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THE GENERALIZED RIEMANN ZETA FUNCTIONS
AND THEIR APPLICATIONS IN THE
CALCULATIONS OF NEUTRON CROSS SECTIONS

by

M. Atoji and F. L. Clark

I. INTRODUCTION

The Riemann Zeta function has been of fundamental importance in
the theory of prime numbers and also for allied functions such as the
Gamma function. The literature and numerical tables for the Riemann
Zeta function are hence relatively abundant. This is, however, not the case
for the generalized Riemann Zeta function.

This report introduces the Riemann Zeta function of incomplete
mode, a further generalization. The values of the generalized Riemann
function and those of the incomplete mode are given for a specific range
of the variables. The present calculation was initiated in order to fulfill
a need in the neutron cross-section study as described in Section IV below.
Other physical applications of the tables in a wider scope are also suggested.

II. DEFINITIONS

The generalized Riemann Zeta function of incomplete mode is de-
fined by the equation

N
Elsa) = Y — (1)
n=o

(a+n)®

where n and N are nonnegative integers, and we suppose that the constant
1a" is a real number. The function QN(s,a) is also defined in terms of in-
finite integrals as follows:

N =
T(s)Cp(s.a) = Zf xS-1e-(nta)xdx

0
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where

fmﬂf‘fdx i (3)
1 -eX

Here ((s,a) is the generalized Riemann Zeta function (of complete mode)

(see Ref. 16, p. 265), and

lim fy(s.a) = E(s,a). (4)
N-—»oo

It is evident that
En(s,a+m) = En(s,a) - G (shal (5)

where m is a positive integer and m = N. The Riemann Zeta function of
incomplete mode, {n(s), is defined by the equation

(6)

Mz

il
En(s) = Enaled) = 0 o5

n
Titchmar sh(15) and Chandrasekharan<z) have reviewed the literature
on €(s) and £(s,a).
III. NUMERICAL CALCULATIONS

We confine ourselves to the case for whicha > 0. Numerical tables
for £(s,a) have been available for some specific cases:

= -10(0.1)0 and (s-1)&(s,a) for a = 0(0.1)2,

a = 0(0.1)2, s
s = 0(0.1)1 (Ref. 8);

a = 0.1(0.1)10 for s = -7, -6(0.5)0, 1.5(0.5)7.5 and for s = 0 + it
with 0 = 1(1)5 and t = 0(1)5 (Ref. 13);

a = 3(1/12)4 and a = 3(0.05)4, each for s = 2(2)8 (Ref. 3).

(12) pave given tables for CN(S) with s = 1(1)4

and N = 1 to 100. Jones(11) has computed CN(S) f?r s = 2and N = 100,
200(200)1000. Several useful equations for evaluating £(s) and {N(s) are
given bgf Jolley.(lo) For other related tables, one may refer to Fletcher

et al.

Pearson and Pearson

ical calculations, the following formulae were derived

For our numer ;
We utilize the equation

and found to be the most practical.



=2 4 2 Exn, (7)

T
ex -1 n=o0

where Bp is Bernoulli's number. Equation (2) is then expressed as

i (n+s-2)!
F(S)QN(s,a) =WR(5)E(sha) z i i (8)

'(N+a) n+s v

where s = 2. The series in (8) converges very rapidly for large N. We
also obtain

X Bp(nt+s-2)!
I(s)t(s.a) = 2, Eulreail (9)

= il e

where s = 2 and a $# 1. For a<1, the series in (9) should be replaced by
two terms:

n+s-2)'

i (10)

a+mn+s 1

I'(s) t(s,a) z

n=o a+n

where m is an arbitrary positive integer and the second series converges
more rapidly for larger m.

The formulae for special cases are as follows. Taking s = 1 and
a = 1, we have

Mz
g

CN_I(I’l) = CN(I) =

n=1
= B
= Euler's constant + log, N - z T
nN
A=l
= 0.57721566 + 2.30258509 log;o N
% e TN L. BT : (11)

+
2N~ 12N?  120N* 252N°®

The rate of divergence in {n(1) is slow as demonstrated below:



En(l) = 7.48547 for N = 10%

1
—
(=)

o

14.39273 for N
21.30048 for N = 107,

Whens =2 and a = 1, we have

et R S

_ 1 2 Bplnts-2)!
= &) - I'(s) nz:o ' Npts-1 (12
where
(ZW)Slle
&) = 2y (13)

for an even integer of s and the {(s) values for odd integers of s are given
by Jolley.(lo) When s = 2, we have

N 2 *© B
1 v n
Ca@l) = @) = ) S = 2 —
n=1 1 n=o
= 1.64493407 -L+L PR LG ote o ((02Y)
N 2N2 6N® 30N° 42N’
In particular, if a = 0.5, since
£(s,0.5) = (25-1)¢(s) (15)
(see Ref. 16, p. 267), we have, as an example,
£(2,0.5) = 3L(2) = 4.93480220. (16)

Table 1 lists 4 places-after-decimal values of the following:

) (17)

o |

a+n

Cl(la):§: 1 SRR
N - N\ =@

where a = 0.01(0.01)0.5; 0.5(0.02)1, and N = 1(1)100;



1 & 3 1 _ 1
th(2,a) = Y s = Inf2i2) -5 (18)

2’
n

I
0
“+
&

a

where a = 0.01(0.01)0.5; 0.5(0.02)1, and N = 1(1)50. For a > 1, one may
utilize the Equation (5).

In Table 2, 4 places-after-decimal values of t(2,a) are given for

a = 0.01(0.0005)0.5; 0.5(0.001)1. The calculation was carried out by use
of the relation,

m 1 @ Bn
E{zia) = vy — (19)
n=o (a+n)2 n=o (a+m)n
For 6 places-after-decimal accuracy, if m = 10, only five terms are

needed in the second summation.

The computer programs were coded in the FORTRAN language
and are also given in Tables 1 and 2. The calculation was carried out
with the Control Data 3600 computation.
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IV. APPLICATIONS

The numerical results given in Tables 1 and 2 have been employed
to evaluate the unmeasured resonance-level contribution in calculations of
the neutron cross section and amplitude. 1) If the total resonance width
is much smaller than the level spacing, the radiative neutron capture cross
section is expressed in terms of the single-level Breit- Wigner formula:(9)

5 . 6.509x107" graly

e e, (20)
N '\/E level (E- EX)Z + (F2/4)
where g is the statistical weighing factor; I'Y the reduced neutron width,
equal to V1 eV/ Ey| '), with ') being the neutron width at the exact reso-
nance; E and E, are the neutron energy and the resonance energy, respec-
tively; I' is the total width, expressed as I' = Fv + E;l eV F% with the
radiation width I[J,. The energy parameters are all in eV. The summation
should be taken for all positive and negative levels. In the region where
|E)\| >>E, the 1—'2/4 term can be ignored. Therefore, for E = 0.0253 eV,
we have

1

O.(distant) = 4.0911 x 107!® z .
level E5

AT,

(21)

The contribution of the unmeasured distant positive levels GLCI is
calculated as follows:

[>e}

2 (a iny’ 2gl

10L=1

gl >r o

og(distant) = 4.0911 x 107!8
LD

where
a, = E(/<D>, (23)

Here, the average resonance parameters obtained from the measured
positive-level resonances are used; <D is the mean level spacing; Ei
is the highest measured positive level. The negative-level contribution
AOC is then obtained from

Ao, = Oc(observed) - o(all positive levels). (24)

Statistical equivalence in the positive and negative level distributions near

the binding energy is an established fact.(4,7) Therefore, we may use the
approximation
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<gP><ry> o )

{B>* n=o (az+ n)?

Ao, = 4.0911 x g

where
a, = Ing)!/<D>,
and E(f) is the highest negative level.

If the resultant E(2) value does not satisfy the condition 0.0253 +
|E(2)|>><1—'>/2, the first several terms may be computed by means of Equa-
tion (20); a few iterative refinements then lead to the final E\?/ value. In
most cases, Equations (22) to (25) give a satisfactory result, unless 0_(obs)
is abnormally large. The value of a, is usually larger than unity, and hence
the summation in Equation (22) is evaluated by use of Equation (5) and
Tables 1 and 2. The negative-level parameter thus obtained is far from
unique, but is meaningful from a statistical view of point. The most orthodox
method for obtaining the negative-level parameters is a least-square anal-
ysis using all of available cross-section data; including the resonance-
integral values.

The thermal-neutron coherent scattering amplitude b of an isotope
is expressed as

b = a' + f' + if", (26)

where a' is the potential scattering amplitude. For the resonance ampli-
tudes f' and ", we have

0
gl—'n(E-E )
A 0R 76 z A, >‘2 . (27)
level = E)\) + (T /4)
and
glnl -12
S iiaes ) (in 107'% em). (28)

level (E- E)\)Z i (FZ/4)

The imaginary component of the amplitude is usually negligibly small, except
when the neutron energy is in the vicinity of a resonance level. In other
words, the distant-level contribution to f" is in general too small to be sig-
nificant. However, when high accuracy is required, one may evaluate the
distant-level contribution by formulae similar to those previously derived
for the capture cross section and E()f)
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The thermal-neutron value of {' for the unmeasured distant levels
is obtained from the equation

1
1
f!,(distant) = -227.6 x 10'2 <gI'}> 7 = (29)
level A
where
' m m,
1 1 ! 1
z E5 0 <D> Za1+n 2a2+n (30)
level ~ A n=1 n=o

The values of m; and m, should be chosen so that a; + m; = a, + m, and
m, > a,. The sum values for Equation (30) are obtained from Table 1.

[ee]
11 o 1
S <D>E,

— (31)
level E)\

Equation (22) then becomes

u " <gr'g><1_'.u>
1 = & R . 2
Oc(dlstant) 4.0911 x 10 <D>E, (32)
A similar equation can be derived for f" as expressed in (28).
The distant-level contribution in the reduced R function(5'14) is

calculated similarly, using Table 1. The analytical form of the neutron
resonance is analogous to the formula for anomalous optical dispersion.
Hence, our tables are also useful in the interpretation of anomalous scat-
tering and dispersion of X rays, mechanical resonance, resonating electric
cireuit,“ete:
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