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RSSR ROUTINE,
A ROOT-SQUARING AND SUBRESULTANT PROCEDURE
FOR FINDING ZEROS OF REAL POLYNOMIALS

by

Erwin H, Bareiss and Ronald Hamelink

ABSTRACT

This report describes the theoretical background of
the RSSR Routine, a program for finding simultaneously all
roots of a real polynomial equation. Codes for the IBM-704
and CDC-3600 are described, including complete listings of
FORTRAN statements. These codes are designed to solve
polynomials of degree up to order 20 to 30, but dimensioning
allows the possible solution of polynomial equations of de-
gree up to 50. A set of sample problems is presented which
may also serve to test other root-finding routines.

I. INTRODUCTION
A. Motivation

In 1957, one of the authors conceived the concept of the "Resultant
Procedures."!”? The corresponding code for the IBM-704 proved very
successful and has not undergone any changes in the past 7 years. With
the acquisition by the Applied Mathematics Division of a new computer, the
CDC-3600, it was felt the code should be rewritten and possibly improved.
Based on the performance of the code, it was felt that a less conservative
approach could be tolerated, and therefore and even faster code designed.
This was indeed accomplished. The idea was to make the code very fast
for frequently encountered distributions of the zeros of polynomials as
they occurred in the past, and not to worry too much over other types, such
as multiple complex zeros, as long as the routine was able to obtain them
all.

B. The Basic Idea of the Resultant Procedures

Assume that a real polynomial



and a quadratic factor

@(phic) ittt px g

are given. Then

where
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is a polynomial Pn_z(x) of order n - 2. The remainder terms R and R,

are functions of p and q and can be shown to be related to the resultant
and the subresultant [e.g., R; = R'(p,q)] of Reference 1. In order that Q be
a factor of P (x), both R and R, must vanish. This can be achieved in
different ways. In applying the gradient method or Newton-Raphson method
simultaneously to

R(p,q) = 0

and

Ri(p,q) = O,

one obtains the Hitchcock-Bairstow iteration (Reference 5, page 472). Other
procedures are due to Lin, Friedman, and others (Reference 1, page 381;
Reference 4, page 468). In all methods, the purpose of finding a quadratic
factor, say Q(p,q), is to determine pairs of complex conjugate roots of a
real polynomial, thus avoiding arithmetic with complex numbers. The

idea of the resultant procedures as discussed in detail in Reference 1 is to
first find the real g by a different method, and then to solve either

R(p’ q) = 0,

or

Resultant = 0 (Resultant Procedure)

Ri(p,q) = 0 (Subresultant Procedure)

with q known. Referring again to Reference 1 or 2, it can be shown that
R(p,q) with known real q is a real polynomial of order n in p, and R,(p, q)
with known real q is a real polynomial of order n - 1. If Q(p,q) is a



quadratic factor of P,(x) such that its zeros are @ and @, then q = a®. If
a has modulus p, then

q = p%

As explained in Reference 1, the modules to any zeros of a real polynomial
can be found efficiently and accurately by a modification of the well-known
Graeffe root-squaring method. It is further shown that the set of real
roots pj of R(p, p?) = 0 and R,(p, p?) = 0 contain those p thatmake Q(p, p?) a
factor of P (x). It is sufficient either to solve R(p, p?) = 0; or to find p
such that the resultant vanishes, which leads to the resultant procedure as
worked out in detail in Reference 1; or to solve Rl(p,pz) = 0, which leads
to a subresultant procedure as briefly discussed in Reference 1. Since in
either case we have reduced the problem to finding only moduli of roots,
we can use the modified root-squaring method mentioned above again as a
subroutine. From the quadratic equation Q(pj, p?) = 0, the corresponding
complex zeros a and & are easily found.

By combining the R(p, q) and R,(p, q), it is possible by elementary
elimination to reduce the order in p of R(p,q) from n ton - 2 (see Refer-
ence 6), and the order in p of the subresultant R)(p,q) from n - 1 ton - 3.
The code described in this paper uses the reduced subresultant.

C. Outline

In the next sections, we discuss the general plan of the RSSR code,
which has been in successful operation since summer 1963, and motivate
some of the refinements. Then we demonstrate by a simple example that
the Graeffe method as usually known exhibits a numerical stability behavior

less favorable than the resultant procedures.

In Appendix A, a selection of problems is discussed that may also
be used to test the efficiency or reliability of other root-finding routines.

In Appendix B, we present FORTRAN listings of the present
RSSR code.

In Appendix C, we present the operating instructions for the
IBM-704 and CDC-3600.

D. Notation
The following symbols will be used in what follows:

M = number of root-squaring iterations;



n .
P(x) = z aixn'l, polynomial with real coefficients a; and zeros

i=o0

n
p(m)(x) = Z a§m)xn'i, polynomial with roots (ocgm)t;

o

=

o) is an approximate root of P(x) = 0;

6 = the pivotal bound;

€ = the tolerated relative error of ay with respect to (pk)t;
7) = the separation coefficient;

v = the multiplicity of roots of modulus (p); of P(x);

p = lal;

5

t as a subscript indicates the true value of a number instead of its

approximation;

n as a subscript indicates the degree of a polynomial.



II. DESCRIPTION OF THE METHOD
The solution is obtained in four major steps.
Step 1

We first determine the moduli p and their multiplicity Vi of the
zeros of the given polynomial Py (x) of degree n in the same way as in the
Resultant Procedure described in Reference 1.

Step 2

Starting with the smallest p, we test whether ayx = *py is a real
root of Pn(x). If it is, we divide the factor x - a; into P, (x) and thereby
reduce the degree of Pn(x) by one:

P (e = (o )RR e ()

If the multiplicity of py is larger than 1, we test whether ayx = tpk is a real
root of Pp_;(x), etc. This is continued until the multiplicity of py is satis-
fied, or until £p) fails the test and hence is the modulus of a complex root.
Then we take the next smallest px and so on, and repeat this process for
each py until no real zeros are left. Therefore we are left with a polyno-
mial Py(x) (4 = n) with only complex zeros.

Remark: Dividing the linear factors out is a departure from the
conservative approach used in Reference 1 where each linear factor was
tested on the given polynomial P(x). The reason for doing this is to make
the final code faster. To minimize the effects of the round-off errors (see
References 8 and 9) in the factorization process, we started with the
smallest py.. Also, all arithmetic operations are done in double precision.

Step 3

To determine the quadratic factors (i.e., the pairs of complex zeros),
we construct the reduced subresultant for Py(x) and Q(x) = x* + px + pf(,
where pj is the smallest modulus whose multiplicity Vi after Step 2 indi-
cates the existence of such a quadratic factor. This reduced subresultant
is a polynomial of order £ - 3 in p. Since p must be real, we obtain its
absolute value by the root-squaring routine used in Step 1. We test whether
<+ |plx + o} is a factor of Py(x). If it is, we divide this factor into P g(x)
and reduce the polynomial to one of degree £ - 2. If the multiplicity of py
is not satisfied, we repeat Step 3 with py and Py_,(x). Then we proceed to
the next smallest py that indicates the existence of a quadratic factor, and

SO on.
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Remark: The reasons for this flow of operations are the same 2s
those given for Step 2. In addition, we do not check immediately for qua-
dratic factors of higher multiplicity since, in our experience, they do not
occur frequently enough in practical problems but are still obtained in the
following repetitions of Step 3. Thus, the most unlikely polynomials will
take more time for their complete factorization than the more common
ones. Should we, for some reason, be left with a nonconstant remainder,
say a polynomial of degree S, the code solves the remaining polynomial
equation P (x) = 0 as a new problem and adds the roots to the set of
already-determined zeros of Py(x).

If there should still be some roots missing, an adjustment to the
standard setting is made automatically by the computer.

Step 4

After the given polynomial Py(x) is completely factorized, all factors
are multiplied together in double precision to generate a polynomial of
order n, whose coefficients are adjusted by the factor a, of P, (x). By com-
paring the input coefficients a; and the generated coefficients of the poly-
nomials, one can estimate whether the factorization represents a
satisfactory approximation to the true solution of P,(x). References 3, 4,

8, 9 contain detailed information concerning this.

Remark: Most polynomials encountered at Argonne contain approxi-
mate coefficients aj. The users seem to be pleased to have a check for
the solution in the form described in Step 4.



III. DESCRIPTION OF THE RSSR CODE

In this section, we list the actual mathematical formulas as they are
used in the RSSR code. The logical flow of operations is indicated by the
flow charts (Figs. 1 to 4).

READ IN COEFFICENTS,
DEGREE, M, mMAX, EPSILON,

HAVE ALL
THE ROOTS BEEN
FOUND?

SCALE P(x)
S0q - 1FOR

i OF ROOT
BEING SOUGHT

FORM REDUCED FORM
SUBRESULTANT a4 - gbp

HAVE ANY
REAL ROOTS P OF
R(P) = 0 BEEN
FOUND?

IS
NO

DIVIDE OUT
¥ - (a +3)x+ pf
SAVE a and a@.

IS
NO MULTIPLICITY

OF pi
SATISFIEDZ < YES

ARE
THERE UNTRIED

TAKE NEXT
ONE

WERE
ALL THE ROOTS
OFR(P) = 0
FOUND?

BEEN TRIED
HERE?

Fig. 1. RSSR Subroutine
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PERFORM M

ROOT
SQUARINGS

FIND
PIVOTAL
COEFFICIENTS

COMPUTE MODULI
pi's AND THEIR
MULTIPLICITIES v

DIVIDE OUT Is 1 NO
L] +pi AROOT? -pi A ROOT?
SAVE ROOT

SAVE p;
70 BE
TESTED
AS
ES MODULUS
OF
COMPLEX
ROOT

DIVIDE OUT

IS
MULTIPLICITY

X+ pi
SAVE ROOT

OF pj
SATISFIED?

ARE IS
THERE MORE TAKE MULTIPLICITY
NEXT ONE

Pi
SATISFIED?

HAVE
ALL THE ROOTS
BEEN FOUND?

HAVE
ANY ROOTS
BEEN FOUND
THIS TIME?

HAS
MAXIMUM NO. OF
ROOT SQUARINGS
BEEN REACHED?

Fig. 3

Check Routine

RAISE NO. OF
ROOT SQUARINGS

TRANSFER ROOTS GO TO OUTPUT
e T0 CALLING ROUTINE OR
PROGRAM. CONTINUE REMAINING

(END OF SUBROUTINE




n R
SCALE P = ¥ apx™!
i-0

n
BYC = ¥ CixM™!
i=0

n-i

Ci = ajp
NO %% YES
REDUCED SUBRESULTANT COMPUTE by _3
1S RECURS I VELY
pCp - C1 b-1 = 0,bg = Co
by = Ci - pCk-1 - Ck-2
k=1,2..,n-3
vES @
NO
COMPUTE bp. REDUCED SUBRESULTANT
INSTEAD OF REDUCED Is e
SUBRESULTANT, USE Syiied
Bty Cn-1-PCp - bp-3

RETURN

Fig. 4. Flow Chart for Finding the Reduced
Subresultant Polynomial

Step 1

Preliminary Considerations

M, &6, and € have to be chosen. Reference 1 contains theoretical
discussions and tables on these quantities. The standard setting in RSSR
isM = 10,6 = 107% and € = 10"%. When n is large and the roots are close
together, i.e., ocj/ocj+1 is near one, an € considerably smaller may be needed
with M = 20 or more. Examples are included in Appendix A.

Determination of the Moduli P of the Roots a

(1) The squaring operations are

in(n-.3)
) - oy daml)te, WO ), o)
aj = (-I)J aj + 2 E_l (-1) aj_zaj+£

2
where al) = aj j = 0,1, ...,nym = 0,1, ..., M - 1. The terms (a§m)> are
added last to reduce the rounding errors (see Reference 1).

13
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(2) Next, the pivotal coefficients are found. A coefficient a.j 1s

]
1- (1) —La(;;r <8

J

pivotal if

Notice that agm) and a,gm) are always pivotal and need not be tested.

(3) The multiplicity v of the moduli p is determined from succes-
sive pivotal coefficients. The moduli p of the roots o are
—
M
R
N a(M)
ktv

=
Step 2
@ = +p is tested as a root. The acceptance test is shown under
Step 3b below.
Step 3

a. Determination of the Complex Roots @ of Modulus p

(1) The subresultant R,(p) is computed as follows: Assume
Q= x*+ px + g to be a factor of Ph(x). Then

Ph(x) = (x*+px+q) Pn-,(x),

and
n-2 )
Pn—z(x) = z bixP-2-1,
i=o
where
b-l = 0,
bo =i EYip
and

bk 5 ak'pbk_l'qbk_z, k = 1,2, e 2
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(2) The remainder in the division of P(x) by x% + px + q is zero;

i.e.,

R =ap-bn,q =0,
and

R; = apn-; - bn-39 - bn-p = 0 (subresultant).
Hence,

bucz = an/q:
Substituting this in the expression for R, yields

an
R, = ap-; - bp-39 ——q—p = 0.

Since we know q = pZ in the quadratic factor, the last equation is a poly-
nomial equation in p,

R,(p) = O.

We call this polynomial, R,(p), the reduced subresultant. Since by is a poly-
nomial of degree k in p, R,(p) is of degree n - 3 for n = 4; otherwise it is
linear in p because of the term (an/q) p- When n = 4, the reduced sub-
resultant is

a3 - bq - (a4/q) p = 0.

Since p enters linearly in b; as well as in (a.4/q) p, the coefficient of p can
vanish. To avoid this, we use

asg - bzq =0
instead of the reduced subresultant whenever the degree of P(x)is n = 4.
(3) We solve R(p) = 0 for real roots p by the method of
Step 1. The roots p such that Ip[: < 2p then lead to complex roots of

P, (x) as follows:

IfQ = x2 + |p|x + p? is a quadratic factor of P, (x), then

a = #2(lpl £iv40?-p%). .

The acceptance test is shown in paragraph b below.
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Remark: In the actual code, the coefficients of Pn(x) are modi-

fied so that

n
P,=> Z Py

i=o
where
5 = aipn"i(i: 0,1,...,n).
Then the corresponding root 4 has a modulus of unit length, &l =% = 1, and

@ = % ipxit 1t

Thus the calculation of the coefficients for Rl(p) can be reduced to shift
operations and additions only, since q = 1=

b. Testing of Roots
(1) We compute fork = 1,2, ..., n, n + 1,
bk =lEn o ka-l = qbk_z(b—l =0, bo = ag, an+1 = 0)

X-0
To test if{ }is a factor of P(x), set

xz+px+p2

(2) The approximation is considered sufficient when

Ibnl for x-a

T(o+2ep) - T(p+ep) > .
A/ bh -bn-1bnt+1 for x*+px +p?

Step 4

The regeneration of the coefficients of Pn(x) is done by nesting as
follows:

Let ay, @y, ..., ay be the computed roots obtained for Pn(x) = 0. They
a..re arranged so that complex roots and their conjugates are in adjacent loca-
tions. Then, approximately,

Pn(x) = {{[(xz - 2xReoy + |O(,n]2)(xz - 2xReadn-2t 'Olfn—zlz)]"'(x -ag)Hx - 001)} aop-
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IV. COMPARISON WITH OTHER METHODS

The remarks in the introduction indicate that many of the well-known
iterative methods, such as the Newton-Raphson, Bairstow-Hitchcock, Lin, and
others, are also resultant procedures.

The special feature of the procedures discussed in Reference 1 and in
this paper is that we intersect the surface of the algebraic functions

R(p,q) = 0
and
R)(p,q) = 0

by a plane q = p?% and thus are able to reduce the entire problem to finding
real roots of real polynomial equations. One can see from geometrical con-
sideration that such an approach yields a better overall numerical stability.

Unfortunately the title of Reference 1 led some readers to believe
that the Resultant Procedure is a mechanization of the Graeffe process. We
should like to demonstrate on a simple example that this is not so.

Take the accurate polynomial equation
P(m)(x) = x% - 2ax +a% = 0.

Assume now that in the process of root squaring, a small error was intro-
duced in the constant term, such that

P(m)(x) = x? - 2ax + a%(1- €).

Then, with the methods described in the literature, we have, by the Graeffe
method,

SEE

>

while by the Resultant Procedure and RSSR Routine,

ocg,zzﬂ) = aJ/l-e= a_(l-%).

Assume now, that in the process of root squaring, a small error is intro-
duced in the middle term such that

P(m)(x) = x? - 2(1+4€) ax +.a%
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Then, with the methods described in the literature we have, by the Graeffe
method,

m
aﬁfz ) = a1 +et V2e +E5),

while by the Resultant Procedure and RSSR Routine,

This exhibits quite clearly that the behavior with respect to numerical
stability is quite different than in the Graeffe method and in favor of the
resultant procedures of Reference 1.

In addition, we have already given in Reference 1 examples that
cannot be solved by the "Graeffe" method and by many of the well-known
"standard" iterative methods, but can be solved by the resultant procedures.
Such problems are generally polynomial equations which contain cyclotomic
factors and/or multiple real and/or complex roots.

We believe that the resultant procedures belong to the better "all-
purpose methods" for practical use in research centers when all zeros of
a polynomial are desired. We plan to improve our codes as time goes on,
taking advantage of other research results such as presented inReferences 3,
4, 7, etc., should our experience show such changes to be desirable for prac-
tical applications.
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APPENDIX A

Numerical Examples

1. Some General Remarks

We present here a number of test polynomials and some short re-
marks relating to their particular point of interest. While we endeavored
to design a routine that accepts any polynomial of practical interest, it will
always be possible to find polynomials that cannot be solved with any given
code.

It is always desirable that all coefficients be of the same order of
magnitude. This can often be achieved by a transformation of the roots
such that

x - 10Tx'
or

s el

If one suspects clustering of roots in the neighborhood of zg = %o * iyo, the
transformation

205 T i ) e
will increase the separation coefficient and thus reduce M.

Sometimes the transformation

leads to somewhat better numerical behavior.

Such transformations must be considered as an exception, and for
the solution of the following problems these transformations were not used.

2. Polynomials Solved

Example 1. The difficulty in the following polynomial is the high
multiplicity of the modulus 2:

<12 1 4 6x10 - 4x9 - 29x8 + 45x7 - 82x6 + 64x5 - 384x* + 256x3

o EEe® ~ges0s H 152 = (P 28)(x +2)x2+3%)x- 1) = 0.
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The roots found with M = 9, & = 1075 and € = 1078

are as follows:

Real Part Imaginary Part
1.1993 9865 3312 0892 801 x 1077 -3.0000 0000 0000 0000 031
1.1993 9865 3312 0892 801 x 1077 3.0000 0000 0000 0000 031
9.9999 9999 9999 9999 399 x 107! -1.7320 5080 7568 8773 020
9.9999 9999 9999 9999 399 x 107} 1.7320 5080 7568 8773 020
-1.0000 0000 0000 0000 082 -1.7320 5080 7568 8772 887
-1.0000 0000 0000 0000 082 1.7320 5080 7568 8772 887
-1.9999 9999 9999 9999 999 0.0
-1.9999 9999 9999 9999 999 0.0
2.0000 0000 0000 0000 044 0.0
1.0000 0000 0000 0000 000 0.0
1.0000 0000 0000 0000 000 0.0
1.0000 0000 0000 0000 000 0.0

When the polynomial was reconstructed from these roots, the new coeffi-
cients agreed with the original ones to at least 16 digits.

Example 2. The difficult part of this polynomial is that the separa-
tion coefficient for the two largest roots is 0.001:

* - 2020x3 + 1,039,109%% - 19,199,090x + 90,090,000 = 0.

The roots found with M = 16, & = 107 and € = 1078, truncated, but not
rounded, to 20 significant figures, are:

Real Part Imaginary Part
1.0009 9999 9999 9999 999 x 103 0.0
1.0000 0000 0000 0000 000 x 103 0.0
9-9999 9999 9999 9999 999 0.0
8.9999 9999 9999 9999 999 0.0

When the coefficients were reconstructed from these roots, the new coeffi-
cients agreed with the original ones to at least 19 si

gnificant digits. The
true roots are 9, 10, 1000, and 1001.
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Example 3. This is the transformed Chebyshev polynomial —;_—Tzo(x/Z).
The difficulty here is that the smallest separation coefficient, 7, is
1 - Qi /oy = 0.0246:

<2 _ 20x!8 + 170x6 - 800x! + 2275x'% - 4004x™® + 4290x® - 2640x®
+ 825x* - 100x% + 2 = 0.
The roots found (all real) with M = 10, 6 = 10-%, and € = 10°8 are as follows:

-1.9938 3466 7466 2556 788
+1.9938 3466 7466 2556 788
-1.9447 3984 0795 3535 493
+1.9447 3984 0795 3535 493
-1.8477 5906 5022 5734 865
+1.8477 5906 5022 5734 865
-1.7052 8032 8708 1843 987
+1.7052 8032 8708 1843 987
-1.5208 1193 1200 0618 698
+1.5208 1193 1200 0618 698
-1.2988 9609 6660 3673 133
+1.2988 9609 6660 3673 133
-1.0449 9712 9431 8977 302
+1.0449 9712 9431 8977 302
-7.6536 6864 7301 7954 346x 107!
+7.6536 6864 7301 7954 346 x 107!
-4.6689 0727 7118 1082 353 x 107!
+4.6689 0727 7118 1082 353 x 107!
-1.5691 8191 4556 8989 006 x 1071
+1.5691 8191 4556 8989 006 x 107!

The coefficients found from the roots agree to at least 17 significant digits
with the original ones.
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Example 4. No particular difficulty is presented by this polynomial.

It simply demonstrates that a quadratic can be handled by the resultant

procedure without any trouble.

x2m Pt = 0
Roots found, M = 4, 6 = =7, == 10-6
0.999 999 + 0.9999 999i

Example 5

P +x+xb P+ xt P xE = P —— = 0.

This polynomial demonstrates several aspects of the RSSR Routine.

The ac

The re
are as

7.07106
7.07106
=7: 31131
Sl S
-7.07106
-7.07106
-1.00000
0.00000
0.00000

a) It contains a cyclotomic factor whose zeros are the primitive
8th roots. Such a polynomial cannot be solved with the usual
Graeffe procedure. It represents no difficulty with the resultant
procedures (see Reference 1).

b) It contains a high multiplicity in the modulus of the roots with
absolute value 1.

c) It contains pure imaginary zeros.

d) It contains a double zero as a factor.
curate values for the zeros are
(1+1) V1/2, #, (-121)V1/2, -1, 0, 0.

sults found by the CDC-3600 with M = 5, 6 = 0.005, and € = 107°
follows:

Real Part Imaginary Part
78118 65475 24400 84453 x 107! -7.07106 78118 65475 24400 84416 x 107!
78118 65475 24400 84453 x 107} 7.07106 78118 65475 24400 84416 x 107}
27550 28601 08107 97448 x 1026 -1.00000 00000 00000 00000 00000
27550 28601 08107 97448 x 10-26 1.00000 00000 00000 00000 00000
78118 65475 24400 84437 x 10! -7.07106 78118 65475 24400 84428 x 107!
78118 65475 24400 84437 x 107! 7.07106 78118 65475 24400 84428 x 10~}
00000 00000 00000 00000 0.00000 00000 00000 00000 00000
00000 00000 00000 00000 0.00000 00000 00000 00000 00000

00000 00000 00000 00000 0.00000 00000 00000 00000 00000
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These roots are accurate to at least 23 decimal places (the limitations of
the log x, eX subroutines). Total calculation time on CDC-3600 is less than

2 sec.

The check routine yields the following results:

Input Coefficients

ap = 1.00000
a; = 1.00000
a; = 1.00000

a; = 1.00000
a, = 1.00000
as = 1.00000
ag = 1.00000
a; = 1.00000
ag = 0.00000

ag = 0.00000

The following three

00000
00000
00000
00000
00000
00000
00000
00000
00000
00000

ap
a)
az
as
ag
as
a6
az
ag

29

Reconstructed Polynomial

= 1.00000
= 1.00000
=00.99999
—N0.99999
=8 20:5999599
=8 099999
=8 02999985
= 1.00000
= -0.00000
= 0.00000

00000
00000
99999
99999
99959,
99999,
99999,
00000
00000
00000

00000
00000
99999
99990
99999
99999
SIS
00000
00000
00000

00000
00000
99999,
SRR
99999,
99999
99999
00000
00000
00000

00000
00000
99988
99983
99983
99986
99996
00000
00000
00000

o o o o N B B B O O

polynomial equations (Examples 6, 7, and 8) are
given in Wilkinson®? and known to be extremely difficult to solve.

Example 6. This is a polynomial which Oliver and Wilkinson® con-

sider too difficult for the Graeffe process.

Routine.

It can be solved by the RSSR

2.0325 3121x'6 + 3.4356 048x!5 + 25.1783 048x + 37.6510 96x'?

128.2187 48x'2 + 1664476 8x!! + 345.07256x'° + 378.908x’

+524.327x% + 468.88x7 + 443.576x5 + 304.08x° + 190.68x* + 89.6x>

+32.8x*+8x +1 = 0.

The solution was found with M = 30, &

follows:

=0 L and €
complete reproduction of the CDC-3600 output. The roots found are as

= 1m7

We give a



REAL PART
-2.4892024459300534091983319-003
-2.4892024459300534091983319-0C3
-1.0493550094786246129124231-002
-1.0493550094786246139124231-0C2
-2.56687105018356245C7950315-0C2
—2.56687105018356245C07950315-002
-5.0864435604355134377307702-0C2
-5.0864435604355134377307702-002
-9.00399887415331561237638C8-002
-9.0039988741533156123763808-002
-1.4762378022667C01866562007-001
-1.4762378022667001866562007-001
=2.2447005787902159556593484-001
—-2.2447005787902159556593484-0C1
=2.9350452923438473849175751-001

=2.9350452923438473849175751-001

IMAGIMNARY PART
-1.6671203612177835792153141+000
1.6671203612177835792153141+000
=1.596295495554(975249059991+00C0
1.596295495554C975249059991+000
—1.474377143826€9C4040684607+000
1.474377143826€9C4040684607+000
=1.2969112790732189623891615+000
1.2969112790732189623891615+C00
-1.0611920598431853135487569+000
1.0611920598431853135487569+000
-7.7175720106385244613338246-001
7.7175720106385244613338246-001
-4,5092795830145006994849992-001
4.50927958301460C6994849992-001
=1.434992969275€051258853104-001

1.434992969275€051258853104-001

i/



INPUT CCEFFICIENTS

Al 0)=

Al 1)=

Al 2)=

Al 3)=

Al &)=

A{ 5)=

Al 6)=

Al 7=

A( 8)=

Al 9)=

A(10)=

Alll)=

Al{l12)=

A(l13)=

Al{l4)=

A(l15)=

A(l6)=

2.0325312099999999999999999+000

3.4356047999999999999999998+000

2.51783048000000000060000000+001

3.7651096000000000000000002+001

1.28218748000000C0000000001+002

1.6644767999999999999999999+002

3.4507255999999999999999999+002

3.789079999999999999G999998+002

5.2432700000000000006C00000C+002

4,6887999969999999999999999+002

4,435760000000000000CCC0005+002

3.0408000000000Q0CGGC000004+C02

1.9067999999999999999999999+002

8.9600000000000000000000016+C01

3,2799999999999999999999999+C01

8.,000000000000600006006C000600+000

1.0000000000000000000000000+000

RECONSTRUCTED POLYNCMIAL

Al 0)=

A{ 1)=

Al 2)=

Al 3)=

Al 4)=

Al S5)=

Al 6)=

Al 7)=

Al 8)=

Al 9)=

A(10)=

A(ll)=

All12)=

A({l13)=

All4)=

A(l5)=

All6)=

2.0325312099999999999999999+000
3.4356047999999999999999994+000
2.5178304799999999999650499+C01
3,7651096000000000037341495+001
1.2821874800000000006004599+4002
1.6644768000000000026143183+002
3.4507256000000000034586439+002
3,7890800000000000067958806+002
5.2432700000000000070546032+002
4,.68880000€000000008C750189+002
4.4357600000000000061799823+002
3.0408000000000000043061875+002
1,90680000C0000000021698943+002
8.9600000000000000083556061+001
3.280000C0C0000000020944971+001
8.00000000C0000000C026291505+000

1.0000000000000000000000002+000

<14
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From the reconstructed coefficients, we can estimate an accuracy of 18 sig-

nificant figures in the zeros:

example is that all roots

The difficulty in the following
Five pairs of roots are

Example 7.
s close together.

el
are complex with absolute value
clustered around the imaginary axis.

14
12 5016 2561x6 + 3 8545 5882x!5 + 8 4594 7696x * + 2 4077 5148x!3

+2 4792 6664x' + 6424 9356x!! + 4101 8752x'® + 949 0840x?

+417 8260x® + 83 7860%7 + 26 7232x% + 4 4184%° + 1 04l6x*

+ 1288x> + 224x% + l6x t 2 = 0.

The roots found with M = 24, & = 1078, and € = 107! on the CDC-3600 are

as follows:

-0.13244 72469 90246 20179 0.13600 55079 51377 63785 i
-0.01869 49953 44576 20320 = 0.25304 56818 77088 48212 i
20.00232 devse swite s e + 0,29258 374, e i
-0.00049 1l.... ..ot coe.n +10.30418 2. i SRR i
0000000 e e N0L 2085 NN il
20:0006. = -e e leien eie - ahe + (0. 31057 R i
200003 + OL3 1255 IR il
SO0, Sodos nuboe aooan + 0310065 R T g i

Figures which are believed doubtful (by comparison with the results given
in Reference 8)are replaced by dots. The reconstruction of the original
polynomial from the calculated roots gave an agreement in the coefficients
from 25 significant figures for a; down to 10 significant figures for ajq We
attribute the gradual loss of accuracy in the roots, to the deflation process
and the use of the reduced subresultant. This is the price we may some-
times pay for high speed. If greater accuracy should be needed than to at
least four decimal places, as given above, one makes the transformation

x = z - 0.3i and solves the complex polynomial Pz - 0.3i) = 0 (see
Reference 1). (Of course, higher-precision arithmetic could be applied too.

)

structed by Wilkinson® to
to small changes in the coeffi-
hat the RSSR Routine can handle

Example 8. This polynomial was con
demonstrate the possible sensitivity of roots
cients. It is presented here to demonstrate t
such problems.

-23,19,

Pylx) = (x+ 1)(x+z)(x+3)...(x+19)(x+20) +2



The coefficients as computed by the CDC-3600 are listed below in the
left column. The coefficients of the polynomial as reconstructed by the
roots found with the RSSR Routine are listed in the right column for com-
parison. The agreement is to at least 18 significant decimal figures.

Input Coefficients Reconstructed Polynomial

ap = 100000 00000 00000 00000 00000 ag = 1.00000 00000 00000 00000 00000

ap - 210000 00011 9209 89550 78126 x 102 a) - 210000 00011 52092 89550 78126 x 10
ap - 206149 99999 99999 99999 99999 x 10% ay - 206149 99999 99999 99999 99999 x 104
a3 = 1.25685 00000 00000 00000 00001 x 10 ag = 125685 00000 00000 00000 00001 x 10°
533279 45999 99999 99999 99992 x 107 ag = 5.33279 45999 99999 99999 99992 x 107
as - 16728 08199 99999 99999 99997 x 107 as = 167228 08199 99999 99999 91167 x 109
401717 71630 00000 00000 00008 x 1010 g - 401717 71629 99999 99998 85832 x 1010
a7 - 756111 18449 99999 99999 99997 x 1011 a7 - 7.56111 18449 99999 99993 32566 x 1011
ag - 113102 76995 38099 99999 99999 x 1013 ag - 113102 769% 38099 99997 65947 x 1013
ag - 135585 18289 95299 99999 99999 x 1014  ag - 135585 18289 95299 99994 49547 x 1014
ajg - 130753 50105 40395 00000 00000x 1015  ajg - 130753 50105 40394 99990 80801 x 1015
ap - 101422 99865 51145 00000 000001016 ay) - 101422 99865 51144 99988 75071 x 1016
aj - 630308 12099 29489 60000 00005106 ap - 630308 12099 29489 59897 40351 x 1016
ap3 - 311333 64316 13906 39999 999951017 ap3 - 311333 64316 1396 39929 83371 x 1017
ayg - 12066 78037 80373 35999 99999x 1018 ap - 120664 78037 80373 35%4 11243 x 1018
aps - 359997 95179 47607 19999 999% x 1018 ay - 359997 95179 47607 19864 33094 x 1018
ay - 803781 18226 45051 77599 99983108 agg - B.ONEL 18226 45051 77229 43019x 1018
ajy - 128709 31265 1509% 83000 00001x1019  apy - 128709 31245 1509 87929 63165 x 1019
agg - 138037 59753 64070 39999 99999x 1019 agg - 138037 59753 64070 39912 99795 x 1017
agg - 87529 8037 61599 99999 9994 x 1018 ajg - 875294 80367 61599 99380 60957 x 10}
agp - 243290 20081 76639 9999 99995 1018 apy - 243290 20081 76639 9%BLL 64034 x 1018

o
£

Y
&

=

The roots were found with M = 12,6 = 1.5x 1074, and € = 107! as follows:

Real Part Imaginary Part
-139923 58137 23567 28477 71031x 101 -2.51883 006% 30280 51923 36702
-1.39923 58137 23567 28477 71031 x 10! 2.51883 006% 30280 51923 36702
-1.179% 33881 07941 6%17 55319 x 10! -1.65232 97281 60931 55985 89243
-11793% 33881 0791 69417 55319 x 10 1.65232 97281 60931 55985 89243
-1.95024 39400 49368 25733 05975 x 101 -1.94033 03466 64480 50888 58385
195024 39400 49368 25733 05975 x 101 1.94033 03466 64480 50888 58385
167307 37466 09070 62233 93250 x 101 -2.81262 48942 70039 28684 73528
167307 37466 09070 62233 93250 x 101 2.81262 48942 70039 28684 73528
-1.00952 66145 12995 74203 55494 x 10} -6.43500 %038 35443 15616 19311 x 107

100952 66145 129% 74203 55494 x 10} 6.43500 9038 35443 15616 19311 x 1071
-2.08469 08101 48225 74613 16694 x 101
-8.91725 02485 17118 77991 69465
-8.00726 76034 50363 83%08 58431
-6.999%69 72339 36015 54449 91110
-6.00000 69439 522% 55757 68494
-4.99999 99275 51537 92460 23621
-4.00000 00002 61023 18783 43012
-2.99999 99999 99805 23302 535%
-2.00000 00000 00000 00976 16303
999999 99999 99999 99999 99693 x 1071

The roots are believed accurate to at least 17 significant figures.

To conclude, we like to emphasize that some of these examples are
presented merely to demonstrate the inherent power of the code. Most
requests for the solution of polynomials specify accuracy less than six sig-
nificant digits.
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FORTRAN II Statements of the RSS

APPENDIX B
FORTRAN Statements

R Routine as Coded for the

IR G orunyter

a.

Main Program
(Input and output procedures and call of subroutine RSSR)

Subroutine RSSR
(Master subroutine: Checks for zero roots. Calls root-squaring
subroutine, RTSQ. Calls subroutine for finding moduli of roots

and finding real roots, RERO. If complex roots exist, it calls

subroutine COMPRT to find them. Calls subroutine RECON to

reconstruct the polynomial.)

Subroutine RTSQ

(Root-squaring proce ss)

Subroutine RERO

(Finds moduli and real roots, calls for test subroutine, TEST)

Subroutine TEST

(Tests roots for accuracy)

Subroutine COMPRT

(Finds complex roots and calls TEST)

Subroutine SUBRES

(Constructs the reduced subresultant polynomial)

Subroutine RECON

(Reconstructs the original polynomial from the computed zeros)

Subroutine QUADIV

(Divides out quadratic factors)

Subroutine DPOUTP

(Outputs double-precision numbers)

Subroutine SPCON

(Converts single-precision floating - point numbers to double

precision)



Subroutine DPEX
(Computes e* in double precision for double-precision x)
Subroutine DPLOG

(Computes double-precision natural logs for double-precision
arguments)

29
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5 DIMENSICN A(345193)
lSKIP(lZ),D(B.Sl).CONl

(Input and output

2JA(5)

10 CCMMON A,ROMO
1CONTEN

15
16
17
18
19
20
25

30
35
36
27,

38
39
40
41
42

45
50
55
56
60
65
66
70
75
80
85
90
95
100
105
110
115
120
125
130
135
140
145
150
155
160
165
170
s
180
185
190
195
200
205

2

CALL LLNPRC(CCNTEN)
CONTEN=10.0

CALL SPCON(CONTEN)
CON104=10000.0

CALL SPCON(CON104)
READ INPUT TAPE T+25
FORMAT (72H

WRITE

READ INPUT TAPE 7.,

IF (M

)

Main Program
Main T rogre

RCMOD(B,SO).RCOTS(3.2-50):
04(3).SPACE(1401):CONTEN(3).

OQUTPUT TAPE 6,25

) 37,37+41

EPSIL=0.000C01
DELTA=0.0001

M=10

MMAX=15
FORMAT (316,2E12.6)
WwRITE OUTPUT TAPE 6442 4NDEG

FORMAT

1 EPSILON=E16.8)
IF (NDEGRE) 50,50455
CALL SYSTEM

N1=NDEGRE+1
READ INPUT TAPE 7,120,1P1,IPD,IFALCC

WRITE OUTPUT TAPE 6,65
FORMAT (19HOINPUT COEFFICIENTS)
IF (1PI-1) 70,70,110

DC 100 I=1,4N1
READ INPUT TAPE 7,80,A(1,1,1)

FORMAT (E12.6)

J=I-1

(BHODEGREE=12,1T7H

procedures and call of subrout

D.RODTS,T.U,SKIP,D.CCNIOé.SPACE,B,

40.NDEGRE,M:MMAX,CELTA'EPSIL

RE,M,DELTA,EPSIL
NO OF ROCT SG=12,9H

WRITE OUTPUT TAPE 6+95+J,A(1,1,1)

FCRMA
CALL

G0 TO
CC 26

T (3HOA(I2,3H)=

SPCON(A(L,I41))
285

0 I=1,4N1

E16.8)

READ INPUT TAPE 7,120, (JA(II)+11=145)4J
FCRMAT (616)

All,1
CALL
DC 16
T=JAl
CALL
CALL

»1)=JA(1)
SPCON(A(L,1,1))
0 II=2,5

In)

SPCCNI(T)

NPREC

A(ly141)=A(1,1,1)=CCN104+T

CALL
ik 1J
J==J
K=-1
GC TO
K=1
T=1.0
CALL
bC 21
CALL

NPCUT
) 170,260,185

190

SPCONI(T)
5 JJ=14J
NPREC

ine RSSR)

T(3),U(3),8(3,51),

DELTA=E16.8y11H



210
215
220
225
230
235
240
245
250
255
260
265
269
270
275
280
285
290
295
300
477
480
485
490
495
500
505
510
515
520
525
530
535
540
545
550
555
560
561
562
563
565
570
575
580
585
590
595
600
605
607
610
615
620
625
630
635
640
641
6410
6415
6420

T=T«CONTEN

CALL NPOUT

IF (K) 22552254245

CALL NPREC

A(lyI151)=A(1,1,1)/T7

CALL NPOUT

GO TO 260

CALL NPREC

A(lyI,1)=A(1,1,1)%T

CALL NPCUT

CCNTINUE

DC 280 I=1,N1

J=1-1

WRITE OUTPUT TAPE 649275,J

FCRMAT (3HOA(I2,1H))

CALL CPOUTP(A(LlsI,s1))

IF (IFALCO) 477,477,290

CO 300 I=1,N1

DO 300 J=1,3

B(JyI)=A(JyIy1)

N2=NDEGRE

CALL RSSR(NCEGREyMyMMAX,DELTA,EPSIL)
IF (IPO-1) 490,490,600

IF (N1-NDEGRE-1) 585,585,495

WRITE OUTPUT TAPE 64500

FORMAT (24HOROOTS OF THE POLYNCOMIAL)
WRITE OUTPUT TAPE 6,510

FCRMAT (33HOREAL PART IMAGINARY PART)
K=NCEGRE+1

DO 535 I=K,N2

CALL NP2SP(ROCTS(1,1,1),RO0TS(1,1,1))
CALL NP2SP(ROCTS(1,2,1),R00TS(14241))
WRITE OUTPUT TAPE 6,540,R00TS(1,1,1),R00TS(1,2,1)
FCRMAT (1HOE18.8,E18.8)

IF (NDEGRE) 550,550+585

WRITE OUTPUT TAPE 6,555

FORMAT (25HORECONSTRUCTED POLYNOMIAL)
DC 575 I=1.N1

T(1)=D(1,1)

T(2)=D(2,1)

T(3)=D(3,1)

CALL NP2SP(T,T)

J=1-1

WRITE OUTPUT TAPE 6+955JsT(1)

GO TO 645

WRITE OUTPUT TAPE 6,590

FCRMAT (21HOSOME ROOTS NOT FOUND)

GO 1O 20

IF (N1-NDEGRE-1) 585,585,605

WRITE OUTPUT TAPE 6,500

K=NDEGRE+1

DO 640 I=K4N2

WRITE OUTPUT TAPE 6,620

FORMAT (10HCREAL PART)

CALL DPCOUTP{ROOTS(1l,1,41))

WRITE OUTPUT TAPE 64635

FCRMAT (15HOIMAGINARY PART)

CALL DPOUTP(ROOTS(142,1))

IF (NDEGRE) 6420,6420,6410

WRITE OUTPUT TAPE 64590

G0 TO 20

WRITE OUTPUT TAPE 64555

31
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6421
6422
6423
6424
645
650
655
660
665
670
680
685
690
705
710
715
720
725
726
730
125
i3
740

00 6424 1=1,N1

J=1-1

WRITE OUTPUT TAPE 6+275,J
CALL DPOUTPI(DI(1,1))

IF (IFALCC) 20,20,650
IFALCO=0

KK=0

0C 705 I=1sN1

CALL NPREC
T=B(1,1)-D(1+1)
A(lyI,1)=B(1,1)+T

CALL NPCOUT

KK=1

CCNTINUE

IF (KK) 20,420,715

WRITE OUTPUT TAPE 6,720
FCRMAT (19HOFALSE COEFFICIENTS)
DC 735 I=1,N1

J=1-1

WRITE OUTPUT TAPE 6,275,J
CALL CPOUTP(A(1l,1,1))
NCEGRE=N2

GC TO 480
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b. Subroutine RSSR

(Master subroutine: Checks for zero roots. Calls root-squaring sub-
routine, RTSQ. Calls subroutine for finding moduli of roots and
finding real roots, RERO. If complex roots exist, it calls subroutine
COMPRT to find them. Calls subroutine RECON to reconstruct the
polynomial.)

3 SUBROUTINE RSSR(NDEGRE,M,MMAX,DELTA,EPSIL)
5 DIMENSICN A(3,51,3),ROMOC(3,50),RCOTS(3,2,50),CONO(3),CON1(3),
1CCN21(3)4CON4(3),T(3),U(3),D(3,51),SPACE(1398),E(3),MROMCDI50),
2NCNRT(50) , MNONRT(50),C(51),CON1041(3),JA(4)
10 CCMMON A,ROMOD,ROOTS,CONO,CON1,CON24CON4,T,UsD,CONLO4,SPACE,E
AA OCT 000000000000
BB OCT 000000000001
CC NCT 200000000000
CO OCT 000000000002
EE OCT 000000000003
16 CCNO(1)=AA
17 CCNO(2)=AA
CCNO(3)=AA
CON1(1)=8BB
18 CCN1(2)=CC
19 CCN1(3)=AA
CCN2(1)=DD
CCON2(2)=CC
CCN2(3)=AA
CCN4(1)=EE
CON4(2)=CC
CCN4{3)=AA
20 N=NCEGRE
36 IF (N) 37,437,45
37 NDEGRE=NCUR
38 RETURN
45 N1=N+1
50 N2=N1+1
55 DO 62 I=14N
56 K=N2-1
57 IF (A(2,Ky1)) 65458465
58 J=N1-1
59 CALL NPREC
60 RCOTS(1,1,J)=CONO
61 RGOTS(1,2,J)=CONO
62 CALL NPOUT
63 NCEGRE =0
64 GO TO 38
65 N1=K
66 N=K-1
67 NEUR=N
68 NL=N
105 CALL RTSQ(A,NCURsM)
110 CALL RERO(A,M,NCUR,CELTA,EPSIL,ROMOC,MRCMOD,NONRT yMNONRT ,NCC,ROOTS
1)
114 IF (NCO) 195,195,115
115 N1=NCUR+1
120 CALL COMPRT(MyMNONRT,NONRT,MROMOD,NCO,DELTA,EPSILsNCUR)
125 IF (NCUR) 195,195,130
130 IF (NL-NCUR) 135,135,131
131 NL=NCUR
132 GO 1O 105
135 M=M+1
136 IF (MMAX-M) 175,105,105
175 N1=NCUR+1
180 GO TO 37
195 CALL RECON(ROOTS,A,C,NDEGRE)
200 GG TO 37
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10
15
20
21
22
23
24
25
30
40
45
50
70
15
80
82
83
85
90
95
100
105
110
115
120
125
130
135
136
140
145
150
155
160
165
170
175
180
185
190
195
200
205

c. Subroutine RTSQ

(Root-squaring process)

SUBROUTINE RTSQUA,NyMM)
DIMENSION A(3,5143),SPACE(450),CONO(3),CONL(3),CON2(3)
COMMON A, SPACE,CONO,CON1,CON2
N1=N+1

DC 24 J=1,N1

DC 24 1=1,3

AlI,d92)=A11,Js1)
A(1,J43)=CONOLI)

CO 200 M=1,MM

DO 170 J=1,N1

K1=N1-J

K2=J-1

KM=XMINCF(K1,K2)

IF (KM) 130,130,775

DC 125 L=14KM

LR=XMODF(L,y2)

JL=J-L

JLP=J+L

IF (LR) 90,90,110

CALL NPREC
Al1,d7,3)=A01,J,3)+4A(1,JLs2)2A(1,JLP,2)
CALL NPCUT

GO TO 125

CALL NPREC
Af{lyJds3)=A(14Jy3)-A(1,JLy2)2A(1,JLP,2)
CALL NPCUT

CONTINUE

CALL NPREC
A(1yJy3)=CON2(1)*A(1,J,3)
All9J93)=A11,Jy3)+A(1,J+2)%A(14Js2)
CALL NPOUT

JR=XMODF(J,2)

IF (JR) 155,155,170

CALL NPREC
Al(l1yJy3)=CONO(1)=-A(1,J,3)
CALL NPCUT

CONTINUE

If (MM-M) 200,200,180

D0 195 J=1,N1

DO 195 1=1,3
All,J0492)=A(1,J,s3)
A(IyJ,3)=CONO(I)

CCNTINUE

RETURN
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5

10

12
MN
15
16
20
25
30
31
32
33
34
35
36
40
45
50
55
60
65
82
85
90
91
95
105
110
115
120
125
130
135
140
145
150
155
160
165
170
180
185
190
195
200
210
215
216
217
218
219
220
221
222
223
224

35

d. Subroutine RERO

(Finds moduli and real roots, calls for test subroutine, TEST)

SUBROUTINE RERO(AyMyNCUR,yDELTA,EPSIL,ROMOC,MROMCD,NONRT,

1MNONRT,NCO, ROCTS)

DIMENSION A(3,51,3),RATIO(50),T(3),IPIV(50),ROMCD(3,50),MROMOC(50)

1,Q(3)4W(3),ARED(3449) yNONRT(50) yMNONRT (50) 4 SPACEL1(909) +XN(3),
2R00TS(3,2,50),CCONO(3),SPACE2(933)

COMMON SPACE1,CGNOySPACE2,TyQyWsARED,s XN
0CT 000000000001
RATIC(1)=1.0

IF (2-NCUR) 20,20,82

DO 65 I=2,NCUR
11=XMODF(1,2)

CALL NPREC

IF (A(1,1,3)) 35,32,35
CALL NPOUT

RATIO(I)=0.0

GO TO 65

T=A(1y1,2)2%2
T=T/A(1,1,43)

CALL NPOUT

CALL NP2SP(T(1),T(1))
RATIO(I)=T(1)

IF (I1) 65,60465
RATIO(I)=-RATIO(I)
CONTINUE
RATIO(NCUR+1)=1.0
IPIV(1)=1

IPIVI(NCUR+1)=1

IF (2-NCUR) 95,955,135

DC 130 I=24NCUR
T(1)=ABSF(RATIO(I)-1.0)
IF (T(1)-DELTA) 115,125,125
IPIV(I)=1

GC YO 130

IPIV(I)=0

CONTINUE

11=0

MULT=0

I=1

[4=1

I1=11+1

12=11+1

MULT=MULT+1

IF (IPIV(I2)) 155,155,180
CALL NPREC
ROMOD(1,14)=A(1,12,3)/A(1,1,3)
IF(ROMOD(1,14)) 195,200,200
ROMOD(1,14)=—ROMOD(1,14)
CALL NPCUT

CALL CPLOG(ROMOD(1,s14)4XN)
MM=M

ARS 18

STO MM

CLA XN(1)

SUB MM

STO XN(1)

IF (11-2) 240,222,226

CLA XN(1)

SuB MN

STO XN(1)
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GC TO 240

IF (I1-4) 232,227,232
CLA XN(1)

SuB MN

SUB MN

STO XN(1)

50 70 240

T=11

CALL SPCON(T)

CALL NPREC

XN=XN/T

CALL NPCUT

CALL CPEX(XN,ROMOD{(1,14))
MROMOC ( 14)=MULT

IF (NCUR+1-12) 290,290,255
=12

[4=14+1

MULT=0

11=0

GO 155

G(1)=0.0

CALL SPCON(CQ(1))
NCO=0

DC 455 I=1.14
KL=T4+1-1

CALL NPREC
W=-ROMOD(1sKL)

CALL NPCUT
15=MROMOD(KL)

CO 430 J=1,1I5

J=J

CALL TEST(AyWyGyNCUR,ROMOD(1sKL)yEPSILK)
IF (K) 410,410,345
CALL NPREC
RCOTS(1,14NCUR)==W
RCOTS(1,2,NCUR)=CCNO
ARED(1,1)=A(1,1,1)
CALL NPCUT

[F (NCUR-2) 4304375,375
DC 395 L=2,NCUR

CALL NPREC
ARED(1,L)=A(14Ls»1)-ARED(1,L-1)®W
AllyL,1)=ARED(1,L)
CALL NPOUT

GO TO 430

IF (W(2)) 415,440,440
W(2)==-W{2)

W(3)=-W(3)

GO TO 335

NCUR = NCUR-1

GO TO 455

NCO=NCO+1
NCNRT(NCO) =KL
MNONRT(NCC)=15+1-J
CCNTINUE

RETURN
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130
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e. Subroutine TEST

SUBROUTINE TEST(AyWsQyN,ROMODEPSIL+K)
DIMENSION A(3,51,3),B8(3,3),W(3),Q(3),ROMOD(3),SPACE(1089),CEPSIL(3
1),7T(3,2),C(3,51),CON2(3),E(3,2),0IF(3),4X(3),Y(3),BLANK(915)
COMMON BLANKyCON2ySPACE+BCEPSILyT,E9DIF4X,Y,C
8(1,1)=0.0

CALL SPCON(B(1,1))

DO 30 I=1,3

B(I,2)=A(I,1,1)

DO 75 I=1,N

CALL NPREC

X=W#B(1,2)

Y=Q#B(1l,1)
B(1y3)=A(1,1+1,1)-X-Y

CALL NPOUT

IF (N-1) 75,75,60

DO 70 J=1,3

B(Js1)=B(Jy2)

B(J,2)=B(J,y3)

CONTINUE

IF (SENSE LIGHT 2) 78,77
KOUNT=1

GO TO 80

CALL NPREC

GO TO 210

CEPSIL(1)=EPSIL

CALL SPCON(CEPSIL(1))
T(1,1)=0.0

T(1,2)=0.0

CALL SPCON(T(1,1))

CALL SPCON(T(1,2))

N1=N+1

CALL NPREC

X=CON2#CEPSIL

Y=X#*ROMOD

E(1,1)=ROMOC+Y
E(1,2)=ROMOC(1)+CEPSIL(1)«ROMOD(1)
CALL NPOUT

DO 175 I=1,N1

CALL NPREC

IF (A(1l,I,1)) 150,160,160
Cll,1)=-A(151,41)

GO TO 165

Cll,1)=A(141,1)
T(l,1)=T(1,1)*E(1,1)+C(1,1)
T(1,2)=T(1,2)#E(1,2)4C(1,1)
CALL NPOUT

CALL NPREC

DIF (1)=T(1,1)-T(1,2)

IF (Q(1)) 290,215,290

IF (B(1,3)) 22042554255
B(1,3)=-B(1,3)

IF (DIF (1)-B(1,3)) 260,260,275
CALL NPOUT

K=0

IF (KOUNT-2) 272,274,274

IF (Q(2)) 2721,2731,2721

IF (W(2)) 2721,274+274
SENSE LIGHT 2

KOUNT=KCOUNT+1

RETURN

CALL NPOUT

K=1

GO TO 274

X=B(1,2)/CON2

Y=B(1ly3)+WeX

IF (Y) 300,335,335

Y=-Y

IF (DIF-Y) 260,260,275
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f. Subroutine COMPRT

(Finds complex roots and calls TEST)

5 SUBROUTINE CCMPRT (MMyMNONRT,NONRT,MROMOD,NCO,DELTA,EPSIL,NCUR)
10 DIMENSION A(3,51,3),ROMOD(3,50),RCOTS(3,2,50),CONO(3),CON1(3),
LCON2(3),CON4(3)5SR(3,5143),SROMOD(3450) 4 SROCTS(3,2,50),U(3),T(3),
2W(3),0(3) yWE(3) yAA(3)4BB(3)5R(3,2)40(3,2),B(3,49) ,MNONRT(50)
3NONRT (50) s MSROMC (50) s NSONRT(49) ,MSNCRT (49) , MROMOD(50)
15 COMMON A,ROMOC,ROOTS,CONO,CONL,CON2,CON4,SRySROMOD, SROOTS, Uy TyWs 0,
IWE,AAsBByRsCyB
20 DO 295 I=1,NCO
22 JA=NONRT(I)
25 11=MNONRT(I)
26 11=11/2
27 IF (I1) 39,439,40
39 I1=1
40 IF (ROMOD(2,JA)) 454295,45
45 Q(1)=ROMOC(1,JA)
48 Q(2)=ROMOD(2,JA)
50 Q(3)=ROMOC(3,JA)
55 DO 290 J=1,11
60 CALL SUBRES(NCUR)
65 IF (NCUR=4) 67,67,72
67 NSCUR=1
68 J2=1
70 GC TO 8C
72 NSCUR=NCUR-3
73 J2=NSCUR
80 LL=NSCUR+1
113 IF (NSCUR-1) 305,305,115
115 CALL RTSQ{SR,NSCUR,MM)
120 CALL RERO{SR,MM,NSCUR,DELTA,EPSIL,SROMOD,MSROMD,
INSONRT ,MSNORT ,NSCC, SROOTS)
125 IF (J2-NSCUR) 126,126,140
126 CALL NPREC
127 SROOTS(1,1,J2)=CONO
128 CALL NPOUT
140 CALL NPREC
SROOTS(1515J2)=SRO0OTS(1,1,J2) *ROMCD(1,JA)
145 T=CON2*ROMOD(1,JA)
146 IF (SRCOTS(1,1,42)-T) 165,150,150
150 CALL NPCUT
155 GO TO 275
165 W(1)=SROOTS(1,1,J42)
167 WE(1)=ROMOC(1,JA)#%2
169 CALL NPCUT
170 CALL TEST(AyW,WE,NCUR,ROMOD(1,JA) yEPSIL 4K)
175 IF (K) 255,255,180
180 CALL NPREC
181 ROOTS{1,1,NCUR)==K/CON2
182 T=CON4*WE
183 UswWse2
184 T=T-u
185 U=DPSQT(T)
186 RCOTS(1,2,NCUR)=U/CON2
190 ROOTS(151,NCUR-1)=RCOTS(1,1,NCUR)
195 ROOTS(1,2,NCUR-1)=-ROOTS(1,2,NCUR)
196 CALL NPOUT
200 O 210 1e=1,3
205 D(IQ,1)=W(IC)
210 D(1Q,2)=WE(IQ)
225 CALL CUADIV(NCUR)
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JX=NCUR-1

DC 240 JY=1,JX

DO 240 Jw=1,3
A(JWyJdY,1)=B(JW,JY)
NCUR=NCUR=-2

GO 1O 290
W(2)=-W(2)
w(3)==-W(3)

CALL TEST(A,WsWE;NCURyRCMOD(1,JA) EPSIL,K)
IF (K) 275,275,180

IF (J2-NSCUR) 295,276,280

IF (J2-1) 295,295,277

J2=J2-1

SROOTS(1,1,J2)=CONO(1)
SROOTS(2,1,J2)=CONO(2)
SROCTS(3,41,J2)=CONO(3)

CALL NPREC

GO TO 165

CALL NPREC

IF (SROOTS(1,1,J2)-SRO0OTS{1+1,J2-1))282,286,282
CALL NPOUT

J2=42-1

CALL NPREC

GO TO 140

CALL NPCUT

J2=J2-1

GC TOD 275

CONTINUE

CONTINUE

RETURN

IF (SR(2,1,1)) 306,250,306

CALL NPREC
SROOTS({1,15,1)==SR{14251)/SR(1,1,1)
CALL NPOUT

NSCUR=0

GO 1O 140
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g. Subroutine SUBRES

(Constructs the reduced subresultant polynomial)

SUBROUTINE SUBRESI(N)
DIMENSIGN A(3,5193)9ySPACE(450),CONL(3)sBLANK(6),

1SR(3.51.3)yOPEN(ASQ),RUMDD(3):X(3)v1(3)yC(3'51)'U(3)v
2B(3,50,3),CONO(3)

CCMMON A'SPACE'CUNO'CDNI'BLANK'5R10PEN,ROM00vX171CIU'B
N1=N+1

T(1)=CON1(1)
T(2)=CON1(2)
T{3)=CON1(3)

DC 65 I=1,N

J=N1-1

CALL NPREC

T=T=ROMCD
Cllyd)=A(1,Jd,1)=T

CALL NPCUT
C{1yN1)=A(1,N1,1)
Cl24N1)=A(24N1y1)
C(3,N1)=A{3,N1,1)

IF (N-2) 260,260,85
N2=N=-2

D8 110 I=1,N2

CALL NPREC
B(1,1,1)=CONO
B{1l,1,2)=CCNO

CALL NPCuUT

I=2

B{1,1,2)=C(1,1)
B{2,1,2)=C(2,1)
B(3,1,2)=C(3,1)

CALL NPREC
B{1,1,3)=C{1,1)-B(1l,1,1)
CALL NPCUT

DC 165 J=2,N2

CALL NPREC
B{lyJs3)=-B{1,yJ-192)-B(1,J,s1)
CALL NPCuT

IF (N=-3-1) 205,175,175
I=1+1

CC 195 J=1,N2

B0 195 K=1,3
BIKyJyl)=B(Kydy2)
BIKyJ92)=B(KyJy3)

GC TO 135

CALL NPREC
SRIL14N2,1)=C(1yN)=B(1l,y1,3)
SR{1,N2-1,1)==C{1,N1)-B(1,2,3)
CALL NPCUT

IF {N2-2) 245,245,225
CC 240 J=3,N2

K=N2+1-yJ

CALL NPREC
SRI14Ky1)==Bi1,J,3)
CALL NPCUT

RETURN

CALL NPREC
SR(141,1)=C(1,1)
SR(14241)==C(1,2)

CALL NPCUT

GO TO 245
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h. Subroutine RECON

(Reconstructs the original polynomial from the computer zeros)

SUBROUT INE RECON(ROOTS,AyDyN)
DIMENSION SPACE(909),R00TS(3,2+50),CONO(3),CONL(3),SKIP(3),
1T(3),U(3),0(3,51),A(3,51,3),CON2(23)
COMMON SPACE,CONO,CON14CON2ySKIP,T4U
cC 210 J=1,3

DC 205 I=1,N

D(J,I1)=CONO(J)

D(JyN+1)=CON1(J)

I=1

NL=N-1

IF (ROOTS(2,2,1)) 235,330,235
CALL NPREC

T=ROOTS(LlylyI)%=2
U=RO0OTS(1y2,1)e=2

T=T+U

U=CON2#RCOTS(1y1,1)

CALL NPCUT

DO 295 J=1sNL

IF (I+J-N) 295,275,275

CALL NPREC
D(1yJ)=D(1,J042)+T*D(1,J)
D(14J)=0(1,J)-U*D(1,J+1)

CALL NPCUT

CCNTINUE

CALL NPREC

C{1yN)=T=D(1sN)
C(LyN)=C(1,N)-U*D(1yN+1)
D(1,N+1)=T=C(1,N+1)

CALL NPCUT

I=1+2

IF (N-1) 385,232,232

DC 355 J=14N

IF (J+#I-N) 355,355,340

CALL NPREC
D(14J)=D(1,J+1)-D(1,J)#RO0TS(1,1,1)
CALL NPOUT

CONTINUE

CALL NPREC
D(1yN+1)=-D(1,N+1)#ROCTS(1,s1+1)
CALL NPCUT

1=1+1

GO 1O 325

NS=N+1

00 405 IA=14NS

CALL NPREC
D(1,IA)=D(1,1A)=A(1,1,41)

CALL NPCUT

RETURN

41
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i. Subroutine QUADIV

(Divides out quadratic factors)

SUBROUTINE GUADIVI(N)
DIMENSION A(3,5193)ySPACE(1392)4R(352),0(3,2),B(3,49),XN(3),YN(3)
CCMMON Ay SPACE,RyDyBy XNy YN
CALL NPREC

B{l,1)=A(1,1,1)

CALL NPOUT

IF (N-2) 60,60+23

CALL NPREC
B(1,2)=A(1,42,1)-B(1,1)=D(1,1)
CALL NPOUT

IF (N-3) 6046Cy35

NT=N-1

DC 55 I[=3,NT

CALL NPREC

XN=B(1,1-1120{(1,1)
YN=B{(1,1-2)=2D(1,2)
B(1,I)=A(1sI,1)=-XN-YN

CALL NPCUT

CALL NPREC

XN=B(1,N-1)%Dil,1)
YN=B(1,N-2)%D(1,2)
R{1y1)=A{1sNy1)=XN-YN
R(1,2)=A(1,N+1,1)-B(1,N-1)*D(1,2)
CALL NPCuUT

RETURN
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j. Subroutine DPOUTP

(Outputs double-precision numbers)

SUBROUTINE OPCUTP(A)
DIMENSION A(3),T(3),X(3),1D(21),SPACE(1083)
COMMON SPACE« X, T
OCT 000000000004
OCT 000000000001
OCT 314631463146
OCT 146314631463
T(1)=A1

T(2)=A2

T(3)=A3

KK=0

X(1)=A(1)

X(2)=A(2)

X(3)=A(3)

1=0

IF (X(2)) 354495,35
IF (X{1)) 40,100,55
K=-1

CLA X(1)

ACD C4

STO x(1)

CALL NPREC

X=X/T

CALL NPOUT

I=1-1

IF (X(1)) 41,100,100
K=1

CLA Xx(1)

SuB C4

STO NDIF

IF (NDIF) 100,65465
CLA NDIF

STO x(1)

I=1+1

CALL NPREC

X=X=T

CALL NPOUT

GC TO 60

IF (x(2)) 105,120,120
KK=1

X{2)=-X(2)
X{(3)==-X(3)

CLA X(1)

ALS 18

ST0 N

N=N+1

GO TO (145,155,195,255),N
I1C(1)=0

GO TO 310

IC(1)=1

CLA Xx(2)

LbQ x(3)

LLS 1

STO Xx(2)

STQ x(3)

GC TO 310

CLA Xx(2)

ARS 33

ALS 18

43
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240
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260
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285
290
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310
315
320
325
330
335
340
341
342
345
350
355
360
365
370
375
380
385
390
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393
394
395
400
410
412
415
430
435
440
446
447
450
455
460
465
470
475
476
477
480
485
490
495
500
505
510

STO ID(1)

CLA X(2)

LCQ X(3)

LLS 2

STO X(2)

STQ X(3)

GO TO 310

CLA X(2)

ARS 32

ALS 18

STO ID(1)

CLA X(2)

LDQ X(3)

LLS 3

STO X(2)

STQ X(3)

IF ACCUMULATOR GVERFLOW 315,315
DC 455 J=2,21

CLA X(2)

LDQ X(3)

LRS 2

STO T(2)

LLS 37

LRS 2

IF ACCUMULATOR OVERFLOW 345,345
ACD X(3)

STO X(3)

IF ACCUMULATOR OVERFLOW 375,360
CLA X(2)

ADD T(2)

GO TO 390

CLA X(2)

ADD T(2)

ACD Al

STO X(2)

IF ACCUMULATOR OVERFLOW 392,394
IC(J)=8

GO TO 395

IC(J)=0

CLA X(2)

ARS 32

ALS 18

ADD ID(J)

STO I1D(J)

CLA X(2)

LCQ X(3)

LLS 3

STO X(2)

STQ X(3)

IF ACCUMULATOR OVERFLOW 455,455
CONTINUE

IF (ID(1)) 476,465,476

1=1-1

DC 475 J=1,20

ID(J)=ID(J+1)

IF (KK) 480,480,477
IC(1)=-1D(1)

WRITE OUTPUT TAPE 6,485, (ID(J)sd=1,20),1
FORMAT (1HOI12,1H.1911,3H EI4)
RETURN

T(1)=0.0

WRITE OUTPUT TAPE 6,505,T(1)
FORMAT (L1HOE10.2)

GC TC 490
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k. Subroutine SPCON

(Converts single-precision floating-point numbers to double precision)

5 SUBROUTINE SPCON(IA)
10 DIMENSION IA(3)
15 IA(2)=0
20 IA(3)=0
25 CLM
30 LCQ IA(1)
35 LLS O
40 STO IA(3)
45 LLS 8
50 SSP
55 STO IA(1)
60 STQ IA(2)
65 I=1
70 ARS 11
75 STO 1
80 IF (IA(1)) 85,90,85
85 IA(1)=IA(1)-1
90 RETURN
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66
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85
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1. Subroutine DPEX

(Computes eX in double precision for double-precision x)

SUBROUTINE DPEX{X,Y)

DIMENSICN SPACE(912),CON1(3),BLANK(1092),X(3),Y(3),TEST(3),TEMP(3)

1,EF(3),T{3)4R(3),2(3),U(3),FAC(3),E(3)
COMMON SPACE,CON1,BLANK,TEST,TEMP,T,R,Z4UsFAC,EF,E
0CT 000000000000
OCT 261344137676
OCT 216367465365
CCT 0000000C0C13
0CT 200000000000
EF{1)=E)
EF(2)=E2
EF(3)=E3

IF (X(2)) 25445,45
K=1

T(2)=-X1(2)
T(3)==-X(3)

GC 70 60
Ti2)=x12)
T(3)=X(3)

K=0

T(1)=X(1)

CALL NPREC
TEMP=CON1

R=T/EF

CALL NPCUT

CALL NP2SP(R,R)
IQ=R

U=10

CALL SPCON(U)
CALL NPREC
TEST=U=EF

IF (T-TEST) 115,140,140
U=U-CON1
TEST=U=EF

CALL NPCUT
I¢=1Q-1

CALL NPREC
T=T-TEST

CALL NPCUT
I¢C=1¢/10
IC=1Q-1QQ#10
J=2#»1Q
EF{1)=CON1(1)
EF(2)=CON1(2)
EF(3)=CON1(3)
Ull)=F1

u(2)=F2

ui3)=F3

IF (IQQ) 180,180,168
DO 171 I=1,1ICQQ
CALL NPREC
EF=EF=U

CALL NPCUT

1=y

CALL SPCON(Z)
CALL NPREC
E=7#EF

1=CON1

CALL NPOUT
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D0 245 1=1,20
FAC=1

CALL SPCON(FAC)
CALL NPREC
TEMP=TEMP»T
TEMP=TEMP/FAC
Z(1)=Z(1)+TEMP(1)
CALL NPOUT

CALL NPREC

Y=E=Z1

CALL NPOUT

IF (K) 2864+286,275
CALL NPREC
Z=CONl/Y

Y=2

CALL NPOUT

RETURN
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m. Subroutine DPLOG

(Computes double-precision natural logs for double-precision arguments)

5 SUBROUTINE CPLOG(A,AL)
10 DIMENSICN A(3)'CON1(3).CON2(3)1X(3)'Y(3)'l(3)yU(3).AL(3).V(3).w(3)
1,CC(3),SPACE(909),BLANK(1089),CONC(3)

wunov

wounu

wuou

15
M

C

C
45
50
55
5
60
62
65
66
70
75
80
81
82
83
85
90
95
100
102
103
104
105
106
115
120
121
122
123
130
135
140
145
150
155
160
165
170
175
180
185
190
195
200
205
210
215
220
221
225
230
235
240
245
250
255
260

COMMON SPACEyCDNO.CCNI'CDNZvBLANKyX:Y.ZcU1VvaDC
0CT 000000000CO1
OCT 261344137¢€76
OCT 216367465366
T=A(1)

A(1)=0.0

CALL NPREC
Y=A-CON1
Z=A+CON1

X=Y/L

CALL NPCUT
A(L)=T

DC 80 I=1,3
Y(I)=X(I)
Z(I)=x(I)

CALL NPREC
V=X#82

CALL NPCUT

CO 115 I=2,14
U(1)=FLOATF(I)
CALL SPCON(U(1))
CALL NPREC

Y=Y=&V

U=CON2=U
DC=U-CON1

Ww=Y/DC

Z=1+W

CALL NPCUT

CALL NPREC
Y=CONO

2=CON2=Z

CALL NPOUT
X(1)=CONO(1)
X(2)=C

X(3)=C

If (A(1)) 150,225,150
N=M

DC 220 I=1,35
CLA A(1)

ANA N

STO R

IF (R) 180,195,180
CALL NPREC
Y(L)=Y(1)+X{1)
CALL NPOUT

CALL NPREC
X(1)=CON2(1)#Xx(1)
CALL NPOUT

CLA N

ALS 1

STO N

IF (A(1)) 245,225,225
CALL NPREC
AL(1)=Z(1)+Y(1)
CALL NPCUT

GC TO 260

CALL NPREC
AL=Z-Y

CALL NPCUT
RETURN



FORTRAN 63 Statements of the RSSR Routine as Coded for the

CDC-3600 Computer

a.

Main Program

(Does input and output, and calls RSSR) \

Subroutine RSSR

(Calls subroutines for root squaring, finding moduli of roots and
real roots, finding complex roots, and reconstructing the
polynomial)

Subroutine ROOTSQ

(Performs the root squarings)

Subroutine REALROOT

(Finds moduli of roots and real roots)

Subroutine COMPROOT

(Finds the complex roots)

Subroutine TEST

(Tests roots for accuracy)

Subroutine SUBRES

(Computes reduced subresultant polynomial or, if n = 4, the
subresultant polynomial)

Subroutine RECON

(Reconstructs the polynomial from the roots and the first
coefficient)

Subroutine QUADIV

(Divides out quadratic factors)

Subroutine DOUBLOG

(Computes double-precision log for numbers of the form
x times 641%)

Subroutine DOUBLEXP

Computes in double precision e, where t = x(641%))
P

)
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Subroutine ADD

(Adds numbers of the form x(641%) and y(64ly), where x and y are
in double precision)

Subroutine SUBTRACT

(Subtracts numbers of the form x(641%) and y(64ly), where x and

y are in double precision)

Subroutine SCALE

(Scales double-precision numbers of the form x times 641X so
that 1/64 = 1|x|1 = 64 (x £ 0)

Subroutine UNSCALE

(Unsc_a_les numbers of the form x(641X) to the form §(64E) such
that Ix = 0)



™

U W

8
9

10
11

12

13
14

15

16

17

18
19

a. Main Program

(Does input and output, and calls RSSR)
PROGRAM RSSRMAIN

DIMENSION A(51,3),1A(51,3),RO0TS(2,50),TITLE(10),D(51)
TYPE DOUBLE A,ROO0TS,D

TYPE INTEGER DEGREE

READ (60,2) TITLE

FCRMAT (10A8)

IF (EOF,60) 3,4

CALL EXIT

WRITE (61,5) TITLE

FORMAT (1H1,10A8)

READ (6046) DEGREEyMyMMAX,DELTA,EPSILON
FORMAT (31642E12.4)

IF (M) 7,78

M=10

MMAX=15

CELTA=0.0001

EPSILON=0.000001

WRITE (61,9) DEGREE,MyMMAX,DELTA,EPSILON
FORMAT (8HODEGREE=13,17H NO. OF ROCT SQ=I3,7H MMAX=13,/
17H DELTA=E12.3,10H EPSILON=E12.3)
N1=DEGREE+1l

READ (60,6) IPI,IPO

WRITE (61,10)

FORMAT (19HOINPUT COEFFICIENTS)

IF (IPI-1) 11,11,15

DC 14 I=1,4N1

REAE (60,12) X

FORMAT (E18.10)

A(I,1)=X

IA(I,1)=0

J=1-1

WRITE (61413) JsX

FORMAT (3HOA(I2,3H)= E18.10)

CALL SCALE (A{I,1),IA(I,1))

CONTINUE

GO TO 19

DO 18 I=1,4N1

J=1-1

READ (60,416) A(I,1)

FORMAT (D36.25)

WRITE (61417) JsA(I,1)

FORMAT (3HOA(I2,3H)= D33.25)
IA(I,1)=0
CALL SCALE (A(I,1),IA(I,1))
CONTINUE
N2=DEGREE

CALL RSSR (A, IA,RODTS yDEGREE My MMAX,DELTA,EPSILON,D)
IF (IPO-1) 20,20,31

51
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20 IF (N1-(DEGREE+1)) 29,29,21
21 WRITE (61,22)
22 FORMAT (24HOROOTS OF THE POLYNOMIAL)

WRITE (61,23)
23 FCRMAT (33HOREAL PART IMAGINARY PART)

K=DEGREE+1

DO 25 [=KyN2

X=ROOTS(1,1)

Y=RCOTS(2,1)

WRITE (61524) XyY
24 FORMAT (1HOE18.10,E20.10)
25 CONTINUE

IF (DEGREE) 26526429
26 WRITE (61,27)
27 FCRMAT (25HORECONSTRUCTED POLYNOMIAL)

DC 28 I=14Nl1

X=0(1I)

J=1~1

WRITE (61,13) JsX
28 CCNTINUE

GC TO 1
29 WRITE (61,30)
30 FORMAT (21HOSOME ROOTS NOT FOUND)

GC TO 1
31 IF (N1-(DEGREE+1)) 29,2932
32 WRITE (61,33)
33 FORMAT (62H0 REAL PART

1RY PART)

K=DEGREE+1

DC 35 I=K,N2

WRITE (61,34) ROOTS(1,1),RO0TS(2,1)
34 FORMAT (1H0D33.25,D035.25)
35 CONTINUE

IF (DEGREE) 36,36,29
36 WRITE (61,27)

DC 37 I=1,N1

J=1-1

WRITE (61,17) J,D(1)
37 CCNTINUE

GC TO 1

END

IMAGINA



b. Subroutine RSSR

(Calls subroutines for rootsquaring, finding moduli of roots and real
roots, finding complex roots, and reconstructing the polynomial)

SUBROUTINF RSSR (A, IA,RCOTS,DEGREE,MyMMAX,DELTA,CPSILON,D)

DIMENSION A(51,3),1A(51,3),ROCTS(2,50),D(51),ROMOD(50) ,MRONMOC(50),
INCNRT (50) y MNONRT (50)
TYPE COUBLE A,RO0TS,D,ROMOD
TYPE INTEGER CEGREE
N=DEGREF
IF (N) 1,1,+3
DEGREE=NCUR
RETURN
N1=N+1
N2=N1+1
CC 5 I=1,N
K=N2-1
IF (A(Kyl)) 644496
4 J=N1-1
RCOTS (1,4
RCOTS(244
5 CCNTINUE
DEGREE=0
GO TO 2
6 N1=K
N=K-1
NCUR=N
NL=N
7 CALL ROOTSQ (AyIA,NCUR,M)
CALL REALROCT (A,IA,M,NCUR,DELTA,EPSILON,ROMOD,MROMOD,
1NCNRT, MNONRT ,NCO,ROOTS)
IF (NCO) 12,1248
8 N1=NCUR+1
CALL COMPROOT (A, IA,ROMOD,ROOTS,M,MNONRT,NONRT,
1MROMODyNCO,CELTA,EPSILON,NCUR)
IF (NCUR) 12,1249
9 IF (NL-NCUR) 11,11,10
10 NL=NCUR
GO 10 7
11 M=M+1
IF (MMAX=M) 1,7,7
12 CALL RECON (RODTS,A(1,1),IA(1,1),Cy0EGREE)
GO TO0 1
END

N

1=0.0
1=0.0
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w

@

c. Subroutine ROOTSQ

(Performs the root squarings)

SUBROUTINE ROOTSQ (A, IA,NCUR, MM}

DIMENSION A(5143),1A(51,3)
TYPE DOUBLE AsX

N1=NCUR+1

DC 1 J=1yN1

AlJy2)=A(Js1)
IA(J,2)=TA{Jy1)

A{Js3)=0.0

[A(J,3)=0

CCNTINUE

CO 9 M=1,MM

DO 6 J=1,yN1

K1=N1=J

K2=J-1

KM=XMINOF{(K1,K2)

DC 4 L=1,KM

LR=XMCDF(Ly2)

JL=J-L

JLP=J+L

IF (LR) 2424+3

X=A(JLy2) *A(JLP,2)
IX=IA(JL;y2)+IALJLP,2)

CALL SCALE (Xe1X)

CALL ADD (A(Jy3)9IA(J93)9XsIXyA(J43),1A0J43))
GE TG &

X=A(JL,2)2A{JLP,2)
IX=IA(JL,2)+IA(JLP,2)

CALL SCALE (X,IX)

CALL SUBTRACT (A(J93)sIA(Js3) X IXeA(Js3)s1A(J,3))
CONTINUE

AlJy3)=2.0%A(J,3)

CALL SCALE (A(J23),1A(J,3))
X=A(Jy2) %22
IX=TA(J,2)+IA(J,2)

CALL SCALE (X,IX)

CALL ADD (A(J93)5IA(Js3)9XsIXsA(J43),1A(J+3))
JR=XMGDF (J,2)

IF {JR) 5,546
A(Jy3)=-A(Jys3)

CCNTINUE

IF (MM-M) 9,9,7

CC 8 J=1,N1

AlJs2)=A(Jy3)
IA(Jy2)=1A(J,3)

A{J»3)=0.0

IA(J,3)=0

CCONTINUE

CONTINUE

RETURN

END
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d. Subroutine REALROOT

(Finds moduli of roots and real roots)

SUBROUT INE REALROOT (AyIAyMyNCUR,CELTA,EPSILON,ROMOD,MROMCD,
1NONRT y MNONRT, NCO,ROOTS)

DIMENSICN A(5143),IA(51,3),R00TS(2,50),ROMOD(50),MROMOD(50),
INONRT (50) y MNONRT(50) RATIO(51),IPIV(51),ARED(50),IARED(50)
TYPE DOUBLE A,ROOTSyROMOD,TyXNyWsARED,Y,Q
RATIO(1)=1.0

DC 4 I=2,NCUR
I11=XMODF(I,2)

IF (A(I,3)) 2,1,2
RATIO(1)=0.0

GO TO 4

T=A(1,2)%A(1,2)
IT=IA(I,2)+IA(I,2)

CALL SCALE (T,IT)
T=T/A(1,3)

IT=1T-IA(I,3)

IF (IT-2) 50,501

IF {IT+2) 1,51,51

CALL UNSCALE (T,IT)
RATIO(I)=T

IF (I1) 3,3,4
RATIO(I)=-RATIO(I)
CONTINUE
RATIO(NCUR+1)=1.0
IPIV(1)=1

IPIVINCUR+1)=1

D0 7 I=2,NCUR
X=ABSF(RATIC(I)-1.0)

IF (X-DELTA) 54646
IPIV(I)=1

GG 70 7

IPIV(I)=0

CONTINUE

NCUR1=NCUR+1

11=0

MULT=0

I=1

I4=1

I1=11+1

12=11+1

MULT=MULT+1

IF (IPIV(I2)) 84849
RCMOD(I14)=A(12,3)/A(1,3)
IROMOD=1A(12,3)-1A(I,3)
CALL SCALE (ROMOD(I4),IROMOD)
IF (RCMCD(I4)) 10,11,11
ROMOD(14)=-ROMDD(14)

55
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1

100
101

10

103

12

13

15

16

19
20

21

22

CALL DOUBLOG (ROMOD(I14),IROMOD,XN,IXN)
T=2.,0%aM=]1

XN=XN/T

CALL SCALE (XN, IXN)

CALL DOUBLEXP (XNy IXN,ROMOD(I4),IRONMDD)
IF (IROMOC-150) 100,100,101

IF (IROMOD+150) 101,101,102
ROMOD(14)=0.0

IROMOC=0

GO TO 103

CALL UNSCALE (ROMOD(I4),IR0OMOD)
MROMOD(I4)=MULT

IF (NCUR+1-12) 13,13,12

I=12

[4=14+1

MULT=0

I11=0

GC TO 8

¢=0.0

NCO=0

DC 22 I=1,14

KL=T4+1-1

W=—-ROMCC(KL)

I5=MROMOD(KL)

bC 20 J=1,15

J=J

CALL TEST (A, IA,Ws0QyNCUR,ROMOD(KL),EPSILON,K)
IF (K) 17,17,15
ROOTS(14NCUR) ==-w
ROOTS(2,NCUR)=0.0
AREC(1)=A(1,1)

IARED(1)=1IA(1,1)

CO 16 L=2,NCUR

Y=ARED(L-1)#W

IY=TAREC(L-1)

CALL SCALE (Y,1Y)

CALL SUBTRACT (A(Ls1)sIA(Ls1)yY,IY,ARED(L),IARED(L))

A(L,y1)=ARED(L)
IA(L,1)=IARED(L)
CONTINUE

GO T0 19

IF (W) 18,21,21
==W

GC TO 14

NCUR=NCUR-1

CONTINUE

GC TO 22

NCO=NCO+1

NONRT (NCO) =KL

MNONRT (NCO)=15+1-J

CONTINUE

RETURN

END
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300

100

9
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e. Subroutine COMPROOT

(Finds the complex roots)

SUBROUTINE COMPROOT (A,IA,RDMDD.ROOTS.M.MNUNRT'NONRTv
1MROMOD ,NCO, DELTA, EPSILON,NCUR)

DIMENS ION A(51,3).1A(51.3).RoMoD(SO).RooTS(z;SO).SR(Sl.3).ISR(SI-B
1).SRnMDD(SO),SRoorstz.so),MNDNRI(SO).NUNRT(SO).MSRoMonlso).
2NSONRT (49 ), MSNORT (49)  MROMOD (501 ,D(2) sR(2) ,B(49)

TYPE DOUBLE A,ROMOD,ROOTSySRySROMOD,SROOTSsXsYsToWsQs
1WE,U,D4RyB,DCNEX

DO 23 I=1,NCO

JA=NONRTI(I)

11=MNONRT (1)

11=11/2

IF (I1) 1,142

I1=1

IF (ROMOD(JA)) 3,423,3

Q=ROMOD(JA)

DO 22 J=1,1I1

CALL SUBRES (Ay IAJNCURySRyISR,Q)

IF (NCUR-4) 4,100,5

NSCUR=2

GO TO 101

NSCUR=1

J2=1

GO TO 6

NSCUR=NCUR-3

J2=NSCUR

LL=NSCUR+1

IF (NSCUR=1) 7,7,9

IF (SR(1,1)) 8,10,8

X=SR(1,1) $ IX=ISR(1,1)

Y=SR(2,1) & IY=ISR(2,1)

CALL UNSCALE (X,IX)

CALL UNSCALE (Y, 1Y)

SROOTS(1,1)=-Y/X

NSCUR=0

GO TO 11

CALL ROOTSQ (SR, ISR,NSCUR,M)

CALL REALROOT (SRyISR,M,NSCUR,DELTA,EPSILON,SROMOD,MSROMOD,
lNSONRT.MSNCRT.NSCD,SRUDTS)

IF (J2-NSCUR) 10,10,11

SROOTS(1,J2)=0.0

SROOTS(1,J2)=SROCTS(1,J2)#ROMOD (JA)

T=ROMOD(JA) +ROMOD(JA)

IF (SRODOTS(1,J2)-T) 12,1616

W=SROOTS(1,J2)

WE=ROMOD(JA)*RUMOD(JA)

CALL TEST (AyIAyWsWE,NCUR,ROMOD (JA)4EPSILON,K)

IF (K) 15415413
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13 RCOTS(1,NCUR)=-W/2.0
T=4.,0#WE
U=el
T=T-U
U=DSQRT(T)
RCOTS(2,NCUR)=U/2.0
ROOTS(1,NCUR-1)=RCOTS(1,NCUR)
ROOTS(2,NCUR-1)==ROCTS(2,NCUR)
C(1)=W
C(2)=WE
CALL QUADIV (NCUR,A,IA,R,D4B)
JX=NCUR-1
DO 14 JY=1,JX
A(JY,1)=B(JY)
IA(JY,1)=0
CALL SCALE (A(JY,1),1A(JY,1))
14 CONTINUE
NCUR=NCUR=-2
GE 10 22
15 W=-W
CALL TEST (A, IA,WsWE,NCUR,ROMOD(JA),EPSILCN,K)
IF (K) 16416413
16 IF (J2-(NSCUR+1)) 23,17,19
17 IF (J2-1) 23,23,18
ra J2=J42-1
SROOTS(1,J42)=0.0
GC 1O 12
19 IF (SROOTS(1,J2)-SROOTS(1,J2-1)) 20,21,20
20 J2=42-1
GO 70 11
21 J2=d2-1
GO TO 16
22 CONTINUE
23 CCNTINUE
RETURN
END
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11
100
101
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f. Subroutine TEST

(Tests roots for accuracy)

SUBROUTINE TEST (AyIAyW,QsN,ROMOD,yEPSILON,K)

DIMENSION A(51+3),1A(51,3),8(3),1B8(3),T(2),E(2),C(51)
TYPE DOUBLE AyByWyXyYyZyCEPSIL,ECyDIF,G,ROMOD
B(1)=0.0$IX=0$I1W=0
1B(1)=0

B(2)=A(1,1)

IB(2)=1A(1,1)

DO 2 I=1,N

X=W#B(2)

IX=1B(2)

CALL SCALE (X,IX)
Y=Q#B(1)

1V=1B(1)

CALL SCALE (Y,IY)

CALL ADD (XoIXyYs1Y,2,12)
CALL SUBTRACT (A(I+1,1),1A(I1+1,1),2,1Z+8(3),1B(3))
IF (N-1) 252,1

B(1)=B(2)

1B(1)=1B(2)

B(2)=B(3)

1B(2)=1B(3)

CONTINUE

KOUNT=1

CEPSIL=EPSILON
T(1)=0.0$T(2)=0.0

N1=N+1

X=2.0%EPSILON

Y=X*ROMOD

E(1)=ROMOD+Y
E(2)=ROMOD+CEPS IL*ROMOD
DO 7 1=1,N1

IF (A(L41)) 445,5
C(I)=-A(I,1)$IC=IA(I,1)
GG T0 6
C(I)=A(I,1)$IC=IA(I,1)
CALL UNSCALE (C(I),IC)
T(1)=T(1)=E(1)+C(I)
T(2)=T(2)#E(2)+C(1)
CONTINUE

DIF=T(1)-T(2)

IF (Q) 18,9,18

IF (B(3)) 10,11,11
B(3)=-81(3)

IF (1B(3)-150) 100,100,12
IF (IB(3)+150) 12,101,101
CALL UNSCALE (B(3),1B(3))
IF (DIF-B(3)) 12,12,17
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12
13
15

16
17

18
102
i03

104
105

19
20

k=0

IF (KOUNT=-2) 13,16416

IF (Q) 15,14,15

IF (W) 15416416

SENSE LIGHT 2
KOUNT=KOUNT+1

RETURN

K=1

GC TO 16

IF (IB(2)-150) 102,102,12
IF (IB(2)+150) 12,103,103
CALL UNSCALE (B(2),1IB(2))
IF (IB(3)-150) 104,104,12
IF (IB(3)+150) 12,105,105
CALL UNSCALE (B(3),IB(3))
X=Q#B(2)#B(2)
Y=WeB(2)*B(3)

Z=B(3)=B(3)

Y=X-Y+Z
IF (Y) 19,17,20
Y==-Y

DIF=DIF=DIF
IF (DIF-Y) 12,17,17
END



g. Subroutine SUBRES

(Computes reduced subresultant polynomial or,
if n = 4, the subresultant polynomial)

SUBROUTINE SUBRES (A, IAyN,SR, ISR,ROMDD)

DIMENSION A(5153),1A(51+43),SR(5143),ISR(51,3),C(51),B(50,3)
TYPE DOUBLE AySRyROMODyXyTyCyUsB
N1=N+1
T=1.0
DO 1 I=1,N
J=N1-1
T=T#*ROMOD
ClJ)=A(Jy]l) =T
IC=IA(Jy1)
CALL UNSCALE (C(J),yIC)
1 CONTINUE
CI(N1)=A(N1l,1)
IC=IA(N1l,1)
CALL UNSCALE (C(N1),IC)
IF (N-2) 12,4122
2 N2=N-2
DO 3 I=1,N2
B(I,1)=0.0
8(1,2)=0.0
3 CONTINUE
=2
B(1,2)=C(1)
4 B(1,3)=C(I)-B(1s1)

DC 5 J=2y,N2
B(Jy3)=-B(J-1,2)-B(Jy1)
5 CONTINUE
IF (N-(3+I)) 100,656
6 I=1+1

DO 7 J=1,N2
B(Js1)=B(Jy2)
B(Jy2)=B(Jy3)
7 CONTINUE

GO TO 4

100 IF (N-4) 8,101,8

101 IF (N-(2+1)) 104,102,102

102 I=1+1
DC 103 J=1,2
B(Jyl)=B(Jy2)
B(Jy2)=B(Jy3)

103 CONTINUE
GO TO 4

104 B(3,3)=-B(2,2)
SR(3,1)=-C(S5)+B(1,3) $ ISR(3,1)=0
SR(2,1)=B(2,3) $ ISR(2,1)=0
SR(1,1)=B(3,3) § ISR(1,1)=0
CALL SCALE (SR(1,1),ISR(1,1))
CALL SCALE (SR(241),ISR(2,1))
CALL SCALE (SR(3,1),ISR(3,1))
GO 70 11
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10
)5l
172

SRIN2,1)=C(N)-B(1,3) & ISR(N2,1)=0
SR(N2-1,1)=-C(N1)-B(2,3) $ ISR(N2-1,1)=0
CALL SCALE (SR(N241),ISR(N2,1))
CALL SCALE (SR(N2-1,1),ISR(N2-1,1))
IF (N2-2) 11,11,9

£O 10 J=3,N2

K=N2+1-J

SRIKy,1)==B(Jy3) $ ISR(K,1)=0

CALL SCALE (SR(Ky1)yISR(K,y1))
CCNTINUE

RETURN

SR(1,1)=C(1) & ISR(1,1)=0
SR(2,1)==-C(2) % ISR(2,1)=0

CALL SCALE (SR{1,1),ISR(1l,1))

CALL SCALE (SR{2,1),ISR(2,41))

60 70 11

END



h. Subroutine RECON

(Reconstructs the polynomial from the roots and the first coefficient)

SUBROUTINE RECON (ROOTS,A,IA,DyN)

DIMENSION ROCTS(2450),D(51)
TYPE COUBLE ROOTS+AyDyX,yTyU
X=A$IX=IA
CALL UNSCALE (X,IX)
CO 1 I=1,N
C(I)=0.0
1 CONTINUE
DIN+1)=1.0
I=1
NL=N-1
IF (ROOTS(2,1)) 3,7,3
T=R0OOTS(1,1)%ROOTS(1,1)
U=ROOTS(2,1)#RO0TS(2,1)
T=T+U
U=2.,0#RCOTS(1,1I)
DC 5 J=1,NL
IF (I+J-N) 5,4,4
4 D(J)=C(J+2)+T=D(J)
D(J)=C(J)-U=D(J+1)
5 CONTINUE
D(N)=T*C(N)
DI(N)=C(N)-U=D(N+1)
D(N+1)=T#D(N+1)
I=1+2
6 IF (N=-1) 104252
7 DO 9 J=1yN
IF (J#I-N) 9,9,8
D(J)=0(J+1)=-D(J)*ROCTS(1,1)
CCONTINUE
D(N+1)=-D(N+1)*R0OOTS(1,1)
I=1+1
GO TO 6
10 NS=N+1
DO 11 II=14NS
D(II)=DU(II)=X
11 CONTINUE
RETURN
END

W N

< ®
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i. Subroutine QUADIV

(Divides out quadratic factors)

SUBROUTINE QUADIV (N,A,IA4RyD4B)

DIMENSICN A(51,3),1A(5143),R(2),0(2),B(49)
TYPE DOUBLE A,RyDyByXNyYN,AA
B(1)=A(1,1)$IB=TA(1,1)
CALL UNSCALE (B(1),1IB)

IF (N=2) 4,4,1
AA=A(2,1)$1AA=TA(2,1)
CALL UNSCALE (AA,IAA)
B(2)=AA-B(1)*D(1)

IF (N=3) 4,442

NT=N-1

DO 3 I=3,NT
XN=B{I-1)#D(1)
YN=B(1-2)=C(2)
AA=A(I,1)$IAA=TA(I,1)
CALL UNSCALE (AA,TAA)
BLI)=AA-(XN+YN)

CCNTINUE

XN=B(N=-1)#D(1)
YN=B(N-2)#D(2)
AA=A(N,1)$IAA=TA(N,1)
CALL UNSCALE (AA,TAA)
R{1)=AA-(XN+YN)
AA=A(N+1,1)$IAA=TA(N+1,1)
CALL UNSCALE (AA,TIAA)
R(2)=AA-B{(N-1)#D(2)
RETURN

END



j. Subroutine DOUBLOG

(Computes double-precision log for numbers of the form x times 641X)

SUBROUTINE COUBLOG (XyIX,Y,IY)

TYPE DOUBLE X,Y,T
T=64.0
IF (X)145,3
WRITE (61,2)
FORMAT (46HOTHE LOG OF A NON-POSITIVE NUMBER IS REQUESTED)
Y=0.0
1v=0
GC TOD 4
3 Y=DLOG(X)+IX*DLOG(T)
1Y=0
CALL SCALE (Y,1Y)
4 RETURN
END

U N -
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k. Subroutine DOUBLEXP

(Computes in double precision, et, where t = x(641x))

SUBROUTINE COUBLEXP (XyIXyZyI12)

TYPE DOUBLE XiyY,Z
2=DEXP(X)$1Z=C

IF (IX) 19846
[==IX$I1=6%1

DC 4 J=1,11
K=XMODF(17,2)

IF (K) 243,2
1z2=12-1

1=64,0%2

12=12/2
Z=DSQRT(Z)

CALL SCALE (Z,12)
CONTINUE

RETURN

I=6#1X

00 7 J=1,1
1=2=72$12=172+12
CALL SCALE (Z,12)
CONTINUE

GO 70 5

CALL SCALE (Z,12)
GO 10 5

END
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<

10

11

1. Subroutine ADD

(Adds numbers of the form x(64%) and y(64ly),
where x and y are in double precision)

SUBROUTINE ADC (XyIXyY,1Yy42,12)

TYPE DOUBLE X,Y,2,A,B
IF (X) 3,1,3

=Y

1Z2=1Y

RETURN

IF (Y) 5,4,5

=X

I1Z=IX

GO TO 2
ICIFF=IX-1Y

IF (IDIFF) 647,7
IA=1Y

A=Y

B=X

ICIFF=-IDIFF

GC TO 8

IA=1IX

A=X

B=Y

IF (16-ICIFF) 9,9,10
I=A

I1Z=1A

GC TO 2

DC 11 I=1,ICIFF
B=B/64.0
CONTINUE

I=A+B

I12=1A

CALL SCALE (Z,1Z)
GO TO 2

END
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m. Subroutine SUBTRACT

(Subtracts numbers of the form x(64I%) and y(64Iy)
where x and y are in double precision)

SUBROUTINE SUBTRACT (XsIXyYsI1YsZyI2)

TYPE DOUBLE XyYyZyW

W=-Y

CALL ADD (XyIXyWsIY,2Z,12)
RETURN

END
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n. Subroutine SCALE

(Scales double-precision numbers of the form x times 641X so that
1/64 = 1|x|1 < 64 (x # 0))

SUBROUTINE SCALE (X,IX)

TYPE DOUBLE X,Y
REC64=1.0/64.0
IF (X) 1,11,2

IF (64.0-Y) 4,5,5
Y=Y/64.0

IX=1IX+1

GC 10 3

IF (Y-REC64) 6,747
Y=Y264,0

IX=Ix-1

GC TO 5

IF (X) 849,9

X==Y

GC 10 10

9 X=Y

10 RETURN

11 1x=0

GG TO 10

END

S W

o w

@ ~
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o. Subroutine UNSCALE

(Unscales numbers of the form x(641%) to the
form X(641X) such that Ix = 0)

SUBROUTINE UNSCALE (X, IX)

TYPE DOUBLE X

IF (IX+4170) 39404
X=0.0

[x=0

GC 10O 2

IF (IX=170) 54546
X=1.E+307

I1X=0

WRITE (6147)
FORMAT (#0EXP. OVERFLOW IN UNSCALE =)
GC 1O 2

IF (IX) 142y1
X=X#64,08=[X

I1x=0

RETURN

END



APPENDIX C

Operating Instructions

1. Operating Instructions for IBM-704

a. Input Information

The following cards are required.

1)

Title card. Format (72H).

Column 1 should be a "1" to restore the printer. The
remainder of the card through column 72 contains the title
which will head the output.

The second card is transcribed either in standard form or in
special form. The standard form should normally prove sat-
isfactory, although occasionally the results may be insuffi-
ciently accurate for some polynomials or unnecessarily
precise for others.

(2)

Standard Form

NDEGRE. Format (16)

NDEGRE is the degree of the polynomial. If NDEGRE
is =0 the program returns control to the monitor.

Standard settings are given to other program
parameters. (See b below.)

Special Form

NDEGRE, M, MMAX, DELTA, EPSIL. Format (316, 2E12.6)

NDEGRE is the degree of the polynomial.

M is the minimum number of root squarings to be per-
formed. The standard setting is M = 10.

MMAX is the maximum number of root squarings allowed.
The standard setting is MMAX = 15.

DELTA is the pivotal bound. The standard setting is o<,

EPSIL is the tolerable relative error in the modulus of a
root. The standard setting is IO

For low-degree polynomials (up to 6), the user can decrease

M and MMAX from the standard settings while using the stan-
dard settings for DELTA and EPSIL. For difficult polynomials,
the user should increase M and MMAX and decrease EPSIL
and DELTA from their standard settings.

IPI, IPO. Format (216).

TRI =

2 — double-precision coefficient input.
1 - single-precision coefficient input.
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PO = {2 — double-precision output.

1 - single-precision output.

NDEGRE + 1 cards containing the coefficients are required.

If the polynomial is

NDEGRE o
P(X) - z aIXNDEGR -1’
i=o

then the jth card must contain aj_;.

If IPI = 1, the coefficient is read with format (E12.6).

If IPI = 2, the coefficient is read with format (616) and is
transcribed as follows:

Letiai = bibub.. B by bygisbao = 105,

j-1
where 0 < b; < 9, i.e., a representation with up to 20 signifi-
cant digits appearing to the left of the decimal point and none
to the right. Then the six right-adjusted integers entered on
the jth card are, respectively:

bybzbsby, bsbebrbg, bebyoby b1z, bisbisbisbies P17P1gP19bz0, k-
If the coefficient is negative, negative signs prefix each of the
first five entries; k is negative if the coefficient is not an

integer.

Further sets of data including title cards may follow and
consecutive cases run.

Possible Output

For each polynomial equation solved, the following is printed:

ik,

2
3
4.
b

The title.

NDEGRE, M, DELTA, EPSIL (EPSIL is designated EPSILON).
The input coefficients of defined (via IPI) precision.

The roots of the polynomial with specified (via IPO) precision.

The coefficients of the polynomial as reconstructed from the
roots and leading coefficient.

Additional Information

If any roots cannot be found, an appropriate message is printed,
and reconstruction of the coefficients is not attempted.



Operating Instructions for CDC-3600

The following set of cards must be presented in order for each
polynomial to be solved.

a. Title card. Format (10A8).
All 80 columns may be used.

b. DEGREE, M, MMAX, DELTA, EPSILON. Format (316, 2E12.4).
If M = 0, the standard setting is made for M, MMAX, DELTA
and EPSILON.

DEGREE = degree of the polynomial.

M = number of root squarings desired.

MMAX = maximum number of root squarings allowed.
DELTA the pivotal coefficient bound.

EPSILON = the acceptance tolerance allowed on roots.

The general user is advised to use the standard setting; hence,
only DEGREE will occur on this card.

c. IPI, IPO. Format (216).

IPI = 2 — double-precision coefficient input.
|1 — single-precision coefficient input.

2 — double-precision output.
IPO = : e
1 — single-precision output.

(In any case, internal computations are done in double precision.)

}

These are the coefficients of the polynomial

n
2 At
i=o

and are given one to a card beginning with Ag, on through Ap,.

D 36.25 if IPI

d. Aj. Format {E 18.19 if IPI
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