being the value of the tangent at a
given condition along a constant pressure curve of enthalpy versus temper-
ature (isobaric curve). The instantaneous specific heat at constant pressure
of water and water vapor is a function of both pressure and temperature,
i.e. Cp = Cp (P, T). Furthermore it has very large values in the critical
region. For example, at the critical point Cp is infinite in value.

If accurate values of enthalpy were available at close intervals of
temperature along an isobaric curve reliable values for the tangent (i.e.
the specific heat) may be derived by a finite difference technique. It is
usual to consider the quantity so derived as the mean specific heat over a
temperature interval AT. The mean specific heat is defined therefore as,



CPmean = (AR/AT)p (3)

Thus, it may be seen from Equations (2) and (3) that there is a fundamental
difference between the mean and instantaneous specific heat. However, in
the limit as AT approaches zero (Ah/AT)p approaches (ah/aT)p. Hence,
if the limit exists, the mean specific heat becomes identical with the instan-
taneous specific heat.

It may be shown that the mean and instantaneous specific heat at
constant pressure are related as follows,

1 T2
CPmean = T f Cp dT ’ (4)
T,

It may be concluded from Equation (4) that the mean specific heat between
T, and T; will only be identical to the instantaneous specific heat at a temp-
erature of (T, + Tl)/Z if the variation of the instantaneous specific heat at
constant pressure with temperature is linear or fulfills very special
conditions.

C. Systematic Errors Introduced in Specific Heat Determinations

The continuous flow method has been used extensively to measure
the specific heat at constant pressure. It consists of passing a predeter-
mined amount of fluid through a constant area duct (calorimeter) at nearly
constant pressure. The temperature change between the inlet and outlet
of the calorimeter is measured along with the corresponding heat addition
or removal to or from the fluid in the calorimeter.

A number of systematic errors are associated with such measure-
ments. The systematic errors of most importance are caused by the
kinetic energy of fluid flow, by the throttle effect due to friction and finally
by the error resulting from the assumption of the equality between the mean
and instantaneous specific heat. In a well designed experiment the first two
mentioned errors are of secondary importance compared to the third error.

1. Kinetic Energy Correction

The heat added during a nearly constant pressure flow process
may only be assumed identical to the change in enthalpy of the fluid if the
changes in the flow kinetic energy are small compared to the heat addition.
The calorimeters which were used by various investigators appear to be
designed in such a manner that the kinetic energy changes, which are marked
in the critical region, are insignificant compared to the amount of heat
added. Thus if kinetic energy changes are insignificant, the mean specific
heat may be alternatively defined as

i
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= (Q/GAT)p = (Q'/AT)p (5)

Cpmean

2. Throttling Effect Due to Friction

The pressure loss due to the action of friction between the fluid
and the walls of the calorimeter is known as the throttling effect. A small
reduction in static temperature is associated with the above pressure loss.
In most of the specific heat investigations described in this report, the
throttle effect was taken into account even though it was very small.

3. Instantaneous and Mean Values of Specific Heat

The variation of enthalpy with temperature along a given isobar
in the supercritical region is very marked. It will be recalled that the spe-
cific heat at constant pressure at a temperature T is in reality equal to the
magnitude of the tangent of such an isobaric enthalpy temperature curve at
the same temperature, T. Thus, in the critical region significant errors
conceivably could arise if values for (Ah/AT)P are assumed identical to the
values for the instantaneous specific heat. This error will be termed
throughout this report as a systematic error. It should be pointed out that it
is not possible to eliminate this error completely from an experimental in-
vestigation. However, it may be reduced to minimum values by reducing
the increment AT. If this is done precise measurements must be made of
both Ah and AT which is extremely difficult in the critical region.

Large random errors may result in the critical region if the
mean temperature is uncertain by even 0.1°C. This represents about the
limit with which temperatures are measured in very carefully controlled
P-V-T experiments. These factors are probably the cause of the excessive
deviations between various sets of data.
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CHAPTER II
MEASUREMENTS OF THE SPECIFIC HEAT AT CONSTANT PRESSURE

A. General

It was mentioned in Chapter I that several methods may be used to
obtain values for the specific heat at constant pressure. The direct method
will be the term used here to designate the continuous flow calorimetric
method of determining specific heat. Most of the investigations described
in this report were carried out by the direct method. However, several
indirect methods such as the graphical differentiation of enthalpy and
P-V-T data have been used to derive values for the specific heat.

According to Jakob(15.16) one of the first direct measurements of
the specific heat of superheated water vapor were those by Knoblauch at
the Munich Technical Institute. The investigations were first begun around
1900 and ended in 1935. The apparent error in these measured values of
specific heat may still be estimated at about five per cent. This compares
quite favorably with the magnitude of the probable error that has been esti-
mated in more recent measurements of specific heat.

At the turn of this century, Barnes(17) conducted painstaking direct
specific heat measurements on subcooled water at a pressure of one atmos-
phere from 32 to 212°F (0 to 100°C). The error in his experiments was
small and it may still be estimated at being around one part in a thousand.
This even compares very favorably with more recent specific heat investi-
gations at the National Bureau of Standards.

B. Measurements for Superheated Water Vapor

Table 1 shows the extent of direct and indirect measurements of the
specific heat at constant pressure of superheated water vapor. A consider-
able amount of overlapping of the ranges occurs. However, these measure-
ments when considered as a single unified body of data are invaluable in
obtaining the variation of specific heat with temperature and pressure in
the critical region.

The care taken during the course of the investigations of Knoblauch
and Koch{18) at the Munich Technical Institute is noteworthy. For example
even the very small throttle effect was evaluated very accurately from the
results of special throttling experiments. An error of only two tenths of
one per cent would have been introduced if the effect were ignored. During
the specific heat investigations of Knoblauch and Koch the weight rate of
flow of the water vapor ranged between 22 to 37 lb/hr (L0 to! 17 kg/hr). The
heat addition to the superheated water vapor was generally between 160 and
700 B/hr (40 to 175 kcal/hr).
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Table 1

EXTENT OF Cp MEASUREMENT ON SUPERHEATED WATER VAPOR

Type of Temperature-Rarge Pressure Range

Investigator(s) Freriment

o °F kg/cm? psia

Knoblauch and Direct 250 to 500 [482 to 932 20 to 120 260 to 1700
Koch, 1929
Reference 18

Trautz and Indirect 350 to 500 | 662 to 932 150 to 300 2135 to 4270
Steyer, 1931
Reference 19

Koch, 1932 Indirect 377 to 381 | 710 to 718 240 isobar 3410 psia
Reference 22 isobar

Koch, 1932 Direct to 450 to 832 120 to 200 1700 to 2840
Reference 23

Havlicek and Direct 320 to 450 | 610 to 850 100 to 400 1420 to 5680
Miskovsky, 1936
Reference 24

Timrot, 1950 Direct 350 to 480 | 662 to 896 200 to 300 2840 to 4270
Reference 25

Sirota and Direct 200 to 375 | 392 to 707 20 to 120 285 to 1700
Timrot, 1956
Reference 27

Sirota, A. M. Direct 300 to 550 | 572 to 1022 20 to 150 285 to 2135
1958,
Reference 28

Sirota and Direct 300 to 500 | 572 to 932 300 to 500 4270 to 7110
Maltzev, 1959

Reference 29

Sheindlin, 1954 Direct 194 to 660 [ 381 to 1190 | 300 to 500 4270 to 7110
Reference 31

Russkazov and Direct 280 to 685 | 535 to 1265 [ 300 to 500 4270 to 7110
Sheindlin, 1957
Reference 32

Vukalovich, Direct 300 to 700 | 572 to 1290 | 500 to 700 7110 to 9950
Sheindlin and

Russkazov, 1958
Reference 33

The corresponding increase in temperature of the water vapor at the cal-
orimeter inlet and outlet was between 4 and 25°F (2 to 14°C). Since no
error analysis was given by Knoblauch and Koch, an estimate on the error
cannot be given for their measurements. However, because of the care
taken, the error is probably of the order of several per cent.



Trautz and Steyer(lg) derived values for the specific heat from their
P-V-T measurements by means of the following relation,

/1)
{3, -3 [242),

Even though their derived values do not compare favorably with recent direct
measurements it should be emphasized that their pioneer values were a valu-
able contribution at the time. They gave an insight into the general variation
of specific heat at constant pressure with temperature and pressure in the
critical region. Their values showed that Cp along a given isobar in the
supercritical region first increases with temperature, attains a finite maxi-
mum value and then subsequently decreases with temperature.

In 1928 Callendar(20:21) concluded from his thermodynamic property
investigations on water that above the critical point (3210 psia, 705.2°F)
there was an unstable two phase region, which extended up to 3650 psia and
about 717°F. He considered that even though the meniscus had disappeared
at the critical point (3210 psia, 705.2°F) the latent heat of vaporization would
only become zero at 3650 psia and 717°F. Furthermore his experiments
indicated that even a minute air content (0.003% by volume) influenced the
variation of enthalpy with temperature of pressure in the critical region.
Callendar considered that the true variation of enthalpy would remain unaf-
fected only when the air content in the superheated water vapor was less
than 0.001% by volume.

In 1932 Koch(22) carefully measured the variation of enthalpy differ-
ence with temperature along the 3410 psia (240 kg/cmz) isobar. These in-
vestigations were carried out with water vapor having air contents which
varied from less than 0.001% to 0.003% by volume. Koch's measurements
conclusively showed that such air contents did not influence the variation
of enthalpy with temperature along the 240 kg; cm?® isobar. There was no
observable difference between the measurements of enthalpy difference with
water vapor having air contents of between 0.001% and 0.003% by volume
respectively. Koch concluded that above the critical point (3210 psia,
705.2°F), there is only a stable one phase region. He also stated that in
Callendar's investigations the water vapor probably contained much larger
air contents than 0.003% by volume. A comparison between the variation
of enthalpy with temperature as measured by Koch and that conjectured by
Callendar is given in Figure 1.¥

In 1932 Koch(23) also reported on specific heat investigations con-
ducted at the Munich Technical Institute. A weight rate of water vapor flow
of about 14 lb/hr 6.2 kg/hr) was used throughout the entire course of the
investigations. He estimated that the flow rate did not fluctuate by more
than one-half per cent during any specific heat test.

*Koch(zz) did not present his results in tabular form therefore Figure 1
was reproduced from his small scale diagram.

15
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Ah_KCAL/KG

ENTHALPY DIFFERENCE,

TEMPERATURE, c

—_—

Fig. 1. Variation of Ah with Temperature at a Pressure of 240 kg/cm2
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The temperature differences employed in the calorimeter ranged between
3.6 and 18°F (2 to 10°C). He estimated that the inlet temperature fluctuated
between 0.036 and 0.09°F (0.02 and 0.05°C) and that the temperature reduc-
tion due to throttle effects was measured and determined to within

0.018°F (0.01°C).

If it is assumed that there were no heat losses, then the apparent
error in his mean specific heat measurements is three and one-half per
cent. Koch noted the maximum deviation of his measurements from a
"best line" was around three per cent. It is reasonable to estimate there-
fore that the apparent error in Koch's specific heat measurements was
nearly three per cent.

The investigations of Havlicek and Miskovsky(24) on the specific
heat of water and water vapor extended well into the critical region. Instead
of adding heat to the water vapor in the calorimeter, heat was removed as
the water vapor flowed through the calorimeter. The water vapor flow rate
employed during a typical experiment was between 6.6 and 35 lbm/hr.

(3 and 16 kg/hr), and was determined accurately to within 0.025%. The heat
removal during most experiments was around 1600 B/hr (400 kcal/hr). The
additional heat removal which occurred due to heat losses and which was
not determined by the calorimeter but by calibration was about 160 B/hr
(40 kcal/hr). They estimated that the total heat removal, as determined by
the water calorimeter and by calibration was known accurately to within
one-half per cent. The corresponding temperature changes measured with
resistance thermometers varied from 1.5 to 36°F (0.75 to 20°C). Havlicek
and Miskovsky stated that these differences in temperatures between the
entrance and exit of the calorimeter were measured to within 0.05°F
(0.03°C). The temperature reduction caused by a throttling effect was
probably quite insignificant since the pressure difference between the inlet
and outlet of the calorimeter was less than 0.2 psia. If these estimates are
correct, the apparent error in their mean specific heat determinations
probably did not exceed four per cent.

Timrot(25) at the All Union Institute, VTI, was the first to conduct
investigations on the specific heat of water and water vapor after World
War II. In these experiments a predetermined amount of heat was trans-
ferred to a known amount of water vapor as it flowed through a well insul-
ated calorimeter. The increase in temperature of the water vapor was
measured with precision thermocouples. The flow rate of water vapor
during the tests was between 4 to 16.5 1b/hr (B c Ry 5 kg/hr) while the
heat input to the water vapor ranged from 160 to 320 B/hr (40 to 80 kcal/hr).
The temperature difference of the water vapor between the entrance and exit
sections of the calorimeter ranged from 0.4 to 43°F (0.2 to 24°C).
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Timrot(26) stated that the flow rate of the water vapor fluctuated by
around one half per cent. He further estimated that the mean flow rate was
known accurately to within a tenth of one per cent. Moreover, in the region
of maxima of specific heat along the various isobars, the temperature dif-
ference of the water vapor was measured accurately to within three per cent.
The corresponding heat addition to the water vapor was determined accu-
rately to within three tenths of one per cent while the mean temperature
was measured to within 0.18°F (0.1°C). In view of these estimates it may
be assumed that the apparent error in his measured values of specific heat
in the region of maxima was approximately within four per cent.

The specific heat investigations at the VTI were subsequently ex-
tended into the subcritical and supercritical regions by Sirota and Timrot,(27)
Sirota,(zs) and Sirota and Maltzev.(29) These latter investigations were
conducted with a new apparatus. It was estimated by the above investigators
that the specific heat measurements were accurate to at least one and one-
half per cent. These measurements are probably the most accurate that
have been made in the subcritical and supercritical region. Considerable
refinement was achieved and effected on temperature measurement.

There are factors, though, which indicate that the above
estimates(27,28,29) of apparent error are somewhat optimistic. For in-
stance it was stated that the water vapor flow rate was measured to within
two tenths of one per cent while the temperature of the water vapor at the
entrance fluctuated between 0.018 and 0.036°F (0.01 and 0.02°C). The
minimum temperature difference between entrance and exit was around
2.2°F (1.25°C). Thus, even if the heat losses were insignificantly small,
the apparent error in the measurements would appear to be around two per
cent in the region of maxima along the various isobars. In addition to this
Sirota and Maltzev(29) stated that there were sudden fluctuations in water
vapor flow which interfered with the control of pressure and temperature.
Therefore in the region of maxima, the error in their measurements are

probably somewhat higher than two per cent due to the difficulty of control-
ling test conditions.

According to Romadin(30) and Sheindlin,(31) the MPI developed a new
non-stationary method for the measurement of Cp- Sheindlin(31) utilized
certain principles of both the flow and a non flow calorimeter to measure
specific heat by the new method. During these experiments the water vapor
flow rate ranged between 8.5 and 26 lbm/hr (2 and 12 kg/hr). The corre-
sponding temperature differences between entrance and exit sections of the

flow calorimeter was between 1 and 18°F (0.6 and 10°C). Sheindlin estimated
that the apparent error in his specific heat measurements was about two per

cent. This work at the MPI was subsequently extended with slight modifica-
tion to the equipment by Russkazov e_til.(32) and by Vukalovich et al.(33



C. Measurements for Subcooled Water

Table 2 shows the extent of some of the direct and indirect measure-

ments of the specific heat at constant pressure for subcooled water.

Bridgman's values of specific heat at room temperature and very high pres-

sures were computed from his volumetric measurements by a graphical

method.(34)

Table 2

EXTENT OF Cp MEASUREMENTS ON SUBCOOLED WATER

Temperature Range

Pressure Range

Russkazov, 1958
Reference 33

Investigator(s) ETYP‘?;f A

R °2C °F kg/cm? psia
Bridgman, Indirect 0 to 80 32 to 176 | 1000 to 14,000 to
Reference 34 12,000 168,000
Trautz and Indirect 0 to 370 32 to 698 50 to 300 710 to 4270
Steyer, 1931
Reference 19
Koch, 1934 Direct 0 to 350 32 to 662 50 to 300 710 to 4270
Reference 35
Havlicek and Direct 350 to 370 | 662 to 698 [ 150 to 300 [2130 to 4270
Miskovsky, 1936
Reference 24
Timrot, 1950 Direct 350 to 373 | 662 to 703 | 225 to 300 | 3200 to 4270
Reference 25
Sirota and Direct 12 to 873 54 to 704 26 to 500 370 to 7100
Maltzev, 1959
Reference 29
Sheindlin, 1954 Direct 194 to 372 | 381 to 702 [ 300 to 500 [4270 to 7100
Reference 31
Russkazov and Direct 280 to 374 | 536 to 705 [ 300 to 500 [4270 to 7100
Sheindlin, 1957
Reference 32
Vukalovich, Direct 280 to 365 [ 536 to 689 | 550 to 700 | 7820 to 9940
Sheindlin,

Precise calorimetric measurements on subcooled water were under-
taken by Koch(35) with the same apparatus which was used to measure the

specific heat of water vapor.(22,23) The water flow rate was either 13 or

19 kg/hr (29 or 42 1b/hr). The temperature difference during these experi-

19

ments ranged from 9 to 18°F (5 to 10°C). From the error analysis of Koch(35)

the apparent error in the specific heat measurements may be estimated as
being well within one per cent.
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The apparatus and techniques which were used to measure the
specific heat of subcooled water by Trautz et al.,(19) Havlicek et al.,(24)
Timrot,(25) Sirota et a_l.,(zg) and Sheindlin et a_l.(31'33) were identical to
that used by them to obtain the specific heat of superheated water vapor.

D. Comparisons
The results of the measurements on the mean specific heat of sub-

cooled water and superheated water vapor are given in Tables 3 to 8. A
comparison of the various measurements is given in Figure 2.

Table 3

MEASUREMENTS OF KOCH

P Mean Inlet Temp - Mean
F vein Temperature Outlet Temp Specific Heat
: T S T, = Ty, 08 Cp, B/1b °F
2844.7 695.44 3.96 4.246
696.72 7.83 4.075
697.31 736 5.933
698.27 10.84 30792
703.13 7.48 3.122
706.45 16.86 2.878
730.64 8.80 1.822
756.10 18.63 1.414
782.94 8.23 1S 187
807.37 17.46 1.056
807.39 17.64 1.050
83723 8.38 0.957
3413.5 710.6 M)
712.4 12.5
714.7 25
i'h 3 36
716 32
717.8 17




Table 4

MEASUREMENTS OF HAVLICEK AND MISKOVSKY

Mean Inlet Temp - Mean
Pressx‘xre Temperature Outlet Temp Specific Heat
Bupeia T Ty~ Ty, B Cp, B/Ib °F
2844.7 682.86 5.04 3.41
683.02 4.95 3.48
694.80 3.94 4.42
694.83 392 4.43
750.56 33295 1.499
75353 35.10 1.452
2986.91 705.63 11.34 4.175
707.14 12:10 S90S
312952 689.65 13075 3.1:83
690.01 13.46 3229
696.78 17.99 4.92
697.10 18.08 5210
705.99 2.43 7.50
706.03 2.47 72318
713.84 1129 4.301
714.54 B1=59 4.193
320053 681.69 18.50 2.373
681.93 18.32 2389
695.46 11.45 3.869
695.84 11020 3,959
702.88 3.83 11.84
703.06 3255 12.84
707.18 SO1E] 115592
707.25 311 15.80
712.18 {236 6.655
712.31 7.43 6.601
723220 1:3.73 3.580
72381 14.08 3.478
740.12 21.06 2.351
740.64 200011 2.338
3413.6 T IE 2l 2.43 20.18
713.41 2.18 2251
715.24 1539 3563
715.24 1.37 36.00




22

Table 4 (cont'd.)

Mean Inlet Temp - Mean
Presst}re Temperature Outlet Temp Specific Heat
P, psia Ten» °p o °F Cp, B/lb o
3413.6 L 130 2.12 18.17
717.48 2.79 770
721.47 5.89 8.345
721.56 5.96 8.344
35659 683.46 8.26 2.116
683.76 8.30 2.106
684.97 19.37 2.147
685.18 19.37 2.156
691.52 7.49 2.373
691.61 7.45 2.382
702.19 15.89 3.131
702.63 15.66 3.165
714.33 7.36 6.723
713.43 A% 6.138
717.84 4.18 11.86
717.91 4.19 11.82
721.60 2.48 20.45
721.60 2.45 20.70
724.57 3.73 13.79
724.86 387 13.26
730.36 7-07 6.970
730.47 716 6.884
738.68 11.66 4.308
738.99 11.81 4.238
739.44 4.57 4.056
739:98 4.77 3.941
744.98 5.56 3.376
745.14 5.58 313176
750.88 6.88 2.900
w5153 1'7.93 2.934
751557 6.97 2.846
753.06 18.56 2.824
758.07 8.14 2.484
758.93 8.24 2.475




Table 4 (cont'd.)

e Mean Inlet Temp - Mean
3 Temperature Outlet Temp Specific Heat

Fapeis e T O Cp, B/1b °F

4267.0 680.97 25.02 1. 71T
681.10 24.95 1. 727
702,82 210511 2.096
704 .64 21.06 25135
720.57 =95 2.723
722.10 17.24 2.811
7356/ 12.29 4.131
736.03 12.08 AN 2
745.59 8.44 6.087
745,93 8.35 6175
THSLOL 8.01 6.619
753.96 79 6.636
761.83 9370 5.613
762.21 9.83 5:525
773.40 14.09 3.9853
L3:817 14.13 3.944
788.05 19.64 2.812
788.61 19,85 2.850




Table 5

MEASUREMENTS OF TIMROT

Mean Inlet Temp - Mean
Pressu.re Temperature Outlet Temp Specific Heat
P, psia T, °F 3 Grs Cp, B/lb °F
3200.3 684.27 4.40 2.52
688.24 4.07 2.85
696.47 4.84 4.26
699.26 3.94 5.20
700.16 3.69 5.56
701.60 2.457 8.64
703.38 1.06 20.69
713.48 4.32 6.04
716.16 5.13 5.08
733.89 1022 2.64
752.49 13523 2.05
767.30 16.24 1.69
771.80 17.10 1.62
787.73 18.72 1.47
788.77 19.08 1.43
797.09 22.14 1533
800.71 21.15 1-32
AT 681.84 9559 2:28
682.23 9.49 2.30
692.62 7.24 3.028
698.59 571 3291
703.06 4.00 5.61
704.01 373 5.98
704.68 3.28 6.83
705.09 2.853 7.91
705.69 2.115 10.64
706.28 1.440 15267
706.64 0.940 24.48
70727 0.603 37.60
708.35 0.326 75.65
711.59 2.358 1119
714.87 3.681 =17
716.85 4.19 6.25
722:12 5.94 4.60
726.80 751 3.72
747.61 12.47 2:32




Table 5 (cont'd.)

L Mean Inlet Temp - Mean
P [ Temperature Outlet Temp Specific Heat
SR Pl OF 0T e CpiB/ib °F
3413.6 685.18 4299 2:29
705.85 4.41 4.86
707.90 3.64 5.98
708.58 3.413 6.41
709230 3.281 6.68
710.06 2.655 8.23
711.41 2230 9.62
711.68 2.09 10=51
71215 1.471 15:19
713.14 0.968 23529
714.38 0.709 31.78
716.00 0.837 30.38
717.66 1.530 16.94
TS 2.68 ags o
720.37 2195 8.82
724.87 4.55 S (i)
7.31.30 6.44 4.10
743.36 9.54 2.85
75292 11873 2.42
3555.8 680.58 6.98 2.00
685.89 5.895 20/
688.73 12.46 2.18
692.56 578 2.38
694.90 11.56 2.49
699.21 3.87 2:85
702.37 4.45 3.04
703.98 31879 320
704.88 3.321 3.36
707.09 3.465 352
710,02 4.63 4.40
712.47 2.734 Sl
714.38 1.921 637
716277 1.494 9E3 T
718.30 12921 11.54
71.9:49 1550 14.43
719:94 1.345 16.69
720.68 1E205 18.54
721.85 1Nali26 20.34
722.41 0.794 18.11
723.88 1.471 1E5E19
725.49 1521917 11.86
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Table 5 (cont'd.)

Mean Inlet Temp - Mean
Pressx%re Temperature Outlet Temp Specific Heat
P, psia Tm’ °op T~ °R CP’ B/lb op
3555.8 727.47 2518 8.54
728.46 2.961 8.06
731195 3.861 5.83
742.17 6.62 3.84
752.43 14.94 2.78
764.19 19.42 Z.26
768.11 225109 2:12
777.76 25.36 1.85
778.10 22518 1.86
779.54 25.20 1.84
3698.1 685.22 10.78 1299
692.82 9.43 2.26
702.68 T 79 2.80
712202 5.3 3.83
712.94 5.54 3295
717.10 4.27 522.0
T1:8:75 Sl 6.04
720.00 3526 6.85
722.44 2.45 Or2l
723.52 2.174 10.44
724.64 1.822 13267
725.54 1.696 13395
AT T 1.674 13:65
727.45 1.670 13.61
728.08 1.734 13.09
728.85 1.82 12.49
73220 2.54 959,
737.64 4.03 6.25
743.90 5.44 4.62
T57.22 8.66 3.02
760.01 9.20 2.85
775.58 12.02 2:25
3911.4 691.61 12:11 2.06
692.28 11572 2.10
717.49 7.065 3.54
726.03 5.29 5.60
726.21 5.58 5.48
731.23 3.470 8.54
732.85 3.181 9.26
33591 2.851 10.31




Table 5 (cont'd.)

Prendiis Mean Inlet Temp - Mean
P paia Temperature Outlet Temp Specific Heat
: T men RN T Cp, B/1b °F
3911.4 734.70 3.3 10.61
735.49 2.745 10.64
736.54 3.181 10.00
738.61 3.20 10.07
740.21 3.429 9230
741.63 3.681 8.64
745.61 4.37 6.98
75015 5..51 5.62
752.94 6.408 4.86
763.32 1155, 112) 5:35
764 .85 9.94 3.18
{63 17.64 2.55
785.70 20.48 22119
800.56 15.41 1.88
4124.8 684.59 6.30 17T
703.78 9.40 220
724.19 6.28 3255
728.24 5.38 3:85
728.98 5.45 395
782,11 4.52 4.65
735,05 3.85 5.46
738.14 3375 6.25
740.25 3.159 (il
742.01 2.90 T ST
743.65 2.745 7.83
748.58 2T 7.86
750.07 2SN 7.41
752.86 3.321 672
756.14 3/.85 5.83
761.09 4.81 4.71
768.60 6539 3.64
776.28 7.69 3.07
4267.0 685.15 1075 1.65
703.94 8.82 19:99
711.25 7.56 2l
15230 9.16 2.36
719.92 o 2.58
726.94 5RO 315
728.60 5238 3.32
732.51 4.68 377
73512 5.49 4.06

2T
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Table 5 (cont'd.)

Mean Inlet Temp - Mean
P;BSS\:II'E Temperature Outlet Temp Specific Heat
b i b Ty = TR Cp, B/lb °F

4267.0 738.46 3.62 4.69

73915 4.36 4.74

743.18 3.78 5.58

747.23 3.267 6.43

749.16 3.141 6.65

752.20 3.168 6.82

755.87 3.26 6.62

760.10 3.67 5.95

766.22 4.54 4.83

7792 6.39 3.44

790.95 6.71 2.58

791.78 8.55 2.61

806.20 9.05 2.10

806.41 10.85 20




Table 6

MEASUREMENTS OF SHEINDLIN

Mean Inlet Temp - Mean
Pressure e
B ro Temperature Outlet Temp Specific Heat
. RL PR 0Ty = A B Cp, B/1b °F
4267.0 09585 2T 251l
712.60 3.08 225
719.67 Z2infe) 2RO
720.05 2.56 21507
721.81 2.43 2561
T2 25 2558 2.70
724.28 2:56 2.80
731.68 1975 3.60
sl S 1.60 3.88
732.11 1l (573 3.89
732.16 1.80 3.82
713223 1.67 4.03
739.54 1S 1 512
740.10 1.31 5R119
745.00 1! 6.07
745.23 11T 6121
745.75 117 6.34
751%.95 1.06 7.04
75550 52 6.81
755.54 1812 6.82
i756°63 1.10 (S17
762.01 12357 S 7l
762.51 1.46 51251
768.47 1575 4.54
777.03 1.80 3.54
778.01 1.87 2 Sk
788.51 2.34 3.22




Table 7

MEASUREMENTS OF RUSSKAZOV AND SHEINDLIN

Mean Mean
PreSSl.n'e Temperature Specific Heat
s T . °F Cp. B/IbE
4267.0 685.90 1.73
686.37 1545
686.93 1.78
692.73 1.86
693.05 1.83
693.21 1.84
726.82 3.16
726.89 3L5
726.98 3.14
732.81 375
733.14 3.80
733.46 4.00
747.39 6.43
T47.57 6.52
747.73 6.65
748.89 6.87
749.17 6.96
749:34 6.97
750.13 7.01
750.78 7.06
751.28 AL
752.40 7.03
752.41 7.02
753.06 7.02
754.63 6.95
769.42 4.45
768.90 4.55
770.65 4.20
779516 3.20
779.65 3.15
779.86 3.25
788.36 2.70
789.98 2.60
793.85 2.51
806.56 2.06




Table 8

MEASUREMENTS OF SIROTA AND MALTZEV

Mean Inlet Temp - Mean
Pressure s
e Temperature Outlet Temp Specific Heat
e °F o T Cp, B/1b °F
4267.0 698.56 71022 1.930
706.50 6.277 2148
7L Gl 5.560 28416
M2 1R 2 4.853 2.742
728307 4.163 3:1196
135.15 5l Sisit 3.98
758.28 2295 4.483
741.36 2.601 5.085
744.84 Za2E A 5.860
746.58 2.590 6.238
748.26 262 6.529
749.32 2. 722 6.662
151522 2.837 6.831
75195 25812 6.850
75245 2.803 6.856
55959 2.984 6.827
75373 3.013 6.813
754 11 Za GBS 6.782
752192 3.011 6.711
55956 25183 6.644
T 2.889 6.380
759.20 3.100 6.065
761.36 ZRC e 5.684
764.87 2.637 5.075
768.47 2.963 4.534
77392 3.476 3.878
77904 SRERT 3.416
788.99 4979 2.7180
T Tt Sl 15 2.418
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In most cases the agreement between the various sets of measure-
ments is about four to five per cent, which is within estimated error. There
are some notable exceptions to this; for example, in the near vicinity of the
critical point and in the regions of maxima for various isobars, the devia-
tions from a "best line" tend to approach and even exceed twenty per cent.

Several reasons have been given by different investigators for such
deviations. Moreover each investigator favored his own particular meas-
urements as being the most reliable. They also considered that a combina-
tion of random and systematic error in the experiments of other investigators
were the cause of the disagreement. A review of the various reasons will
be given below.

Timrot(26) stated that, in the near vicinity of the critical point and
in the regions of maxima along various isobars, the error in the specific
heat measurements of Havlicek and Miskovsky(24) could be greater than
ten per cent. Timrot stated that the reasons for the error in the measure-
ments of Havlicek and Miskovsky were due to the fact that the heat losses
were only accounted for by calculations and that a poor method was used
to measure the temperature.

It will be recalled that the heat losses in the specific heat deter-
minations of Havlicek and Miskovsky were determined by special calibration
tests to be about ten per cent of the total heat removal. After correcting
for these heat losses, Havlicek and Miskovsky state that the enthalpy
differences measured during a specific heat determination were in agree-
ment with their highly accurate enthalpy measurements to within one-half
per cent. Furthermore the temperatures and temperature differences
were measured with specially calibrated resistance thermometers. In
view of these factors it would appear that the error attributed by Timrot
to the specific heat measurements of Havlicek and Miskovsky is quite
pessimistic while the apparent error which may be estimated on the basis
of Havlicek's and Miskovsky's error analysis may be somewhat optimistic.

The authors of this report consider, therefore, that both sets of experimental
data are equally reliable.

Sheindlin(31) subsequently found disagreement between his measure-
ments and those of Havlicek and Miskovsky. 24) Sheindlin stated that the
excessive temperature differences employed in the measurements of
Havlicek and Miskovsky introduced systematic error in their experimental
values. It may be seen from Tables 4 and 6 that the temperature differences
employed in the experiments of Havlicek and Miskovsky were about the
same as those employed in the experiments by Sheindlin. Thus there is no

real basis for preferring Sheindlin's measurements to those by Havlicek
and Miskovsky.
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Sirota and Maltzev(29) on the other hand found agreement between
their own measurements and those by Havlicek and Miskovsky. 24 They
further considered that the large temperature differences employed by
Havlicek and Miskovsky caused only a systematic error of less than
one-half per cent in the regions of maxima.

Sirota and Maltzev(zg) found that the deviation between their
measurements and those by Sheindlin et al., 31-33) was between five and
seven per cent. They found also that the data of Sheindlin et al., were
systematically higher than their measurements by around three or four
per cent. Sirota and Maltzev attributed this deviation to the fact that the
heat conduction through Sheindlin's resistance thermometer under

calibration conditions differed from that during experimental conditions.

It is apparent that inconsistent reasons have been given for the
disagreement between the various sets of measurements. The most
important point that must be established is whether or not the disagree-
ment is due to random error, such as in measurements of temperature
or pressure, or systematic error, resulting from the use of large
temperature differences. It is entirely possible that the present disagree-
ment is a result of a combination of both of the above factors. An attempt
has been made to resolve this dilemma and details will be found in
Chapter V.

E. Summary

1. The majority of the measurements on the specific heat at
constant pressure were obtained by the flow calorimeter method. The
apparent overall error of the measurements were estimated to be within
approximately one to five per cent. Figure 2 shows that when equal weight
is given to the data of Koch,(23) Havlicek and Miskovsky,(24) Timrot,(25
Sheindlin et al.,(31_33) and Sirota and Maltzev,(zg) they form a set of data
which is adequate in tracing out the true variation of specific heat with
temperature along various isobars.

2. In the near vicinity of the critical point and in the region of
maximum specific heat for various isobars deviations tend to approach
and even exceed twenty per cent. The cause for the deviations exceeding
the limit of apparent error is not yet fully known.
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CHAPTER III

FORMULATIONS PROPOSED FOR THE SPECIFIC
HEAT AT CONSTANT PRESSURE

A. General

The various measurements on the mean specific heat reviewed in
Chapter II formed the basis for several empirical formulations for the
instantaneous specific heat at constant pressure. It was found that all
of these formulations are unreliable in that part of the supercritical
region, where the specific heat first increases with temperature, attains
a maximum value and then subsequently decreases with temperature.
Moreover to make practical use of these formulations high speed com-
puting machines must often be employed. Nevertheless in spite of these
factors a careful review will be given here of the various formulations
proposed for the specific heat of water during the past thirty years. It
is hoped that by combining certain of the underlying principles of each
formulation a more reliable formulation may be attained.

B. Formulations Proposed by Various Investigators

Table 9 lists all of the formulations proposed for the specific heat
at constant pressure during the past thirty years. These were all based
on one or more of the various sets of experimental data given in
Tables 3 to 8.

The formulation derived by Koch in 1932 is based solely on his
measurements of mean specific heat at constant pressure.(23) A com-
parison may be obtained from Figure 3 of his measured and computed
values of specific heat. In general the agreement between the computed
and measured values is within experimental error (three per cent). There
is however a paucity of data in the near vicinity of the vapor saturation
line. In view of this and of the rapid variation of specific heat with temper-
ature and pressure near the saturation line it is probable that near satura-
tion conditions the error in computed values is in excess of three per cent.

Keyes et a_l.,(36) derived a formulation for Cp from their equation
of state. This Cp formulation is the basis for the smoothed values in
References 37, 38, and 39. The formulation is valid from the vapor satura-
tion line to temperatures of about 460°C for pressures below 160 kg/cm?.
The computed values agree with the measured values of Koch(23) to well
within two per cent, i.e. entirely within experimental uncertainty. The
forgnulation of Keyes et a_l.,(36) is valid for pressures higher than 200 kg/
cm®. However, Keyes et al., do not calculate specific heat along isobars
above 200 kg/cm?‘. It may be assumed that the Keyes' specific heat formu-

lation is valid in the same region where their equation reproduces experi-
mental P-V-T data satisfactorily.



Table 9

EMPIRICAL EQUATIONS FOR Cp OF SUPERHEATED WATER VAPOR

Temp. Press.
Investigator(s) Range | Range Equation* Parameters®®
oc kglem?2
Koch, 1932 330 120 | Cp=A+BT354crl94 pr30, pri30 A-0.49
Ref. 23 to to B=155x107 P+ 14 x 107
460 200 C = 6.036 x 1039 (P + 80)5.58
D = 7.4302 x 10130 (p-71)4.41
E = 7.9652 x 10315 (p-19)21.79
Keyes et al., 100 1 Cp = Cpy + AP + BP2 + CP4 + DP13 A, B, Cand D are functions of
1936, Ref. 36 to to temperature.
460 200
Schmidt, 1948 100 1 L L P3 SRS A'=9.62
Ref. 40 to to P P D " o8t D o mn)326 B'=0.9162 x 102
460 300 C'= 1503 x 104
D - 100
Vukalovich 100 1 2 _5.2418 -4
1952, Ref. 2 to to 1102 [1 *%(A +%{a i [1 269 B3 ]})] * (o046 * 85X 10
= 09v3
700 300 Cp=Cy+
1oL 1 00927114 2
-V(Apv[al-c]{h-v—-w ]) _469%10
(1/100)3.468
S -6.93 _ 26396
C = (T1100) {107,25 =
2.6863 , _ 4.2527
Ap = S22 25 - 0017
T 003468
gy - 00571
1" (771003468
: -6.93 -1z
Cy = (1110016936 { 54,203 - <5
Timrot, 1952 100 1 Cp = Cpy+ AP+ BPZ + CP3 + DP3.8 + P9 « | A B.C,DandE are empirical func-
1958, Ref. 5 to to tions of temperature.
and 6 600 300
Timrot, 1952 100 1 =t s e w | y-T-6816
1958, Ref. 5 to w | 20w [y- A+ yor/Tyic | L e
and 6 500 300 100 ;
E R e ——
27453 + 9.3 x2+ 5.8 x + 1.4019
p-—r84
x +0.9284
il 140
B el
-(cp - Cpp K
a2 10°6) - 2. 10122
=101 { 13-V~ 428 (P10 110010.19 P2. 10 43.3} o= Da2dP 6,353
JLSME 100 1 n= A BLCE NDPA ER L FP2 GRS A = 0.34618
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Keyese_ta_l_,(36) found that in the subcritical region, near the vapor
saturation line, the specific heat values of their formulation were system-
atically lower than the measured values of Knoblauchand Koch.(18) The authors
of this work estimate that a maximum deviation of around seven per cent
occurs between the above computed and measured values along the 100 kg/
cm? isobar. Interestingly enough Sirota and Timrot(27,28) found that their
measured values of specific heat were systematically lower than the meas-
ured values of Knoblauch and Koch.(18)” Deviation between these two sets
of measurements approach a maximum of eight per cent along the 100 kg/
cm? isobar near saturation conditions.

Both Keyes et al.,(36) and Sirota and Timrot(27,28) thought that
measurements of Knoblauch and Koch(18) were invalidated near the satura-
tion line as a result of droplets of liquid water being entrained in the
water vapor. However, this is a conjecture and further investigations
may show that the true specific heat is between the measurements of
Sirota and Timrot(27,28) and those of Knoblauch and Koch.(18) For the
time being though, the smoothed values of Keyes et al., and the measured
values of Sirota and Timrot may be considered as being the best available
in the subcritical region.

Schmidt(40) derived the formulation given in Table 9 by starting
with the following fundamental relation,

oCp] _ 9%V,
[5P ]T:-T[BTZ]P il

Integration of Equation 7 yields

= o4V
Ep= Cp. T 2 dP (8)
= Po ,[ [ aTZ]P

Koch's equation of state(41,42)* was subsequently employed to evaluate
the integrand of Equation (8).

Schmidt(40) stated that, at high pressures and also in the immediate
vicinity of the critical point, his formulation (Table 9) does not represent
experimental data faithfully. The highest values of specific heat at constnat
pressure that may be computed from the formulation is 2.4 B/lb°F. It is
reasonable to assume therefore, that his formulation is not valid in that
part of the critical region for Cp>2.4 B/lb°F.

*Neither Schmidt(40) nor the steam tables by Schmidt or Koch(42) give
the exact region where Koch's equation(‘“) is valid.
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The formulation proposed by Vukalovich(2'3) was derived by
starting with the relation,

oP oV

He used his equation of state(2,3) to evaluate (3P/dT)y, (0V/OP) and the
specific heat at constant volume, Cy. Vukalovich's formulation is not valid
in that part of the critical region where Cp is greater than 2.8 B/lb° R.

Vukalovich's newer steam tables(4) unlike his older steam tables(2,3)
gives no information for Cp. It may be seen from Equations (8) and (9) that
various derivatives, i.e., (BZV/BTZ)P, (BP/BT)V and (BV/BP)T, must be
evaluated in order to compute specific heat at constant pressure. It follows
therefore that the most probable reason for the absence of specific heat
values in the newer tables of Vukalovich(4) and even those of Koch et al.,
are due to the fact that the equations are not yet tested in the subcritical
and critical region or due to the fact that the derivatives from their equa-
tions of state are unreliable.

(42)

Attention is directed to some recent work done by the authors on the
graphical differentiation of P-V-T data. The data used was estimated to be
accurate to a few parts in ten thousand. The values obtained for (3v/3T)p
by several reliable methods were found to be accurate to within five per
cent. The various equations of state are not valid in the critical region.
However, even in the subcritical or supercritical regions they probably do
not represent P-V-T data to a greater accuracy than that in the P-V-T
data used by the authors of this work. Thus the derivatives from the
various equations of state probably have an error in them which may be
greater than five per cent.

The two specific heat formulations of Timrot(5:6) were derived from
his measurements(24) and those of Knoblauch and Koch(18) and Koch.(23)
The first formulation is similar in form to that derived by Keyese_tﬂ.(y’)
It is valid only in the region where the specific heat is less than 1.0 B/1b°R.
Even in this region it is not valid on or near the saturation line. Timrot's
second equation is valid in the following region, 1.0=Cp=4.0 B/1b°R, and
on and in the vicinity of saturation curve. In order to solve for specific
heat using the second formulation it is necessary to solve a fifth order
polynomial.

Figure 4 shows the limits for application of Timrot's equation. The
agreement between computed and experimental values is, in the large ma-

jority of cases, satisfactory. However, there are regions where the devia-
tions exceed 'apparent error.'
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The formulation in the J.S.M.E. Steam Tables(7) was derived from
Tanishita's equation of state.@3)* Apparently the formulation for the
specific heat at constant pressure is only valid in that region where the
magnitude of the specific heat is less than 3 B/1b°R (3kcal/kg°C). A pre-
liminary check has indicated that values from it are in good agreement
(five per cent) with the smoothed values of Koch(23) and Keyes _e_;a_l,(36)
However, near the vapor saturation line the agreement is not as good and
there are deviations of up to ten per cent.

Sirota and Timrot(44) derived an empirical equation for the specific
heat from their measurements(27) in the subcritical region. Their equation
is valid for pressures between 20 and 120 kg/crnZ and temperatures from
the saturation line to 400°C. They state that it represented their experi-
mental data(27) to within a few tenths of one per cent, i.e., within experi-
mental uncertainty.

C. Graphical Methods Used to Derive Smoothed Values for the Specific
Heat

The preceding section showed that formulations for the specific
heat were only valid in that region where the magnitude of the heat capacity
was less than 4.0 B/1b°R. In the critical region the values for the specific
heat, Cp, are much larger. In this region the smoothed values of the var-
ious steam tables were derived from experimental measurements by graph-
ical techniques. A review of these technique follows in this section.

Smoothed values of specific heat in the critical region were derived
by Havlicek and Miskovsky.(24) The method used essentially consisted of
constructing a Cp - t diagram at various constant pressures from their
measurements.(24) From such a diagram lines of constant specific heat
were drawn on a pressure-temperature diagram. A small scale graph of
the latter diagramis given in their paper. In the immediate vicinity of
the critical point this type of graphical method becomes unreliable due to
the very large change of specific heat with minute changes in either the
pressure or temperature.

No basis is given for the values presented graphically in the Keenan
and Keyes steam tables.(1) The authors of this present work think that the
specific heats were obtained by graphical differentiation of the smoothed
enthalpy data** of Reference 1. Apparently the temperature interval used

*The authors of this work were unable to obtain Tanishita's paper.
Therefore, the basis of Tanishita's equation is not known with
certitude.

**T.he smoothed values of enthalpy in Reference 1 were essentially de-
rived from the enthalpy measurements of Havlicek andMiskovsky.(Z4)
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in evaluating the specific heat at constant pressure Cpmean = & h/A T)p
was ten degrees. In the vicinity of maxima along various isobars, P > Pc,
Cp values so derived could be in considerable error.

Smoothed values of specific heat are derived in the Timrot steam
tables(5:6) solely from Timrot's measurements. (25) These values were
obtained from isobars of Cp versus T constructed according to Timrot's
measurements.

Vargaftik(Ss) by means of an unspecified graphical method derived
Cp values from the measurements of Timrot,(25) and Havlicek and
Miskovsky. (24)

Sheindlin et il_.,(45’46) derived smoothed values for the specific
heat of water vapor by a unique graphical method. Specifically they inter-
polated the measurements of Koch, 23) Havlicek and Miskovsky,(24)
Timrot,(25) Sirota and Timrot,(27) sirota(28) and Sheindlin et a1.(31-33)
The technique essentially consisted of first plotting measured values of
specific heat against specific volume, with pressure as a parameter.

The noteworthy feature of such a diagram is that isobars do not intersect.
From this diagram, isochoric profiles were obtained, i.e., I/Cp as a
function of pressure with specific volume as a parameter. Such profiles
along a constant volume line were found to have comparatively small
curvature in the critical region. This again must be considered as note-
worthy. From this diagram, a Cp - V diagram and thenfinally a Cp - T
diagram was constructed.

They estimated that smoothed values so obtained were accurate
to within two per cent, except in the region of maxima along various iso-
bars. The uncertainty in the measured values in the region of maxima is
significantly larger than that in the values far removed from the region of
maxima. It was mentioned previouslythat Figure 2 shows deviation between
various experimental values of five per cent in the regions far removed
from the region of maxima and of up to twenty per cent in the region of
maxima. Thus, it would appear that the Sheindlin et al., estimate of the
error in their smoothed values is somewhat optimistic. However, the
techniques employed by Sheindlin et al., appear to be both rational and
fundamental.

D. Smoothed Values

The smoothed values of specific heat found in various steam tables
and other reference sources for water vapor in the critical region are
given in Figure 5. There is fair agreement between the smoothed values
of various steam tables in the subcritical region, i.e., where specific heats
are less than 4.0 B/lb/°F. The disagreement in the critical region and in
the region of maximum specific heats reaches some thirty per cent.
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Fig. 5a. Smoothed Values of Specific Heat, Cp, For Water
and Water Vapor



Fig. 5b. Smoothed Values of Specific Heat, Cp, For Water and
Water Vapor.
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One of the reasons for this discrepancy is due to the yet unexplained
deviations among the experimental data of various independent investi-
gations. However, since the latter amounts to at most twenty per cent,

it becomes apparent that another reason for the larger disagreement
among the data of various steam tables is due to the error introduced as
a result of smoothing of the experimental data. This smoothing error be-
comes appreciable in the critical region where just one set of measure-
ments are not adequate for the purpose of tracing out the true variation
of Cp with either pressure and temperature.

E. Analytical Investigations Still in Progress

This report would not be complete if mention were not made of the
various analytical investigations in progress. The fact that such investi-
gations are in progress indicates that the variation of specific heat with
pressure and temperature is still incompletely understood. Keyes 47)
and Juza(48) stated that much work remains to be done.

Upon completion of extensive P-V-T measurements on water and
water vapor,(36) Keyes embarked on several rigorous analytical investi-
gations. Keyes utilized available P-V-T and enthalpy data to evaluate
constants in the rational equations of state which were developed as a re-
sult of the above investigations. Specifically, his investigations led to the
equations of state presented for water vapor in Reference 49, 50, and 51.
Values of less than 4.0 B/1b°F for the specific heat may be computed from
these formulations. Deviations between the computed and measured values
of specific heat were small and were within "apparent experimental uncer-
tainty." In the near vicinity of the saturation line however, and in the region
where Cp approaches 4.0 B/1b°R, the deviations between computed and ex-
perimental measurements generally exceed the apparent experimental
uncertainty.* In view of these deviations the authors of this report think
that this is a further demonstration of the underestimation of probable
error in experimental values of Cp.

Apart from the theoretical investigations described, there have been
machine programs devised by Skinner(52 and used by Boehringer(53) re-
spectively, to compute thermodynamic properties of water and water vapor.
A machine program was also used at the University of Manchester.(100)

In these investigations Tchebichef's polynomials with as many as 400 coef-
ficients were used in an attempt to formulate the thermodynamic properties
of water and water vapor. In the critical region even these polynomial

equations failed to represent the experimental data to within experimental
uncertainty.

*Keyes further found that there were considerable deviations between
Cp values obtained from equations based on P-V-T alone and enthalpy
data alone. In some cases the deviations exceeded thirty per cent.
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Juza(48) has devoted a considerable amount of time to the deriva-
tion of analytical formulations for the various thermodynamic properties.
Currently he is revising his P-V-T formulations and one may presume
that, subsequently, attention will be paid to such properties as the specific
heat at constant pressure. It is noteworthy to mention that special atten-
tion is being paid by Juza to take into account the correct behavior of his
formulation at the critical point.<54:55:56)

F. Summary

1. In the critical region the deviations between the various sets
of experimental data are several times larger than the estimated apparent
experimental error. Consequently the greater deviations between the
various sets of smoothed data may be attributed in part to unexact and un-
reliable graphical methods of smoothing the existing data and in part to
the yet unexplained differences in experimental data.

2. Various empirical equations proposed for specific heat are not
valid in the critical region where the specific heat first increases with
temperature, reaches a maximum, and then decreases with temperature.

3. A considerable number of analytical investigations are in
progress throughout the world. This indicates that, in spite of extensive
investigations which have been carried out, the theory of the equation of
state for water vapor is incompletely understood.
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CHAPTER IV
SPECIFIC HEAT ALONG THE VAPOR SATURATION LINE

A. General

It is not possible to measure the specific heat of either saturated
water or saturated water vapor by a direct method. Consequently, most
smoothed values at saturation conditions were derived by extrapolating
the different measurements of specific heat in the superheated water vapor
and subcooled liquid region to the saturation line. However, it should be
noted that the possibility of moisture entrainment in the water vapor in-
creases as test conditions approach saturation conditions. If such entrain-
ment of moisture occurs the measurements of specific heat at constant
pressure are subject to considerable error. Thus, if experiments were
carried out with droplets of water entrained in the water vapor, the smoothed
values of specific heat along the saturation line obtained through the extrap-
olation of direct measurements become unreliable.

Values for the specific heat of saturated water vapor have recently
been derived from a combination of calorimetric and volumetric data in
conjunction with thermodynamic relations by Sheindlin et al. 57) This is
described in detail in the next section. As the critical point is approached
values for the specific heats of both saturated water and saturated water
vapor become very large. Due to this rapid change of specific heat with
temperature, the values of specific heat obtained by all methods tend to be-
come unreliable.

B. Values Along the Vapor Saturation Line

It was stated in Chapter III that Koch derived an empirical formula-
tion from his specific heat measurements on water vapor.(23) This formu-
lation was used to derive values along the vapor saturation line in the range
from 608 to 689°F (320 to 365°C). Figure 3 indicates that there is a paucity
of measured values in the near vicinity of the saturation line. It will be re-
called that the apparent error in Koch's measurement is around three per
cent. In view of the paucity of experimental data and also in view of the
fact that all measurements tend to become unreliable near the saturation
line, it is probable that smoothed values given along the saturation line by
the formulation have an error greater than three per cent.

The specific heat formulation derived by Keyes et al.,<36) is valid
along the vapor saturation line to about 651°F (344°C). The maximum
deviation between the values of Koch(23) and Keyes et al.,(36) is around
five per cent. The equation of state developed by Ke_;;e:in 1949 was based
on his P-V-T measurements. Deviation between the values obtained
from the specific heat formulation(49) and the values computed by Koch(23)
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reach a maximum of 6.3% at a temperature of 662°F (350°C). In view of the
probable uncertainty in Koch's derived values, this agreement may be re-
garded as satisfactory. Since no values are presented for the specific

heat of saturated water vapor above 350°C, it would appear that the equation of
state derived in Reference 49 is valid only to 662°F (350°C).

Values for the specific heat of saturated water vapor which are
given in a small scale graph in Reference 7 were derived from a specific
heat formulation based on the equation of state of Tanishita.(43) The
values so obtained agree to within five per cent with those of Keyes
etialss 36) and Koch.(23) This agreement may be regarded as satisfactory
since it is within the limit of experimental uncertainty.

Vargaftik(58:59) derived specific heat values for saturated water
vapor by extrapolating the measurements of Timrot,(25) Havlicek and
Miskovsky.(24) Details of the extrapolation are not given. However the
values so obtained are in good agreement with the derived data of Koch,(ZI)
Keyes et al.,(36) and the JSME.(7)

By an altogether different method Sheindlin et g._l.,(57) in 1958 derived
specific heat values for saturated water vapor for temperatures between
100 and 370°C (212 and 698°F). There were no values given above 370°C,
presumably because the method becomes unreliable in the near vicinity of
the critical point. The method and techniques which were utilized have some
theoretical basis to them and therefore they will be noted in detail.

Sheindlin et a_l.,(57) utilized the following differential equation for
two phase equilibrium derived by Planck

Cp, = Cpg + dheg/d T - hey/T + heo/Veg [{9Vg/ 3T} - {8Ve/0T} p]

Thus the specific heat along the vapor saturation line may be evaluated, in
principle, by utilizing the various sets of reliable volumetric and calori-
metric measurements available for water and water vapor at and near sat-
uration conditions.

The values utilized for the specific heat of saturated water were those
derived by Koch by extrapolation of experimental subcooled water data up to
350°C.(35 Sheindlin et al., do not explain the source of values for this prop-
erty for temperatures from 350 to 370°C but it is thought they derived them
from Koch's measurements.(101)

The formulations and tabulated data for the enthalpy of vaporization
and the specific volume of vaporization of Osborne et a_l.,(61,62) were utilized
to derive values for dhg /d 1k, hfg/T, and hfg/Vfg. The precision of these
values along the saturation line is both noteworthy and well-known (within 0.1%).
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Sheindlin et al., evaluated {SVf/ST} p by graphically differentiating
the P-V-T data o_f—Iayes and Smith.(63) They estimated that the derivatives
so derived were accurate to within two per cent. The term {ov T} p was
evaluated by several indirect methods from the P-V-T data of Keyes
et al.,(64165:66) and Timrot. The first method consisted of constructing a
?iagram with PV/RT as the ordinate and l/V as the abscissa. The second
method consisted of constructing a diagram having V(1 - PV/RT) as the
ordinate and l/V as the abscissa. Temperature was a parameter in both
cases. Since isotherms in both systems of coordinates are almost linear
it was relatively straightforward to measure the tangents and thence de-
rive values for {3P/3V} 7. Slopes along isometrics are easily measured.
Thus from this knowledge of {GP/BV} T and {GP/BT} y the term
{BVg/aT} p was calculated from the following relation,

[ﬂg] 8- (3P/3T)v
=

OT (3P/3V) 1

Sheindlin et al., found that the values of (an/aT)p obtained by the
two methods were in good agreement. No estimate is given of the relative
accuracy. However, Sheindlin et al., stated that the values obtained for the
derivative {an/ST} p by the two methods were in excellent agreement with
values obtained from the equation of state of Keyes et il.,(67) for saturation
temperatures to 300°C. Sheindlin et al., considered that the values for the
derivative {avg/aT} p from the equation of state were not reliable for tem-
peratures greater than 300°C.

From the above calculation Sheindlin et al., reached the following
conclusions: For saturation pressures between 8 and 16 kg/cm2 their de-
rived values for the specific heat of saturated water vapor were in satis-
factory agreement with the extrapolated values of Knoblauch and
Winkhaus.(68) Between 20 and 30 kg/cm2 their derived values were in
satisfactory agreement with the extrapolated data of Knoblauch and
Raisch.(9) 1n the region of saturation pressures between 20 and
120 kg/cmz, their deri\ged values were somewhat lower than these of
Knoblauch and Koch'!®) and also lower than that of Sirota and Timrot.<27)
Better agreement, however, was secured with the latter set of data. For
saturation pressures between 120 and 200 kg/crnZ their derived values
were found to be higher than the values computed by Koch.(23) Finally for

values near the critical point their values were somewhat higher than the
values derived by Vargaftik.(58’59)

It is interesting to note that Sheindlin et al., considered that in the
vicinity of the saturation line the experiments_of—Knoblauch and Koch(18)
and Sirota and Timrot'?7) were invalidated because of entrained droplets
of liquid water being in the superheated water vapor. Sheindlin et al.
also considered that the values derived by Koch(23) were not reliable. e



stated that reliable values could only be obtained if there were more meas-
urements near the vapor saturation line. Sheindlin et al., concluded that
further theoretical and experimental investigations were needed to establish
the cause of the various discrepancies (as high as 43% at 698°F), which far
exceeded the estimated probable error.

Figure 6 shows various sets of smoothed values for the specific
heat of saturated water vapor. It is evident that the deviations become larger
as the critical point is approached.

The authors of this report near the end of its preparation found that
very recently Sheindlin et al., (70) derived new values of specific heat along
the vapor saturation line in the range from 32 to 644°F (0 to 340°C). Time
did not permit the authors to study the new analysis of Sheindlin EEEL'“O)
However, the newer values of these authors agree with the derived
(extrapolated) values of Vargaftik(58159) to well within three per cent.

C. Summary

1. Measurements of specific heat near the vapor saturation line
are subject to considerable error when moisture is entrained in the water
vapor.

2. The specific heat varies markedly with pressure and tempera-
ture near the vapor saturation line. In view of the paucity of measurements
extrapolated values of specific heat in this region are subject to considerable
error.

3. Sheindlin et gi.,(57) found that his values derived by computation
were significantly different to those obtained by extrapolation by Knoblauch
and Koch(18) and by Vargaftik.(58:59)

4. Further work is necessary to establish correct values of speci-
fic heat along the vapor saturation line.

il
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Fig. 6. Specific Heat of Saturated Water

Vapor



CHAPTER V
AN ANALYSIS OF SPECIFIC HEAT

A. General

In the near vicinity of the critical point and also in the regions of
maxima along various isobars, the disagreement between various experi-
mental data for specific heat was found in Chapter II to be around twenty per
cent. This is four to five times larger than the estimated apparent over-
all error. Some investigators are of the opinion that this disagreement is
attributable to the fact that temperature differences in the flow calorimeter
were excessively large. Other investigators are of the opinion that the
disagreement is attributable to erroneous temperature measurement tech-
niques or experimental techniques. These conjectures were inconsistent
and were made without any rational basis. The purpose of this chapter is
to determine the actual causes for the above disagreement. The analysis
consisted of deriving values for the specific heat at constant pressure from
P-V-T data. A comparison was subsequently made between enthalpy dif-
ferences obtained from the integration of Cp - T isobaric curves which
were constructed from derived and measured data respectively. Details
of the method used will be given in the event that it will form the basis of
future analyses.

B. Derivation of Cp - Cy Relation

The relation

T | OP oV
Cp-Cy zﬁ[ﬁ‘j’v[ﬁ:lp =

was derived by Nusselt(71) by means of a geometrical construction. Nusselt
in his derivation considered that a subtangent of an isobar on a T-S diagram
is Cp while the subtangent of a constant volume lineon a T-S diagram is

Cy. Egquation (11) is applicable to a pure substance such as water and water

vapor.

The partial derivative [8P/8T]V represents the tangent of a con-
stant specific volume line at a given pressure and temperature. The authors
of this investigation made a recent analysis of the P-V-T measurements
of Timrot(26) and Keyes et al.(36) This analysis, described in Reference 72,
showed that the relation

[ﬁ] ;)
aTV A
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where

R v
was valid to within one per cent for specific volumes from 0.0400 to

0.1200 ft3/1b and temperatures from saturation to 752°F.

Substituting for [0P/3dT]y in Equation (11) yields

R'T T ER
cr-c 5 ({3, )

Since
8={1/v}{av/ot}p
the above becomes

R'T
Cp - Cy = 25 (12)

The constant R' may be evaluated from the following values which
were considered in References 73 and 74 as the most reliable:

Ve = 0.0525 *0.0005£t3/1b

(dPg/dT), = 21.4 psia/°R
Using these data Equation (12) becomes

Gp = G+ BT/481 (13)
where Cp and Cy are in B/lb °F, B is in °R"! and T is in °R.

C. Evaluation of the Coefficient of Volume Expansion

The difference Cp - Cy may be computed by utilizing values for
the volume expansion coefficient and Equation (13). Time did not allow
the computation of Cp - Cy along all of the isobars in Figure 2. Conse-

quently, the difference in specific heat was computed only along the 225,
250 and 275 kg/cmZ isobars.

Precise P-V-T data must be utilized to derive reliable values for
the volume expansion coefficient. In References 73 and 74 it was concluded
that existing steam data were not of utility for deriving reliable values for
the volume expansion coefficient. Such suitable P-V-T data(75) has since



been derived from the P-V-T measurements of References 24, 36, 76, 77,
78 and 79. Values for the coefficient of volume expa.nsion(go) were derived
from the newly derived P-V-T data(75) by two graphical methods. The co-
efficient of volume expansion data used in this present work were derived
from the data and methods used in Reference 80. These are thought to be
accurate to within five per cent except in the region of maxima where they
are probably accurate to within thirty per cent.

D. Values of Cy Derived by Various Methods

The purpose of this section is to show how the specific heat at con-
stant volume varies with specific volume and temperature in the initial
region. A survey of the literature indicated that there is a paucity of data
in the critical region.(SI) The survey also found that values obtained by
various methods were not consistent with one another. A review of the
various methods used and some of the values obtained follows.

1. Measurements of Cy

It is beyond the scope of this report to consider in detail all
of the various direct methods which may be used to measure Cy. How-
ever, according to Partington,(SI) direct measurements of Cy yielded
disconcordant values. Partington further stated that values of Cy obtained
by Wohl and von Elbe,(82) by explosion of a dry mixture of 2H, + O, does
not agree with that calculated by Einstein's equation. They found that
values of Cy obtained upon exploding a moist mixture were in closer agree-
ment with values from Einstein's equation. Partington gives no values for
the discrepancies or makes any mention of Cy at higher pressures.

Apparently Amirkhanov and Karimov(83.84) were the first to
conduct measurements for Cy of water vapor in the critical region. Their
method consisted of adding a known amount of heat to water vapor con-
tained in a constant volume calorimeter. The maximum overall error was
estimated at around two and one-half per cent. The measurements of
References 83 and 84, shown in Figure 7, indicate that Cy is a function of
both specific volume and temperature; i.e., Cy = Cy (V,T).

2. Computed Values of Cy

It was mentioned in Chapter III that Juza(55) was engaged in
analytical investigations on the thermodynamic properties of water and
water vapor. Juza's most recent equation of state is still not finalized.
However, it is interesting to mention that P-V-T values obtained from the
equation were in good agreement with the values of References 73 and 5
in the region V = V.. Juza's values of Cy which were computed by means
of the recent equation of state(55) are shown in Figure 8.

55
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It may be seen from Figures 7 and 8 that the experimentally observed
values of Cy are not in agreement with the 'computed values.' For example,
at the critical point the measured values(83,84) are some sixty per cent
larger than the derived values of Juza.(55)

In view of these discrepancies the authors of this work attempted
to derive some values of Cy in the critical region from internal energy data.
The specific heat at constant volume is defined,

cv = {au/ot}, (14)

where U is the internal ener%y. Internal energy data was computed from
enthalpy(24) and P-V-T data(75) by means of the relation

U =h-PV/J : (15)

By means of such internal energy data, Cy was derived for specific volumes
between 0.0400 and 0.1000 fts/lb and temperatures from the saturation line
to 752°F. In view of the paucity of precise enthalpy data,(24) the variation
of Cy with temperature along a constant volume line could not be evaluated.
The available internal energy data, however, did indicate that such a varia-
tion is small. Even though the variation of Cy with temperature along an
isometric could not be evaluated the authors did find a definite but small
variation of Cy with specific volume at constant temperature. For example,
it was found that Cy varied uniformly from 0.8 to 1.0 B/lb °F for specific
volumes between 0.0400 and 0.0525 ft3/lb. For V > V. no variation with
either temperature or specific volume could be evaluated. Thus a good
value for Cy in the region of specific volumes between 0.0400 and 0.1000
and temperatures from saturation temperature to 752°F is 1.0 B/lb I,

This value to within 0.2 B/lb °F is independent of temperature and specific
volume.

P-V-T data may also be used to determine what variation of
Cy occurs with temperature and specific volume. This may be accom-
plished by considering

[3cy/avlp = [T/3]d%R/o Ty - (16)

It was found in References 72, 73 and 75 that isometrics are very nearly
linear in the region of pressures from 3000 to 4000 psia, specific volumes
from 0.0400 to 0.1200 ft3/1b and temperatures from saturation to at least
752°F. Thus, this P-V-T data indicate almost zero change of Cy with
specific volume along an isothermal. For volumes greater than the critical
volume this is in agreement with that found in the analysis just described.
This behavior for Cy of water vapor in the critical region is both surprising
and interesting. If water vapor were a perfect gas, Cy would be independent
of V and only at most dependent on T.
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It is of interest to note that Cy is independent of specific
volume for a Van der Waals as well as for a perfect gas. Glasstone
states for a gas obeying a Berthelot or a Beattie-Bridgemann equation
of state, some variation of Cy with specific volume would be expected.
However, the term {82P/8 TZ}V is very small and consequently, Glasstone
concludes that the variation of Cy with V would be small. Thus, Glasstone
is of the opinion that for practical purposes CVy is independent of V for
most gases. This statement may not have been intended for the variation
of Cy with temperature and specific volume in the critical region. Never-
theless, the foregoing indicates that there may be gases (Van der Waals,
Berthelot) which are not ideal but which possess the property of almost
no variation of the specific heat at constant volume, Cy, with specific
volume along an isotherm.

The above indicates that there is still considerable uncer-
tainty about the absolute value of Cy and its variation with temperature
and specific volume. Future analyses should be undertaken in order to
rectify this situation. For purposes of calculation of Cp, the authors arbi-
trarily assigned a value of 1.0 B/lb °F to the specific heat at constant volume

for specific volumes from 0.0400 to 0.125 ft3/1b and for temperatures from

the saturation line to at least 752°F.

E. Comparison of the Derived and Computed Values for Cp

The equation that will be used to compute the specific heat at
constant pressure is

Cp =1+ pBT/4.81 . (17)

It is very difficult to estimate the probable error in the computed values of
Cp since the factors contributing most to error will vary. For example,
in the region of maxima the most important cause of error in Cp could be
the error in B. In regions far removed from the region of maxima the
possible error in the value chosen for Cy would be the major factor con-
tributing to the error in CP.

Figures 9 and 10 give a comparison between the derived and meas-
ured values of Cp along with values obtained by graphical differentiation
of enthalpy data.* Maximum deviations tend to occur in the region of maxima
along various isobars. There is a large scatter of 'measured CP values'
above and below the derived CP data of Equation (17). Thus, it would appear
that Equation (17) reliably reproduces measurements in the critical region
to within the limits of error in the specific heat at constant pressure meas-
urements and in the values of the volume expansion coefficient.

*Detgils will be given of the graphical differentiation technique used to
derive Cp from enthalpy measurements in a separate report.
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Figure 11 compares experimental values of enthalpy difference with
those obtained by integrating Cp - T isobars constructed from experimental
values of specific heat and from values computed according to Equation (17).
Along the 225 kg/cmz isobar values obtained from the curve based on
Equation (17) are equally satisfactory as compared to that obtained from the
curve based on experimental measurements of Cp. However, along the
250 and 275 kg/cm: isobars integrated values obtained from the curves
constructed from experimental values of specific heat are superior to values
obtained from the Cp - T curve constructed by means of Equation (17). The
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values for the volume expansion coefficient derived along the 275 kg/cmz
(3911 psia) isobar are high compared to values derived for the 3900 isobar
of Reference 80. If values in Reference 80 are regarded as the best avail-
able, then it would appear that this factor would explain the somewhat higher
values of Cp computed by Equation (17) for the 275 kg/cm?.
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Fig. 11. Deviations Between Integrated and Experi-
¥ mental Values of Enthalpy Differences

F. Summary

1. The principal reason for large errors in the experimental
values of specific heat at constant pressure of various investigators is that
excessively large temperature differences were employed in their measure-
ments. This introduces considerable systematic error in the critical region.
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2. The authors recommend that the following relation be used
in the critical region encompassed by specific volumes of 0.4 to 0.12 fts/lb
and temperatures from the saturation line to 752°F.

Cp = | + pT/4.81
3. In the event of more accurate and reliable information on Cvy,
the formula that should be used to compute the specific heat at constant

pressure in the above region is

Cp = Cy + BT/4.81
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CHAPRPTER VI

PRESSURE - VOLUME - TEMPERATURE VALUES
CORRESPONDING TO MAXIMUM SPECIFIC HEAT

A. General

The pressure-temperature relations corresponding to maximum
values of specific heat along isobars and isotherms has been the subject
of a considerable amount of research. Euken(86) considered that struc-
tural changes without any observable heat of vaporization take place in
the supercritical region along a curve on a pressure - temperature dia-
gram defining (0 CP/BT)p = 0. Euken probably considered that the
pressure temperature curve locating the maximum specific heat along
isobars represented the boundary between subcooled water and super-
heated water vapor in the supercritical region.

It was noted in Reference 73 that most engineering texts consider
the critical isotherm to be the boundary between subcooled liquid and
superheated water vapor in the supercritical region. None of these texts
regarded this boundary as one where structural changes occur. Thus a
comprehensive understanding of the fundamental aspects for an equation
of state might be gained by studying information on the location of the
maximum of specific heat along isotherms and isobars. Hence, a review
of the results obtained from various attempts to locate the maximum of
specific heat along isobars and isotherms follows.

B. Results of Studies to Locate (BCP/G T)p =0

Havlicek and Miskovsky(24) concluded that the maximum values of
specific heat along isobars, (8CP/8 T)p = 0, in the supercritical region
occurred along an extension of the saturation pressure - temperature curve.
Several investigators attempted to verify these pioneer observations by
calculations based on phase transition theory.

Apparently Euken(86) and Trautz 9}3}.,(87:88) pointed out that in
the supercritical region the specific heat may be discontinuous at its
maximum value. They considered also that the slope, (BCP/BT)p, may
be discontinuous at the same point. These investigators considered that
this discontinuity was due to a transition between liquid and vapor in the
supercritical region. Thus, the curve of pressure versus temperature
corresponding to the condition (0 CP/B T)p = 0 was termed a transition
curve where structural changes are occurring even though the latent heat
of vaporization is zero. They further considered that the phenomena of
discontinuity was a phase shift of the third order in Ehrenfest's sense of

the terrn.(89
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Jakob(90) extended the tangents at the inflection points of Havlicek
and Miskovsky's isobaric specific heat curves as far as their point of i‘n-
tersection. He then made calculations according to the following equation
derived by Ehrenfest,(89)

dP (5CP/BT)1 - (5Cp/aT)7_

dT -~ (9Ccp/oP), - (3Cp/oP),

where the indices 1 and 2 refer to the two phases.

These calculations purported to show that the continuation of the
saturation curve is a boundary between the two phases (liquid and vapor).
In these calculations Jakob assumed that the curve of (BCp/aT)p = 0 is
coincident with the curve of (SCP/BP)T = {0

Jakob was also able to show that the curve (3Cp/dT)p = 0, did not
deviate greatly from the critical specific volume line. He showed further
that the maximum value of specific heat along a given isobar, P>Pc, was
gradually displaced to greater values of density P> Pc as the pressure was
increased. According to Jakob, Trautz and Ader(91) also suspected that
the maximum values of specific heat along various isobars did not deviate
greatly from the critical isochoric specific volume line.

According to Temperley,(gz) Zimm(93) very recently suggested
that the critical point of a gas or a liquid represents the end point of the
phase transition curve. It is not clear whether or not Zimm considered
that there is, or is not, a phase transition beyond the critical point and
therefore more of these theoretical investigations are needed to clarify
the situation.

Vargaftik(58:59) analyzed the specific heat measurements of
Havlicek and Miskovsky(2'4) and Timrot.(25) He found that the pressure
and temperature locating (6CP/6T)p = 0 lies on an isochore which is
somewhat smaller than the critical isochore. He concluded therefore that
there was a linear relation between pressure and temperature correspond-
ing to (SCP/BT)p = 0 and that the line had a slope of dP/dT =235 psia/°F
(2.96 kg/cm? °C).

According to Vargaftik,(58:59) Timrot obtained the following rela-
tion for the maximum specific heat along various isobars,

CPmax - Cp, = t

An analogous relation was derived by Sheindlin et g.,(%) for pressures
to 500 kg/cmz. Sheindlin also considered that the above relation could be
qualitatively obtained from the Van der Waal's equation of state.
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Vukalovich et a_l.,(29) concluded from an analysis of their specific
heat measurements that maximum values of specific heat along isobars lie
on a curve which is a continuation of the saturation curve. They found how-
ever, that the relationship between CPmax - Cp, and tmax - tc was not
linear but had a very slight curvature.

Sirota and Maltzev(29) found that the maximum of specific heat
along isobars becomes appreciably increased toward larger densities as
the pressure is increased.

C. Location of (an/aT)p = 0 by Means of Volumetric and Calorimetric
Data.

The approach that will be used in this section is based on an analysis
of precise volumetric data and also on various sets of experimental specific
heat data. From the well-known thermodynamic relation

oCp 32y

oP T JT? P

It immediately follows that the condition defining the maxima of (BV/BT)p
along isobars coincides with the conditions of the maxima of specific heat,
Cp, along isotherms. It was shown in Reference 80 that isobars of volume -
temperature for pressures from the critical pressure to at least up to

4000 psia undergo inflection in the vicinity of the critical specific volume
Ve = 0.0525 ft3/1b. Thus according to P-V-T data it may be concluded

that (BCP/S P)T is zero in the vicinity of the critical specific volume.

Vargaftik(59) presents graphs of specific heat with both pressure
and temperature as parameters. By means of this graph, the authors of
this report recorded the various pressures and temperatures for which the
specific heat attains a maximum value along isotherms, i.e. (BCP/B P)T = 0.
Figure 12 shows excellent agreement between the pressure and temperature
defining the critical specific volume and the various pressures and tem-
peratures corresponding to where the specific heat attains a maximum.
Thus, P-V-T and Cp data both indicate that the maximum values of
specific heat along isotherm occurs along the critical isochoric line.

Near the completion of this report it was found that Sirota et EL’(()S)
concerned themselves with the location of maximum specific heat. They
analyzed their own data(29) for pressures from 4300 to 7100 psia, (300 to
500 kg/cm?), and found that the line (3Cp/3P)T = 0 does not coincide with
the critical isochore. However they stated that it did lie very close to it.
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In Reference 80 it was found that the maximum value of the coef-
ficient of volume expansion along a given isobar, P>Pc, occurred at a
somewhat lower temperature than the point of inflection for an isobaric
curve of specific volume against temperature. In view of this, the authors
of this work decided to compare the locus of points for (3B/3T)p = 0 with
the locus of points for the condition where (BCP/BT)p = 0. The curves
of Cp - T shown in Figure 3 were used to obtain pressures and tempera-
tures corresponding to the maximum values of specific heat along isobars.
Figure 12 also shows the comparison between the pressures and tempera-
tures defining the maxima of 8 along various isobars with that defining
the maxima of Cp along various isobars. The agreement between the
pressure and temperature defining B pax and Cp ¢ along isobars is
fair and a single curve may be assumed to represent both (3 /9T)p = 0
and (Cp/dT)p = 0.

One of the features of Figure 12 is that lines for Cp maxima on
isobars, (BCp/a T)T = 0, and on isotherms, (0Cp/dP)r = 0 diverge slowly
from one another as the pressure increases. For example at a pressure
of 4200 psia, the difference between the curves is about three degrees.

It may be definitely stated that the locus of points for (an/BT)p = 0 and
(o CP/B P)T = 0 are not coincident. It was previously conjectured by
Euken(86) and Jakob(90) that the locus of points for (an/a T)p = 0 and
(BCP/BP)T = 0 form a single curve or at most a narrow band.

Sirota and Maltzev(95) stated that Kaganir(gé) analyzed the maxima
of Cp and (BV/GT)p for a large group of gases and vapors. Kaganir found
that the pressure and temperature lines defining the maxima of Cp and
(aV/BT)P on isobars diverge. Thus in view of this, the locus of points for
(o CP/B T)p = 0 and (BCP/BP)T = 0 as shown in Figure 12 is typical of many
vapors in addition to superheated water vapor in the supercritical region.

In Chapter V the following relation was derived between Cp, Cv,
T and B, Cp = Cy +B (T/4.8). Differentiating with respect to pressure
at constant temperature yields,

OP |t L ov iploPlp 4.81L0PIy

The term, (0 CP/B P)p vanishes always at the critical specific volume.
It was concluded in References 83, and 84,* that (o Cv/a V)T is zero along
the critical isochoric line.

*This appears to be valid for other substances besides water and

water vapor. Michels et a_l.,(97:98’99) found that (0Cvy/0 V) was zero
along the critical isometric of CO,. They found this to be true through-
out the whole of the supercritical region.
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Thus it may be assumed that the condition, (3f/0P)T = 0, occurs always
at the critical specific volume. It may be concluded that the pressure-
temperature relations for Cp,yx and B, along isotherms are coin-
cident with each other. It is not known whether the region enclosed by the
two diverging lines of Figure 12 has any physical significance.

D. Summary

1. Various analyses previously made have given rise to the
following conclusions;

(a) (BCP/B T)p = 0 for supercritical water vapor is an
extension of the saturation pressure - temperature curve.

(b) (@ CP/ST)P = (0 zruil (BCP/BP)T = 0 are coincident and lie
near the critical specific volume line.

2. The work of this report shows that the condition for which
(9Cp/3P)r = 0 occurs always on the critical isometric, whereas

(BCP/B T)p = 0 occurs on a curved line gradually diverging away from
the critical isometric.
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