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ABSTRACT 

The analysis of gamma-ray spectra measured with a scin­

tillation counter with an anticoincidence annulus is described in detail. In 

par t icular the problem of the determination of the energy and intensity of 

gamma rays from such measurements is considered. The shapes of the 

full-energy peaks in observed complex spectra are studied and an attempt 

is made to justify their description in t e rms of a Gaussian "response func­

tion. " The details of the statist ical analysis of complex gamma-ray 

spectra are given and, finally, procedures which have been used to con­

firm the validity of e r r o r est imates in energy and intensity measurements 

are described. 



I . INTRODUCTION 

This r e p o r t d e a l s m a i n l y with the a n a l y s i s of da t a t a k e n wi th 

a s c i n t i l l a t i o n s p e c t r o m e t e r wi th an a n t i c o i n c i d e n c e annu lus for t e 

m i n a t i o n of e n e r g i e s and i n t e n s i t i e s of g a m m a r a y s . In an effor t to u t i l i z e 

the full a c c u r a c y of t h i s a p p a r a t u s a p r o g r a m of a n a l y s i s of o b s e r v e d s p e c ­

t r a was deve loped for the d ig i t a l c o m p u t e r G E O R G E at the A r g o n n e N a t i o n a l 

L a b o r a t o r y , The d e t a i l s of th i s m e t h o d of da ta a n a l y s i s a s we l l a s s o m e 

e x p e r i m e n t a l r e s u l t s which have been ob t a ined by u s e of t h e s e m e t h o d s a r e 

i nc luded in th i s r e p o r t . The p r i m a r y a i m of t h i s i n v e s t i g a t i o n i s the e s t a b ­

l i s h m e n t of r e a l i s t i c l i m i t s for the a c c u r a c y tha t can be a t t a i n e d with a 

c r y s t a l s p e c t r o m e t e r in v a r i o u s e n e r g y and i n t e n s i t y m e a s u r e m e n t s . The 

d i s c u s s i o n b e g i n s wi th a b r ie f d e s c r i p t i o n of the a n t i c o i n c i d e n c e s p e c t r o m e ­

t e r . 

The m a i n de t ec t i ng c r y s t a l i s a c y l i n d e r of N a l ( T l ) about 2 . 4 

in . in d i a m e t e r and 6. 0 in . l ong . It i s o p t i c a l l y coup led to a Dumon t 6292 

p h o t o m u l t i p l i e r . If d e g r a d e d pho tons r e s u l t i n g f r o m C o m p t o n s c a t t e r i n g or 

ann ih i l a t ion r a d i a t i o n e s c a p e f r o m the c e n t e r c r y s t a l , t hey a r e d e t e c t e d m 

a c r y s t a l annulus enve lop ing the m a i n c r y s t a l . The a n n u l u s i s a ho l low 

c y l i n d e r , a l so of NaI(T 1), wi th an 8- in . o. d. , a 2. 5 - in . i . d . , and a 12 - in . 

l eng th . Six p h o t o m u l t i p l i e r s a r e coupled to one end face of the a n n u l u s . In 

F i g . 1, we p r e s e n t an exp loded v iew of t h i s a p p a r a t u s . 

S igna l s f r o m the c e n t e r c r y s t a l a r e fed t h r o u g h a c o n v e n t i o n a l 

l i n e a r amp l i f i e r to a m u l t i c h a n n e l p u l s e - h e i g h t a n a l y z e r of the type d e s i g n e d 

by Schuman and McMahon . The s ix pho tonnu l t i p l i e r s v/hich a r e c o u p l e d to 

the annulus feed t he i r s igna l t h r o u g h a c o m m o n p r e a m p l i f i e r and a l i n e a r a m ­

pl i f ie r to an a n t i c o i n c i d e n c e gate of the a n a l y z e r . A p u l s e c o r r e s p o n d i n g to 

a l o s s in e n e r g y of 30 kev or m o r e in the annu lus i s l a r g e enough to p r e v e n t 

the a n a l y s i s of a p u l s e f rom the c e n t e r c r y s t a l . 

The s p e c t r a ob ta ined with th i s a n t i c o i n c i d e n c e s p e c t r o m e t e r 

a r e c h a r a c t e r i z e d by the s u p p r e s s i o n of t hose c o n t r i b u t i o n s f r o m C o m p t o n 
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Fw 1 An exploded view of scintillation spectrometer with an anticoincidence annulus. Signals from 
the outer crys ta l a re placed in anticoincidence to those from the inner cylinder. 



and pa i r -p roduc t ion p r o c e s s e s which do not c o n t r i b u t e to the full e n e r g y 

peak. Thus the full energy peak of the g a m m a r a y s i s a p p a r e n t l y e n h a n c e d 

relat ive to the l o w e r - e n e r g y por t ion of the s p e c t r u m . The i m p r o v e m e n t 

in the spec t rum is i l l u s t r a t ed in F ig . 2 which is a s p e c t r u m f r o m a Na24 

source . 

The ful l -energy peaks of a " c o r r e c t e d s p e c t r u m " c a n be d e s ­

cr ibed approximate ly by a Gauss ian function and the e s s e n t i a l f e a t u r e of the 

analysis is the es t imat ion of the va lues of the p a r a m e t e r s tha t c h a r a c t e r i z e 

this analytic function. (A " c o r r e c t e d s p e c t r u m " is one f r o m which the c o n ­

tributions from na tu ra l , or room, background and f rom o t h e r g a m m a r a y s 

have been subt rac ted in the ne ighborhoods of the f u l l - e n e r g y p e a k s of 

i n t e re s t . ) The methods of obtaining such " c o r r e c t e d s p e c t r a " f r o m o b s e r v e d 

spec t ra a re d i scussed in Sec . II . Also in Sec . II i s g iven the p r e s c r i p t i o n 

for the de terminat ion of the p a r a m e t e r s of the G a u s s i a n funct ion which a p ­

prox imates the fu l l -energy peaks in such s p e c t r a . 

Section III is devoted to the study of the r e s p o n s e of the s c i n ­

tillation s p e c t r o m e t e r , i . e . , to the de r iva t i on of the cond i t ions n e c e s s a r y 

for an observed pu l se -he igh t d i s t r ibu t ion to a p p r o a c h a G a u s s i a n f o r m . The 

validity of this approximat ion for condi t ions which p e r t a i n in an a c t u a l e x ­

per iment as well as the p rob l em of c a l i b r a t i on of the p u l s e he ight s c a l e in 

t e r m s of the ene rg ies of known g a m m a r a y s a r e d e s c r i b e d in S e c . IV. An 

exper imenta l de te rmina t ion of the dependence of the widths of the l ine 

shape on the energy i s a l so p r e s e n t e d in Sec . IV. 

In Sec . V it i s shown that the e r r o r e s t i m a t e s for the v a l u e s 

of the p a r a m e t e r s of the Gauss ian function a r e r e a l i s t i c in two t y p e s of 

expe r imen t s , one is an expe r imen t to d e t e r m i n e the e n e r g y of a g a m m a 

ray and the other , an expe r imen t to m e a s u r e the i n t e n s i t y of a g a m m a r a y 

from a radioact ive s o u r c e . These c o n s i d e r a t i o n s i nd i ca t e that wi th in the 

.n terva l from about 0. I Mev to 3. 0 Mev e n e r g y m e a s u r e m e n t s of about 0 1% 

accuracy a r e poss ib le with this s y s t e m and th;,t ^ 
y=.i.em and that m e a s u r e m e n t s of r e l a t i v e 

intensi ty a r e accu ra t e to within about 0. 5%. 
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ray energy 

es t ima 

The ca l ib ra t ion of the pu l s e he ight s c a l e in t e r m s of g a m m a -

. . , , i s an example of a "mul t ip le e r r o r " p r o b l e m in s t a t i s t i c a l 

; . „ . A l e a s t - s q u a r e s fo rmula t ion which i s suf f ic ien t ly g e n e r a l to 

include such p r o b l e m s is outlined in an appendix . 

n . ANALYSIS OF COMPLEX S P E C T R A 

In a typical expe r imen t , the o b s e r v e d g a m m a r a y s p e c t r u m 

is a. complex one which mus t be u n s c r a m b l e d m s o m e way to y ie ld q u a n t i ­

tative information about the nuc lea r p a r a m e t e r s being s tud i ed . The 

analysis which is de sc r ibed in th is sec t ion was deve loped for two spec i f i c 

exper imen t s , however , the methods a r e app l icab le to a wide r a n g e of e x ­

p e r i m e n t s with the sc in t i l la t ion s p e c t r o m e t e r . 

In F i g . 3 is shown a s p e c t r u m of g a m m a r a y s f r o m r a d i o ­

active sources of Na24, C e l 4 4 , Y^^ and Bi^OT. The r e s u l t s of t h i s s tudy 

have been published, but a r e included h e r e as an e x a m p l e of the a n a l y t i c 

method. The purpose of this e x p e r i m e n t i s to m e a s u r e the e n e r g i e s of the 

gamma r ays from Cel44 in t e r m s of some " s t a n d a r d s " f rom Na24 , Y^^, 

and Bi^fi'''. The s p e c t r a f rom all the s o u r c e s m u s t be a c c u m u l a t e d s i m u l ­

taneously in o rde r to reduce spur ious effects such as v a r i a t i o n of the ga in 

with counting r a t e . As shown in F i g . 4, which i s an a b b r e v i a t e d d e c a y 

scheme of Cel44_ the two g a m m a r a y s with lower e n e r g y a r e m c a s c a d e 

and the sum of their m e a s u r e d e n e r g i e s should equal , wi th in e x p e r i m e n t a l 

e r r o r , the m e a s u r e d energy of the c r o s s o v e r t r a n s i t i o n . Th i s e x p e r i m e n t , 

then, provides a quanti tat ive check on the ana ly t i ca l p r o c e d u r e s . 

A second type of e x p e r i m e n t which i s of i n t e r e s t i s the s t u d y 

of the var ia t ion in in tens i ty of a g a m m a t r a n s i t i o n with s o m e o t h e r p a r a m e ­

ter in the exper iment such as t ime or e n e r g y of b o m b a r d i n g p a r t i c l e . In 

Fig. 5 two g a m m a - r a y s p e c t r a f rom the F i 9 ( p , Q > / ) 0 1 6 r e a c t i o n a r e shown . 

In this exper iment the i n t e r e s t i s in the v a r i a t i o n in the y ie ld of the 6. 1- , 

6. 9- , and 7. 1-Mev g a m m a r ays with p ro ton e n e r g y . 



As will be shown in Sec. IV the response of a scintillation 

spectrometer to a source of monoenergetic gamma rays gives a full energy 

peak which to a good approximation is Gaussian in shape. However, even 

for this simple source the observed response exhibits a secondary peak 

from Compton processes in which the incident gamma ray is back-sca t te red 

and escapes through the entrance aperture of the spectrometer system. For 

such p rocesses the energy remaining in the crysta l gives r i se to a peak 

which is lower in energy than the full-energy peak by the mean energy 6 of 

the escaping quantum. This mean energy loss can be calculated in t e rms 

of the energy of the incident gamma ray and the geometric a r rangement of 

the detector system. If the mean solid angle for such escape is sufficiently 

small, the response of the spectrometer to these Compton processes should 

also be Gaussian with an energy spread only slightly larger than the width 

of the full-energy peak. 

These considerations lead to the postulate that the observed 

pulse-height spectrum near the full energy peak from a source of mono-

energetic gamma rays can be described in t e rms of a set of functions of 

the form 

F.('a) = r dx f(x;a 
j ^ A . ;u), j N, (II. 1) 

where 

f(x;a) + a exp 
4 ^ 

I ka , / 
J 

(II. 2) 

In these expressions F.( a ) represents the number of counts in the jth channel 

of the pulse-height analyzer, A. is the width of the jth channel, 6 is the mean 

energy ca r r i ed off by the degraded photon in a Compton p rocess as discussed 

in the preceding paragraph, k is an input pa ramete r which cor rec t s for the 

difference in width of the second peak, and a is a vector with five components 

which are the pa rame te r s of the response function (II. 2). If A is defined to 
j 



Fig. 3. Response of system to simultaneous exposure to a source 

containing several different activities and also the response to the 

corresponding isolated sources. Full scale corresponds to about 

3 Mev. 

a. a. Response of scintillation spectrometer to the 

gamma rays of Na24, Cei44^ Y^^, andBi207_ 

b. Spectrum of isolated source of Na24 

c. Spectrum of isolated source of Cel44 

d. Spectrum of isolated source of Y^^ 

e. Spectrum of isolated source of Bi^"''' 

f. Spectrum of isolated source of ZnS 5_ This spec­

trum was used to simulate the gamma ray at 1. 06 Mev of Bî O"^ 

g. Room background accumulated in a length of 

time about 10 times longer than required to accumulate the data 

for the other spectra. 
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be the in te rva l f rom j - i to j + i then a^ and a3 a r e r e s p e c t i v e l y the m e a n 

position and width (m units of channe l n u m b e r ) of the f u l l - e n e r g y p e a k , 

a^a^ is p ropor t iona l to the a r e a of the f u l l - e n e r g y p e a k , a^a^ i s p r o p o r -

t ionl l to the a r e a of the b a c k - s c a t t e r e d peak , and a^ i s a c o n s t a n t -

background. 

Consider now the m e a s u r e d s p e c t r u m f r o m a s o u r c e of 

monoenerget ic gamma r a y s . The s p e c t r u m i s r e p r e s e n t e d by a se t of 
counts c A j = 1, 2, . . . , N, whe re A. i s the channe l i n t e r v a l def ined 

j j ' ' ' J 
above and c. is the average value in the channel of the n u m b e r of c o u n t s 

per unit pulse-he ight i n t e rva l . F r o m the da ta i t i s p o s s i b l e to ob ta in a 

"bes t " e s t ima te of the vec tor a and of the c o r r e s p o n d i n g se t of r e s p o n s e 

functions F . (a) . F o r the p r e s e n t a " b e s t " e s t i m a t e of a i s def ined a s tha t 

vector for which the function Q(a ) i s a m i n i m u m , w h e r e 

Q( a ) = 7;. A.2 [ c . A . - F . ( a ) f . (II. 3) 

The A.^ a r e weighting fac to r s d e t e r m i n e d f rom the count ing s t a t i s t i c s of 

the observed spec t rum as specif ied in Sec . III . The r a t i o n a l e of t h i s de f i ­

nition is also d i s c u s s e d in Sec . 111. 

The ana lys i s d i s c u s s e d above is app l i cab le only to the c a s e 

of a spec t rum which r e s u l t s f rom a single s o u r c e of m o n o e n e r g e t i c g a m m a 

r a y s . In what follows, this type of s p e c t r u m will be d e s i g n a t e d a s a 

"s imple s p e c t r u m " and a s p e c t r u m that inc ludes g a m m a r a y s of m o r e than 

one energy will be ca l led a "complex s p e c t r u m . " F o r c o m p l e x s p e c t r a i t 

is n e c e s s a r y to modify the above app roach . To effect th is mod i f i ca t ion we 

at tempt to i so la te a set of equivalent s imple s p e c t r a f rom a m e a s u r e d 

complex spec t rum by subt rac t ing f rom the m e a s u r e d s p e c t r u m a l l c o n t r i ­

butions other than that from the p a r t i c u l a r g a m m a r a y of i n t e r e s t . T h i s 

leads to a cons idera t ion of the background in the ne ighborhood of a p a r t i c u ­

l a r fu l l -energy peak that r e s u l t s f rom the p r e s e n c e of g a m m a r a y s of 

different energy in the m e a s u r e d s p e c t r u m . 
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As long as the separation between photopeaks in the com­

plex spectrum is much la rger than the instrumental line widths, photopeaks 

at lower energies contribute negligibly to the background in the neighbor­

hood of a given full-energy peak. However, because of incomplete suppres­

sion of Compton and pair p rocesses by the anticoincidence feature of the 

spectrometer , there can be an appreciable contribution in the neighborhood 

of the photopeak from gamma rays of higher energy. Thus, at least in the 

case of gamma rays whose energies are well separated, we need consider 

only the contribution from higher-energy gamma rays in any estimation of 

background in the neighborhood of a given full-energy peak. 

In many measurements , the observed complex spectrum 

resul ts from several different radioactive sources so that it is possible 

to measure the component simple spectra separately. For complex spec­

tra resulting from many transit ions of a single nuclear species, the 

component simple spectra may be simulated, in special c i rcumstances , 

by sources of monoenergetic gamma rays with appropriate energy. On 

the other hand, there are complex sources for which this is not feasible. 

The subtraction of background due to the " tai ls" of other gamma rays is 

considerably less a rb i t ra ry in those cases where such auxiliary measure ­

ments are possible . For this reason two subtraction procedures are 

used. The f irst one takes advantage of the additional information provided 

by the measurement of the component spectra and differs from the p ro ­

cedure used to analyze spectra for which no such auxiliary measurements 

are possible . The details of these methods are described in this section 

as P r o g r a m s 1 and II. F i r s t , however, the correct ion of a measured spec­

trum for natural background will be considered. 

It is always possible to determine the natural (or room) 

background spectrum in an obvious manner. It seems desi rable , t he re ­

fore, to include the subtraction of this background in any data-preparat ion 

procedure so that the resulting isolated l ines, i . e . , the component simple 

spectra, should be approximated by the functions F.(a) in Eq. (II. 1) with 

a approximately equal to zero . 



C o r r e c t i o n for N a t u r a l B a c k g r o u n d 

Although the se s u b t r a c t i o n p r o c e d u r e s a r e s i m p l e and 

s t ra ight forward , the de ta i l s a r e qui te t ed ious and t h e i r e x p o s i t i o n n e c e s s i ­

ta tes an inordinate amount of symbology which we now i n t r o d u c e . M a n y 

of the definitions a r e given in t e r m s of s e t s . H o w e v e r , t h i s i s m e r e l y a 

convenient notational device and no use w h a t e v e r i s m a d e of any s e t -

theore t ica l ope ra t i ons . 

Let the o b s e r v e d (complex) s p e c t r u m c o n s i s t of a se t (__ 

of counts c.A.; i . e . , 
J J 

l^ = { c , A . : j = 1, 2 , . . . , N } . 

A? 
The cor responding r o o m - b a c k g r o u n d s p e c t r u m wil l be deno ted by -^ , w h e r e 

JB = {b.A.: j = 1, 2 N} . 

If T and T denote the counting t i m e s for the m e a s u r e m e n t s C and . ^ 

respec t ive ly then the spec t rum c o r r e c t e d for r o o m b a c k g r o u n d i s the s e t 

{c.A. - T b . , A . , / T , : j = 1, . . . N ) 

where for each index j the co r r e spond ing value j ' i s to be d e t e r m i n e d s u c h 

that j and j ' re fer to the same g a m m a - r a y e n e r g y and A . and A ., r e f e r to 

the same in te rva l m ene rgy . The poss ib le inequa l i ty be tween j ' I n d j ' and 

between A^ and A^, can a r i s e because of sl ight c h a n g e s in g a m of the a m ­

plifier or of the photomul t ip l ie r tube in the t ime i n t e r v a l be tween the 

m e a s u r e m e n t s Ci ^ndjo. 

It IS poss ib le to i n s u r e e x p e r i m e n t a l l y to a good a p p r o x i m a ­

tion aga ins t a r e l a t ive d i sp l acemen t of the . e r o pos i t ion of the two s p e c t r a 

and thus to main ta in a cons tan t value for the r a t i o yl, for c h a n g e s m the 
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gain of the system. A measure of the value of this ratio can be obtained 

as follows: Spectrumyj; usually contains some identifiable s tructure that 

is also evident i n , ^ . This s t ructure provides a means of calibrating the 

gain of the spect rometer . In the event such structure is not present , this 

calibration can be provided with a radioactive source before and after the 

measurements of C_ and 5t . Suppose such a calibration, or "mark, " 

exists in o at j = j and i n ^ ^ at j ' = j + p. Since these " m a r k s " c o r r e ­

spond to the same energy it follows that 

j ' = j ( l + p / T ) . (II. 4) 

and the spectrum corrected for room background consists of a set of e le­

ments of the form 

7 . A. = [ c . - T (1 + p / T ) b . , / T J A., j = 1, . . . , N . (11.5) 
J J J c J b J 

Since j ' is not necessar i ly an integer, an interpolation formula is used for 

the evaluation of b. , in Eq. (II. 5). This is given as 

b., = b^ + ( b ^ ^ ^ - b^)(j ' -X), \ < j ' < \ + l , (II. 6) 

where \ is an integer and j ' is related to the integer j by Eq. (II. 4) 

Prepara t ion for Analysis of Ful l -Energy Peak: P rog ram I 

We now consider the subtraction of the degraded radiation 

from higher energy gamma rays in those cases in which all of the compo­

nent simple spectra of the complex spectrum have been measured 

separately. In this program, the possibility is neglected of perturbations 

by its one-quantum escape peak on the photopeak being analyzed. This ap­

proximation is permiss ib le for gamma-ray energies less than about 3 Mev 
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since for these ene rg i e s the o n e - q u a n t u m e s c a p e p e a k i s we l l r e s o l v e d 

from the photopeak. Also at t h e s e e n e r g i e s the c r o s s s e c t i o n s in Na l for 

the c rea t ion of p a i r s is r e l a t i v e l y s m a l l . The m o d i f i c a t i o n s n e c e s s a r y 

for the inclusion of these p r o c e s s e s a r e c o n s i d e r e d in P r o g r a m 11. 

Let the complex s p e c t r u m Q c o n s i s t of r f u l l - e n e r g y p e a k s 

and let the p a r a m e t e r vector ( i . e . , the v e c t o r for wh ich Q in E q . (II . 3) i s 

a minimum) for the Uh line in C. be denoted by p . The m e a s u r e d s i m ­

ple spec t rum for the ith l ine in Q i s denoted by Q. and the c o r r e s p o n d i n g 

p a r a m e t e r vector by a . The d e t e r m i n a t i o n of the v a l u e s of the c o m p o ­

nents of the r vec to r s p i s , of c o u r s e , the goal of t h i s a n a l y s i s . L e t the 

r l ines in (_ be numbered in o r d e r of d e c r e a s i n g e n e r g y such tha t 

(^) ( 2 ) ( r ) 

where (3^ is component no. 2 of p *^', and le t the m e a s u r e d s p e c t r u m 

( ^ whose fu l l -energy peak is c e n t e r e d at a^^^' c o r r e s p o n d to the fu l l -

energy peak i n G cen t e r ed at (3^'" ' . R e f e r e n c e to F i g . 3 m a y be helpful 

at this point. 

Consider f i r s t the sub t r ac t i on f rom the l ine in ( 2 a t (3 *^' 

of the tail of the higher energ^y line at p^*'>. In o r d e r to c a r r y out t h i s 

subtract ion the spec t rum £ ' " > .s f i r s t n o r m a l i z e d t to the i n t e n s i t y of ( £ 

in the neighborhood of (3^^ ' ' by mult iplying each e l e m e n t in ( £ < ' ' by the 

pared ̂ ^ :: z:zJ::Jt:7:t: :^::^- '^'T'- "- --
the influences of these va r ious peaks c^n be H ' U ' ^ ° " < ^ - t - - f ° r 
c r ibed above for na tu ra l baci: r'ound How v ^ I fThe "^'^'^^'^ ' ^ ^ -
apprec iab ly during the c o u r s e of the e x p e H m I n ; h ' ° " ' " ' ' ' " " ^ 
cedures mus t be modified to a U o w ^ 0 ^ n r m a W t " ^ ^ ^ ' ^ ^ ^ ' ^ ' ^ P — 
the photopeaks in the s imple s p e c t r a to the a ^as oT L " " ' " ° ' 
photopeaks in the complex s p e c t r a . c o r r e s p o n d i n g 
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( 1 ) 
ratio of the intensities of the two spectra; i . e . , by the factor N , where 

- , ( l ) „ ( l ) „ ( 1 ) , ( 1 ) ( 1 ) N = P^ P3 /a^ Q3 . 

(Since the superscr ipt (l) refers to the highest energy line inC^ , there is 

no subtraction of the tails of higher energy lines in the neighborhood of 
- . ( 1 ) 

this peak and values of the components of p can be obtained in the same 

manner as in the case of a simple spectrum. ) The contribution from the 
( 1 ) ( 2 ) ^ 

tail of the line centered at p to the line centered at p in ( is the 
/O(^) (^) 

corresponding tail in (^ multiplied by N . Thus in the neighborhood 
( 2 ) 

of p the spectrum corrected for the influence of the higher energy line 
at p . 

2 

( 1 ) ( 1 ) c.A. - N^ ' c , ' A . , , ( I I . 7) 
J J J J 

e ( i ) 
and c . | A., is the corresponding element 

e ( l ) J J J J 

Again a distinction between j and j ' is made to allow for drifts 

and changes in gain during the interval of time between the measurements 

\Z^ and ( 

To a good approximation, the electronic apparatus can be 

adjusted to make the pulse height of the full energy peak proportional to 

the energy of the incident gamma ray. For purposes of background sub­

traction, therefore, this proportionality is a valid assumption. The 

condition then that j and j ' refer to the same energy is 

j = k j ' , 

( 1 ) ( 1 ) 

where, since a and p refer to the same gamma-ray energy 

k = p ( ^ ) / a ( ^ ) 



Express ion (II. 7) can be r e w r i t t e n a s 

(II . 8) 

where 

( 1 ) 

Again, since j ' is not n e c e s s a r i l y an i n t e g e r , the va lue of c . , i s c a l c u ­

lated from the formula 

, . ( M ^ ( - ) , ^ ( ^ ) . ( ^ ) ) ( j . . X ) , X < J ' < X + 1 . 
J' x \ +1 ^ 

where X. is an in t ege r . 

In o rde r to fac i l i ta te the r e m a i n d e r of th i s d i s c u s s i o n we 

make the following def ini t ions: 

^ ( L T : ( ? V 6 ) = (^•^•- "a'^a'-^'^ ^ ' ^ ^ ' ^ « a « N, a ^ }} . 

where c.A. is defined by Eq. (II. 5) and c A i s an u n c o r r e c t e d e l e m e n t in 

(_ . This setcv then is the s p e c t r u m C_ c o r r e c t e d for r o o m b a c k g r o u n d 

j5jj in the c losed in te rva l [j, j] . 

^ ( L T : ^ \ ^ ' ' ) S {C.A^ , C ^ A ^ : j _ « j « T ; 1 « a « N , a ;^ j } 

where c A . i s defined by Eq. (II. 8) with c.A. in ^ a n d c ^ ^ ' A i n ( 2 ^ ^ ' 

Again c^A^ is an u n c o r r e c t e d e l emen t m Q.. The set > ^ d e n o t e s the c o m ­

plex s p e c t r u m Q- c o r r e c t e d in the c losed i n t e r v a l Q J ] in the n e i g h b o r h o o d 

of p ^ ^ for the tail of the peak at p ^^\ 



We are now in a position to outline the sequence of steps 

by which the vectors p a re obtained from a set of measurements con­

sisting of the complex spectrum (z , the room backgroundy/j, and the 

family of simple spectra (>„ . Recall that the r lines in f_̂  are numbered 

in order of decreasing energy and that the isolated spectrum correspond­

ing to the ith line in C. is (^ , The steps of the subtraction procedure 

are as follows: (1) The spectrum (_ is corrected for room background 

and the resulting spectrum, namely ^ (j, j : C Vw ), where [ j , j ] i s a p r e d e -
( 1 ) ' 

termined interval about p , is used to estimate the values of the compo-
- ( 1 ) . 

nents of p in such a way that they will satisfy the conditions associated 

with Eq. (II. 3). The summation in Eq. (II. 3) is to be taken over the inter­

val Q, j ] . (2) The isolated spectrum (_ is corrected for room back­

ground and the resulting spectrum J/ (j , j - C. X>w ) is used to estimate the 
^ ( 1 ) " • 

values of the components of a . (3) The influence of the gamma ray of 
highest energy is subtracted from the entire spectrum C_ to give 

e->=i(i.N: eve^'') 

where 

e'^''=c>'(^'^=^-> 
The set of elements , \^\ represents the original complex 

spectrum with all influence of the highest energy gamma ray subtracted 

out. Thus (^' is a complex spectrum whose highest energy peak is that 
( 2 ) 

centered at p and it is possible to analyze this spectrum to obtain the 
^ - ( 2 ) -»( i ) 

components of p in exactly the same manner in which p was obtained 

from (^ . Obviously this closed cycle of steps can be used to exhaust the 

lines in v_ and so to obtain the entire family of pa ramete r vectors p 



p ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ ^ l y s i s j ^ F u I l E n e r g y P e a k s : P r o g r a m J I 

We again c o n s i d e r a c o m p l e x s p e c t r u m 6 c o n s i s t i n g of r 

ful l -energy peaks with a s s o c i a t e d p a r a m e t e r v e c t o r s p ( ^ ' . H o w e v e r , we 

no longer a s sume that the c o m p l e t e f ami ly of c o m p o n e n t s i m p l e s p e c t r a 

have been m e a s u r e d , nor do we a s s u m e that a l l f u l l - e n e r g y p e a k s m (_ 

a r e sufficiently well s e p a r a t e d that t h e r e i s neg l i g ib l e c o n t r i b u t i o n m the 

vicinity of a given peak f rom a ne ighbor ing p e a k at l o w e r e n e r g y . 

Original ly th is p r o g r a m was f o r m u l a t e d to a n a l y z e p h o t o ­

peaks assoc ia ted with g a m m a r a y s with e n e r g i e s in the n e i g h b o r h o o d of 

7 Mev from the FiB(p. ay)Oie r e a c t i o n . Some typ i ca l s p e c t r a a r e shown 

in F i g s . 5, 6, and 7. At these e n e r g i e s two add i t i ona l c o m p l i c a t i o n s 

a r i s e . F i r s t , the one-quantum e s c a p e p r o c e s s e s a s s o c i a t e d wi th e a c h 

ful l-energy line a r e not negl ig ib le ; and second , the b a c k - s c a t t e r e d e v e n t s 

leave enough energy in the c r y s t a l to d i s t o r t the low e n e r g y s ide of the 

ful l -energy peak. Both of these p o s s i b i l i t i e s a r e c o n s i d e r e d in the p r e s e n t 

formulat ion. 

Let . . ^ d e n o t e the r o o m backg round s p e c t r u m a s s o c i a t e d 

with the m e a s u r e m e n t Q and cons ide r the set^.7 (j_, j ; C \ ^ ) w h e r e the 
— ( ^ ) ( 2 ) 

in terva l [}_,)] includes both p and p . Within t h i s i n t e r v a l t h e r e 

m a y b e a non-negligible contr ibut ion f rom the four p e a k s r e p r e s e n t i n g the 

b a c k - s c a t t e r e d and one-quantum escape even t s a s s o c i a t e d wi th bo th fu l l -

energy peaks . We a s s u m e that , for each channel j i nc luded in [ j , j ] , the 

contr ibution to the number of counts due to t h e s e s e c o n d a r y e v e n t s c a n be 

approximated by four Gauss ians which a r e given by an e x p r e s s i o n of the 
form 

(II . 9) 

Since the one-quantum escape peak is 511 kev lower in e n e r g y than i t s a s ­

socia ted fu l l -energy peak and the b a c k - s c a t t e r e d p e a k is l ower in e n e r g y 
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than its full-energy peak by a calculable amount (about 250 kev), the four 

mean positions j in Eq. (II. 9) can be estimated provided the relation be­

tween pulse height and energy is known. Fur ther , the intensity, i . e . , the 

product A, 0" and width c, of each of these peaks can be calculated from k k k 

the corresponding pa ramete r s of the associated full-energy peaks provided 

the response of the counter system to an isolated full-energy peak has been 

determined for gamma rays in this energy region. 

Let g.A. be an element o f ^ ( J _ , j ; Q^Vfi ) and consider the 

set 

{gAj - d.A.: j _ « j * j } , (II. 10) 

where d. is obtained from Eq. (II. 9). This set represents the part ial spec­

trum of two full-energy peaks after it has been corrected for room back­

ground and for all secondary events. Although the room background is 

generally negligible in this energy region, we include its effect for com­

pleteness. This set can be described in t e rms of the quantities F .(a ) 

defined in Eq. (II. 1) provided the second te rm in Eq. (II. 2) is re interpreted 

to represent the full-energy peak associated with the line i = 2 in _' . Thus 

if a is the vector which minimizes Q(a) in Eq. (II. 3), the components of the 
- ( ^ ) ~ ( ^ ) 

vectors p and p associated with the two full-energy peaks are 

„ ( 1 ) „ ( 1 ) „ ( 1 ) „ ( 1 ) 

P / ' = a , p ^ ' = a - 6 , P ^ = k a , p ^ ' = 0 
r-^ 4 ' '^2 2 ' "^3 3 ' '^4 

and 

( 1 ) ( 2 ) 

The energy difference 6 as well as the width ratio k are t reated as known 

in this discussion. However, there is no difficulty in considering 6 as an 



additional p a r a m e t e r , the va lue of which i s to be d e t e r m i n e d in the s a m e 

manner as a r e the va lues of the c o m p o n e n t s of a . 

In o r d e r to extend th i s a n a l y s i s to p h o t o p e a k s of l o w e r 

energy in the m e a s u r e d s p e c t r u m C ' i t is n e c e s s a r y to s u b t r a c t f r o m (z. 

the contribution from the l ines i = 1 and 2. In o r d e r to c a r r y out t h i s s u b ­

t rac t ion we as sume that a s p e c t r u m , say ( 2 , of ^^ i s o l a t e d l ine h a s b e e n 

measu red for a g a m m a - r a y e n e r g y s o m e w h e r e in the n e i g h b o r h o o d of the 
( 1 ) ( 2 ) 

energ ies a s soc ia ted with the pho topeaks c e n t e r e d a t p^ and p ^ . The 

proposed p rocedure is as fol lows. The s p e c t r u m ( i s sh i f ted and 

normal ized so that it is s u p e r i m p o s e d f i r s t on the p e a k a t i = 1 in (__ and 

then on the peak at i = 2. The two s p e c t r a c a l c u l a t e d in th i s m a n n e r a r e 

then used to subt rac t f rom (^ the e n t i r e c o n t r i b u t i o n f r o m i t s two p h o t o ­

peaks from the gamma r a y s of h ighes t e n e r g y . In the e x a m p l e c o n s i d e r e d 

he re , the gamma r ays from F l 9 ( p , a y ) O l s , the Q_ s p e c t r u m i s o b t a i n e d 

by selecting the proton energy such that the y ie ld of the 6. 1-Mev g a m m a 

ray is much more in tense than the 6. 9- and 7. 1-Mev g a m m a r a y s . F i g . 6 

has been used as ( ^ in the ana lys i s of our da ta on th i s r e a c t i o n . 

F i r s t let us cons ide r the d e t a i l s of th i s s u b t r a c t i o n for the 

contribution to C from the g a m m a r a y whose f u l l - e n e r g y p e a k i s the l ine 

i = 1. Let (2.' and Q,^ denote the following s p e c t r a 

e ' - ^ ( ' . N ; e y 3 ) and G ^ " * ' ^^J^ ( 1, N: d ^ ^ l ^ 

te the p a r a m e t e r v« 

Glx) ' _ _ 

. F u r t h e r , let E and E d 

and^let a denote the p^ramete^ . vector c o r r e s p o n d i n g to the s ing le l i ne m 

enote r e s p e c t i v e l y the e n e r g y of the l ine --^,J^,, X 1 — ' " - = i c a p e c i i v e l y the e n e r g y 
in \ _ , and the i = 1 l ine in C- ' r^,^^ ,• 

ne m ^_ C o r r e s p o n d i n g to an a r b i t r a r y e n e r g y 
Ej, in Q l ' is the ene rgy E in (p^'^' where 

'1 - ^ I + E . 
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e(x)' 
is r| and that co r re ­

sponding to E in CL' i^ j< then 

k^ = k a ^ - k ' ( P ^ ' ^ ' - j) , 

where k and k' are the proportionality constants giving the energy in t e rms 

of pulse height for ( ^ and Q_J, respectively. The necessary adjustments 

on the apparatus can be made to establish this proportionality to a good ap­

proximation. If c .'A . denotes an element i n ^ ' and c. A. an element in 
/3(x)' '' io J J 
^ , the spectrum ( _ ' corrected for all influences of the line i = 1 is 

{c . 'A . -p /^ 'p , ,*^ ' c ^ ' ' 'A / a a . r, = a - k'(p ' ^ ' - j ) / k ; 1 ^ j ^ N} . 
J J - ^ 3 r | r | - i ' ^ 2 ^ 

In order to determine the relation between corresponding channel widths 

A. and A , it is necessa ry that there exist identifiable channel numbers, 

say r in £ . and s in (_ ', such that they correspond to the same energy. 

In this case . 

k ' /k = r / s 

and 

A = (k ' /k) A. = ( r / s ) A. . 
r| J J 

The set that resul ts from this normalizing and shifting ( to match the 

intensity and mean energy of the i = 1 line in t_ ' will be denoted by 1 , 

( 2 < ^ ' ' = {p^*^'p3*'*k'c <^'A./(a^a^). T, = a ^ - k ' ( p j ' ' - j ) / k ; 1 « j « N} 

(II. 1 

By an entirely analogous procedure it is possible to normal -

e(x)' /O 

so that it is superimposed on the i = 2 line in( '. 
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' '^"*^' ' Then in 2.' the influence of the two lines 
Denote this spectrum as V- . fOK^V , 

, . 1 and 1 = 2 is simply the sum of corresponding elements m (_ and 

Q} . Thus the set 

represents the original spectrum (2 corrected for natural background and 

for all contributions from the gamma rays associated with the lines i = 1 

. = 2. The highest energy line m ^ " - the Une i = 3 m the original 
and 

spectrum. 

If the photopeaks m Q " are sufficiently well separated and 

the corresponding component simple spectra can be measured, the se t (^" 

can be analyzed by means of the procedures outlined in Program I. In those 

cases in which there is a non-negligible contribution from one-quantum-

escape processes a term of the form 

Aexp{-(j - }J'T^)2} A. 

should be subtracted from each element in (-̂  " in order to correct for 

these contributions. If any of the conditions necessary for the application 

of Program I are not satisfied, it is possible to analyze the highest energy 

lines inQ;;̂ " by repeating the steps given above as Program II with C ;' re­

placing the set J (j_, j ; C-")Ai ) wherever it occurs. 

The Fitting Procedure: The Newton-Raphson Iteration Method 

The vector a defined m Eqs. (II. 1) and (II. 2) describes the 

response of the spectrometer to an isolated source of monoenergetic 

gamma rays. The "best estimates" â * of the components of a have been 

defined (thus far as an ad hoc assumption) to be those values for which the 

quadratic function Q{a), Eq. (II. 3)^attains its minimum value. Since the 
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energy of the gamma ray, the intensity of the source, and certain physical 

proper t ies of the spectrometer system are functions of the components of 

this vector it is of some interest not only to justify this definition but also 

to obtain a measure of the accuracy to which such est imates can be calcu­

lated for given spectral data. 

In Sec. Ill it is shown that the "best es t imates , " as defined 

above, a re actually maximum-likelihood est imates and as such they are 

asymptotically normal and efficient es t imates . The variance-covariance 

matr ix associated with their joint probability distribution is given in a 

form suitable for numerical calculation. Before considering these points, 

however, let us first outline the numerical procedure that is used to mini­

mize the function Q(a). 

The conditional equations for the evaluation of the vector 

components that minimize Q(a ) are conveniently written in the form 

Q^'(a*) = 0 , i = 1 5, (II. 12) 

where, for each component a, of a 

Q ' (^ ) = 9Q ( a ) / a a = 2 T.A.^ [F.(a) - c.A.] SF./Sa . (II. 13) 

The vector a specifies the point in five-dimensional parameter space 

for which Q( a ) attains its minimum value. 

The Newton-Raphson method of i teration consists in generat-

ing a sequence of successive approximations {a : p = 0, 1, . . . } which 

converges to the l imit a . The convergence of this sequence depends, of 
- . 0 

course, on the accuracy of the initial approximation a . For the cases 

of in teres t here , we have found that a sufficiently accurate initial approxi­

mation can be obtained by visual inspection of a measured spectrum. 
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Once the components of a P have b e e n found for any va lue 

of p. the next t e r m in the sequence is g e n e r a t e d by m e a n s of a r e c u r r e n c e 

formula obtained from the expansion 

where 

3 2 F . ( Q ) 9F . (a ) 9 F ( a ) | 

i m " J J J - ' • ' i m i m •' 

If we let Q'(p) denote the column vec tor with c o m p o n e n t s Q^'(a ) and Q"(p 

denote the r e a l s y m m e t r i c m a t r i x with c o m p o n e n t s Q ^ ^ " ( ^ ) ' ^ e s o l u t i o n 

of the set of equations (II. 14) can be w r i t t e n 

(II . 15) 

r P + ' = aP - [ Q " ( P ) ] " ' Q ' ( P ) , (11-16) 

where [Q"(p)] """ i s the i n v e r s e of the m a t r i x Q"(p) and a ^ i s to be i n t e r ­

p re ted as a column vec to r . 

The concept of convergence of a s equence of v e c t o r s d e ­

pends on the choice of a vec tor n o r m . In the c o n s i d e r a t i o n of the c o n d i ­

tions sufficient for asynaptotic s tabi l i ty of the r e c u r r e n c e r e l a t i o n s (II, 16), 

it is convenient to define the n o r m of a as 

r II = ™̂^ r. I • 

It is then poss ib le to cons t ruc t a compat ib le m a t r i x n o r m in t e r m s of wh ich 

the conditions for s tabi l i ty of the sequence {a '^ : p = 0, 1, . . . } a r e r e l a ­

tively s imple - at l e a s t c o m p a r e d with the c o r r e s p o n d i n g cond i t i ons which 

a r e obtained for the c u s t o m a r y definition of v e c t o r n o r m . A c o m p l e t e d i s ­

cuss ion of this aspec t of the i t e r a t i on p r o c e d u r e is too l eng thy to be 

included in this r e p o r t . However , it should be m e n t i o n e d tha t m the c a s e s 



considered here the repeated application of Eq. (II. 16) generates a se ­

quence which converges in the sense that for sufficiently large values of 

p, the condition 

| a P ' ^ - a P | | < . 

can be satisfied for any e which is la rger than the "round-off" e r ro r of the 

computation. 

Figure 8 is a flow diagram of the numerical analysis of a 

complex spectrum. The fitting of the highest-energy photopeak and all 

isolated photopeaks is actually done three t imes; once with the background 

spectrum shifted with respect to the spectrum of in teres t as indicated by 

an input datum and twice more with the background curve displaced one 

channel each way from the initial "guessed" position. The best fit (i, e. , 

the one which gives the lowest value of Q(a)) is the only one saved. In 

the subsequent fitting of all lower energy photopeaks the background spec­

trum is held fixed in the position that yielded the best fit for the highest 

energy photopeak. 

The computer printout consists of the identification of the 

photopeak and the experimental run, the values of u ' , the value of Q(a ), 

the e r r o r matr ix for the joint distribution of the est imates a/'' as deter-

mined by the reciprocal of the matr ix B defined below by Eq. (III. 95), and 

the correlat ion matr ix containing the correlat ion coefficients for the es t i ­

mates . Also printed for each channel involved in the fitting procedure 

are the calculated and observed (corrected) counts together with their 

difference divided by the standard deviation of the observed counts. This 

lat ter information is printed also for twelve channels to either side of the 

interval specified for the fitting routine. 
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Fig. 8. Flow diagram of the computational procedure. 
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III. THE RESPONSE OF A SPECTROMETER 

TO MONOENERGETIC GAMMA RAYS 

As is well known, the response of a scintillation spect rome­

ter to a monochromatic gamma ray takes the form of a broad pulse-height 

distribution. This instrumental distortion of the incoming pulse must be 

understood if observations made with a crystal spectrometer are to be prop­

erly in terpreted. In this section we attempt to find an analytic expression 

which adequately descr ibes this pulse-height distribution. Such an expres­

sion will be called the "response function" of the spectrometer system. 

As described previously, the spectra obtained by use of a 

scintillation spectrometer with an anticoincidence annulus are charac te r ­

ized by the suppression, relative to the full energy peak, of those events 

in which only a part of the energy of the incident gamma ray is converted 

to the output pulse of the counter. This should make possible a more 

nearly unique interpretat ion of the observed response at least in the neigh­

borhood of the full energy peak. 

Because of the complex nature of the physical p rocesses 

that contribute to the formation of the output pulse, the problem of obtain­

ing the actual response function cannot be tackled direct ly. However, the 

proper t ies of this distribution function can be summarized in t e rms of i ts 
3 

moments or other s tat is t ical p a r a m e t e r s . Several authors have treated 

this problem by the use of probability generating functions and have ob­

tained expressions for the first and second moments of the response func­

tion. In this formal ism, however, the algebra becomes intractable when 

moments of higher order than the second are considered. 

With the help of moment and semi- invar iant generating 

functions we have obtained expressions for the f irs t four semi- invar iants 

(or equivalently for the first four moments) of the response function. 

F rom these expressions it is possible to obtain conditions that are neces ­

sary in order that the response function approach a Gaussian form and 



also to es t imate the extent of dev ia t ions of the o b s e r v e d r e s p o n s e f r o m 

normal i ty in p rac t i ca l e x p e r i m e n t a l s i t u a t i o n s . Such d e v i a t i o n s can be of 

importance in the i n t e rp r e t a t i on of m a n y m e a s u r e m e n t s . F o r e x a m p l e , 

the coefficient of skewness of the r e s p o n s e funct ion i s r e l a t e d d i r e c t l y to 

the question of the l inea r i ty of the e n e r g y c a l i b r a t i o n of the p u l s e - h e i g h t 

spec t rum. 

In the der iva t ion of e x p r e s s i o n s for the s e m i - i n v a r i a n t s 

that cha rac t e r i ze the r e s p o n s e function it i s n e c e s s a r y to r e p e a t s o m e of 

the considera t ions contained in p r e v i o u s w o r k s on th i s s u b j e c t . In p a r t i c ­

ular , the t r ea tmen t of the fo rma t ion of the output p u l s e a s a c a s c a d e of 
3 

three events is taken from the r e v i e w a r t i c l e by B r e i t e n b e r g e r . The 

reader is r e f e r r e d to this work for a m o r e d e t a i l e d a c c o u n t of t h e s e p r o ­

ce s se s than is given h e r e . 

Before we cons ide r the p r o c e s s e s by which an output p u l s e 

is genera ted in a s p e c t r o m e t e r we b r i e f ly r e v i e w s o m e of the p r o p e r t i e s 

of s emi - inva r i an t s and of moment and s e m i - m v a r i a n t g e n e r a t i n g f u n c t i o n s . 

Moment and S e m i - i n v a r i a n t G e n e r a t i n g F u n c t i o n s 

Let X denote an i n t e g e r - v a l u e d r a n d o m v a r i a b l e wi th p r o b a ­

bility dis t r ibut ion given by 

P r {X = n} = p ^ . (III_ 1) 

The moment genera t ing function n^{K) for th i s d i s t r i b u t i o n i s def ined by 

"X*«> = XnV"" ' (in. 2) 

where the summat ion extends over a l l i n t e g e r s n for which p i s n o n z e r o 

The cor responding s e m i - i n v a r i a n t g e n e r a t i n g funct ion * ^ ( K ) " S def ined m 

t e r m s of n^(K) by the re la t ion 

*x(K) = l n f 2 ^ ( ^ ) . , j ^ 3 ^ 
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The j th s e m i - i n v a r i a n t K„ of th i s d i s t r i b u t i o n i s ob ta ined f r o m ^ (/c) 
— X X 

by d i f f e r e n t i a t i n g th i s funct ion j t i m e s wi th r e s p e c t to K and eva lua t ing 

the r e s u l t for K equa l to z e r o , i . e . , 

( i ) -^^xCO 
X 

dK 
J 

*^<^ ' (0) (III. 4) 

K = 0 

The f i r s t four s e m i - i n v a r i a n t s a r e r e l a t e d to the c e n t r a l m o m e n t s of the 

d i s t r i b u t i o n t h r o u g h the e q u a t i o n s 

and 

x , ' " . ( x , 
( 2 ) 

(=) 

( ( X - ( X > ) 2 ) 

Kx ' = ^(^ - <X>)^) . 

(M ( ( X - ( X ) ) * ) - 3 [ ( ( X - ( X ) ) 2 ) ] 2 ^ 

( m . 5a) 

(III. 5b) 

(III. 5c) 

(III. 5d) 

w h e r e the e x p e c t a t i o n b r a c k e t s a r e def ined in the u s u a l m a n n e r , v i z . , 

'-'n n 
(III . 6) 

(^) (^) 
The coe f f i c i en t s of s k e w n e s s y and e x c e s s y of the d i s t r i b u t i o n 

X X 
a r e def ined by the r e l a t i o n s 

(^) ^ (='),r^ (2K=/ = 

and 
V t̂̂ x 

' X X X 

(III. 7a) 

(III. 7b) 

The u t i l i t y of g e n e r a t i n g func t ions a r i s e s f r o m the s i m p l e 

m a n n e r in which they c o m b i n e to d e s c r i b e c e r t a i n c o m p o u n d d i s t r i b u t i o n s . 

We s h a l l have n e e d for the g e n e r a t i n g func t ions c o r r e s p o n d i n g to the fo l ­

lowing p o s s i b l e w a y s of c o m p o u n d i n g a d i s t r i b u t i o n f r o m s e q u e n c e s of 
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a) Alternative events. Suppose an event consists of a s e ­

quence fX : i = 1, 2, . . . } of basic events X. such that at each t r ia l one 
1 1 

and only one of the X. occur. If q. is the relative (normalized) frequency 

of occurrence of the alternative X. in a long sequence of such t r i a l s , then 

the moment generating function corresponding to the composite event 

{X.: i = I, 2, . . . } is given by 

i 

where p^ is the probability that X. takes on the value n. The correspond­

ing semi-invariant generating function is obtained from U (/c) as indicated 

in Eq. (III. 3). 

•̂ ) Simultaneous events. Consider the finite sequence 

{X,: 1 = 1, 2, . . . . N} of independent random variables X., where, 

for each value of i 

-^ (-r -^ = ^J'^ . (III. 9) 

Let S denote the random variable defined as 

N 
S = V' X. . 

1=1 1 (III. 10) 

The moment and semi-mvariant generatmg functions for the variable S 
are 

i='l " ^ ^ ' " (III. H) 
•giK) = ,. / n ^ ( ^ ) 

and 

N 

*s<«> = Z' *^ M , 
i= 1 1 (III. 12) 
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w h e r e 

(i) n/c n^U)-]] v'^'e""" . (III. 13) 
X. '-'n n 

1 

In the s e q u e n c e c o n s i d e r e d h e r e the n u m b e r N of i n d e p e n d e n t r a n d o m v a r i a ­

b l e s i s f ixed. 

c) C a s c a d e e v e n t s . C o n s i d e r nex t a s e q u e n c e 

{X.: i = 1, 2, . . . } of m u t u a l l y i n d e p e n d e n t r a n d o m v a r i a b l e s wi th the 

c o m m o n d i s t r i b u t i o n 

P r {X. = k} = p (III . 14) 

Let S deno te the r a n d o m v a r i a b l e def ined by 
N 

k = 1 

w h e r e N i s a l s o a r a n d o m v a r i a b l e , i ndependen t of the X., with the d i s t r i -
1 

but ion 

P r {N = n} = g . ( I l l , 16) 

The m o m e n t and s e m i - i n v a r i a n t g e n e r a t i n g funct ions for the v a r i a b l e S 

n „ (K) = Q(^^{K)) (III. 17) 

^N ^ ^ 
and 

* _ (K) = * . J * „ ( / < ) ) , (III. 18) 
^N ^ ^ 

w h e r e 

n/c 
" N < ' ^ > = Z n S n ^ ("^-19) 
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and 

kK (111 .20) 

<bjK) = In Ek Pk " 
''X 

Let us apply these r e s u l t s to the c a s e of a s e q u e n c e of s i m -

, u Hi t r i a l s i e cons ide r a s e q u e n c e of t w o - v a l u e d r a n d o m 
pie Bernoull i t r i a l s , i . e . , 

. u, / v • X - 0 1- i = 1 2, . . . } w h e r e , for e a c h va lue of i , 
va r iab les | X . . A - u, i , i 

( III . 21a) 

(III . 21b) 

Pr {X. = 1} = p. 
^ 1 1 

and 

P r {X. = 0} = 1 - p. • 
1 1 

The moment genera t ing function for the v a r i a b l e X^ i s 

i 

If the re la t ive frequency of o c c u r r e n c e of the a l t e r n a t i v e even t X^ i s g iven 

as q the generat ing function for the s e q u e n c e i s 
i 

N 
(K) = Yl <l^^^^K) = -Pe'' + ( 1 - P ) . ( i n . 23) "x 

where 

N 
P = y q p . (III . 24) 

i= 1 ' ' 

Thus a sequence of a l t e rna t ive Be rnou l l i t r i a l s i s a l s o a B e r n o u l l i t r a i l 

with probabi l i ty given by Eq. (III. 24). As po in ted out by B r e i t e n b e r g e r , 

this seemingly t r iv ia l r e s u l t has an i m p o r t a n t a p p l i c a t i o n in the d i s c u s ­

sion of the photon t r ans f e r efficiency of a s c i n t i l l a t i o n c o u n t e r . 

For a sequence {X : X = 0 1; i = 1 2 N) of 
1 i ' ' ' 

Bernoull i t r i a l s with the common d i s t r i b u t i o n 
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Pr {Xi = 1} = p , (III.25) 

the random variable 

N 
S = ^ Xi (111.26) 

i = l 

has the moment generating function 

ns(/c) = [pe*̂  + (1 - p)f . (III.27) 

If the product Np = V remains finite as p approaches zero, the generating 

function (ill.27) approaches the limiting form 

ns('<:) -* exp {v(e'^ - 1)} • (111.28) 

This is the moment generating function for a random variable S that obeys 

the Poisson distribution 

Pr {S = s} =v^ e ' V s i . (III.29) 

where v is the expected value of s. The semi-invariant generating func­

tion for the Poisson distribution is 

¥s(/c) = v{el^ - 1) . (III.30) 

Application to the Scintillation Counter 

The mechanism by which an output pulse is generated in a 

scintillation counter system can be discussed as a cascade of three 

p roces se s : 



i) The absorpt ion of ene rgy by the p h o s p h o r and the s u b s e q u e n t e m i s s i o n 

of photons. 

ii) The collect ion of these quanta at the ca thode of the p h o t o m u l t i p l i e r 

tube and the r e su l t i ng e jec t ion of p h o t o e l e c t r o n s by the 

cathode. 

iii) The subsequent mul t ip l ica t ion of t h e s e p h o t o e l e c t r o n s by s u c c e s s i v e 

dynode s tages in the p h o t o m u l t i p l i e r tube . 

Given the generat ing function c o r r e s p o n d i n g to the p r o b a b i l i t y d i s t r i b u t i o n 

of each of these p r o c e s s e s , the above m e t h o d s of compound ing s e q u e n c e s 

of events can be used to obtain the g e n e r a t i n g function for the d i s t r i b u t i o n 

of the output pulse for an incident m o n o e n e r g e t i c g a m m a r a y . Each of 

these cascade events will be c o n s i d e r e d s e p a r a t e l y in an effor t to ob ta in 

reasonable approximat ions to the i r g e n e r a t i n g func t i ons . 

a) Genera t ion of l ight quanta in the s c i n t i l l a t o r . One of 

th ree p r i m a r y p r o c e s s e s may take p lace when a g a m m a r a y photon t r a v ­

e r s e s a Nal c r y s t a l . These a r e pho toe l ec t r i c a b s o r p t i o n ; C o m p t o n 

sca t te r ing , or pair product ion. In each of t h e s e p r o c e s s e s e n e r g y is 

t r ansmi t t ed to e l ec t rons in the c r y s t a l and t h e s e e n e r g e t i c e l e c t r o n s 

in te rac t with the a toms of the c r y s t a l . U l t i m a t e l y a f r a c t i o n of t h i s e x c i ­

tation energy is emi t ted as light in a wave length band which the p h o t o ­

mul t ip l ier can detect and amplify. H e r e it will be a s s u m e d tha t the e n t i r e 

energy of the incident g a m m a r a y is t r a n s m i t t e d to the c r y s t a l in each of 

these p r i m a r y p r o c e s s e s . Such an a s s u m p t i o n is s t r i c t l y va l id in the c a s e 

of photoelect r ic absorpt ion provided that the e n e r g e t i c e l e c t r o n s thus 

produced, do not e scape from the c r y s t a l nor p r o d u c e b r e m s s t r a h l u n g 

which e scapes f rom the c r y s t a l . The a s s u m p t i o n is a p p l i c a b l e a l s o to 

the case of pai r product ion if ne i the r p a r t i c l e of the p a i r e s c a p e s n o r p r o ­

duces b r e m s s t r a h l u n g which e s c a p e s the c r y s t a l ; f u r t h e r m o r e , a f t e r the 

annihilat ion of the pos i t ron both of the annih i la t ion quanta m u s t be s t o p p e d 

within the c r y s t a l . The a s sumpt ion of c o m p l e t e e n e r g y t r a n s f e r m the c a s e 
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of Compton scattering is equivalent to the "thick case" approximation d is -
4 

cussed by Seitz and Mueller. If ^ represents the efficiency with which 

a luminescent crys ta l converts the excitation energy it receives into light 

quanta, the average number x of light quanta produced by an incident 

gamma ray of energy E is given by 

X = t.E . (III. 31) 

For a thall ium-activated sodium iodide crystal , t, is of the order of 

lO'l/Mev and is assumed to be independent of the energy of the incident 

gamma ray. 

It is convenient at this point to drop the convention of using 

capital le t te rs to denote random var iables . Let x be the random variable 

whose value is the number of light quanta produced in a Nal crystal by a 

gamma ray of energy E. 

The nature of the luminescence process itself is not com­

pletely understood and it is difficult to justify any part icular distribution 

for the variable x. However, the general features of this process satisfy 

the conditions for a Poisson distribution as may be seen by considering 

the production of x quanta as a sequence of simultaneous Bernoulli t r ia ls 

each with the same probability for the production of a light quantum. It 

is therefore assumed that the semi-invariant generating function for the 

random variable x is 

* (K) = x(e'^ - 1) . (III. 32) 
x 

b) Collection of light quanta. Only a fraction t of the light 

quanta produced in the crysta l contributes to the initiation of the secondary 

emission avalanches at the first dynode of the photomultiplier. Specifically, 

a successful photon transfer is a cascade of four Bernoulli-type events: 
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(1) The light quanta find the i r way (with p r o b a b i l i t y e) f r o m the p h o s ­

phor into the optical s y s t e m which guides t hem t o w a r d the c a t h o d e of the 

photomul t ip l ie r . (2) Some of the quanta in the op t i ca l s y s t e m a r r i v e 

(with probabi l i ty f) at the ca thode . A f r ac t i on (1 - f) of t h e s e quan ta a r e 

lost by absorpt ion and ref lec t ion en rou te f rom the p h o s p h o r to the c a t h o d e . 

(3) A light quantum s t r ik ing the cathode r e l e a s e s (with p r o b a b i l i t y p) a 

photoelec t ron . (4) P h o t o e l e c t r o n s f rom the ca thode i n i t i a t e (with p r o b a ­

bility c) secondary e m i s s i o n a v a l a n c h e s a t the f i r s t d y n o d e . S ince e a c h 

step in this sequence is a Bernoul l i event , the e n t i r e p r o c e s s of pho ton 

t ransfe r is a lso a Bernoul l i event with p r o b a b i l i t y t for s u c c e s s f u l t r a n s ­

fer of the photon from the phosphor to the f i r s t dynode of the p h o t o m u l t i ­

p l ier tube. F u r t h e r m o r e , by Eq. (III. 23), th i s t r a n s f e r e f f i c iency i s j u s t 

the product of the individual p r o b a b i l i t i e s for each s t ep in the s e q u e n c e , 

i. e. , 

t = efpc . (HI. 33) 

Success ive sc in t i l l a t i ons , h o w e v e r , n e v e r o c c u r a t e x a c t l y 

the same point inside the phosphor and photons p r o d u c e d at d i f fe ren t 

points have different e scape p r o b a b i l i t i e s . This i m p l i e s tha t the p r o b a ­

bility t will vary from one sc in t i l l a t ion to the nex t . Le t {t . : i = 1, 2, . . . } 

denote the sequence of poss ib le t r a n s f e r p r o b a b i l i t i e s for e a c h photon in a 

given scint i l la t ion and suppose that a g iven va lue t̂  o c c u r s with r e l a t i v e 

frequency q̂  m a s e r i e s of many s c i n t i l l a t i o n s . The t r a n s f e r e f f i c i e n c i e s 

thus form a sequence of a l t e rna t ive even t s such tha t for each pho ton one 

and only one of the t. o c c u r . The m o m e n t g e n e r a t i n g funct ions for t h e s e 

a l t e rna t ives a r e 

"t ,<'^ ' = ' i * = ' ^ ( l - ^ ) ( I I I . 34) 

for all t.. 
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c) The cascade of secondary electrons. The photoelectron 

that a r r ives at the first dynode produces several secondary electrons. In 

a multistage multiplier tube, these secondaries in turn become pr imar ies 

with respect to another dynode and on impact produce several secondaries 

each. Because of the random nature of the process at each step the cumu­

lative effect on the output pulse after a given number of multiplication 

stages can also be t reated as a cascade of events. Such a calculation has 
5 

been car r ied out by Woodward. However, the only property which we 

shall assume for this distribution is the existence of finite semi-invariants 

of all o r d e r s . In the discussion that follows $ (K) will denote the semi-
I "I 

invariant generating function for the tube gain variable m and X the 
corresponding jth semi-invariant . 

Semi-invariants of the Pulse-height Distribution 

If an incident gamma ray of energy E initiates the emission 

of X light quanta from the phosphor, the number S of photoelectrons which 

arr ive at the f irs t dynode is given by 

s = I t q . (HI. 35) 
X ,^ , k k 

k = 1 

The generating functions for the distributions of the random variables x 

and t a re given respectively by Eqs. (III. 32) and (III. 34). If m. denotes 

the tube gain for the rth such photoelectron the resulting pulse height q is 

obtained as the sum of the S values m., i. e. , 
X 1 

S 

q = V m. , (III. 36) 
1 = 1 ' 

The m are assumed to have a common distribution defined by the semi-
i 

invariant generating function ^ (K). Reference to Eq. (III. 17) reveals 
° m 

that the moment generating function U {K) for the pulse height q can be 
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exp re s sed in the form 

« ( « ) = « . ( * ( ' < ) ) • ^"^•" ' 
q S m 

Accordmg to E q s . (III. 8) and (III. 17) and the d i s c u s s i o n p r e c e d i n g E q . 

(III. 17), the moment genera t ing function for S^ i s 

n^iK) = Y:,\^j\ix)). ( ™ - 5 8 ) 

where q. i s the frequency with which the t r a n s f e r p r o b a b i l i t y t. o c c u r s . 

The q a r e no rma l i zed such that 
i 

Combining these r e s u l t s l eads to the e x p r e s s i o n 

n (K) = y^'.q.n ( * ( * ( K ) ) ) = T'.q. e x p { x t . ( e "" - 1)} , (111.40) 
q '-'1 1 X t m '-'l 1 1 

1 

for the moment genera t ing function of the r a n d o m v a r i a b l e q. E x p r e s s i o n s 

(III. 32) and (III. 34) have been subs t i tu ted for the g e n e r a t i n g func t ions U 

and vj/ in obtaining this l a s t r e l a t i o n . 

The f i r s t four s e m i - i n v a r i a n t s of the p u l s e he igh t d i s t r i b u ­

tion a r e obtained from Eq.. (III. 40) as i nd i ca t ed in E q s . (III . 3) and (I I I . 4 ) . 

The r e s u l t is 

, (M - , (1), (1) 
^q = ^ ^ t ^m ' (III . 41a) 

\ * ^ ' ^ - t ^ ^ ' [ * 0 ^ ' ' ^ - m ^ ^ ' ] - ^ ( O ^ > ^ / ^ ' . (III.4ib, 
m t 

\ <^) - - V ( " ) r „ ( M , 
q L nn m m r>-. 

, , - 3 , ( 2 ) r , , ( ^ ) 3 ( 1 ) ( 2 ) - ( 1 ) 3 13) 
+ 3x2x^ [(X^ ' + ^ m ^ m l + ^ " ( ^ m ) V - ( n i . 4 1 c ) 
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and 

q t ' - m m m m m m m - ' 

— ( 2 ) ( 1 ) ( 3 ) ( 1 ) 2 12) (2) 2 (1) 4 
+ x2X^ 'r..4\ 'x ^ '+18(X ^ ') X ^ ' + 3(X ^ ') +7(X ^ ') ] 

t ' - m m m m m m - ' 

— ( 3 ) ( 1 ) 4 ( 1 ) 2 ( 2 ) — ( 4 ) ( 1 ) 4 
+ 6x3X^^ '[(X ^ ') +(X ^ ') X ^ V x * > ^ e ^ ) , ( I I I .41d) 

t ' - m m m ^ t m 

w h e r e X , X , and X̂  deno te r e s p e c t i v e l y the s e m i - i n v a r i a n t s of the 
q m t 

d i s t r i b u t i o n s of the r a n d o m v a r i a b l e s q, m , and t. The s e m i - i n v a r i a n t 

\ i s def ined by E q . (111. 5) in t e r m s of the m o m e n t s (t ) w h e r e 

(t^> = E ' i l i ' i ^ • (III. 42) 

The r e l a t i v e v a r i a n c e Jy of the p u l s e - h e i g h t d i s t r i b u t i o n 
(2) ( 1 ) 2 1 

i s def ined a s the r a t i o X /(X ) . F r o m E q s . (III. 41a) and (III. 41b), 
q q 

it fo l lows tha t 

< i { = x / ^ > / ( x / ^ > ) % [1 . X J = >/(X J ^ > ) ^ ] / ( x x /^>) = . i ; . (1 . ^ ^ ^ / ( x x / ^ 

, J . (111.43) 
w h e r e - j / and J/ a r e the r e l a t i v e v a r i a n c e s of the d i s t r i b u t i o n s of t and 

t m 

m, r e s p e c t i v e l y . The coe f f i c i en t s of s k e w n e s s and e x c e s s a r e def ined in 

t e r m s of the s e m i - i n v a r i a n t s by E q . (III. 7) . F o r the p u l s e - h e i g h t d i s t r i ­

but ion, t h e s e coe f f i c i en t s can be ob t a ined f r o m E q s . (III. 41a) t h r o u g h 

( I I I . 4 I d ) . T h e y a r e 

n) ^> 3 /2 r 1 + 3 - ^ + A <"> 3 4 ; ( i + i y ) 1 
( i ) _ ^ j - 3 / 2 ! m m _ _J;^ 2 L + A ( ^ ) ' (III 44a) 

'^ ~^^ { ( x x / ^ ' ) = xX^(^' ' j ' ' ' 
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and 

<''=iJ- = 
+ 6i^ +3i^ %4A '""^A **' ' l ; ( 7 + 18iy +3:^/* % 4 A 

m m m m , ^t m m 
(""). 

where 

m m 
(x Xj, ) 

(III. 44b) 

A <^' = X <^'/(X < ^ V m m m (III. 45a) 

and 

A/^' = X/^'/(X/^V (III. 45b) 

In principle, at least, each of these statistics can be measured as a func­

tion of the energy E = ; " ' x of the incident gamma ray. In Sec. IV are 

given the results of such measurements oi^ and y '^>. 

The Response Function 

The standardized jth semi-invariant \ '•'*/(x (^))J''2 f^j. 
the q distribution as defined by its generating f u n c t i o n a l . 40, b e h a v e s i r 
large values of x as 

' ^ ' / ( x <^NJ/= . . ( j ) A ^ - + (III. 46) 

where the remaining terms are of the first 3r.ri w u 
ratio A <J' • . ^ ^ ^ °'"^'"' '"^ 1 Z'̂ - If the 

.^' ^̂  ^ " ° ""' ' ^^ '• '^^" - ^ ^ P P - - h e s infimty each semi-
invariant of order oresi-o,- tu . aemi 
conditio f • " ^ ' "^^ '^^ ' ° ^ '^^ '̂  distribution. This 
condition, if it is s3f-;cfi = .j , j-ms 

satisfied, umquely determines the asymptotic form of 
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the pulse-height distribution to be Gaussian. In this case the asymptotic 

frequency function for the random variable q becomes 

f(q)dq 1 

0-/27 exp •im] (III. 47) 

where 

q„ = x X <^'x(^> ^0 m t (III. 48a) 

and 

0 - 2 •dJ. (III. 48b) 

Note that the asymptotic values of the coefficients of skewness and excess 

are zero provided the third- and fourth-order semi-invariants of the t 

distribution vanish. 

Deviations of an observed response function from this 

simple asymptotic form depend not only on the assumptions explicitly men­

tioned in this derivation but also on many factors which have been ignored 

in the discussion. For example, the electronic equipment was not men­

tioned although it is always a source of small parasi t ic fluctuations. Many 

of these "secondary" effects are discussed in reference (3). It is quite 

obvious that, for any given experimental setup, the nature and extent of 

any differences between the observed response function and the simple 

form of Eq. (III. 47) must be obtained experimentally. 

One direct method of obtaining such a measurement is to 

compare a measured full-energy pulse-height distribution with the Edge-

worth distribution viz. 

( 1 ) ( 2 ) 

•(•(q) = f(q) V *̂̂ w.V '̂̂ *<^>^ (III. 49) 
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vhere f(q) i s the Gauss i an function (III. 47) and 

f* ' ' \q) = ( - 1 ) ' ' H (q) f(q) . (III . 50) 

Here H (q) is the H e r m i t e po lynomia l of o r d e r v . 
V 

The r e s u l t s obtained in p r e l i m i n a r y m e a s u r e m e n t s of t h i s 

kind a r e d i s cus sed in Sec . IV. At th is point i t suf f ices to say tha t E q . 

(III. 47) sa t i s fac to r i ly d e s c r i b e s the o b s e r v e d p u l s e - h e i g h t r e s p o n s e for 

values of q that sat isfy the inequal i ty 

| q - q o | ^ 2 . 5 0- . (111.51) 

These l imi t s c o r r e s p o n d to roughly 97% of the to ta l n u m b e r of c o u n t s in 

any fu l l -energy peak. (The word " s a t i s f a c t o r i l y " in the above con t ex t 

means that the m e a s u r e d devia t ions f rom Eq . (III. 47) w e r e such tha t t hey 

could be a t t r ibu ted to expected s t a t i s t i c a l f luc tua t ions in coun t ing . T h i s 

will be d i s cus sed in Sec . IV. ) 

M a x i m u m - L i k e l i h o o d E s t i m a t e s 

The p r e s e n t p r o b l e m of obtaining e s t i m a t e s of the v a l u e s 

of the components of the vec to r a d iffers f rom the u sua l p r o b l e m s in s t a ­

t i s t i ca l e s t ima t ion in that the to ta l n u m b e r of even t s in the s p e c t r u m i e 

the value o f / , a^a^ , i s not specif ied in a d v a n c e . As a p r a c t i c a l m a t t e r ' 

the en t i re obse rved s p e c t r u m {c^A. J = 1, . . . , N} m u s t be t r u n c a t e d 

(somewhat a r b i t r a r i l y ) so that only the da ta inc luded in the s u b s e t 

G'={. : . A . = c . : i « i < l 1 . 
J J } — •' ^ ^ ' (III. 52) 

avai lable for the e s t ima t ion of the va lues of u^. m th i s s u b s e c t i o n we 

t t : l ; " ^ " r " ° " " " — ^ - - - ^ ^ ^ ^ o . . e s t i m a t e s f r o m such 

r ncated s p e c t r a . Also the l imi t ing fo rm of the ,o in t p r o b a b i l i t y d i s t r i ­

bution of these e s t i m a t e s i s d i s c u s s e d . 
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For the present we t reat the background subtractions as 

nonrandom p roces se s . The modifications necessary for the inclusion of 

these correct ions as statist ical p rocesses are given in the subsections 

which immediately follow this subsection. 

F i r s t we consider the probability of observing the data r ep ­

resented by the s e t t _ . Let m be the total number of counts actually 

observed in ^_ ,̂ i. e . , 

m = Y; c. . (III. 53) 

Given that the total number of counts in the complete (nontruncated) spec­

trum is N, the probability of obtaining t l as a measured result is 
c. 

^ ^ ^ e | N } = ^ ^ ( l - p ) ^ - " ^ 7 7 ' ^ . (III.54) 
(IN m). . ^ ^ c.. 

where p., the probability of a single count occurring in the jth channel, is 

and ,1 p = i ; Pj • (III. 56) 

[In Eq. (III. 55) and throughout this section we use the notation f(a) to indi­

cate a function of one or more of the components of the vector a . In many 

instances where there is little chance of confusion, the dependence of f on 

a will not be written explicitly as , e . g . , in Eq. (III. 56).] In the present 

problem N is itself a random variable whose distribution is assumed to be 

that given by the Poisson law 

Pr{N} = M e" / N ! , (HI. 57) 
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w h e r e M = / T T a a^ i s t h e e x p e c t e d t o t a l n u m b e r of c o u n t s i n t h e n o n t r u n ­

c a t e d s p e c t r u m . T h e p r o b a b i l i t y of o b s e r v i n g t h e t r u n c a t e d s p e c t r u m C 

w i t h no a p r i o r i k n o w l e d g e of t h e v a l u e of N , o t h e r t h a n t h e o b v i o u s c o n -

d i t i o n t h a t 

N =5 m , 

i s g i v e n by a c o m b i n a t i o n of p r o b a b i l i t y d i s t r i b u t i o n s , n a m e l y , 

P r { e } = ^ P r { ( 2 | N } P r { N } = e " ^ P T / ^ M p . ) V o . i • ( H I . 58) 
N = m j € ( f •' 

T h e m e a n v a l u e , v a r i a n c e , a n d c o v a r i a n c e of t h e v a r i a b l e s c . i n t h i s d i s ­

t r i b u t i o n a r e r e s p e c t i v e l y 

c . = M p , v a r (c ) = M p a n d c o v (c ., c . ) = 0 . ( I I I . 59 ) 
J J J J J J 

This i s mos t eas i ly shown by o b s e r v i n g that the m o m e n t - g e n e r a t i n g func ­

tion for the p robab i l i ty d i s t r i bu t ion P r { ( ^ } is 

/ f ( 3 . : J€(^) = exp{-M(p - V p . s . ) } . (HI. 60) 
' j ^ ^ J J 

The m a x i m u m - l i k e l i h o o d e s t i m a t e s a * for the v a l u e s of 

â  a r e defined by the condition that the p r o b a b i l i t y P r { ^ of ob ta in ing the 

observed r e s u l t C be a m a x i m u m for â  = a^*. The r e s u l t i n g se t of c o n ­

ditions for the de t e rmina t i on of the e s t i m a t e s i s then 

j ^ ^ l F . ( a * ) - 'I ~^^~-°' ^= 1, . . . , 5. (in. 61) 

In the der iva t ion of Eq. (III. 61) we have u s e d the r e l a t i o n 

F^(a) = M ( r ) p ^ ( a , ^̂ ^̂ ^̂ ^̂  

which follows f rom the defini t ion, Eq . (II. 1), of F . ( a ) . 
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From the definition of the weights A. in Eq. (III. 3) cou­

pled with Eq. (IV. 13) it follows that 

A . ^ ^ l /var(c . ) = 1/F.(S'"~). (111.63) 
J J J 

With this resul t , the conditional equations (III. 61) for the maximum-

likelihood est imates are seen to be completely equivalent to the conditional 

equations (11. 10) for the minimization of Q(a). 

Next we consider some proper t ies of the joint probability 

distribution of the est imates a *. The meaning of a probability distribu­

tion for these components is the following. From a sequence of similar 

measurements select the subsequence which resulted in the same spectrum 

( . Then the distribution of the est imates a * over this subsequence is the 

joint distribution in which we are interested. The necessity of this defini­

tion may be understood by a consideration of the meaning of the averaging 

process ca r r i ed out belov/ in Eq. (III. 75). Actually, we must content our­

selves with a discussion of this distribution in the limit in which the 

number of independent measurements in the above subsequence approaches 

infinity. 

Let 

C ^ ( r ) = l n P r { g } = ]] l n L . ( c . | a ) , (IH. 64) 

where, from Eq. (III. 58), it is seen that L.(c . I a ) is the Poisson distr ibu­

tion for observing c. events in channel j when the average number of such 

events is Mp. = F. i . e . , 
J J 

-F.(a) c. ' 
L ( c . | ~ ) = e ^ rF.(I)l • ' / c ! . (III.65) 

J j ' J / J 



The notation L ( c l " ) is used to denote the conditional distribution of c 
i l l J J J _ 

w h e n t h e v a l u e s of t h e c o m p o n e n t s of a a r e g i v e n . C o n s i d e r t h e T a y l o r 

e x p a n s i o n 

da. I -

a ^ \ _ df^ja)] ^ y (,, , . ^ ,,) |fCp(^ 1 5, (IH.66) 

where the a ' are the "true values" of the components of a, the a * are 

the corresponding maximum-likelihood estimates, and the vector a is 

defined such that a exists in the interval [o- *, a ') for all values of i. By 

definition of maximum-likelihood estimates the first term on the right-

hand side of Eq. (III. 66) vanishes and, if a * converges stochastically to 

a ' for alii the coefficients d^JZ/da da ) converge stochastically to 
i i mV\ ^ ' 

{d^cTIba da ) . Here the subscript on the "expectation brackets" de-
^ i m — , 

a 
notes that the averaging process is to be carried out under the hypothesis 

that a = a ' for all i. The joint distribution of the a * is not affected by 

the substitution of this expectation value so that in the limit Eqs. (IH. 66) 

become 

9of(* 
a ' a ' m = l 

(a ' - a *) B, , i = I, . . . 5 (m 671 

where 

V = < ^ ^ < ^ < ^ > / ^ 9 V L • ^ , - = 1 , . . . , 5 . (in. 68) 

Carrying out the averaging process lead s to 

A r 

^ J J a ' 



Y; L ( c I c T ') = 1 , (HI .70 ) 
^ C J J I 

and 

3 2 V r 1 9L. a L . 1 

B, = 2] 2 L . (c . | a ' ) - i J^ I ..]]]] ' ^ ^ , (111.71) 

w h e r e 

9L . [ c . ] 9F. 

^ = ' - i ^ - M - r ^ L- • (HI. 72) 

F r o m the def in i t ion of e x p e c t a t i o n va lue and Eq . (HI. 59) we obta in 

V L . ( c . | a ' ) [c . - F . ( a ' ) ] ^ = v a r ( c . ) = F . ( ? ' ) . (HI. 73) 
^ c J j l •• J J ^ J J 

The s u b s t i t u t i o n of E q s . (III. 72) and (III . 73) into E q . (III . 71) g ives 

^im 

\c 1^ 9F 3F • r , 9F dF 

KC [ 3 J ^ ^^ - , J^Cr J ^ "" a ' 

Le t (B ) deno te a c o m p o n e n t of the r e c i p r o c a l of the s y m m e t r i c m a t r i x 

whose c o m p o n e n t s a r e def ined by E q . (III. 74) . The so lu t ion of the s e t of 

e q u a t i o n s (III . 67) for a ' - a * i s then 
m m 

s .-, 
a ' - a * = Y] ( B " ^ ) , ^ j Q ) / 9 a ) , m = 1 5 . ( IH .75 ) 

m m .'- ', rru "-̂  i -», 
J; = 1 a ' 

The c o m p o n e n t s of the e r r o r m a t r i x which speci fy the jo in t a s y m p t o t i c 

d i s t r i b u t i o n of the a * a r e o b t a i n e d by c a r r y i n g out the a v e r a g i n g p r o c e s s 

o v e r a s u b s e t of m e a s u r e m e n t s y i e ld ing the s p e c t r u m C ^ a s d i s c u s s e d 

a b o v e . The r e s u l t i s 



„.„• • - X v - V ) > . , I , <B-',^,B-',,.(||'t^; =-,B-': 
m r 

(III . 76) 

/ ^ ^ \ ^ S) Y' f x ! i i ^ [ = - B . (HI. 77) 
\ 9a 9Q / ' •'i^^c. I h. da da \ It 

a 

P r o b a b i l i t y D i s t r i bu t ion of the C o r r e c t e d Coun t s 

In this subsec t ion we c o n s i d e r the p r o b a b i l i t y d i s t r i b u t i o n 

of the counts c A in any of the s p e c t r a c o r r e c t e d for " b a c k g r o u n d " by the 
j j 

methods d i s c u s s e d in Sec . II . Knowledge of th i s d i s t r i b u t i o n i s n e c e s s a r y 

in o rde r that these background s u b t r a c t i o n s can be i n c l u d e d a s r a n d o m 

p r o c e s s e s which can con t r ibu te unequa l we igh t s to the da t a p o i n t s c .A . in 

the e s t ima t ion of the va lues of the c o r r e s p o n d i n g r e s p o n s e p a r a m e t e r s a . 

Let us a s s u m e that the counts a. a c t u a l l y m e a s u r e d in the 

j th channel obey a P o i s s o n d i s t r i bu t i on , the e x p e c t e d value of a. be ing d e ­

noted by a.. F u r t h e r , l e t us suppose that the a s s o c i a t e d b a c k g r o u n d 

counts b. for this channel a l so obey a P o i s s o n d i s t r i b u t i o n wi th e x p e c t e d 

value b Each of the s u b t r a c t i o n t echn iques d i s c u s s e d in S e c . II can be 

wr i t t en in the fo rm 

c. = a. - e b 
J J j j 

(III . 78) 

where 9̂  is a n u m e r i c a l cons tan t for any channe l and the c . a r e e l e m e n t s 

of the c o r r e c t e d s p e c t r u m . The p r o b a b i l i t y d i s t r i b u t i o n o f \ h e c . i s m o s t 

eas i ly obtained by the in t roduc t ion of c h a r a c t e r i s t i c f u n c t i o n s . ^ 

The c h a r a c t e r i s t i c function for the P o i s s o n d i s t r i b u t i o n i s 

*^(t) = e x p l U e ^ 1)} , (^jj_^g, 



53 

where t, is the expected value of the Poisson-dis tr ibuted variable ^. The 

charac ter i s t ic function for the random variable c. defined by Eq. (III. 78) 

4) (t) = ^Jt) <1> (-et) = exp {a(e^*- 1) + ^e" '^*^- 1)} . (HI. 80) 

Let us consider the distribution of the quantity g, where 

c - (a - e"b) 
^ " >|a + e^h' • 

The charac ter i s t ic function for this variable is 

A. i,\ I •, a^-Qb "1 - [ i t / j l + e 2 b ' 1 - \ -let ,1 
if At) = exp'j -it •- -, fexp a e - 1 + b exp , , - 1 

i I •/ar+ e^h J [ J [ ^a + e^b J 

- t2 /2 ( it^ I - 63"b 1 
exp-^ -— - — ^ ^ ^ j ^ -f. . . r . 

L • (a-fe2b) -J 

(III. 81) 

(111.82) 

t 2 / 2 
As a approaches infinity the character is t ic function 4',(t) approaches e 

which is the charac ter i s t ic function of a variable that is normally distribu­

ted with zero mean and unit var iance. This is a necessary and sufficient 

condition that the variable | , defined in Eq. (III. 81), be similarly d i s t r i ­

buted. This follows from the fact that there exists a one-to-one 

correspondence between a distribution and its character is t ic function. If 

two distributions are identical, then their character is t ic functions are 

identical and conversely. Thus the corrected counts, Eq. (III. 78), are 

asymptotically normally distributed with mean a. - Q.b. and variance 

I.-I- e .2b. . 
J J J 

The above arguments are easily extended to those cases in 

which the correc ted counts c. are obtained from the observed counts a by 
J J 



ries of "background" subtractions. For example, if 

c = a - e.b - e. 'b. ' - . . . , (HI. 83) 
j j J J J J 

where each of the measured quantities a., b., b . ' , ^ . .^ . ^ r e distributed 

according to a Poisson law with expected values a^, b^, b^', . . . , 

respectively, then c. is asymptoticaHy normal with mean value 

c = 1 -eh - e.'h.' - . . . . (HI. 84) 
j j J j J J 

and variance 

v a r ( c ) = a + 9 2 b + e . ' 2 b . ' - l - . . . . (III. 85) 
j j J J J J 

In the above derivations the factors d. are assumed to be 
J 

determined with an er ror that is negligible compared with that for the b . . 

Estimates Based on Corrected Spectra 

In terms of counts c which have been corrected as outlined 
J 

in Sec. II, the results of the previous subsection show that the quantities 

- , 1 / 2 
tj = (c - c )/[var(c.)] (HI. 86) 

are, in the limit of large c , distributed according to the normal law with 

zero mean and unit variance. Let 

C = {c.: j _« j «T} (IH.87) 

denote that portion of the corrected simple spectrum that is used to es t i ­

mate the values of the components of the corresponding parameter vector a. 



55 

If the counts c. for each channel j are assumed to be statistically independ­

ent of the correc ted counts in neighboring channels, the quadratic 

X2(a ' )= Y] "̂ -̂  = TL [ C - F . (a ' ) ]2 /var(c . ) (HI.88) 

is asymptotically distributed as chi-squared pro-vided a ' is chosen such 

that, for every j in C_ , 

c. = F.(a ') . (III. 89) 
J J 

Equation (III. 89) may be considered to be a definition of the "true values 

imponents a '. 

Let the conditional limiting distribution function of the c. 

of the vector components a 

be denoted by <j)(c . I u ), where 

J J 

with 

0- 2 = var (c . ) . (HI. 91) 
J J 

The probability of observing the r e s u l t ^ is 

Pr {(f} = 77 <l>.(c.|a) , (III.92) 

and the maximum-likelihood es t imates a,* for the values of a, are obtained 
i i 

as the solution of the set of equations 

,N, „ rOt c - F (a ) 9 F (a ) 



where 

a 2 = F ( a ' ) + 9 .2b . + e ' 2 b ' + . . . . ( I I I -94) 
j j J J J J 

Except for the addi t ional t e r m s in the e x p r e s s i o n for the v a r i a n c e , the 

condit ions given by Eq. (HI. 93) a r e i den t i ca l to t hose def ined by E q . 

( i n . 61) in the ca se in which the backg round s u b t r a c t i o n s a r e t r e a t e d a s 

nonrandom p r o c e s s e s . By analogy with the p r e v i o u s r e s u l t s , E q s . (HI. 74) 

and ( IH.76) , the e r r o r m a t r i x for the jo in t d i s t r i b u t i o n of the e s t i m a t e s a^* 

is the r e c i p r o c a l of the r e a l s y m m e t r i c m a t r i x B whose c o m p o n e n t s a r e 

defined as 

/ , 9 F . 9 F . \ 
R _ yi f J _ I L \ . ( IH .95 ) 

i m .^ I 0-.2 9a 9Q \ 

S u m m a r y 

The r e s u l t s obta ined in th is s ec t i on a r e b a s e d on the fo l low­

ing major a s s u m p t i o n s : (1) The r e s p o n s e of the s p e c t r o m e t e r to a s o u r c e 

of monoene rge t i c g a m m a r a y s can be d e s c r i b e d by the funct ions F . ( a ) d e ­

fined in Eq. (II. 2). (2) The c o r r e c t e d counts c . a r e s t a t i s t i c a l l y i n d e p e n d ­

ent for all channel n u m b e r s j . (3) T h e r e a r e no r a n d o m or s y s t e m a t i c 

f luctuat ions in the channel widths A. for d i f fe ren t c h a n n e l s , (4) The 
J 

"background" sub t r ac t i ons can be c a r r i e d out, as i n d i c a t e d in E q . (III . 83) , 
with negl igible u n c e r t a i n t y in the f a c t o r s 6 . 

j 

The f i r s t of these a s s u m p t i o n s can be s u b j e c t e d to e x p e r i ­

menta l t e s t and, as d i s c u s s e d in Sec . IV, s o m e effort h a s been e x p e n d e d 

to verify the ana lys i s in r e l a t i on to th is a s s u m p t i o n . H o w e v e r , s i n c e a 

s e p a r a t e examina t ion of aU of t he se a s s u m p t i o n s is i m p o s s i b l e , an a t t e m p t 

was made to take account of t he se p o s s i b l e p e r t u r b a t i o n s t h r o u g h a n o r m a l ­

iza t ion of our e r r o r e s t i m a t e s by the c r i t e r i o n of e x t e r n a l c o n s i s t e n c y . In 
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order to explain the present application of this cr i ter ion, we summarize 

the steps which we followed to obtain the est imates a.* and the associated 
i 

e r ro r mat r ix . 

Let us consider a corrected spectrum (^cons i s t i ng of data 

for n-I- 1 channels, where for C as defined in Eq. (111,87) 

n = j - 1 . (IH.96) 

The est imates a -•' a re obtained as solutions of the set of equations (II. 12) 

with A.2 given by 

A.2 = o-2/a- 2 (111.97) 
J J 

where 0-2 is a constant, independent of channel number, defined as the 

weight associated with a measurement of unit variance. In the pth i t e ra ­

tive solution of Eqs. (II. 12), <T.^ is obtained from the previous iteration 

0-.2 = F.(a' P " ^ ) + e.2b. + . . . . (111.98) 
J J J J 

The e r ro r matr ix is evaluated as the inverse of the matr ix B, where 

^ / 9 F . 9F. \ 

^c = IL ^i^^^^H - ^ ^ 1 • (HI. 99) 
j c C i m ' — --

a 

We have followed the usual procedure of approximating a variance by sub­

stituting the sample values a * for the unknown population values a '. 

Let the quadratic defined in Eq. (III. 88) take on the value 

X2( a ) for the sample values a *. Since this quantity is distributed (at 

least approximately) as chi-squared with n - 5 degrees of freedom, its 

expected value is n - 5, If the calculated value x^{a ) is much greater 



than n - 5, the e x p e r i m e n t i t se l f or the a s s u m p t i o n s l i s t e d above m u s t be 

cons ide red suspec t . On the o the r hand, if x^ (~ ) i s m u c h l e s s than n - 5 

the a g r e e m e n t mus t be c o n s i d e r e d f o r t u i t o u s . Thus the n o r m a l i z a t i o n i s 

c a r r i e d out by choosing (r2 in Eq . (IH. 97) to be e i t h e r x2 (a ) / ( n - 5 ) o r 

1, whichever is l a r g e r . 

IV. E X P E R I M E N T A L INVESTIGATION OF THE R E S P O N S E F U N C T I O N 

The p r a c t i c a l value of the a n a l y s i s d e v e l o p e d in S e c . I l l 

depends on the a c c u r a c y with which a G a u s s i a n funct ion r e p r e s e n t s the 

r e s p o n s e of a s p e c t r o m e t e r s y s t e m to m o n o e n e r g e t i c g a m m a r a d i a t i o n . 

Although the d i s c u s s i o n in Sec . I l l shows that u n d e r c e r t a i n c o n d i t i o n s 

the asympto t i c fo rm of the r e s p o n s e function is n o r m a l , it i s n e c e s s a r y 

to inves t iga te the val id i ty of th is a p p r o x i m a t i o n for the c o n d i t i o n s tha t 

ac tua l ly p r e v a i l in an e x p e r i m e n t . Obvious ly any s ign i f i can t d i f f e r e n c e 

between the o b s e r v e d r e s p o n s e and i t s funct ional r e p r e s e n t a t i o n can l e a d 

to b i a sed e s t i m a t e s for the va lues of the p a r a m e t e r s of the a s s u m e d func ­

tion and consequen t ly to s y s t e m a t i c e r r o r s in d e t e r m i n a t i o n s of g a m m a -

ray ene rgy and in t ens i ty . 

A number of the r e s u l t s d e r i v e d in S e c . I l l can be s u b j e c t e d 

to d i r e c t e x p e r i m e n t a l t e s t . We now c o n s i d e r t h r e e spec i f ic e x a m p l e s , 

namely , (i) the r e p r e s e n t a t i o n of the shape of o b s e r v e d r e s p o n s e by the 

Gauss ian function, Eq . (HI. 47); (ii) the e n e r g y d e p e n d e n c e of the wid th of 

the r e s p o n s e c u r v e , Eq . ( i n . 43); and (ii i) the r e l a t i o n be tween the m e a n 

pulse height of a l ine and the e n e r g y of the a s s o c i a t e d g a m m a r a d i a t i o n , 

Eq. (111.31). 

As noted e a r l i e r our p r i m a r y i n t e r e s t in t h e s e i n v e s t i g a ­

t ions IS the p r a c t i c a l one of e s t abUsh ing r e a l i s t i c l i m i t s for the a c c u r a c y 

that can be a t t a ined in v a r i o u s e n e r g y and i n t e n s i t y m e a s u r e m e n t s wi th a 

c r y s t a l s p e c t r o m e t e r . However , it i s p o s s i b l e tha t s o m e of the p r e s e n t 



techniques could be used in the investigation of some of the remaining 

questions concerning the mechanism of energy conversion and transfer 

in c rys ta l s . 

The Line Shape 

A large amount of data for gamma rays in the energy in­

terval from 100 kev to 3 Mev has been analyzed as described in Sees. II 

and III. For each full-energy peak, the minimum value of Q was com­

puted from Eq. (II. 3) and compared -with the expected value of the c o r r e ­

sponding chi-squared distribution. Examples of the resul ts of these 

calculations are shown in F igs . 9(a) and 9(b). For the relatively small 

sample represented by these data, the agreement must be considered 

satisfactory and indicates that there is no significant difference between 

the shape of a Gaussian function and the measured shape of an ins t rumen­

tal line. (By "significant" in this context we mean that the observed 

deviations a re generally smaller in magnitude than the random variations 

which must be expected from ordinary counting s ta t is t ics . ) In each of 

these comparisons the observed line was truncated such that the extreme 

channel numbers x satisfy the inequality 
e 

Ix - a I ^ 1.6 a , (IV. 1) 
I e 21 ~ 3 

where a and a a re defined by Eq. (11.2). This condition guarantees that 

at least 97% of the counts in the full-energy peak are included in the ana­

lyzed data. 

As shown in Sec. Ill, the vanishing of the coefficient of 
( 1 ) 

skewness y is a condition which must be satisfied if the response func­

tion is Gaussian. We have analyzed several observed lines by use of an 
( 2 ) 

Edgeworth distribution [Eq. (III. 49) with y set equal to zero] in place 

of the Gaussian function in the first t e rm of Eq. (II. 2). The values of 
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Fig . 9(a). A c o m p a r i s o n of the o b s e r v e d d i s t r i b u t i o n of min (Q) and the 
t heo re t i ca l c h i - s q u a r e d d i s t r i bu t ion . The h i s t o g r a m shows the d i s t r i ­
bution of the m i n i m u m va lues of Q, Eq. (II. 3), c a l c u l a t e d for 20 r e ­
sponse c u r v e s at an ene rgy of 2. 1 Mev. The da ta w e r e g rouped in 19 
channe l s . The cont inuous cu rve is the c o r r e s p o n d i n g c h i - s q u a r e d d i s ­
t r ibut ion for 14 d e g r e e s of f r eedom. 
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Fig. 9(b). A comparison of the observed distribution of min(Q) and the 
theoretical chi-squared distribution for 20 response curves at an ener-
by of 1. 0 Mev. The data were grouped in 14 channels so that the cor ­
responding chi-squared distribution has 9 degrees of freedom. 



y *^' which were obta ined a r e shown in F i g . 10. Obv ious ly v e r y l i t t l e 
q 

conjec ture conce rn ing the behav io r of t h i s coef f ic ien t i s j u s t i f i ed on the 

bas i s of these r e s u l t s . However , i t should be e m p h a s i z e d tha t no s p e c i a l 

effort was made to obtain data of suff ic ient s t a t i s t i c a l a c c u r a c y to c a r r y 

out this a n a l y s i s . In fact the l i nes that w e r e a n a l y z e d in th i s m a n n e r 

conta ined l e s s than twice the n u m b e r of coun t s r o u t i n e l y t aken in an e x ­

p e r i m e n t . A m o r e p r e c i s e d e t e r m i n a t i o n , p a r t i c u l a r l y of the a s y m p t o t i c 

behavior of th is coefficient , would be of s o m e i n t e r e s t . 

F o r our p r e s e n t p u r p o s e we o b s e r v e tha t t h e s e r e s u l t s i n ­

dicate a sma l l pos i t ive skewnes s in the o b s e r v e d l ine s h a p e . H o w e v e r , 

at l e a s t for the n u m b e r of counts u s u a l l y ob ta ined , the r e s u l t a n t d e v i a t i o n 

f rom a Gauss i an shape i s l e s s in magn i tude than the r a n d o m f luc tua t ions 

which can be a t t r i bu ted to count ing s t a t i s t i c s . The p o s s i b i l i t y tha t a n o n ­

ze ro coefficient of skewnes s i n t r o d u c e s a b i a s in ou r e s t i m a t e s of m e a n 

channel pos i t ions i s c o n s i d e r e d be low. 

The Line Width 

The e n e r g y dependence of the r e l a t i v e v a r i a n c e dJ of the 
q 

r e s p o n s e l ine , as p r e d i c t e d by E q . (III. 43), was i n v e s t i g a t e d by p lo t t i ng 

the o b s e r v e d va lues of " 1 / aga ins t the r e c i p r o c a l e n e r g y E " ^ of the i n c i ­

dent g a m m a r a y . The r e s u l t s a r e shown in F i g . 11 . The b r e a k in the 

p r e d i c t e d l i n e a r i t y of th is c u r v e o c c u r s in an e n e r g y i n t e r v a l , r o u g h l y 

f rom 200 kev to 400 kev, whe re the Compton c r o s s s e c t i o n for Na l 

b e c o m e s l a r g e r than the pho toabso rp t i on c r o s s s e c t i o n . The r e g i o n of 

nonUnear i ty i s thus a r eg ion of t r a n s i t i o n f rom p r e d o m i n a n t l y s ing l e to 

p r e d o m i n a n t l y mul t ip le exc i ta t ion p r o c e s s e s within the c r y s t a l . 

^ S imi l a r m e a s u r e m e n t s have been r e p o r t e d by B i s i and 

Zappa. They a l so o b s e r v e a b r e a k f rom l i n e a r i t y , but at a s o m e w h a t 

higher e n e r g y . F u r t h e r m o r e , t he i r r e s u l t s show an i n c r e a s i n g d e v i a t i o n 

f rom l i n e a r i t y with i n c r e a s i n g e n e r g y of the inc iden t g a m m a r a y On the 
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Fig. 11. The observed values of<i; as a function of 1/E. The quantity (W/E) is the square of the 

rat io of observed width to energy of a response line. This is proportional to the relative variance dJ 
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other hand our resul t s , which cover the same range of incident energies, 

are in good agreement with a linear law for all energies outside of the 

transit ion region mentioned above. 

In order to explain the resul ts of their measurements Bisi 

and Zappa assume that, insofar as the contribution to the photopeak at E 

is concerned, an event giving r i se to a Compton electron with energy E 

and a photoelectron with energy E - E can be t reated as the simultaneous 

absorption in the crys ta l of two independent quanta with energies E and 

E - E . It is of in teres t to consider a derivation of the expression given 

by these authors for the relative variance of the pulse-height distribution 

in this lat ter case . 

We use the notation introduced in Sec. HI where x. is now 
1 

the number of light quanta produced in the phosphor for a gamma ray of 

energy E. . The number eO of photoelectrons that a r r ives at the first 

dynode as a resul t of the incidence of two gamma rays -with energy E and 
E - E = E is 

1 2 

=" k=i ^ " k = i " ^ 

The resulting output pulse q is 

q= T %• (IV. 3) 
i=i 

The moment-generat ing function for the q distribution of this process 

becomes 

+„(«) 
n iK) = ]]. .q.q. exp{(x t. -fx t.)(e - 1)} , (IV. 4) 

and the corresponding semi- invar iant of order two is 



( 2 ) - - ( 1 ) 

V =(-X + - 2 ) V 
(X ( ^ ' ) % x / > ] - ( x , . x , ) 

m "^ J 

(^J ') ^uVit^xS^V,] 

X (^>x/^>] 
m t J 

(IV. 5) 

If we a s s u m e that the two quanta a r e a b s o r b e d in c o m p l e t e l y u n c o r r e c t e d 

even t s , the double sum in the l a s t t e r m on the r i g h t - h a n d s ide of E q . (IV. 5) 

can be eva lua ted to give 

(M 1 ) 2 _ (^)^ 
I],,j V j t ^ i ' i + V j ] =^1=(V ' + ' ' 2" (V ' +2x^x^(X^ 

(^)^ (IV. 6) 

and the a s s o c i a t e d r e l a t i v e v a r i a n c e is 

r 2 x X 1 1 -f-^ 

X X 
( 1 ) 

(IV. 7) 

Using Eq. (IV. 7) with x p r o p o r t i o n a l to the a v e r a g e e n e r g y 

of the Compton e l e c t r o n and c o n s i d e r i n g that a f r a c t i on of the p u l s e s tha t 

con t r ibu te to the f u l l - e n e r g y peak at E a r i s e f r o m p h o t o a b s o r p t i o n , B i s i 

and Zappa ca lcu la t e va lues of the r e l a t i v e v a r i a n c e which a g r e e qui te we l l 

with the i r m e a s u r e d v a l u e s . 

The da ta shown in F i g . 11 do not exh ib i t the c u r v a t u r e at 

h igher e n e r g i e s which is p r e d i c t e d by E q . (IV. 7) and which i s o b s e r v e d by 

Bis i and Zappa. The p r e s e n t da ta w e r e ob ta ined with a c o n s i d e r a b l y l a r g e r 

c r y s t a l than was used by Bis i and Zappa . Thus for i nc iden t g a m m a r a y s of 

given ene rgy , a l a r g e r f rac t ion of m u l t i p l e - e x c i t a t i o n p r o c e s s e s shou ld 

con t r ibu te to our f u l l - ene rgy peak and a c o r r e s p o n d i n g l y l a r g e r d e v i a t i o n 

f rom l i n e a r i t y with i n c r e a s i n g e n e r g y would be p r e d i c t e d by Eq . (IV. 7) . 

F o r c r y s t a l s of the s ize u s e d in the p r e s e n t e x p e r i m e n t the 

mul t ip le events cont r ibu t ing to the f u U - e n e r g y p e a k a r e about e q u a l l y d iv ided 

between those that involve t h r e e or m o r e c o l l i s i o n s in the c r y s t a l and t h o s e 
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8 

that involve two collisions for incident energies above about 0.7 Mev. 

These excitation p rocesses of higher multiplicity should be considered in 

the calculation of the variance ^J . In the case of three statistically in­

dependent events which contribute to the full-energy peak, the relative 

variance of the q distribution becomes 

^ = ^ 1 ^ - ^ - : - 2 ] ^ ( X ) - - " _ • (IV.8) 
L ( X , i x ^ + x^) J X / ' ( x ^ + x ^ + x ^ ) 

The numerical calculation of variances when these higher order p rocesses 

are considered requires knowledge not only of the relative contribution to 

the full-energy peak from each of these processes but also of the distr ibu­

tion of energies at each stage of a given multiple event. We have not 

car r ied out such a calculation. 

However, from Eq. (IV.8), it seems likely that processes 

of higher multiplicity would further increase the curvature of 'X^ as the 

energy of incidence is increased. If this is true the dependence of 2^ on 
q 

energy, sho-wn in Fig. 11, is not explained by Eqs. (IV. 7) and (IV.8). 

The assumption of complete statistical independence of 

events in a Compton p rocess , which is necessary for the application of 

Eq. (IV. 7), is difficult to justify in these calculations. However, the 

apparent existence of a well-defined region of nonlinearity, which is also 

a region of t ransi t ion from single- to multiple-excitation p rocesses , sug­

gests that some effect such as that suggested by Bisi and Zappa is 

contributing to the observed var iance. One possibility is the following 

purely qualitative explanation. If we drop the assumption that the number 

X of light quanta resulting from a gamma ray of given energy E follows a 

Poisson distribution, then the relative variance of the response line be-3 

comes 

i ; , . i^M..^,„4i- i , *%^. 
\ 



where - i /* i s the r e l a t i v e v a r i a n c e of x. If for s i n g l e - e x c i t a t i o n p r o c e s s e s 
X 

jJ d e c r e a s e s with i n c r e a s i n g e n e r g y , E q . (IV. 9) would p r e d i c t r o u g h l y the 

ene rgy dependence of ^ which i s o b s e r v e d in F i g . 11. F o r i n c i d e n t e n e r ­

gies above the t r a n s i t i o n reg ion , the ma in c o n t r i b u t i o n to ^ ^ would be f r o m 

the lower ene rgy even t s in mul t ip le p r o c e s s e s and t h e s e would show a m u c h 

l e s s p ronounced dependence on the i nc iden t e n e r g y than would the s i n g l e -

exci ta t ion p r o c e s s e s . It i s a l so qui te p r o b a b l e tha t m o r e c o m p l i c a t e d e n e r g y 
dependences of 'jJ 3.r\A A) a r e invo lved . Obv ious ly t h e s e q u e s t i o n s r e q u i r e 

'^ t m 
fur ther inves t iga t ion . 

The Ene rgy C a l i b r a t i o n of the S p e c t r o m e t e r : The T w o - E r r o r P r o b l e m 

It i s well known that the s i ze of the output p u l s e f r o m a s c i n ­

t i l la t ion coun te r is c lo se ly p r o p o r t i o n a l to the e n e r g y of the i n c i d e n t g a m m a 

r a y . This i s a l so the p r e d i c t i o n of E q s . (III. 3 1) and (III. 41a) . H o w e v e r , 

because the labe l ing of the p u l s e - h e i g h t channe l c o r r e s p o n d i n g to z e r o 

ene rgy is a r b i t r a r y , Eq . (III. 41a) m u s t be w r i t t e n in the f o r m 

E = a + ba^ , ( IV. 10) 

where a^ i s the channel n u m b e r for the m e a n p u l s e he igh t of the fu l l -

ene rgy peak at e n e r g y E, a is the e n e r g y c o r r e s p o n d i n g to c h a n n e l 

number z e r o , and, in t e r m s of the no ta t ion of S e c . HI , 

b = i / ( ; x ^ ' ' ' x j ' ' ) . (IV. 11) 

, . . 9 

In our inves t iga t ion of the r e l a t i o n be tween p u l s e s i z e and 

ene rgy in the i n t e r v a l f rom 500 kev to 3000 kev , we find tha t the spec i f i c 

sc in t iUat ion d a ^ / d E is not cons t an t , as would be p r e d i c t e d by E q . (IV. 10) 

p rov ided b IS independent of ene rgy , but r a t h e r v a r i e s as 

da 
2 1 

dE ~ A - BE ' (IV. 12) 
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where B/A < 10 /kev. In fact, when the spectrometer is calibrated with 

a set of standard gamma-ray energies in the energy interval from 500 kev 

to 3000 kev it is found that this calibration gives in the region of about 

2000 kev a measure of the energy about 0. 5 percent higher than a simple 

linear calibration between two standards at 1400 kev and 2750 kev. 

A part ia l explanation for this observed nonlinearity is the 

fitting procedure of Sec. Ill, which is used to est imate the value a of the 

mean position. If the full-energy peak is a skewed distribution, a will 

be somewhere between its mean q and its mode q . These statist ics are 

related by the coefficient of skewness y as 

q = qo - 73.^13/^8 , (IV. 13) 

where a is the width of the distribution as defined in Eq. (II. 2). If we 

assume that it is q instead of q which is actually being interpreted as a 

in Eq. (IV. 10), then for y > 0 the specific scintillation would show an 

apparent decrease with increasing energy as predicted by Eq. (IV. 12). 

However, from the resul ts of the analysis by means of the Edgeworth 

ser ies we find that the upper linnit of deviations from linearity, i. e. , 

deviations from constant slope, as a resul t of this effect is about half of 

the de-viation actually observed. This result is in qualitative agreement 

with s imilar c 

dent energ ies . 

10 
with s imilar considerations published by Wright for much lower inci 

Apparently the observed nonlinearity cannot be attributed 

entirely to the method of analysis and it is necessary to conclude that this 

is a real property of the scintillator system. Several plausible mecha-
3 11 

nisms have been suggested ' to explain the decrease of da /dE with 

increasing values of E. Thus far, however, it has not been possible to 

predict the energy dependence of the coefficient b in Eq. (IV. 11) from 

these "models . " It is hardly necessa ry to point out that this constitutes 

the main limitation on the use of a crysta l spectrometer in the determina­

tion of energy. 



As an i n t e r p o l a t i o n f o r m u l a for the e n e r g y c o r r e s p o n d i n g 

to a given mean pu l se height we have u s e d the r e l a t i o n 

a + ba -h c a 2 . (IV. 14) 
2 2 

The only a p r i o r i jus t i f i ca t ion for a r e l a t i o n of t h i s f o r m i s that it prov ides 

a f i r s t app rox ima t ion to Eq . (IV. 13). H o w e v e r , we have found that the i n ­

c lus ion of the quad ra t i c t e r m in Eq . (IV. 14) i m p r o v e s the e n e r g y c a l i b r a t i o n 

of the pu l se height to an extent g r e a t e r than would be e x p e c t e d by the i n t r o ­

duction of an addi t ional t e r m which is c o m p l e t e l y a r b i t r a r y . A d i s c u s s i o n 

of the data on which th is s t a t e m e n t i s b a s e d i s g iven in the nex t s u b s e c t i o n . 

In the e n e r g y c a l i b r a t i o n of the p u l s e - h e i g h t s c a l e , we a r e 

given the s t r u c t u r a l r e l a t i o n (IV. 14) and a se t of n m e a s u r e m e n t s ( E . , a.) 

where a. i s the mean pu l se height c o r r e s p o n d i n g to an i nc iden t e n e r g y E . . 

(In the r e m a i n d e r of th is s ec t ion we d r o p the s u b s c r i p t " 2 " in the d e s i g n a ­

tion of m e a n pulse he ight . ) The p r o b l e m is to e s t i m a t e the v a l u e s of the 

coefficients in Eq . (IV. 14) f rom t h e s e d a t a . 

This p r o b l e m di f fers f rom the u s u a l e s t i m a t i o n p r o b l e m in 

that both " c o o r d i n a t e s " E . and a. a r e m e a s u r e d q u a n t i t i e s and a s such a r e 
J J 

subject to e r r o r s of o b s e r v a t i o n . The g e n e r a l p r o b l e m of e s t i m a t i o n 
1 2 

under such condi t ions has been d i s c u s s e d by Wald. In the p r e s e n t c a s e , 

in which the v a r i a n c e s v a r ( a ) and v a r ( E . ) of the m e a s u r e d q u a n t i t i e s a r e 

a s s u m e d to be known, the g e n e r a l p r i n c i p l e of l e a s t s q u a r e s g ives an ef­

ficient and unb iased e s t i m a t e of the va lues of the coe f f i c i en t s in the s t r u c ­

tu r a l r e l a t i o n . An out l ine of the g e n e r a l p r i n c i p l e of l e a s t s q u a r e s i s 

given in the Appendix. 

In the p r e s e n t c a s e the p r i n c i p l e of l e a s t s q u a r e s r e q u i r e s 

that the e s t i m a t e d va lues e^ and a^ be d e t e r m m e d f rom the m e a s u r e d v a l u e s 

E and a. such that the quant i ty 

^; < ^ - ^'^ , ( ^ - ^ ) = { 
.f'j ( v a r E . ^ var a. J (IV. 15) 
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be a minimum subject to the conditional equations 

e - a - ba. - ca.2 = 0, i = 1, 2, . . . , n. (IV. 16) 
i 1 1 

13 

Doming has shown that the minimum value of S is distributed as chi-

squared provided that the observations a re random and that Eqs. (IV. 16) 

are the cor rec t relat ions for the true values of the coordinates. The 

number of degrees of freedom of the chi-squared distribution is given as 

the number of observed pa i rs minus the number of structural-equation 

pa ramete r s whose values a re to be estimated. 

The method of least squares is par t icular ly convenient in 

the present problem since it is the only known method of adjustment in the 

related problem of energy determination which is considered in the next 

section. 

We re turn to the point mentioned at the end of the previous 

subsection. A calibration of the pulse-height scale over the energy in ter ­

val from 0, 51 Mev to 2. 75 Mev was made according to the principle of 

least squares for five "standard" energies E.. Hence the number of de­

grees of freedom for the theoretical distribution of S is 2 in the case of 

quadratic interpolation and 3 in the case of l inear interpolation. For a 

ser ies of eight such determinations, the computed values of S varied 

from about 3 to 20 for quadratic interpolation and from 30 to 80 for 

l inear interpolation. The average rat io of values of S for these two cal i­

bration functions is 5.9. If equal validity is assumed for both interpola­

tion formulae, the expected value of this ratio is 1.5. This indicates 

that the quadratic t e rm in Eq. (IV. 14) improves the agreement to an 

extent greater than would be expected if this te rm represented an a rb i ­

t r a ry free pa rame te r . 

Even for quadratic interpolation, however, the distribution 

of observed values of S does not agree with the theoretical chi-squared 



d i s t r ibu t ion as weH a s might be e x p e c t e d if E q . ( IV. 14) w e r e an a c c u r a t e 

r e p r e s e n t a t i o n of the r e l a t i o n be tween e n e r g y and p u l s e he igh t . 

V. E X P E R I M E N T A L TESTS FOR CONSISTENCY 

On the b a s i s of the e x p e r i m e n t a l r e s u l t s wh ich h a v e b e e n 

d i s c u s s e d thus far , i t i s not p o s s i b l e to s t a t e with a s s u r a n c e tha t the a s ­

sumpt ions a s s o c i a t e d with the a n a l y s i s a r e va l id to wi th in the s t a t i s t i c a l 

u n c e r t a i n t i e s expec ted in a given m e a s u r e m e n t . It t hus r e m a i n s to d e t e r ­

mine whether the a n a l y s i s p r o v i d e s r e a l i s t i c e s t i m a t e s of the a c c u r a c y of 

a given r e s u l t . F o r t u n a t e l y it i s p o s s i b l e to t e s t the a n a l y t i c e r r o r e s t i ­

m a t e s in both e n e r g y and i n t ens i t y m e a s u r e m e n t s by m e a n s of we l l 

e s t ab l i shed p h y s i c a l p r i n c i p l e s , n a m e l y the l a w s of c o n s e r v a t i o n of e n e r g y 

and of the exponent ia l decay of a r a d i o a c t i v e s o u r c e . 

M e a s u r e m e n t of E n e r g y 

The t r a n s i t i o n s f rom the 2. 18 -Mev s t a t e to the g r o u n d s t a t e 

in Ndl-*^, shown in F i g . 4, p r o v i d e a c o n s i s t e n c y c h e c k on the e s t i m a t e d 

a c c u r a c y of our e n e r g y m e a s u r e m e n t s . If the s m a l l d i f f e r ence in r e c o i l 

e n e r g y is neg lec ted , the sum of the e n e r g i e s of the two t r a n s i t i o n s in c a s ­

cade to the ground s ta te m u s t equal the e n e r g y of the c r o s s o v e r t r a n s i t i o n . 
9 

We have m e a s u r e d the e n e r g i e s of the c a s c a d e g a m m a r a y s to be 

1487. 0 ± 1. 1 kev and 696. 7 ± 0. 6 kev , and the e n e r g y of the c r o s s o v e r 

t r a n s i t i o n to be 2186. 0 ± 2. 2 kev . Th i s l a t t e r va lue i s to be c o m p a r e d 

with the sum of the e n e r g i e s of the c a s c a d e g a m m a r a y s , wh ich i s 

2183. 7 ± 1. 7 kev. If the d i f fe rence be tween t h e s e r e s u l t s i s t r e a t e d a s 

a s ample d rawn f rom a n o r m a l popu la t ion with z e r o m e a n , it i s e a s i l y 

shown that 4 out of 10 s i m i l a r e x p e r i m e n t s wil l r e s u l t in a d i f f e r e n c e a t 

l e a s t as l a r g e a s that o b s e r v e d . 

A d e s c r i p t i o n of t h e s e m e a s u r e m e n t s h a s b e e n p u b l i s h e d . ^ 

However , some of the de t a i l s of the a n a l y s i s which w e r e not i n c l u d e d m 

the pub l i shed work d e s e r v e m e n t i o n . 
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The problem of energy calibration differs fromthe problem 

of energy determination in that for the lat ter case one of the energy values, 

say E ,, is considered as an unknown. In order to indicate how the prob-n + 1 
lem of energy determination is t reated, suppose that the pai rs (E., a.) for 

corresponding to an energy value E , which we wish to determine. Let 
^ * ^' n-f 1 

j = 1, 2 . . n have been measured as has the mean pulse height a 

corresponding to an energy v̂  

the quadratic S be defined as 

n 
S = Y* ( e . - E . ) 2 / v a r ( E . ) + V (a. - a. )2/var (a.) . (V. 1) 

. " . l l 1 . " , 1 1 1 

n+ 1 

1 ' ^ ^ i = 1 

In this case the principle of least squares requires that S be minimized 

subject to the conditions 

e.- a - ba - ca 2 = 0, i = 1, 2, . . . , n + 1 , (V. 2) 
1 1 i 

where e , as well as a, b, and c are now considered as unknown param-n+ 1 ' ' ^ 

e t e r s . A method for the solution of this problem is given in the Appendix. 

A further complication is introduced by the following experi­

mental situation which frequently a r i se s in prac t ice . The energy values, 

say E and E , , a re determined in te rms of n "standard" energies E , 
' n-l- 1 n+ 2' J 

j = 1, 2, . . . , n, as in Eqs . (V. 1) and (V. 2). Then a subset of the or igi­

nal "s tandards , " say E., j = 1, 2, . . . , n - 2, are used in conjunction 

with the values E , and E _ to determine a new energy value E 
n + 1 n-l-2 n-l-3 

Let the original conditional equations be 
e - a - ba - ca 2 = 0, j = 1, 2, . . . , n-f 2 , (V. 3) 

j J J 

where a b c e , and e ., are pa ramete r s whose values are to be 
ni- 1 n-f 2 ^ 

est imated; and let the conditional equations for the second measurement be 

e. - a' - b'(3. - c 'p.2, i = 1, 2, . . . , n - 2, n-f 1, n-f 2, n-f 3, (V. 4) 



where a ' , b ' , c ' , and e ^ a r e p a r a m e t e r s whose v a l u e s a r e to be e s t i ­

m a t e d . Obviously , the equa t ions of t h i s s e c o n d se t a r e not o b s e r v a t i o n a H y 

independent s ince e^ ^ ^ and e^ ^ ^ ^ ' " d e t e r m i n e d only in t e r m s of the r e ­

main ing e. in E q s . (V. 3). Howeve r , t h e r e i s a r e l a t e d se t in which the 

2n-f 1 equat ions m the seven unknowns a, b, c . a ' , b ' , c ' , and e^ ^ ^, 

namely , 

e - a - b a . - c a . 2 = 0, j = 1, 2, . . . , n, (V. 5a) 
j J J 

e - a ' - b ' a - c'B 2 = 0, i = 1, 2, . . . , n - 2 , n-f3, (V. 5b) 
i 1 j 

and 

a -f ba -f c a . 2 - a ' - b'(3.2 = 0. j = n + l , n - f 2 , ( V . 5 c ) 
J J J 

a r e obse rva t i onaHy independen t and can be t r e a t e d in the s a m e m a n n e r a s 

d e s c r i b e d above . 

The l e a s t - s q u a r e s f o r m a l i s m d e s c r i b e d in the Append ix i s 

appl icab le to the c a s e in which the cond i t iona l equa t i ons a r e not i n d e p e n d e n t . 

However , in this c a s e the weight m a t r i x , Eq . (A. 14), i s not d i a g o n a l and 

the computa t ion b e c o m e s s o m e w h a t l eng thy . 

Mea . su rement of the L i f e t i m e s of R a d i o a c t i v e Nuc l e i 

In o r d e r for a coun te r to r e g i s t e r an i n c i d e n t g a m m a r a y , 

it i s n e c e s s a r y that no g a m m a r a y has a r r i v e d a t the c o u n t e r d u r i n g a 

p r eced ing t i m e i n t e r v a l of length T . Th i s i n t e r v a l of t i m e du r ing which 

the counter i s unable to r e g i s t e r an inc iden t p u l s e i s ca,lled the r e s o l v i n g 

t i m e , or dead t i m e , of the count ing s y s t e m . F o r a s y s t e m which i n c l u d e s 

a m u l t i - c h a n n e l a n a l y z e r of the type u s e d in the p r e s e n t m e a s u r e m e n t s , 

this r e s o l v i n g t i m e depends l i n e a r l y on the e n e r g y € of the r e c o r d e d p u l s e , 

i. e. , 

•r^=T^ + K^ , (V. 6) 
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where T and /< are constants. If the radioactive source is such that the 

counting rate for the entire measured spectrum exceeds ~10 counts /sec . 

it is necessa ry to take explicitly into account this finite resolving time in 

any determination of relative intensit ies and, consequently, in any mea­

surement of the lifetime of a radioactive decay. This can be done in a 
14 

manner similar to that proposed by Schiff. Several features of the p r e s ­

ent measurements , however, make it desirable to reconsider this problem 

in some detail. 

Let A (t) denote the expected rate at which gamma rays of 

energy e are incident on the sensitive portion of the detector. For a 

radioactive source which emits gamma rays of energy e with decay con­

stant X we have 

-X t 
A (t) = P -f N X e ' , (V. 7) 

where p is a constant (with respect to the time t) background rate and N 

is a constant that depends on the strength of the source for emission of 

gamma rays of energy € at some a rb i t ra ry zero time and on the geomet­

rical ar rangement of the experiment. The expectation that a gamma ray 

with energy € a r r ives at the counter in the time interval t - T to t is 

t 
G (t - T , t ) = f dt A (t) . (V.8) 

t - T 
£ 

If the distribution of the number of gamma rays with energy « incident on 

the counter in any time interval is Poisson, then the chance at time t that 

no such gamma ray has ar r ived at the counter during the preceding in ter ­

val of duration T is exp {- G (t - T , t)} . 

e £ £ 

Suppose we wish to determine the value of the decay constant 

X corresponding to a par t icular gamma-ray energy E contained in the spec-
E 

t rum of energies £. In an observation interval T to T -f AT. we expect to 
J J J 

count a number n.(E) of these gamma rays where 



T.tAT. 
n{E)= f ^ J d t A _ ( t ) e x p { - ^ G (t - r t)} . (V.9) 

J T . 
J 

The summation on £ in Eq. (V.9) is over the entire observed spectrum 

and it has been assumed that the decays corresponding to different values 

of £ are independently distributed. In terms of the values a^. and a^. of 

che first and third components of the vector a estimated, as discussed in 

Sec. II, for the photopeak at energy E we have 

n.(E) =/TT a^. a^. + b.( (V. 10) 

where 

T.-f A T , 
b.(E) = |3„ r J -̂  dt exp { - ) ] G (t - T , t)} (V. 11) 

J 

is the number of background counts in the observed spectrum at energy E. 

Let d. denote that fraction of the jth counting interval during 

which the counting system is in a state such that it is not capable of regis­

tering an incident gamma ray. Most multi-channel pulse-height analyzers 

record a separate measure of this total dead time d AT . For reasonably 
j j 

small values of d -we have 
j 

d.AT. = Y'n.°(,)T , (V. 12) 
J J ' ^ J £ 

o 
where n (£) is the number of gamma rays of energy « which would have 

been counted m the jth interval if the dead time of the counter were zero. 

If a given spectrum consisting of M separate full-energy 

peaks is measured for L separate intervals AT., there are ML equations 

of the form (V. 12) which describe the results of the experiment. For each 

of the M values of e corresponding to a fuH-energy peak there are at most 

two "unknowns" N and X H the values of T and K in Eq. (V. 6) are also 



to be determined from the data, we have L(M-f 1) conditional equations 

which contain at most 2(M-f 1) unknowns. Equations (V.9) and (V. 12) 

thus constitute an overdetermined set for L > 2. However, for a com­

plex spectrum consisting of many photopeaks the solution of this set of 

equations becomes involved and requi res a ser ies of decisions which 

are impract ical to code for a digital computer. For example, the value 

of each (3 in Eq. (V. 9) must be obtained from the observed b.( £> by solv­

ing Eq. (V. 11). Also the factor A„(t) in Eq. (V.9) must include as back-
11/ 

ground not only the natural background rate |3 but also any contribution 
E 

from the tails of neighboring photopeaks. Variations in the decay rate of 
these additional backgrounds prevent their inclusion in the constant term 

P_. This is also true for each of the te rms A (t) contained in the factors 
t . £ 

G in Eq. (V.9). For these t e rms , however, there is the additional com-
£ 

plication that the resolving time must be properly correlated with the 

observed pulse height for each of the backgrounds. 

For all pract ical purposes it is obvious that such compli­

cations must be avoided in order to obtain a measure of the decay constant 

of any radioactive source. This imposes a limitation either on the maxi­

mum counting rate in any experiment or on the complexity of the spectra 

which can be measured. These two limitations actually are not independ­

ent. For a spectrum containing many photopeaks the counting rate in the 

peak of in teres t may be a small fraction of the total counting ra te . If this 

lat ter is l imited to less than 10 counts /sec it may be impossible to ob­

tain a number of counts in the photopeak during a pract ical counting in ter ­

val that a re sufficient for stat ist ical ly significant resu l t s . However, it 

is usually possible to design the experiment such that enough of these 

complications are avoided that the analysis becomes prac t ica l . 

For example, suppose that the decay constant X correspond-
E 

ing to radiation of energy E is to be measured. Let the energy values e of 

the various photopeaks in the measured spectrum be divided into two sets 



such that one se t C con ta ins a l l p e a k s of e n e r g y £ wi th X = X^ and a s e c o n d 

set C', the c o m p l e m e n t of £ , con ta ins the r e m a i n i n g p h o t o p e a k s . F o r a l l £ 

in C a s s u m e that X is suff ic ient ly l e s s than X that the v a r i a t i o n in s o u r c e 
£ 1^ 

s t r eng th for these g a m m a r a y s can be n e g l e c t e d ove r any s ing le o b s e r v a t i o n 

i n t e r v a l A T . . This i m p l i e s for a l l o b s e r v a t i o n s j and for a l l £ in £' t ha t 

X A T . < 1 . (V. 13) 
£ J 

In this c a s e the expec ted decay r a t e s can be w r i t t e n 

P for ££E' 
A (t) = ^ -X t (V. 14) 

' P -fN X„e for £«£ 
£ £ E 

F r o m E q . ( V . 8) i t f o l l o w s t h a t 

(3 T f o r e c C 
£ £ 

G ^ ( t - T ^ , t ) = _^ ^ ( V . 1 5 ) 

P T -f N X T e ^ f o r £ £ C 
£ £ £ L € 

w h e r e we have i n t r o d u c e d an a p p r o x i m a t i o n 

^ E ^ 

I + ^ E ' ^ S (V. 16) 

which m u s t be val id in o r d e r to obta in useful da t a . 

The expec t ed n u m b e r of g a m m a r a y s of e n e r g y E a c t u a H y 

counted m the j th i n t e r v a l , Eq . ( V . 9 ) , can now be w r i t t e n m the f o r m 

V ^ > ^ / " " ' ^ - k - E ^ E ^ " " ' ^ e x p ^ , . V,X e " ^ - ' ) , 

whe re 

'.p r E ' " E ' ^ E = e x p , - s^ - x . ^ ^ e (, ( V . 1 7 ) 
i ^ J " 

= ?.V£' ^- l^J^ . 
- ££ C 



79 

H e r e C^ i s the e n t i r e o b s e r v e d s p e c t r u m , i . e . , the union of S and C'. The 

n u m b e r of g a m m a r a y s of e n e r g y E which would have been coun ted on the 

j th i n t e r v a l if the dead t i m e of the c o u n t e r w e r e neg l i g ib l e i s 

n.<'(E) = p ^ A T . -f N ^ ( y ^ - y^) , (V. 19) 

w h e r e 

Y, = ^ \ Y.,= Y, ^ . (V .20 ) 

In t e r m s of t h i s no t a t i on E q , (V. 12) b e c o m e s 

d . A T . = L|;AT. -f x ( y , - YJ • (V .21 ) 
J J J '̂  1 2 

E q u a t i o n (V. 17) c a n be i n t e g r a t e d to give 

n . (E) - bj(E) = ( N ^ / X ^ X ) e x p { - X ^ y ^ X - q j } [ l - e x p { - X ^ X ( y ^ - y^)}] , (V. 22) 

w h e r e , by Eq . (V. 10), 

n . (E) - b . (E) =/-,r a a . (V .23 ) 

J J Ij 3j 

C o m b i n i n g t h e s e e q u a t i o n s and e l i m i n a t i n g the quan t i ty ijj by m e a n s of the 

r e l a t i o n (V . 2 1) we ob t a in 

d. 

/TT a^ . a^ . e ^ = ( N ^ / X ^ x ) e x p { - X g y ^ X + X( y i - y 2 ) / A T . } [ l - e x p { - X ^ X (Vi-Y^)}] • 

( V . 2 4 ) 
T h i s i s the d e s i r e d r e l a t i o n b e t w e e n the o b s e r v e d i n t e n s i t i e s , E q . ( V . 2 3 ) , 

and the " u n k n o w n s " X and N . 
E E 

It i s u s u a l l y p o s s i b l e to i n t r o d u c e a p p r o x i m a t i o n s which 

c o n s i d e r a b l y s imp l i fy the r e l a t i o n ( V . 2 4 ) . S ince E q . (V. 19) m a y be 



written 

^E''(yi-y2> = ( ^ E > ' / V < V < ' ' ' - ^ ^ ^ ^ *''""' 

where X/N is of the order of the maximum value of the resolution time 
E 

T , it is easily seen that for 
e' 

n.O(E) < C T /X (V.26) 

Eq. (V. 24) may be written 

d. - ' ^^^2 ' ' X(y - y )/AT 
/ . a ^ ^ a ^ ^ e J = N ^ ( y , - y , ) e ^ e • ^ . (V. 27) 

Similarly, if the average counting rate in the photopeak at energy E is 

such that 

n.(E)/AT. « : 1 / T ^ , (V.28) 

we have, neglecting second order and higher t e rms in both n T /AT and 
j E J 

V E ' ^ E ' 

'^\ ^E'^2^ 

/TT a^. a^. e •< e = N^(y^-y^) [1 -f X(yi -y2) /AT.] . (V.29) 

We have used the above procedure to measure the decay 

time of several radioactive nuclei. In each of these measurements the 

counting rates were such that the approximation (V.29) could be used 

with negligible e r ro r . Given a sequence of L such measurements of 

"•Ij °'3i ^""^ '̂ i ^°'^ "^^ same source, one can use the principle of least 

squares to obtain estimates of N and X„. The l eas t - squares cr i ter ion 

is simply the minimization of S, where 



81 

L 

j=l 
a a 

Ij 3j 

-i - ^ J - ' E ^ 2 X 
^ e •' 

1' 1 
N„(y -y„)(l-fX(y -y , ) /AT , /va r (a , . a .),> . 

E 1 2 1 2 J Ĵ 3JJ 

(V. 30) 

It is assumed that the uncertainties associated with the measured values 

T. ,AT. , and d. a re negligible compared with the uncertainty in the value 

of a, . a.,. and 
I j 3j 

var (a o. ) s a '^^3.x a -f a 2 var a + 2 a, a cov (a, , a^) . (V. 31) 

The var iances and covariances on the right-hand side of Eq. (V. 31) are 

estimated as described in Sec. II. 

Since the minimum value of S in Eq. (V. 30) is distributed 
1 3 

as chi-squared with L - 2 degrees of freedom, it is possible to judge the 

validity of the e r r o r est imates in Eq. (V. 31) by comparing a ser ies of ob­

served values of min(S) with the expectation value of this quantity. Such 

a comparison is shown in Table I. The agreement is seen to be quite 

satisfactory. 

In a s imilar manner, 

maximum likelihood est imates of N„ 
and X_ can be calculated from Eq. 

E 

(V. 29) on the assumption that for 

each observation the number of 

counts in the photopeak at E is d is ­

tributed according to the Poisson 

la-w. The resul ts of some measure -
i s 

m e n t s of the d e c a y t i m e s of 

r a d i o a c t i v e n u c l e i a r e shown in 

T a b l e I I . I n e a c h c a s e , the s t a n d ­

a r d d e v i a t i o n a s s o c i a t e d wi th the 

c a l c u l a t e d va lue of the ha l f - l i f e h a s 

b e e n n o r m a l i z e d to e x t e r n a l c o n s i s ­

t e n c y . 

T A B L E I. A c o m p a r i s o n of the 
o b s e r v e d m i n i m u m v a l u e s of S, E q . 
(V. 30), and the c o r r e s p o n d i n g expec t ­
ed v a l u e s x2 for a s e r i e s of d e t e r ­
m i n a t i o n s of m e a n l i f e . 

X2 min (S) 

8 6.2 

8 3.0 

7 1.3 

10 13.5 

5 6.3 

5 6,8 

9 2.8 

9 5. 5 



TABLE II. Measured half-lives 

Radioactive Chemical Half-life 
source form By least squares By maximum likelihood 

CI38 

C138 

K4 2 

Na24 

MgCl^ 

NaCl 

KF 

N a F 

37. 

37. 

12. 

15. 

12 ± 0. 

53 ± 0. 

47 ± 0. 

05 ± 0. 

, 18 min 

60 min 

07 hr 

05 hr 

37,18 ± 0.21 min 

37.75 ± 0.90 min 

12.42 ± 0. 06 hr 

15. 04 ± 0. 05 hr 

Discussion and Conclusions 

The experimental resul ts presented in this section indicate 

that our calculated e r ro r estimates are rea l i s t ic . This means that with 

sufficient care an accuracy of about 0. 1% can be obtained in the m e a s u r e ­

ment of gamma-ran energies in the interval from 0. 5 Mev to roughly 3. 0 

Mev with a scintillation counter of the type used in the above exper iments . 

There is little doubt that the energy interval in which 0. 1% measurements 

are feasible can be extended downward at least to 0. 1 Mev. A s imilar 

analysis of mean-life data indicates that the relative intensity of a source 

(i. e . , the product a^ a^) can be measured with an accuracy of about 0. 3% 

to 0. 5%. 

In order to improve the accuracy with which energy can be 

determined with a scintillation spectrometer , it is obviously necessa ry 

that the relation between the energy of an incident gamma ray and the size 

of the resulting output pulse be determined with greater precis ion than we 

have been able to attain. As indicated by the resul ts discussed at the end 

of the last subsection the inaccuracy of the interpolation formula (IV. 14) 

is the major source of uncertainty in energy measurement s . There exist 

several possible sources of nonlinearity m the mechanism of light forma­

tion and transfer within the crysta l . However, the observed deviations 



from linearity seem to be of the order of magnitude which might be ex­

pected from nonlinearities in the electronic equipment necessary to these 

measurements. Certainly this prosaic possibility should be investigated. 

In the determination of the absolute strength of a gamma-

ray source, an error of 0. 5% in the measured value of a a is insignifi­

cant compared -with the uncertainty in any calculated value of the 

photoefficiency of a given experimental setup. 

Both the attainable accuracy and the range of applicability 

of these techniques for measuring mean lives deserve further investiga­

tion. Certainly an accuracy of about one percent is easily achieved in 

such measurements whenever the mean life is (1) sufficiently long that 

no special precautions need to be taken in the measurement of time 

intervals but (2) sufficiently short that a decay can be measured before 

drifts and other time-dependent instabilities become a source of uncer­

tainty. 

APPENDIX. THE LEAST-SQUARES FORMALISM 

None of the standard works on statistical estimation seem 

to formulate the principle of least squares with sufficient generality to 

include all the applications considered in this report. Hence a brief out­

line of such a formulation is given in this appendix. 

Let (x.: i = 1, 2, . . . , n} denote a set of observed values 

of the variables {-p.: i = 1, 2, . . . , n}. Suppose that these variables are 

related by a family of v structural equations 

g ( r i , , . . . . r) : y , , . . . . y ) = 0, K = 1, 2, . . . , v , (A. 1) 
K ^ n 1 r 

which involve r unknown parameters y . Let {c : a = 1. 2, . . . , r} 
a a 

be a set of estimates for the values of these r parameters and let 

{X.: i = 1, 2, . . . , n} be a set of estimates for the values of the 



variables. Let R. denote the ith residual, i. e. 

R = X, - X., 
I l l 

i = 1, 2, . . . , n, (A.2) 

and let A ^ be the weight which is associated with the observed value x̂  
i 

so that 

A 2 ^ l/var(x.), 1 = 1, 2, . . . , n, (A.3) 
i 1 

where var(x,) is the variance of x.. Finally let Q denote the weighted 

sum of the squares of the n residuals, i. e. , 

Q = V, A.2R.2 . (A.4) 

1=1 ' ' 

The principle of least squares requires that the estimates 

X and c be determined subject to the set of conditional equations 
i a 

g (X,, . . . , X : c , , . . . , c ) = 0, 
'^K - n 1 ' r ' 

K = 1, 2, . . . , V , (A. 5) 

such that the quadratic Q is a minimum^ 

In order to carry out the least-squares prescription it is 

convenient to introduce the following notation: 

S « r 9 " F ^ K ( ^ I ' • • • . V S ' • • • ' % ) ' X-''^' • . . . v , ; i = l , 2 , . . . , n . ( A . 6 a ) 
1 

\ a = i r " ^ K < ' ' i ' • • • ' \ - - c , . . . . , c^), «=1,2 , . . . , v ; a = l , 2 , . . . , r, (A. 6b) 
a 

^KO= ^K*''!' • • • • \ = '^l"' • • • • =r°*' K = l , Z , . . . , v . ( A . 6 c ) 

a n d 

A = c O - c , a = 1 2 
a a a 

( A . 6d) 
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w h e r e the c 0 a r e the i n i t i a l v a l u e s of the p a r a m e t e r s c . We wil l need 
a a 

the n u m e r i c a l v a l u e s of the q u a n t i t i e s g . and h and, s i nce t h e s e depend 
*Ki KU 

on the e s t i m a t e s which we a r e a t t e m p t i n g to e v a l u a t e , the p r o c e d u r e i s 

n e c e s s a r i l y an i t e r a t i v e o n e . It i s u s u a l l y suff ic ient to u s e the o b s e r v e d 

v a l u e s X. for X in the i n i t i a l i t e r a t i o n and we a s s u m e tha t v a l u e s c 0 can 
1 1 a 

s o m e h o w be found such tha t the cond i t i ons n e c e s s a r y for the s t ab i l i t y of 

the i t e r a t i v e s e q u e n c e a r e s a t i s f i e d . 

E x p a n s i o n of E q . (A. 6c) in a T a y l o r s e r i e s about the e s t i ­
m a t e s X and c l e a d s to 

i a 

n r 
g = y, S R. + ?] b A , K= 1, 2, . . . , v , ( A . 7 ) 

1=1 a= 1 

w h e r e the condi t ions e x p r e s s e d by the s e t of equa t i ons (A. 5) have been u s e d 

and r e s i d u a l s of o r d e r two and h i g h e r have been n e g l e c t e d . Denot ing by 

6f the v a r i a t i o n of a funct ion f -with r e s p e c t to the e s t i m a t e s , we obta in 

f r o m E q s , (A. 4) and (A. 7) 

n 
i 6 Q = ) ] A . ' ^ R . 6R. = 0 ( A . 8 ) 

. ' - ' , I l l 
1= 1 

and 

6g „ = Y! g . 6R. -̂  Y! h 6A = 0, /< = 1, 2, ( A . 9 ) 

1=1 a= 1 

We m u l t i p l y the /cth e q u a t i o n of the s e t (A. 9) by the a r b i t r a r y L a g r a n g e 

m u l t i p l i e r i and add the r e s u l t i n g v e q u a t i o n s to E q . ( A . 8 ) to ob ta in 
K 

n I" V ] r V 
y] A.==R. + y i g . 6R. + Jl J] i h A = 0. (A. 10) 

. ^ , I 1 1 ^ , « Ki I 1 ^ , ^ , K K i u 
1=1 [ K=l J a = l K=l 

T h i s e q u a t i o n c o n t a i n s n + r v a r i a t i o n s of wh ich only n-f r - v a r e i n d e p e n d ­

ent b e c a u s e of the cond i t i ona l e q u a t i o n s (A. 5). We c h o o s e v a l u e s for the 

i such t h a t the coe f f i c i en t s of v of the v a r i a t i o n s in (A. 10) v a n i s h . The 
K 



remaining n-f r - v variations are independent so that, with this choice of 

the i all of the coefficients in Eq. (A. 10) vanish and we can write 
K 

V 

R . = A . ' ^ > ] • « § • . i = 1, 2 n , ( A . 11) 

K=l 

a n d 

0 = )] i h , a = 1, 2, . . . , r, (A. 12) 

The substitution of the right-hand side of Eq. (A. 11) for the R. in Eq. (A. 7) 

gives 

1=1 0-= 1 a= 1 
K = 1, 2, . . . , V . (A, 13) 

The r+v equations (A. 12) and (A. 13) are the normal equations for the v -f r 

"unknowns" A and i . 
u K 

At this point it is convenient to define (a) the v X v sym­

metric matrixc( , the components of which are 

n 

<KK<r - T g î A.-" g^. ; (A. 14) 
1= 1 

(b) the V X r matrix H, where 

KOL HO- ' (A. 15) 

(c) the (v -f r)-dimensional column vector^ / , where 

p t = 1 7 
=to ' ' - ' • ' ' 

t ( A . 16) 

0, t = V -f 1, V -f 2 , . . . V + r ; 
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(d) and the (v + r)-dimensional column vector , where 

• ' 1 . 

H-^, t = 1, 2, . . . , V, 

A , t = V -f a; a = 1, 2, 
a 

(A. 17) 

The normal equations (A. 13) and (A. 14) can be written in terms of these 

matrices as 

Jn ^ J 'Z/. (A. 18) 

where J is a (v + r) X (v -f r) matrix 

J =1 .̂  ' . (A. 19) 
H 0 I 

Here H is the transpose of the matrix H and 0 is the r Xr null matrix. 
' ^ - 1 ^ . . j . l - l . / J 

If the inversesc%_ and(Hc''_ H) of the matrices 3\̂  
~ ^ - 1 - 1 

and H cy^ H exist, the left inverse J of the matrix J exists and is 

given by 

, 1 . . - 1 ~ ^ - 1 . i ~ ^ ^ - i - 1 ~ ~ ^ - i - 1 \ 
J. ( >£ - d~. H(H(3^ H) H<3C -A H ( H ^ H) 1 

J" =1 ~ . - 1 - l ~ ^-1 ~ , - 1 -1 / • (A-^"' 
\ (H 3C H) HoC. -(Hr/ H) / 

The solution of Eq. (A.. 18) for the vector i-t , which contains as its compo­

nents the values of the Lagrange multipliers i and of the iterates c , can 

K °-
be written as 

y. = j ' ' ' ^ . (A. 21) 

In component form this matrix relation gives 

cr '^i dt to 



and 

^ a = S < j " ' > v + a , t § t O 
'=^ (A. 23) 

= B il [(«<^"H)'\pV^'V^tO' 
t,K=l P = l 

w h e r e (r = 1, 2, . . . , v and a = 1, 2, . . . , r . 

The e s t i m a t e s X a r e ob ta ined f r o m E q . (A. 11) wi th the 
i 

va lues of the L a g r a n g e m u l t i p l i e r s ob ta ined f r o m E q . (A. 22) . T h e e s t i ­
m a t e s c a r e given a s the so lu t ions of Eq . (A. 23). O b v i o u s l y the v a l u e s 

a 
of X and c can be u s e d in an i t e r a t i v e m a n n e r in the e v a l u a t i o n of the 

i a 
d e r i v a t i v e s defined by E q s . (A. 6a) and (A. 6b). S i m i l a r l y , the v a l u e s c 

can be u s e d for the in i t i a l va lue s c in Eq . (A. 6c) at any s t a g e in the 
a 

i t e r a t i o n p r o c e s s . 

The va lue s of the e l e m e n t s of the e r r o r m a t r i x a s s o c i a t e d 

with the joint p r o b a b i l i t y d i s t r i b u t i o n of the c c a n be e s t i m a t e d a s f o l l o w s . 
a 

Since the set of equa t ions (A. 23) r e m a i n s va l id for any va lue of c " , we 
a 

can wr i t e for a = 1, 2, . . . , r 

V ^ a ; _ | ^ p | « ^ < ^ " " ' " l a p V ^ ^ ' / C t V ^ i ' • • - . x„: V,, . . . , y,^), (A.24) 

w h e r e the y a r e the " t r u e v a l u e s " of the e s t i m a t e s c . If the n o t a t i o n 
"^ a 

(g > i n d i c a t e s the a v e r a g e value of g (x , . . . x : y . . . y ) for 
t t 1 ' n 1' ' ' r 

a long s e r i e s of m e a s u r e m e n t s of the n - t u p l e (x , . . . , x ), then to a 
1 n 

f i r s t a p p r o x i m a t i o n i t s va lue i s 

<gt^ ~- °- t = 1, 2, . . . , V, (A, 25) 

and 
n 

^hh'^ =. I ) , g t i ^ t ' j ^ ^ - ^ i X - r ^ ' ^ 1, j = 1 J J 

( A . 2 6 ) 

t. t ' = 1. 2. 



F r o m E q . (A. 24) it fol lows tha t 

^ " K £ " « V < ° ^ \ t < - ^ " ) « ' t ' ^ ^ t ^ t ' > ( ^ • " ' 

= [(HoC"'H)'^]^p, a,p = 1, 2, . . . , r . 

Thus the v a r i a n c e and c o v a r i a n c e of the e s t i m a t e s c a r e 
a 

v a r (c ) = [ ( H c ^ ' H)" ] , a = 1, 2, . . . , r , (A. 28a) 
. 1 - 1 

-•aa' 

a n d 

, 1 - 1 
c o v ( c . c ^ ) = [{H^ H ) ' ] ^ , a, p = 1, 2 , . . . , r ; a ?! p . ( A . 2 8 

a p •• -̂A -"ap 

A s a n e x a m p l e of t h e a p p l i c a t i o n of t h i s f o r m a l i s m t o p r o b ­

l e m s of t h e t y p e c o n s i d e r e d i n t h i s r e p o r t , c o n s i d e r t h e s e t of m o b s e r v e d 

p a i r s f ( x , x ) : K = 1, 2 , . . . , m } , w h e r e t h e " t r u e v a l u e " 
K K-f m 

(n , n ) of t h e /cth p a i r s a t i s f i e s a s t r u c t u r a l e q u a t i o n of t h e f o r m 
'K K + m -

g = -n - y, - y„ r, ^ = o, « = i, 2, . . . , m. (A. 29) 
K K 1 2 'K + m 

The p r o b l e m i s to ob ta in e s t i m a t e s c and c of the v a l u e s of the p a r a m e ­

t e r s y and y in the s t r u c t u r a l e q u a t i o n s f r o m the o b s e r v e d d a t a . T h i s 

i s o b v i o u s l y a s p e c i a l c a s e of the " t w o - e r r o r - p r o b l e m " which was i n t r o ­

d u c e d in S e c . IV. 

F r o m E q s . (A. 6a) , (A. 6b), and (A. 6c) we ob ta in 

g . = 6 . - c^ 6 ^ . , ( A . 3 0 a ) 
Ki Ki 2 /c -I- m 1 

h , = - 1 , ( A . 3 0 b ) 
Ki 

h , = - X , ( A . 3 0 c ) 
K 2 K + m 
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and 

y = X ( A . 3 0 d ) 

w h e r e K and i take on a l l i n t e g r a l v a l u e s f r o m 1 to m . F o r the i n i t i a l i t e r a ­

t ion we have se t c " and c " equa l to z e r o and have u s e d the o b s e r v e d v a l u e s 

X for the e s t i m a t e s X . The r e s i d u a l s c a l c u l a t e d by E q . (A. 11) a r e 
K + m K-f m 

i .A. 
1 1 

- c j . A." 
2 1 - m 1 

i = 1, 2, . . . , m , 

i = m + 1, m -f 2, . . . , 2m, 
( A . 3 1 ) 

whe re 

- 2 
A. = va r (x . ) , i = 1, 2, . . . , 2 m . (A. 32) 

The equa t ions (A. 13) now b e c o m e 

I .=i A ' + c^^i A -f c + c X K = 1, 2, . . . , m , (A. 33) 

so that 

^ . = < ^ . O - ^ I - 2 ^ , , J / ( A ; + C , ^ A ; ; ^ ) . K = I , 2, m . ( A . 3 4 ) 

F ina l l y f rom E q s . (A. 12) we obta in the n o r m a l equa t i ons for the e s t i m a t e s 

c and c . T h e s e a r e 

m 

K=l 
<^« - =1 - = 2 \ + ^ > / ( A "^ + C / A ' ^ )] = 0, L " - K T m K 2 ^ 4 - m (A. 35a) 

and 

r. , ?1 r « + - ^ - ^ ^ - ^ 2 - , , ^ ) / ( A / - + c / A ; ; ^ ) l = 0 . (A.35b) 
- 2 . - 2 1 



The values c and c obtained as solutions of these equations can be used 

for c " and c " and the est imates X and X obtained from Eq. (A. 11) 
1 2 K K + m 

c a n be u s e d for the e v a l u a t i o n of the d e r i v a t i v e s h in the next i t e r a t i o n . 

It i s i n t e r e s t i n g to no te tha t the n o r m a l e q u a t i o n s (A. 35a) 

and (A. 35b) a r e the c o n d i t i o n s for the m i n i m i z a t i o n of a q u a d r a t i c S of the 

f o r m 

S = ^ ( ^ - S - = 2 ^ ^ fnA'^ + c^A'^ ) , (A. 36) 
_, K 1 2 ( ^ + m Ii 2 K + m 

K— ^ 

provided the denominator is considered constant in the variation of S with 

respect to the es t imate c . 
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