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THE THEORY AND MEASUREMENT OF 
CRITICALITY 

by 

Charles N. Kelber 

PREFACE 

The work presented here started in early 1961. It was prompted 
by the difficulty experienced in correlat ing the resul ts of cri t ical experi­
ments for presentation in the report of the Reactor Physics Constants 
Center. As the work progressed, it became clear that our approach was 
similar to that presented by S. M. Feinberg et al . . Fuel Burnup in Water-
moderated Water-cooled Power Reactors and Uranium-Water Lattice 
Experiments, Proceedings of the Second United Nations International Con­
ference on the Peaceful Uses of Atomic Energy (Vol. 13, pp. 348-415). 

Our viewpoint differs from Feinberg 's however, in that we have in 
mind setting up a consistent scheme of measurements which not only per ­
mits a correlat ion of experiments, but which permi t s , through scientific 
design of experiments, a method of extrapolation to design conditions from 
critical experiments. Thus, the standard four-factor formula is a functional 
relationship between the net rate of neutron production and the so-called 
lattice pa rame te r s . If the interdependence of the lattice pa ramete r s is 
known, it is possible to predict the effect on reactivity and conversion ratio 
of changing, say, the ratio of fuel to moderator in a given experiment having 
measured or inferred the lattice pa ramete r s of the original experiment. 

The determination of the interdependence of lattice paramete rs is , 
however, the crux of the mat ter . By obtaining a functional relationship 
between quantities measurable in a crit ical system, which also defines 
completely the neutron economy, it will be possible to devise a systematic 
experimental survey to determine the paramet r ic interdependence. The 
problem of extrapolation to design conditions is then analogous to the ex­
trapolation of a function whose value and part ia l derivatives are known at 
a point. 

The contents of this report a re an amplified version of a talk given 
by the author at the 1961 Winter Meeting, November 7, 8, 9, 1961, of the 
American Nuclear Society in Chicago, Illinois. Although this review is 
admittedly incomplete, it is hoped that it will answer some of the questions 
raised at the talk. 





I. INTRODUCTION 

The statement that a system is crit ical imposes stringent condi­
tions on the neutron economy. Our aim is to establish a list of measurable 
quantities which define the neutron economy completely. In cri t ical sys­
tems these measured quantities must be internally consistent. A valid 
theoretical computation of the same quantities will reproduce not only the 
total behavior of the neutron economy, but also the internal consistency of 
the experimental data. To avoid begging the question, we further require 
that the measurable quantities be derivable from raw data with a minimum 
of theoretical inference. 

Associated with the preceding ideas is the assumption that all com­
parative calibrations of foils, chambers , etc. , can be performed. We also 
assume that the relative neutron cross sections of mater ia ls whose c r o s s -
section energy response is the same are known. In what follows we describe 
some measurements not generally made, but these measurements are 
sufficiently like more common ones that the assumption is valid. 

This work can be easily generalized in many respects . In this paper, 
however, we consider only thermal systems fueled with U^̂ ^ and U^̂  . Pa r t II 
of this report is devoted to defining and listing the desired measurements 
and to explaining those which are experimentally attainable. In Pa r t III we 
discuss means of inferring those data required for description of crit icali ty 
which do not appear to be directly measurable . In Pa r t IV we discuss the 
use of other data, and in Pa r t V the connection of measured quantities with 
the pa ramete r s of standard theory is discussed. 

II. DESIRED EXPLICIT MEASUREMENTS 

The neutron economy can be character ized by the way in which 
neutrons a re removed from the system. In the crudest sense there a re 
three possible fates for neutrons in a cr i t ical system: 

(1) capture which causes fission and the re lease of source 
neutrons - this we t e rm productive capture; 

(2) capture which does not cause fission, or nonproductive 
capture; and 

(3) leakage from the system. 

Although i tems (2) and (3) have s imilar effects on the neutron 
economy, they are qualitatively different, since the leakage rate is p r i ­
mari ly an extensive property and nonproductive capture an intensive 
property. In the exact theory these proper t ies interact , but in the lowest 
approximation the distinction between them is clear . 





Since , in a c r i t i c a l s y s t e m , the n e u t r o n p o p u l a t i o n i s not d e t e r m i n e d 
by an e x t e r n a l s o u r c e , it i s n e c e s s a r y to define a l l r a t e s wi th r e s p e c t to 
s o m e p r o c e s s . A r b i t r a r i l y , we c h o o s e to define a l l r a t e s a s r a t e s p e r f i s ­
s ion in V"^. 

A. The To ta l S o u r c e 

The to ta l s o u r c e is known if the a v e r a g e n e u t r o n y ie ld p e r f i s s i on 
and the f i s s i o n r a t e in U^'* a r e known. The l a t t e r quan t i ty i s d i r e c t l y a c c e s ­
s ib le f r o m foil da ta and is u s u a l l y l i s t e d a s d^s'- the r a t i o of f i s s i o n r a t e in 
U^^* to f i s s i on r a t e in U^'^. A t y p i c a l p r o c e d u r e for ob ta in ing 628 is g iven 
in Ref. 1. 

The v a l u e s of v for U^^^ (vjs) and U^^*(v28) ^-^^ s l igh t ly dependen t on 
the e n e r g y of the inc iden t n e u t r o n . T h u s , d In v / d E is of the o r d e r of 5% 
p e r Mev. Thus in t h e r m a l r e a c t o r s , w h e r e m o s t c a p t u r e o c c u r s be low a 
few h u n d r e d v o l t s , V25 is s e n s i b l y c o n s t a n t for a l l such s y s t e m s . S i m i l a r l y , 
Vzs i s i n s e n s i t i v e to the s m a l l c h a n g e s in t he s p e c t r u m above the t h r e s h o l d 
for U^'^ f i s s i o n tha t m a y o c c u r in t h e r m a l s y s t e m s . 

If t h e r e a r e n ,2n s o u r c e s p r e s e n t , t h e s e wi l l y ie ld p r o d u c t i v e c a p ­
t u r e s s i m i l a r to fas t f i s s i o n in U^^*. The r a t e s at which such p r o c e s s e s 
occu r a r e not n e a r l y a s e a s y to m e a s u r e as fas t f i s s i on in U One p o s ­
s ib le m e t h o d is to c o m p a r e the r e s u l t s of a b s o l u t e d e t e r m i n a t i o n s of the 
n ,2n r e a c t i o n r a t e with the U^^^ f i s s i on r a t e . F o r t u n a t e l y , t he c o n t r i b u t i o n 
to the s o u r c e f r o m n ,2n r e a c t i o n s is l ike ly to be s m a l l . 

In the a b s e n c e of n ,2n s o u r c e s , t he to ta l s o u r c e S p e r U"^ f i s s i o n 
is given by 

S = V25 + 628^28 • (1) 

In t h i s equa t ion , Vjs ^^^^ '̂ 28 3-^^ c o n s t a n t s , and 628 is d i r e c t l y d e r i v a b l e 
f r o m e x p e r i m e n t a l da ta . 

Al though the v a l u e s of v a r e h e r e t aken a s a s s i g n a b l e , and in 
p r i n c i p l e t h e y m a y be ob t a ined by d i r e c t m e a s u r e m e n t , it i s t r u e tha t 
they a r e not now known to h igh p r e c i s i o n f r o m d i r e c t m e a s u r e m e n t s . 
H o w e v e r , the e x t e n s i v e l i t e r a t u r e of c o r r e l a t i o n of c r i t i c a l e x p e r i m e n t s 
can be quoted to l end c r e d e n c e to v a l u e s of v wh ich a r e to be u s e d in 
con junc t ion wi th a s s u m e d s e t s of c r o s s s e c t i o n . T h i s r e a s o n i n g is not a s 
c i r c u l a r a s it m i g h t a p p e a r , s i nce t he body of such e x p e r i m e n t s h a s enough 
v a r i a b l e s to jus t i fy "v" v a l u e s so ob t a ined a s be ing " b e s t fit" da ta . 





B. Productive Capture 

Per fission in U^̂ ^ there are 1 + 628 productive captures . If n,2n 
sources are present , t e rms analogous to 628 for each nuclide having an 
n,2n cross section must be added. No measurements other than those 
already discussed need be made. 

C. Nonproductive Capture 

This topic can be divided into a discussion of nonproductive capture 
in: (1) U^^', (2) U^^*, and (3) all other nuclides. 

U ' 

The ratio of capture to fission in U^'', a.^^, is not easily arr ived 
at except by mass-spect roscopic analysis: a common assumption is that 
such analysis is sensitive to about 1 ppm; thus a measurement of the atom 
ratio of U^̂ ^ to U^^' accurate to 10% would require an irradiation of U^̂ ^ to 
about 2 X 10"^n/kb. Fluxes in cr i t ical assemblies are ra re ly larger than 
10"'^n/(kb)(sec), so that the required irradiat ion t imes are prohibitive. 
Internal exponential assemblies can be driven at higher powers, however, 
and in such cases a25 can be determined. With this exception, 0,2.^ will have 
to be regarded as not directly measurable . 

2. U"« 

The ratio of captures in U^̂ ^ to fissions in U^^ ,̂ /328, can in 
principle be determined by direct measurement , since both processes lead 
to detectable activation. In the absence of accurate absolute counting tech­
niques, a calibration is required. We are indebted to M. Brenner for help 
in the discussion of this matter (see Appendix A). 

This method rel ies on a standard pile or thermal column for 
calibration of Np^^' activity counting against counting fission product activity. 
The ratio 1628 is given by 

(2) 
_ / N F \ / F 2 5 ^ 

P " - \ N T A F 2 5 , F / \af,Z5 

where Np is the Np^^' activity in the fuel, Nx the Np^^' activity in the 
thermal column, F25 T the U^^' fission product activity in the thermal 
column, F25 F i^ '•'̂ ^ ^ fission product activity in the fuel, and 
<028/'^f 25> T i^ *^^ ratio of effective U^̂ ^ capture c ross section in the 
thermal column to the effective U^̂ ^ fission cross section there . 

An advantage of this method is that the inherent e r ro r in (328 is 
independent of which system is being measured. (Obviously all self-shielding 
correct ions must be made or rendered unnecessary.) 





3. All Other Nuclides 

If all other nuclides have capture cross sections proportional 
to l /v , then the reaction rate in any l / v absorber can be used to determine 
the reaction rate in all l / v absorbers . The assumption that all other 
nuclides are l / v absorbers is usually a good one. In those cases for which 
this is not so, special techniques, which are s imilar to those used with 
U^^ ,̂ have to be used. 

Let |6i/v bs the rate of capture in all other nuclides per fission 
in U^^ .̂ The subscript l / v shows that we have assumed that only l / v cap­
ture occurs . Since Pi/^ is defined with respect to fission in U , the effect 
of spatial flux (and spectral) variation between fuel and moderator regions 
in heterogeneous assemblies is included in /3i/v Thus, in the lowest ap­
proximation, spatial variations in flux level and spectrum need not be 
determined. 

The fact that these spatial heterogeneities do exist, however, 
leads to difficulty in determining /Si/v- If one is willing to assume that 
the activation rate of mater ia l s such as copper or sodium is a good ap­
proximation to the l / v activation ra te , then, conceptually, absolute count­
ing methods can be used. Generally prevailing experimental difficulties 
usually argue against use of this method. The calibration method mentioned 
in connection with |328 can be used. In this case, however, there are some 
new difficulties. 

These difficulties a r i se from the fact that insertion of a 
sample for activation per turbs the activating flux; determining the extent 
of this perturbation usually requires some knowledge of the nature of the 
activating flux and thus begs the question. In the case of fi^s, the U can 
be inserted in such a way that the sample is essentially the same as the 
fuel. Usually, this will not be the case for the moderator and the inserted 
sample. 

These difficulties are such that, if it cannot be demonstrated 
that flux perturbations from sample insertion are negligible, then we say 
that Pi/v must be inferred fronn other data. The situation is not entirely 
bleak. A satisfactory est imate of the perturbation may often be obtained 
on the basis of information of a secondary nature. As an example, the 
activation arising from the presence of a high-lying resonance may be 
estimated from a measurement of the cadmium rat io. Under such c i rcum­
stances, it is clear that one should not state that Pi/v is not directly 
observable. Since more than a calibration is involved, however, we tenta­
tively conclude that an accurate est imate of fi^/v must , in general , be 
inferred from other data, but that a rough estimate of Pi /v i s , in fact, 
directly observable. We return to this point in Pa r t III. 





D. Leakage 

Net leakage, L, per fission in U^̂ ^ is usually inferred from buckling 
measurements . The lat ter , in turn, a re inferred from flux plots. Since 
leakage probabilit ies P(B^) must also be used, there is a certain amount 
of question begging involved. There are other methods. In bare systems, 
long-counter techniques can be used. Effectively infinite liquid reflectors 
lend themselves to activation methods employing soluble indicators. Thin 
reflectors require a combination of techniques. In any event, a standard 
pile or thermal column is generally necessary to calibrate foils in order 
to compute the leakage rate per U^̂ * fission. Once again, L must be in­
ferred from the measurements . 

In short, we determine the leakage by counting a representat ive 
sample of all the neutrons which leak from the core . Thus, in a thick 
(effectively infinite) reflector all the neutrons which leak from the core 
are captured in the reflector. The total capture rate in the reflector is 
equal to the total leakage rate from the core . If the reflector captures 
according to the l / v law, techniques used to measure Pi /v can be applied 
to measuring the reflector capture ra te . In a bare system, the long-counter 
technique has been suggested. The difficulties of this method are well 
known, but the method has the advantage of counting directly a representa­
tive sample of the leaking neutrons. 

The contribution of L to reactivity can be estimated in the case of 
thick reflectors by observing the change in reactivity caused by the uniform 
addition of l / v poison to the reflector and extrapolating to zero capture in 
the reflector; that i s , for a thick reflector, almost all neutrons emitted 
into a noncapturing reflector eventually return to the core . Hence, by 
extrapolating the reactivity vs reflector absorption area to zero absorption 
area one can est imate the reactivity held down by the reflector. This meas ­
urement is complicated by the well-known difficulty of obtaining absolute 
values of reactivity. Supposing this to be done and the reactivity held down 
by leakage found to be p(L), then measurements of Sp/S L permit one to 
compute L from 

-""= r (^ j -
A more amenable use of p(L) is in a description of the net neutron 

economy in t e r m s of the relative ra tes of creation and destruction of im­
portance, as suggested by Goertzel.('^) 

E. The Cri t ical Equation 

The list of desired explicit measurements is summarized in Table I. 
These measurements character ize the neutron economy completely, so the 
cr i t ical equation can be written in t e rms of the measured quantities and 
constants. 
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T a b l e I 

PRIMARY QUANTITIES 

Symbol 

6 2 8 

0-25 

/328 

P i / v 

L 

^^26. 1^28 

Defin i t ion 

F i s s i o n r a t e in U^^^ d iv ided by f i s s i on r a t e in U^^^ 

C a p t u r e r a t e in U"^ d iv ided by f i s s i on r a t e in U^^^. 

C a p t u r e s in U^^' p e r f i s s i o n in U^^^. 

C a p t u r e r a t e in a l l m a t e r i a l s ( a s s u m e d l / v ) o t h e r 
t h a n u r a n i u m d iv ided by U f i s s ion r a t e . 

Net l e a k a g e r a t e p e r U^'^ f i s s i o n . 

T h e n u m b e r of n e u t r o n s p e r f i s s i on in U^^' and U ' . 
In p r i n c i p l e , t h e s e n u m b e r s a r e ob ta ined by d i r e c t 
m e a s u r e m e n t . 

The c r i t i c a l e q u a t i o n i s 

+ V1R&2 = 1 + a?. |3i/v + L + 6; (3) 

Now, Vz5 and V28 a r e known (n,2n s o u r c e s a r e a s s u m e d a b s e n t ) ; 628. ^28' 
and P i / v a r e d e r i v a b l e d i r e c t l y f r o m e x p e r i m e n t a l da ta o r i n f e r r e d ( s ee 
P a r t I I -C) ; L can be i n f e r r e d f r o m e x p e r i m e n t a l da t a ; a^.^ c an s o m e t i m e s 
be found by d i r e c t m e a n s , but , in g e n e r a l , i s found by so lv ing Equa t ion (3). 
If a l l the t e r m s in (3) a r e known, the equa t ion s e r v e s to c h e c k the i n t e r n a l 
c o n s i s t e n c y of the d a t a . 

The q u a n t i t i e s l i s t e d in T a b l e I and u s e d in Equa t ion (3) a r e a v e r a g e 
va lue s for the r e a c t o r . J u s t a s L r e p r e s e n t s the net l e a k a g e r a t e for the 
e n t i r e r e a c t o r , so a 25 r e p r e s e n t s the c a p t u r e r a t e in U^ ^ t h roughou t the 
e n t i r e r e a c t o r ; s i m i l a r l y for the o t h e r q u a n t i t i e s . Hence , e x t e n s i v e s ampl ing 
m u s t be done in m a k i n g m e a s u r e m e n t s to get an a v e r a g e . In g e n e r a l , the 
a r g u m e n t tha t m e a s u r e m e n t s a r e m a d e at a r e p r e s e n t a t i v e point i s un ­
ju s t i f i ed . The v a r i o u s r a t e p r o c e s s e s a l l c o m p e t e in v a r y i n g a m o u n t s 
s p a t i a l l y and e n e r g e t i c a l l y ; a l though t h e r e m a y be c a s e s w h e r e t h i s v a r i a ­
t ion i s n e g l i g i b l e , t hey a r e t he e x c e p t i o n s . 

III. METHODS OF I N F E R E N C E 

A d i f f e r e n c e b e t w e e n 628. P28> and P i / v . on the one hand , and L, on 
the o t h e r , i s t ha t t he f o r m e r a r e d e r i v e d f r o m the r a t i o of spec i f ic a c t i v i t i e s 
of the s a m e type w h e r e a s the l a t t e r i s not . M o r e o v e r , ^^B and fii/^ a r e 
d i s t i n c t f r o m 628 s ince they r e q u i r e a s e p a r a t e foil c a l i b r a t i o n t e c h n i q u e . 





I I 

in general . Finally, various difficulties, especially arising from system 
complexity, often prevent accurate direct measurement even of such 
straightforwardly determined quantities as 628- When this is the case, 
less accessible data, such as fizs, ^i/v> and L, will usually be even harder 
to obtain with any accuracy. 

The problem is how to avoid the necessity of making absolute 
determinations of the separate activities in all cases , and to infer these 
activities when they cannot be measured precisely relative to one another. 
There are at least three ways of solving this problem, all involving dif­
ferent types of e r r o r . 

We want to obtain a measurement of the l / v activity in units com­
mensurable with the fission activity in U^^ .̂ Were it the case that U^̂ ^ 
fission obeyed the l / v law, then that activity could be used to find /3i/v 
Although it is well known that U^̂ ^ fission is far from l /v in detail, the 
fact is that in many cases the behavior of the average U^^' fission rate is 
remarkably like a l / v detector. Thus, in a pure Maxwellian spectrum 
character ized by tempera tures in the range from 300 to 400°K the average 
U^'* fission response is proportional to that of a l / v detector to within 2%. 
The fission activity averaged over a Westcott spectruml^) of moderate 
hardness (r = 0.07) shows an even smaller variation over the same range. 
In fact, over the very wide range of Maxwellian component tempera tures , 
300 to 1600°K, the total rate of fission activation varies by no more than 
8.4% fromthat predicted by the l /v law for Westcott 's r = 0.07 spectrum. 

Thus, in weakly capturing systems with little resonance capture in 
U^̂ *, the fission rate in U '̂̂  can be used t6 determine Pi/v with an e r ro r 
that is about of the same order as that associated with absolute counting 
methods. In applying this rule, the 0.0253-ev fission cross section must be 
multiplied by a correct ion factor, K = 0.98. This behavior can be better 
understood when it is recalled that the infinitely dilute resonance integral 
for fission in U^̂ ^ is about 269 b; this is less than +8% below that to be 
expected if U '̂̂  fission followed the l / v law. 

In systems with a large amount of capture, part icularly resonance 
capture in U^^', the resonance energy flux may be severely depleted at the 
U^^' resonances , and the total fission response cannot be reasonably ex­
pected to be a good indicator of l /v response. 

A. These considerations give r i se to the first method of obtaining 
/3i/v, namely, the sector foil method. This method has been discussed at 
length in Ref. 1. 

If the system is weakly capturing, 

. F 2 5 , M a i / v ( 0 - 0 2 5 3 ) 1 ^^_^^ 

^''^ " F 2 5 , F 0£,25 ( 0 . 0 2 5 3 ) K 
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(K is a p p r o x i m a t e l y 0 .98 ; s i n c e knowledge of i t s exac t va lue invo lves 
d e t a i l e d knowledge of the r e a c t o r s p e c t r u m , we do not c o n s i d e r it wi th in 
the s c o p e of t h i s p a p e r to give a m o r e c o m p l e t e r u l e for i t s eva lua t ion . ) 

When t h e r e i s m u c h c a p t u r e , the a s s u m p t i o n m a y be m a d e tha t 
Of 25 is p r o p o r t i o n a l to l / v be low the c a d m i u m cutoff. Then , if the l / v 
c a d m i u m r a t i o , 

, r e a c t i o n r a t e in b a r e l / v d e t e c t o r 
Q / — i 

V ^ r e a c t i o n r a t e in c a d m i u m - c o v e r e d I / v d e t e c t o r 

can be d e t e r m i n e d , fii/^ c an be e s t i m a t e d ; t ha t i s , 

A / . / P i / v \lns,M\ / a i / v (0.0253) W M _ (4b) 

In E q u a t i o n s (4a) and (4b), F * J ^ M i^ the s u b - c a d m i u m f i s s ion r a t e in U^^^ in 
the m o d e r a t o r , F25,F is the t o t a l U^^^ f i s s i on r a t e in the fuel , Fzs^M the t o t a l 
f i s s i on r a t e in the m o d e r a t o r , and Oi/v (0 .0253) /a £,25 (0.0253) i s j u s t t he r a t i o 
of the l / v c a p t u r e c r o s s s e c t i o n to the U^^^ f i s s i o n c r o s s s e c t i o n at 
0 .0253 ev . In P a r t IV we wil l d i s c u s s c a d m i u m r a t i o s m o r e fully. The 
s e c t o r foil t e c h n i q u e g iven in Ref. 1 can be u s e d to ob ta in the r a t i o F J J ^ M / 
F25 p o r F 2 5 , M / F 2 5 , F - When t h e r e is c o n s i d e r a b l e s p a t i a l v a r i a t i o n of the 
flux wi th in a c e l l o r w h e r e the c e l l is s m a l l , it m a y be difficult to get an 
a c c u r a t e a v e r a g e va lue of P i / v In s y s t e m s which con ta in a l a r g e amoun t 
of U^^' t he s p e c t r a l d i s t o r t i o n in the m o d e r a t o r wi l l be s e v e r e , but the 
e r r o r in the n e u t r o n e c o n o m y wi l l s t i l l be s m a l l ; t h i s h a s b e e n poin ted 
out in Ref. 1. 

The s a m e t e c h n i q u e s can be e m p l o y e d to find p^g- The a s s u m p t i o n 
is m a d e tha t , be low the c a d m i u m cut-off, the U^^* c a p t u r e c r o s s s e c t i o n i s 
p r o p o r t i o n a l to l / v , tha t i s , the to ta l c a p t u r e r a t e in U^^* is P28/(P28- I) 
t i m e s the s u b - c a d m i u m c a p t u r e r a t e in U^'^, by def in i t ion . But s i n c e the 
s u b - c a d m i u m c a p t u r e r a t e in U^'° i s c l o s e l y p r o p o r t i o n a l to l / v , the s a m e 
m e t h o d s of d e t e r m i n a t i o n m a y be u s e d a s for P i / v If the a s s u m p t i o n that 
s u b - c a d m i u m U^^^ f i s s i o n obeys the l / v law w e r e good in the fuel , one 
could u s e 

P28 \ /P25 - 1\ 1 ^28(0.0253) 

P28 - 1 / V PM / K Of 25(0.0253) 
(5a) 

In g e n e r a l , t h i s a s s u m p t i o n i s p o o r and it i s b e t t e r to r e f e r the l / v c a p t u r e 
r a t e s to t h o s e in the m o d e r a t o r : 

P28 \ / F 2 * 5 , M \ /q28 0 F \ / a 2 8 ( 0 . 0 2 5 3 ) \ 1_ (5^^) 

P28 - 1/ \ F25,F / I ^28*M/ U f , 2 5 ( 0 - 0 " 3 ) ; K 
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The ratio CJ28<^F/''28"^M is the ratio of sub-cadmium activation of U in 
the fuel to that in the modera tor . The other t e rms are defined in the 
same way as the corresponding t e rms in Equation (4). Since U^ ^ con­
tamination may pose a problem in determining the activation ra tes , 
sub-cadmium gold or copper (for example) activation may be used. 

This procedure is cumbersome as compared with the direct 
method discussed in Par t II. The sub-cadmium copper or gold activation 
rates may be used to normalize the sub-cadmium U activity in the direct 
method as in the indirect whenever U ^ contamination is a problem. 

Since U fission is not l /v , the e r ro r in the measurements of 
fil/v and j328 will change with the degree and nature of spectral distortion 
in the reactor . This is a disadvantage in attempting to make correlat ions 
of data from cr i t ical experiments . 

B. The second method, that of using a standard pile or thermal 
column to calibrate foils, falls in the class of direct measurements and 
has been described in Par t II. If (328' P i / v and L are determined by 
similar activation techniques, the e r r o r s in the right-hand side of Equa­
tion (3) reside in <CT28/of,25>T ^nd <ai/v/of,25>T> except for the te rm 
1 + a25. If the e r r o r s are the same, their effect is to cause a uniform 
change in V25, ^25, and 1 + a25. Such a change leaves TI25 = ^25/(1 + '^zi) 
unchanged in each experiment. If a monoenergetic beam of neutrons is 
available for i rradiat ion instead of a thermal column, the inherent e r r o r s 
are reduced to those involved in finding the ratio of cross sections at a 
given energy. 

In determining ft/v. cadmium ratios in the reactor may be needed, 
as with the sector foil method. Otherwise the procedure is the same as 
with /328. 

The leakage L can, in the case of thick reflectors, be measured by 
activation techniques. In such a case , the remarks which apply to /3i/v 
apply to L. When long-counter techniques are used, calibration becomes 
less obvious: it may be necessary to use absolute counting methods. 

C. There exists a third method for the determination of fi^^ and 
jSi/v The reactor can be used as its own detector . The danger coefficient 
for the introduction of l /v absorber in a cell divided by the danger coef­
ficient for U^̂ ^ gives 

D I / V / D 2 
° i /v '̂ M t>^ 

(1 + a25)0+0F ('̂ f25) 
(6) 

wheije Dl /V/D25 is the change in reactivity per per cent change in l / v 
absorption a rea and D25 is the change in reactivity per per cent change 
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) j ^ is the adjoint flux in the moderator , 0-p is the adjoint 
flux in the fuel, and the other quantities have been previously defined. 

In cases such as highly enriched, nearly homogeneous light water 
sys tems, the adjoint flux is nearly constant locally in space and in energy 
in the range below the cadmium cut-off. Then 0jjj = 0p and /3i/v and 
P28 can be obtained from cadmium ratio determinations and sub-cadmium 
danger coefficients. For example, 

Pl/V = [Ot/./^&] - ~ ~ ^ ^ [V25 - (1 + 0.i)] . (7) 
' Pi /v -1 P25 

The as ter i sks indicate sub-cadmium quantities and the letter p indicates 
a cadmium ratio. (In U the ratio is with respect to fission.) 

A new unknown, a.-^, has been introduced. The capture-to-fission 
ratio below the cadmium cut-off can, in principle, be determined in the 
same way as CL^c,. Except in the special cases in which a direct determina­
tion of a2* can be made, a 25 will have to be estimated. Fortunately, a^s 
shows little variation over a large range of spectra, so that the e r ro r 
introduced in this way is not sensitive to reactor types. 

The danger coefficient technique is not applicable to the determina­
tion of L in any obvious way except as has been described in Par t II. 

IV. USES OF OTHER DATA 

The pr imary data are those listed in Table I. In Par t II we have 
seen that such secondary data as cadmium ratios may be necessary to 
infer values of P i /v and ^2»- There are at least three uses for secondary 
data. One is to aid in the inference of pr imary data when such data are 
directly available, or to be used in conjunction with theoretical calculations 
to estimate pr imary data. 

A second use is to furnish further checks on the internal consistency 
of the theory. In other words, a theory is not necessar i ly correc t even if 
it yields cor rec t values of the pr imary data. The secondary data give in­
formation about the details of the processes corresponding to each item of 
pr imary data. 

A third use of secondary data is that, together with pr imary data, 
es t imates of standard theory pa ramete r s may be obtained. This problem 
is discussed in more detail in Pa r t V. We point out here , however, that 
standard theory definitions do not always correspond to the definitions 
used in gathering pr imary or secondary data. A prime example is shown 
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in the case of the fast effect and resonance escape probability, which, 
between them, involve most (but not all) epi-cadmium U^̂ * capture and all 
U^^' fission. Theory may assign some capture to the fast effect so that the 
resonance escape probability will correspond to single-rod measurements 
and calculations, or it may assign all capture to the resonance escape 
process , in which case the single-rod resul ts become meaningless. 

The general c r i te r ia for secondary quantities are : 

1. The quantities are each related to a single pr imary process . 

2. The quantities are associated with energy dependence in an 
identifiable way, one that is useful in theoretical analysis. 

3. As is the case of pr imary quantities, secondary quantities 
a re derivable from experimental data without theoretical 
interpretation. 

The second cr i ter ion assures us that the secondary quantities 
yield information about the details of the pr imary processes in a useful 
way. Thus, when multigroup diffusion theory is used (for example), a 
sharp energy cut is necessary to match the observed details of pr imary 
processes with the calculated values. 

The various cadmium ratios (Pi /v. P28' Pzs) mentioned in Par t II 
satisfy these three c r i te r ia . The cadmium cut-off is not as sharp as we 
would like. It is possible to define an effective cut-off energy vs thickness 
relationship(4,5) however, and if the cut-off is made in a region of 
smoothly varying cross section, the unprecision in the notion of cadmium 
cut-off causes little e r r o r . 

In order to minimize the sensitivity of the cadmium cut-off to 
spectral shape, it is necessary to use a thickness in which the cut-off 
is nearly linear with thickness. The most prominent resonances at 
cadmium cut-off energies are the U^̂ ^ resonances at 0.2 and 0.28 volt. 
To avoid these resonances and sensitivity to spectral shape, a cadmium 
cut-off of 0.7 ev (foils 40 mils thick)(5) is recommended. 

A popular theoretical cut-off, 0.625 ev, corresponds roughly to 
30-mil foils, but the thicker foils are less sensitive to spectral shape. 

A number of spectral indicators other than cadmium have been 
proposed. These include samarium, lutetium, and dysprosium. Samarium 
indication has been discussed at some length in Ref. 5. In general , it can 
be expected that reaction rates of samples shielded by a variety of indicators 
will give useful internal checks on pr imary p rocesses . At present , techniques 
are not well enough developed to give a definitive list of measurements . 
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The importance of internal checks on the capture ra te , especially 
at the lower end of the energy scale, should not be minimized. Many items 
of great pract ical importance, such as the conversion ratio, depend heavily 
on est imates of low-energy spectral effects. There is considerable theo­
ret ical basis for suspecting that these effects can be correlated in an 
adequate approximation by the use of indicators such as those mentioned 
above. It is too much to expect that such approximate correlat ions will 
permit equally good est imates of reactivity; the inability to predict both 
reactivity and conversion ratio on a common basis is a pr imary motivation 
for the more complex system of measurements described here . 

Indicators such as gold and indium, which have prominent, single, 
low-lying resonances , have been frequently used with cadmium shielding 
to character ize the epithermal flux. The resonances in these indicators 
lie below the majority of the resonances in U^̂ ^ and U^^ .̂ If these m e a s ­
urements could be coupled with est imates of fluxes in the few kev range, 
a check could be made of the calculation of capture in the resolved r e so ­
nance region. Flux indication at such levels is difficult, however, so that 
it is unlikely the cadmium-covered gold or indium measurements can be 
made to give much information about epi-cadmium processes . 

Single resonance or threshold indicators are useful, though, in 
connection with leakage processes and flux maps . Typically, the theoretical 
treatment of L involves the computation of leakage probability [P(B^)] be­
tween specific energy limits and the effective buckling of the flux within 
these l imi ts . Flux maps taken with threshold detectors provide informa­
tion about buckling and offer checks on the theory of migration of neutrons 
between specific energy l imits . Specifically, U^̂ * fission activity is a good 
measure of the distribution of source neutrons. Neptunium fission, with 
a threshold at a few hundred kev, detects the flux at a point below which 
most scattering cross sections are very nearly constant. 

Cadmium-covered gold and indium have already been mentioned 
as epi-cadmium flux indicators, and sub-cadmium gold and U^̂ ^ (fission) 
activations are useful as thermal flux indicators. 

With the various flux maps at hand, it is possible to set up a 
procedure for buckling determination in reflected sys tems. 

If the description of multigroup diffusion theory is assumed and 
if it is also assumed that the indicated fluxes represent the fluxes within 
distinct, but otherwise unspecified, groups, then it follows that the m e a s ­
ured fluxes can each be described by a fundamental mode associated with 
some buckling, fig, and a collection of transient t e r m s arising from the 
reflector. If a rb i t ra ry linear combinations of all the measured fluxes are 
now taken, there is one combination which yields a minimum leas t - squares 
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e r r o r fit to a f undamen ta l m o d e a s s o c i a t e d with s o m e buckl ing fi^. Since 
the U^^' f i s s i o n a c t i v a t i o n i s p r o b a b l y l e a s t affected by the r e f l e c t o r , th i s 
plot m a y be u s e d to get an in i t i a l e s t i m a t e of |3Q. 

It i s an open q u e s t i o n as to how r a p i d l y edge effects in the v a r i o u s 
f luxes die off with d i s t a n c e f r o m the i n t e r f a c e . Thus it i s not obvious tha t 
u s ing m a n y flux p lo t s wi l l give a b e t t e r e s t i m a t e of |3o than j u s t a few. 

The s e c o n d a r y q u a n t i t i e s we have d i s c u s s e d a r e l i s t ed in Tab le II; 
o t h e r s a r e c e r t a i n l y p o s s i b l e , but i n c r e a s i n g the amoun t of s e c o n d a r y da ta 
does not i n c r e a s e the p r e c i s i o n of the e x p e r i m e n t u n l e s s a check on the 
i n t e r n a l c o n s i s t e n c y is f u r n i s h e d . 

Table II 

SECONDARY QUANTITIES 

Symbol 

p(with various subscr ipts) 

[pzs r e fe rs to fission 
activity only) 

F* (with various subscr ipts) 

Di /v 

D25 

D* (with subscr ip ts ) 

* 
«-25 

Definition 

Reaction rate in bare detector divided 
by reaction rate in cadmium-covered 
detector . Recommended thickness of 
cadmium: 0.040 in. (O.IOZ cm). 

Sub-cadmium fission ra te : Total fission 
rate - fission rate when detector is 
covered with cadmium. 

Danger coefficient for l / v absorber : 
Reactivity change (in dollars) per 
per cent change in l / v absorption a rea . 

Danger coefficient for U^^ :̂ Reactivity 
change (in dollars) per per cent change 
in U^̂ ^ content. 

The difference of danger coefficients 
taken with ba re sample and cadmium-
covered sample . 

The difference between capture to 
fission rat io in bare and cadmium-
covered U 

Note: In addition, the specific activity of U^̂ * (fission), Np (fission), 
cadmium-covered Au, cadmium-covered In, and the sub-cadmium 
Au and U^̂ ^ fission activit ies have been mentioned as flux indica tors . 
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V. CONNECTION WITH THE STANDARD THEORY P A R A M E T E R S 

The s t a n d a r d f o u r - f a c t o r f o r m u l a for the m u l t i p l i c a t i o n p r o c e s s i s 
t y p i c a l l y b a s e d on c o n s i d e r a t i o n s which l u m p a l l even t s tha t o c c u r in a 
g iven r e g i o n of s p a c e o r e n e r g y r a n g e into e s c a p e o r n o n e s c a p e f r o m a 
s ing l e p r o c e s s . It h a s long b e e n r e a l i z e d tha t t h i s a p p r o x i m a t i o n i s c r u d e ; 
i t s s u c c e s s a r i s e s f r o m the fact t ha t in s i m p l e s y s t e m s often on ly one 
c a p t u r e p r o c e s s i s d o m i n a n t in any g iven e n e r g y r a n g e . T h e r e h a s b e e n 
a n a t u r a l t e n d e n c y to i m p r o v e the f o r m u l a t i o n by s e p a r a t i n g out p r o c e s s e s 
(usua l ly in the r e s o n a n c e r eg ion ) which , on the e n e r g y s c a l e , can be con ­
s i d e r e d d i s jo in t and t h e n m a k i n g s o m e a s s u m p t i o n a s to n e u t r o n m i g r a t i o n 
be tween the d i s jo in t p r o c e s s e s . 

Such c o n s i d e r a t i o n s a r e often helpful , but they suffer f rom the 
b a s i c defec t of t he f o u r - f a c t o r f o r m u l a : the p a r a m e t e r s a r e not d i r e c t l y 
r e l a t e d to p r i m a r y and s e c o n d a r y d a t a . We can , h o w e v e r , identify c e r t a i n 
c o m b i n a t i o n s of p r i m a r y and s e c o n d a r y da ta which do, in the a p p r o p r i a t e 
l i m i t s , a p p r o a c h the c l a s s i c a l v a l u e s . 

S ince the ne t l e a k a g e L is a s e p a r a t e quant i ty , it i s p o s s i b l e to 
t ake the r a t i o of the s o u r c e to a l l c a p t u r e p r o c e s s e s , p r o d u c t i v e o r not . 
Th i s r a t i o we t e r m k ^ ( L ) : 

k (L) ^ " + ^^«^^« . (8) 
'^'^^^> - 1 + a 2 5 + P l / v + 1328 + 628 

The r a t i o kco(L) is a funct ion of the l e a k a g e L, s i nce e a c h of the p r i m a r y 
da t a on the r i g h t - h a n d s ide of Equa t ion (8) r e p r e s e n t s a r a t e p r o c e s s 
which c o m p e t e s with L ove r the e n t i r e e n e r g y r a n g e ; m o r e o v e r , t he r e l a ­
t ive va lue of l e a k a g e r a t e to c a p t u r e r a t e v a r i e s with e n e r g y . Thus the 
d e p e n d e n c e of k ^ on L i n d i c a t e s tha t koo(L) is not the m u l t i p l i c a t i o n r a t e 
which would be o b s e r v e d if the r e a c t o r c o r e w e r e ex tended to inf ini ty . As 
L t ends to z e r o , h o w e v e r , kco(L) a p p r o a c h e s the u s u a l v a l u e . 

In what fol lows the i n t e r d e p e n d e n c e of the v a r i o u s d a t a wi l l not be 
exp l i c i t ly s t a t e d . We no te , h o w e v e r , t h a t 628, a25, /3i/v. and ^z^ a r e a l l 
a v e r a g e v a l u e s o v e r the r e a c t o r ( see the d i s c u s s i o n m P a r t II); the se t 
u s e d in Equa t ion (8) do not n e c e s s a r i l y r e f e r to the se t of v a l u e s o b s e r v e d 
at any one point in the r e a c t o r c o r e . By def in i t ion , L is a r e a c t o r -
a v e r a g e d va lue in any c i r c u m s t a n c e and h a s no s ign i f i cance when r e f e r r e d 
to a s ing l e po in t . 

The n u m b e r of n e u t r o n s e m i t t e d f r o m U^^^ f i s s i o n p e r n e u t r o n 
c a p t u r e d in U^^, "r)25," i s g iven by 

"rizs" = -^25/(1 +a25) • (9) 
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Except for the internal dependence of a25 on the system paramete r s , this 
is the conventional definition. As mentioned in Par t II, this value may be 
subject to less e r ro r than Pi/v, /328. and L in appropriate c i rcumstances. 

The concept of thermal utilization is closely allied to the notion of 
l /v utilization, that i s , in a system with small capture, the capture in ma­
ter ia ls with a l / v dependence can be assumed to take place only in the 
thermal group. This prescript ion leads to a familiar formula for the cut­
off energy EQ for the thermal group: 

( E C / T ) ' exp - ( E C / T ) = <Z^>/i 2s . 

(The conventional definitions a re assumed.) Deviations from l /v dependence 
can then be ascribed to resonance absorption. It is thus convenient to de­
fine a l / v utilization, f ( l /v) , which is just the capture rate in U divided 
by the total capture rate calculated as though all isotopes had a l / v depend­
ence. The utility of this notion a r i ses from the fact that the gross behavior 
of U fission is almost as though it had a l /v dependence (see Par t III). 
For convenience, we introduce the value of the macroscopic absorption of 
a composition at 2200m/sec : Z^Q. Under these conditions, f(l/v) is givenby 

f(l /v) = (1 + ao)/{(3i/v [1 +(Sao(25)/Sao(l /v) + ^s,o{28)/Z^,{l/v))]] , 

(10) 

where ao is the value of a(25) = 2 (,(25)/Sf(25) at 2200 m / s e c . Concurrent 
with the introduction of do we introduce 

7o 
1 + tto 

The ratio ko„(L)/"T) "f(l/v) is then 

k„,(L)/"T)"f 

/3,/^(l + 7o)(l + — 628) 1 + 

2ao(28) 2ao(25) 

2a„(l/v) 2ao(l/v) 

i3i/v + 1 + a + |328 + 6z 
(11) 

The right-hand side of Equation (11) is related to the conventional product 
ep. This relationship can be made somewhat c learer by a little algebraic 
manipulation which yields: 

Right-hand side 
of Equation (Ul 

tl*ro){l*T^^2s) 

1 .0 ZapgSI 

JIN' 5:aoii'»i 
(11a) 

Iao"'»l S:aol28l 
' * Zaoll/vl ' Zaolllvl 
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The t e rms in brackets clearly represent the capture in excess of l / v 
absorption - the resonance capture. Since U is nearly l /v , the first 
bracketed te rm is small . 

Just as the denominator of Equation (11a) contains t e rms which 
increase the total capture ra te , so the numerator contains a t e rm, I + 7o' 
which increases the capture rate in uranium. Had we introduced 
•̂ o = ^25/(1 + *o) instead of "T)," the te rm 1 + 7 0 would be replaced by 
(1 + ao)/(l + a) . This redefinition removes T]o to the realm of a constant 
independent of the system under study; a rb i t ra r i ly we prefer not to do this. 

More or less by default we identify koo(L)/"r) "f(l/v) as "ep . " 
There is no obvious simple connection, however, between t e rms in the 
right-hand side of (11) or (11a) and classical definitions of e or p. It is 
clear from arguments at the beginning of this section that such a connec­
tion is necessar i ly obscure. If the fission in U and n o n - l / v behavior of 
U^^' are ignored, as well as spatial disadvantage factors, then resonance 
capture in U^̂ * leads to a correct ion t e rm: 

1 + 
2 „(28) ao^ ' 

,-/3i/v " 2;ao(l/v), 1 + 
Z (25) ao' ' 
2ao(l/v) 

Z (28) aô  ' 

JV^l 

(12) 

If, s t i l l i g n o r i n g fas t f i s s i o n and n o n - l / v b e h a v i o r in U^^^, we w r i t e 

k j L ) / " T ] " f ( l / v ) _S_ 
So 

w h e r e So and S a r e the s o u r c e s in the a b s e n c e and p r e s e n c e of U 
r e s o n a n c e c a p t u r e r e s p e c t i v e l y , t hen 

S 
So 

P l / v , . 

P28-yf?f;^2ao(28)J 1 - "p" 
(12a) 

But in standard theory the te rm in brackets in Equation (12a) is (with 
appropriate normalization) just what is ordinarily computed as 1 - p. 
Thus, "p" approaches p in the appropriate limit if we identify "p" as the 
resonance escape probability when all capture in excess of l / v capture is 
included in the process of resonance capture. 

If all capture processes are accounted for by either l / v or 
resonance capture, a redefinition of e is needed. Under these conditions, 
e is simply the ratio of total fissions to fissions in U^̂ ;̂ it is a source-
magnification factor. Hence, we define 
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V 28 
1 + ^ ^ 628 . (13) 

' 2 5 

This definition does not approach any classical l imit. The reason is that 
all capture associated with fast fission has been lumped into "p," where 
"p" is the resonance escape probability observed in lattice-substitution 
experiments . If the capture associated with fast fission is included in the 
definition of e, the p must be the resonance escape probability based on 
single-rod measurements . The product " e " "p" defined here is not quite 
the same as the classical value of ep, even so, because all non - l / v 
behavior is lumped into "p." If this contribution is ignored, then " e " 
"p" approaches ep in the limit of large, dilute, weakly capturing sys tems. 

Experiments reported in Refs. (l) and (6) show that when UO2 rods 
are substituted for uranium rods the relative decrease in " e" is twice 
that in e; the relative increase in U^̂ ^ resonance capture, however, is only 
-|- of that expected from single rod measurements . In the experiments 
reported in Ref. (6) all high energy capture was associated with resonance 
capture. Thus, if these measurements were used to obtain a resonance 
integral, the fast fission factor used should be " e " not e. 
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APPENDIX A 

CALIBRATION TECHNIQUES 

The calibration technique mentioned in Part II is described here 
in greater detail. 

The procedure is to irradiate uranium foils and get the Np 
activity P. One foil is irradiated in the fuel (f) and the other in the thermal 
column (T). If the fraction of Û ^̂  in the foil is b, the fission product ac­
tivity F is given by 

Ff = bFf + (1-b) Ff (A-1) 

and 

Fx = bF^^ . (A-2) 

If we assume that all samples are measured with the same counter 
and the counter efficiency is constant, then 

<<'>i-^<<'>r (^-3) 

< a f > f = 5 < ^ " > T • ^^-^^ 
^ T 

(A-5) 

Then 

_ Pf F^^ <a|B>^ 

^''"^ i f T^fA ' 
which is Equation (2) in Part II. 

To determine F ^ / F " , use foils of two different enrichments, bj 

and b2. Then 

b, F f + ( l - b i ) F f 

and 

biF^ 

b2Ff +(l-b2)Ff 

D2r ^ 

can be measured directly. 
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Solving for F " / F " , we get 

R = F f / F « '1 - - r - 2̂ 
O l 

1 - bl 

1 - b . 
1 -

b2 1 - bl 

hi 1 - b2 
(A-6) 

The r e l a t i v e e r r o r in R d e p e n d s on 628 = F f / b F " ; a p p r o x i m a t e l y , 

w h e r e bi i s the fuel e n r i c h m e n t , b2 is a l o w e r e n r i c h m e n t and b i , b2 < < 1. 
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