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HEATED-EFFLUENT DISPERSION IN LARGE LAKES: 
STATE-OF-THE-ART OF ANALYTICAL MODELING. 

by 

A. J. Pol icastro and J. V. Tokar 

ABSTRACT 

This report is par t of a th ree-par t l i terature survey 
to delineate the s ta te-of- the-ar t of available methods for 
predicting heated-effluent dispersion from power-plant 
condenser-cooling-water discharges into large lakes. This 
report , which will be periodically updated, concentrates 
solely on mathematical predictive methods. Two companion 
repor ts a s se s s the s ta te-of- the-ar t of hydraulic modeling 
(E. Silberman and H. Stefan, Physical (Hydraulic) Modeling 
of Heat Dispersion in Large Lakes: A Review of the State 
of the Art, A N L / E S - 2 , Aug 17, 1970) and delineate existing 
field data (J. V. Tokar, Thermal Plumes in Lakes: Compi-
lations of Field Experience, A N L / E S - 3 , Aug 197 1) which 
could possibly be used to validate predictive methods. Es 
sentially 16 mathematical models have been cri t ically 
reviewed concerning their formational development. Cr i t i 
c isms have been made discussing individual model t reatment 
of geometric, kinematic, hydrodynamic, and thermodynamic 
variables- The models have been \:ategorized according to 
their regime of applicability, and contrasting and congruous 
qualities between models within each category have been 
summari ly presented-

I- INTRODUCTION 

A- General Discussion 

This s ta te-of- the-ar t report concerning mathennatical modeling of 
the dispersion of heated discharges into large lakes provides information to 
identify and contrast available predictive models. The models reviewed here 
do not collectively represent all of those that may exist. We know several 
new models which were not included here because of their recent origin, and 
a number of others which were more of historical interest ra ther than of 
any pract ical value. There nnay be other models used for other siting situa
tions as , for example, marine coastal environments, which could be adapted 
to lake applications. In this regard, the reader is urged to obtain the follow
ing references should he des i re to obtain a s ta te-of- the-ar t assessment of 
thermal-d ispers ion modeling on water bodies other than large lakes. For 



estuarine modeling, see Ref. 1; coastal modeling, Ref. 2; r iverine modeling, 
Ref- 3; cooling-pond modeling, Ref. 4; and selected modeling issues , Ref- 5. 
This Ust is not comprehensive, but it forms a good beginning-

Subsequent discussion in this report relates mainly to heated dis
charges in large lakes- This report has been divided roughly into two major 
chapters- Chapter III deals mainly with a comprehensive review of mathe
matical models proposed by 12 groups of authors. Most of the mater ia l p r e 
sented in Chapter III was taken from the original works cited. The sections 
within that chapter were sometimes supplemented by using mater ia l obtained 
from telephone conversations with the individual authors- Also, in most 
cases , the authors have had an opportunity to review their own individual 
sections and have suggested appropriate revisions and clarifications- Their 
individual reviews do not, however, imply an endorsement by them concern
ing our interpretation of their work- We have also attempted to delineate 
and crit icize the problem areas within each model that have come to our at
tention; unfortunately, the descriptions of models were ser ia l ly written, and 
this may have induced some biases in these cr i t ic isms- Hopefully, Chap
ter IV, in which the individual models were compared on an i ssue-by- i ssue 
basis, will resolve any inadvertent t reatment as to the methodology used by 
the various investigators-

For convenience. Chapter III has been subdivided into three sections 
providing model descriptions of the jet, far-field, and integrated-flow r e 
gimes. Although all of the models reviewed are of relatively recent origin, 
there is an evolutionary development in their progress- Therefore, some 
models may seem to be more or less comprehensive on many of the impor
tant issues considered- For this reason, the models a re arranged in chrono
logical order within each section of Chapter III- From this, the reader can 
follow the generally increasing sophistication and complexity of the models, 
as knowledge in the s tate-of- the-art has improved- This ordering of the 
models is expressed in the Table of Contents in which the models a re listed 
with their initial dates of publication- Several of them have been updated 
since then-

Chapter IV of this report contrasts the various models on an issue-
by-issue basis . That chapter is itself divided into three sections and, like 
the third chapter, groups the issues by the regimes of flow. For the jet-
regime flow, among the specific topics considered a re : 

1. Whether the models use a numerical , integral, or semi-
empirical approach. 

2. Whether the models a re two- or three-dimensional . 
3. How the nnodels consider ambient crossflows and wind s t r e s s . 
4. How the effects of buoyancy, stratification, and surface heat 

loss are accounted for. 
5. How s h o r e l i n e and b o t t o m effects a r e i nc luded . 

*References for each section appear at the end of that section. 



6- How the position and configuration of the discharge a re 
considered. 

7. Whether models account for a flow-establishment region. 
8. Whether a computer routine is available for the application of 

the models. 
9. Whether the models have been applied to field data, hydraulic 

laboratory data, or both-

Fundamentally, the same issues are discussed in relation to the far-
field models. The group of models that consider the whole flow field a re 
compared as to their jet and far-field components with the other jet and far-
field models. Section C of Chapter IV contrasts the method of linking of 
near- and far-field solutions for those complete models- Tables at the end 
of Chapter IV specify the needed input pa ramete r s for each model. In Ap
pendix A the predictions of the 16 models reviewed a re described schemat
ically- Finally, Appendix B presents a chart summarizing the major 
charac te r i s t i cs of all the models. 

In closing, it is the intent of Chapter IV to compare models on a 
point-by-point bas is . No cr i t ic i sms will be leveled at anymodel in par t icu
lar within that chapter because, quite frankly, except for obvious defi
ciencies, no model has been sufficiently tested with field data to say whether 
it does or does not have meri t . This issue, in fact, will be the subject of a 
companion repor t (Par t 2- Model-field Verification) in which most of the 
models considered here will be compared with actual field data. Compila
tions of both laboratory and field data for lake plumes have already been 
published in Refs. 6 and 7. These will in par t provide the necessary data 
for making model-field comparisons. 

B. The Near Field 

A heated effluent discharged into a receiving body of water may pass 
through several flow regimes while dispersing through the receiving media-
For descriptive purposes, these flow regimes a re a rb i t ra r i ly visualized as 
b,longing to either the near-field region (the region influenced by the condi
tions at and near the point of discharge) or the far-field region (the region 
p r imar i ly influenced by ambient receiving-water conditions). The distinc
tion between the near field and far field will become c learer in the following 
paragraphs . 

In the near field, the heated effluent can enter the receiving water at 
one of two locations: at the surface or at some a rb i t r a ry point belowthe sur
face. If the effluent enters the receiving water creating a tangential separa
tion surface for velocity, the effluent is said to enter as a jet. The jet, by 
definition, possesses a velocity disparity with respect to the ambient fluid. 
Thus, as the jet enters the ambient environment, the viscous shear between 
the moving jet and the ambient fluid crea tes turbulence in the contact region-
This turbulence works its way both inward toward the jet center and outward 
toward the ambient fluid, with a resultant net outward flux of momentum 



away from the jet axis- Eventually, within some distance from the point of 
discharge, the turbulent mixing action reaches the jet axis, after which the 
jet centerline velocity begins to decrease- The region between the discharge 
and the point at which the centerline velocity first begins to decay is called 
the zone of flow establishment. Once the centerline velocity begins to decay, 
it is generally assumed that the jet velocity profile is established or fully 
developed from that point on-

For a heated discharge, the jet possesses a temperature dispari ty as 
well, which, by eddy-transport mechanisms, d isperses the thernnal energy 
away from the jet to the receiving water- It is often assumed that the zones 
of momentum and thermal development in turbulent jets coincide and that, 
once the flow becomes developed, the momentum and tempera ture profiles 
become similar and equal for any axial position- This assumption is gener
ally made for the sake of convenience rather than for fact, because some 
experiments have shown the eddy thermal diffusivity to be larger than the 
momentum coefficient within the same flow field in free turbulent jet flows. 

In the absence of doing useful work, a basic axiom of fluid mechanics 
requi res that the kinetic energy of a jet discharge be dissipated by turbu
lence through viscous shear- Therefore, within a localized region about the 
discharge, mechanical mixing action will be expected to dominate the eddy-
t ranspor t mechanisms because of the large velocity gradients present . 

A jet can be further categorized as being buoyant or nonbuoyant- If 
the motion of a jet is part ial ly governed by its density ( temperature) dis
pari ty, it is said to be buoyant- Normally, a heated jet has positive buoyancy 
in an Archimedean sense; however, a heated jet can have negative buoyancy-
To a s s e s s the importance of buoyancy in jet flows, one only has to compute 
the densimetr ic Froude number (F^j), which is a ratio of inertial to buoyancy 
forces, 

u/(f£ ..)•", 

where U is the velocity of the jet, Ap the density disparity of the jet, Pg the 
ambient water density, g the local accelerat ion of gravity, and d some suit
able hydraulic diameter of the jet- For large Fj(Fjj » l), jet flow should be 
considered to be inertially dominated. For densimetric Froude numbers , 
near-unity buoyancy becomes a dominant aspect of the flow. In fact, if the 
densimetr ic Froude number is less than unity at the point of discharge, it 
would be hard to character ize the discharging effluent as a jet in a pract ical 
sense- Such an effluent would merely leave the discharge and be buoyed 
directly to the surface, if it were not already at the surface spreading 
lateral ly like a thin sheet over the surface, due to the action of gravity and 
ambient turbulence- Turbulent entrainment in the vertical direction is gen
eral ly limited under these c i rcumstances , and stable stratification likely 
ensues- The bulk Richardson number, R, is a measure of the stability of 



surface stratification- When R is greater than about 0-8, the stratified layer 
is said to be stable. If it is less than about 0.8, turbulent mixing in the ver 
tical direction is possible. The bulk Richardson number is given by 
B = ghAp/(p^U^), where h is some average thickness of the stratified layer-

A jet may also be discharged at some a rb i t r a ry angle into a flowing 
ambient current . Under such c i rcumstances , the jet can be envisioned to 
bend over in the direction of the crossflow. Depending on the relative veloc
ity magnitudes of the jet, the ambient current , and other factors , this bend
ing may involve large or small curvatures- On the ups t ream side of the jet, 
the interaction re ta rds and part ial ly deflects the ambient s t ream, creating 
an increased p r e s su re at the interface; on the lee side of the jet, some sep
aration occurs- The static p r e s su re is therefore continuously decreased 
from the je t ' s upcurrent to leeward sides. Because the jet entrains a portion 
of the incoming ambient fluid, the increase in p r e s su re on the je t ' s forward 
edge is less than what would be expected if the je t ' s interface were a solid 
body- As soon as the jet bends over and becomes aligned with the ambient 
current , the c rosscu r ren t interaction ceases for all pract ical purposes. The 
behavior of the effluent may or may not be of a jetlike character once bend-
over is complete; however, it is more likely to be jetlike for more acute 
angles of introduction. 

There a re many other pa rame te r s and conditions that a re likely to 
affect the dynamics of a jet. Some of these a re the shape and position of the 
outfall, possible preexisting stratification in the ambient media, and the gen
era l topography in the vicinity of the outfall. All of these, together with 
those previously described, play a significant par t in determining the fate of 
a heated effluent within the near-field zone of the discharge. 

C. The Far Field 

The far field, as noted ear l ie r , is that regime of flow in which the 
effluent is p r imar i ly influenced by ambient receiving-water conditions-
Within this regime there is no history, for example, of whether the heated 
effluent was introduced from a submerged round jet or from a rectangular 
shoreline canal. In physical extent, this regime is generally much larger 
than the near-field zone. The effluent within this regime of flow is gener
ally called a plume, as contrasted to the near-field portion, which is called 
a jet. These title distinctions a re quite a rb i t ra ry , however. 

A surface plume is generally envisioned to be a passive floating sheet 
of heated water rest ing on top of the cooler receiving water- This is true for 
a surface plume- However, plumes can exist at submerged positions under 
specialized c i rcumstances , for example, if the effluent possesses negative 
buoyancy. The dispersion of the plume in the far field is dominated by many 
factors , which a re also present in the near field. Within the far field one 
must now additionally consider surface heat loss and the effects of ambient 
turbulence. Thus plume spread and dissipation in the far field a re determined 
by ambient advective motions, la teral , longitudinal, and vert ical mixing due 



to ambient turbulence, buoyancy, and surface heat loss. The vert ical eddy-
transport mechanisms in the far field are generally considered to be much 
smaller than their horizontal counterparts due to the presence of vert ical 
density gradients- The ear l ier comments concerning the bulk Richardson 
number are appropriate here-

Wind may preferentially interact with a plume to some extent If, in 
fact, a preferential factor is operative, then there a re sure to be some in
duced relative motions and/or mixing between the plume and the ambient 
water. Direct wind interaction in the jet regime is generally assumed to be 
small; however, with the far field having large plume expanses, wind in ter 
action may be a significant factor-

In summary, the effluent dynamics in the near and far fields is influ
enced by many paramete rs some of which are included in the following l is t
ing, abstracted, in part , from Ref- 6-

1 Discharge 

a- Effluent character is t ics 

(1) Temperature disparity at discharge 
(2) Velocity at discharge 
(3) Volumetric flow 

b- Outlet character is t ics 

(1) Location 
(2) Submergence 
(3) Orientation 
(4) Size and shape 

2- Receiving Water 

a- Flow dynamics 

(1) Ambient velocity field 
(2) Turbulence levels 
(3) Surface and internal waves 

b- Stratification 

(l) Existing ambient-water stratification 

c- Geometrical charac ter is t ics 

(l) Shoreline and bottom topography 

3 - Atmosphe re • 

a. Air 

(1) Wind velocity 



(2) Air temperature 
(3) Other atmospheric variables 

For the model descriptions in Chapter HI, it will become obvious that 
to keep mathematical modeling tractable it is necessa ry to s t r e s s or deem-
phasize certain of the above-outlined pa rame te r s . 

D. Model Reviews of Recent Acquisitions 

As previously noted, several model reviews were omitted from this 
repor t p r imar i ly because of their rather recent origin and/or discovery. It 
is present ly anticipated that the forthcoming companion repor t will amend 
any such omissions by including cr i t ical reviews of these utilizing a format 
similar to that contained herein. Among those models to be reviewed in our 
updated repor t a re : Koh and Fan'^ and Koh^^; Wada'; McLay et al. '"^ and 
Hundal et al. 1°^; Loziuk et a l - " ; Stefan'^; Elwin'^ and Bar ry and Hoffman"^ 
and Hoffman''* - In addition, two phenomenological models, Bryce et al. '^^ 
and Elliott and Harkness'^'^, and Asbury and Frigo'*'^ and Frigo'^'^ will be 
discussed. 

Considering the relatively recent interest in submerged outfalls for 
large- lake applications, we will, if time permi t s , include the modeling ef
forts of Hi r s t ' and Trent ' in the forthcoming companion repor t as well. 
The incorporation of these works should, to the best of our kno'wledge, update 
the excellent reviews of Baumgartner and Trent and Fan on submerged 
discharges . 
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II. OBSERVATIONS AND RECOMMENDATIONS 

The pr imary objective of this work is to identify mathematical 
models that can be used to predict the physical extent of heated effluents 
discharged into large lakes. Essentially 15 of the 16 models reviewed have 
potential mer i t in this regard. Four of the models represen t near-f ield jet 
flow, nine represent far-field plume flow, and two represen t complete-field 
flow analyses. The models represent an interesting c ross section of formu
lative assumptions and incorporative devices to achieve problem solution. 
Some models use rather elegant numerical schemes to solve complex sets 
of differential equations; others use abbreviated equations to obtain closed-
form solutions. A summary and recommendations concerning these models 
now follow. 

A. Near-field Issues 

1. Most model analyses assume that the effluent leaving the d is 
charge is uniform in both temperature and velocity or, in other words, is 
top-hat. The effects of this assumption should be studied. 

2. In several jet analyses, the interaction of the jet with a c r o s s -
flowing current is treated as if the jet were a solid body and the resulting 
p ressure gradients were represented by a drag force acting normal to the 
jet axis. Much work needs to be done to see if this is an adequate represen
tation of the facts. 

3. Most of the models that used empirical entrainment coefficients 
obtained these coefficients from nonbuoyant free-jet theory. A heated efflu
ent discharging at the surface of a lake into a crossflowing current is neither 
nonbuoyant, free, nor symmetrical . Thus one must first establish whether 
the entrainment coefficient is dependent on buoyant or nonbuoyant factors; 
then one must determine if any influence on these coefficients is created by 
the presence of an interface, and finally, one must account for entrainment 
variability from the upcurrent to the leeward sides of the jet. 

4. For most shoreline-discharge situations, the bulk Richardson 
number at the point of discharge is generally somewhat smaller than unity. 
This means that the jet will vertically entrain at a decreasing rate until 
buoyant forces begin to predominate at some distance from the outfall. 
This phenomenon is likely to be important since ver t ical entrainment is likely 
to significantly alter the je t ' s initial dilution rate . Only two models consid
ered this issue by providing for vert ical entrainment as a function of the 
Richardson number. The adequacy of the models ' t reatment should be 
fied, and other avenues of approaching this issue should be explored. ve r i -



5. Most shoreline discharges generally have offshore sloping bot
toms. The presence of a sloping bottom in prototype situations is likely to 
inhibit ver t ica l entrainment, which in turn may significantly alter la tera l jet 
spread. There is much controversy on this mat ter , and it should be resolved. 
Only one jet model considered bottom interaction directly, and it was not 
successful in doing so. 

6. Most jet studies tacitly assume that when the jet becomes fully 
developed, the tempera ture and velocity profiles are Gaussian in form. For 
submerged buoyant or nonbuoyant je ts , there is some laboratory experience 
suggesting this to be the case. For buoyant surface discharges , there is 
little evidence to substantiate these generalizations, par t icular ly if c r o s s -
flows are present . 

7. Within the same context, it is generally assumed that once jet 
flow is fully developed, the velocity and temperature profiles a re similar 
and equal. Prandt l ' s mixing-length hypothesis suggests their equality. 
Reichardt presents some evidence for two-dimensional air jets indicating 
that the eddy-transport coefficients for heat are a factor-of-two greater 
than for momentum. This suggests that the velocity and temperature p ro 
files may not be equal in the case of heated water je ts . This should be 
investigated. 

8. It is generally assumed that direct wind interaction with surface 
jet flow is of minimal consequence, pr imar i ly because jet surface dimen
sions a re quite small . Only one jet model revie'wed here considered this 
interaction; how/ever, there is some question as to the validity of the "way 
the model handled the wind interaction. In any event, model computations 
indicated a perturbation in jet flows for "rttoderate" wind speeds. This 
should be fully explored. See further comments within the far-field discus
sion in Sec. B below. 

9. No surface jet model reviewed here t reated the possible in ter
action of a jet with a thermally stratified ambient medium. In all cases , the 
ambient was assumed to have a uniform tempera ture . Considering the in
fluence of stratification on submerged jets this issue should be explored. 

10. Within the jet regime of a heated surface discharge, there is 
eventually a transit ion from inertially dominated flow to gravity-dominated 
structuring. Ideally, one would therefore have to consider the coupling 
between the hydrodynamic equations and the energy equation. None of the 
jet models described in this repor t considered this coupling. For submerged 
je t s , various techniques have been evolved to perform this task. However, 
for layered surface flow, coupling becomes no simple mat ter . The impor
tance of buoyant forces in submerged-jet dynamics is apparent; the signifi
cance in surface jets should be established. 
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11, Perhaps the most striking feature of jet-flow modeling, whether 
it be hydraulic or analytical, is that it has not been thoroughly compared 
against prototype field data. Those comparisons that have been made were 
done in a curve-fitting sense; that is, p r imary pa ramete r s within these mod
els have been adjusted to fit available data. In a broad sense, however, curve 
fitting can be considered to be a weak form of model verification, because if 
a model cannot be fitted, its suitability certainly can be challenged. 

Applying field data to the je t - reg ime models is somewhat un
certain. There is always a question as to where jet flow ceases and where 
the far-field data begin! This by itself is a significant issue if analytical 
jet models are to be tested with field data or laboratory data, for that mat ter . 

B. Far-field Issues 

1. The classic difficulty with far-field models is the inability to 
specify the ambient eddy-transport coefficients for heat and momentum. 
Experience has shown these coefficients to be nonhomogeneous. Because 
of temperature stratification and viscous dissipation, ver t ical t ransport 
coefficients are generally less than their horizontal counterparts . Fur ther , 
depending on the proximity of solid boundaries or on the size of the plume, 
only particular scales of eddies are influential with regard to turbulent 
transport . For example, eddies much larger than some length scale of a 
plume will merely tend to advect the plume. As a plume grows in size, a 
continuing spectrum of eddies of increasing size can become operative to 
control the rates of turbulent transport . If a shoreline or lake bottom is in 
proximity, the length scales of the eddies will be limited in size, suggesting 
that the eddy-transport coefficients reach a constant value in the near -shore 
areas , depending on the length scale of the plume. In open-sea situations, an 
essentially infinite scale of eddies can appear. The Richardson 4/3-power 
law of diffusion is widely accepted for eddy t ransport in open-sea applications. 

Field experiments should be performed to test the above hypoth
esis concerning whether a constant-value t ransport coefficient can be reached 
for a particular offshore distance in near -shore a reas . If one could demon
strate this, then the next logical step would be to obtain some sort of re la
tionship between offshore distance and the magnitude of the t ransport 
coefficient. Since these coefficients are likely to vary, depending on mete
orological and seasonal conditions, it would be necessary to sample through
out the year to obtain some credible and acceptable value for model utilization. 

One must not underestimate the difficulty of simply measuring 
these eddy-transport pa ramete r s , vert ical as well as horizontal. Yet the 
acquisition of these coefficients is essential to obtain solutions to the far-
field equations. 
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2. In most far-field analyses, buoyant forces a re assumed to con
tribute little to the horizontal spread of a heated plume. In some situations, 
this assumption is made to decouple the hydrodynamic equations from the 
energy equation. Item 10 in the near-field issues has already discussed 
this mat ter . In the far-field case this is certainly a better assumption; how
ever, nothing has come to our attention demonstrating the acceptability of 
this assumption. Only one far-field model considered this issue within this 
report . The temperature and velocity profiles for that model did indeed 
show a difference between density-coupled and -uncoupled flow and energy 
equations as a function of depth; however, the effects on la tera l spread were 
not clearly discernible . 

3. None of the far-field models considered the possible direct in
fluence of w înd s t r e s s on the plume. If a wind in some way acts in a different 
manner on a plume than on the surrounding ambient media, it is not unrea
sonable to expect that that "wind could influence both the trajectory of the 
plume and its eddy-transport pa rame te r s , considering the relatively large 
fetch of the far-field plume. Some visual observations of plumes show dif
ferent wave charac te r i s t ics over plumes than over ambient waters , which 
would indicate differential behavior. 

Wind may also indirectly affect plume behavior by modifying 
the ambient current s tructure or by modifying the interfacial s t r ess at the 
plume/ambient-water interface. 

In summary, the possible direct and indirect effects of wind on 
plume behavior have not been sufficiently studied to know if and how they 
should be incorporated into modeling efforts. This typical area should be 
further explored. * 

4. Bottom and shoreline effects have, in part , been discussed in 
Issue 1 within this far-field section. There a re other ways in which the 
bottom can affect the far field. For instance, if the general plume vicinity 
is relatively shallow, one might expect that the so-called ambient dilution 
water is in part being recirculated. There is no way as yet to estimate the 
extent of this phenomenon. One model reviewed provided a calculational 
method to cor rec t for the influence of this "background tempera ture ." 

5. Lake stratification is frequently neglected in far-field analyses 
for two reasons . F i rs t , this neglect uncomplicates the mathematics . Sec
ond, within the first 10-15 ft of a lake surface, the temperature is likely to 
be homogeneous due to the effects of wind-induced mixing. In the far-field, 
surface buoyant thermal plumes seldom have been measured to exceed 10 ft 
or so in depth, hence one would not anticipate ambient stratification to be 
directly influential with regard to plume dynamics or heat t ransfer . However, 
one of the reviewed models indicates that if ambient stratification is present 
near the surface, it will surely influence the behavior of the plume. 
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During certain t imes of the year, surface stratification is present 
in temperate lakes. The applicability of most far-field analyses during these 
periods must be questioned. Also, there seems to be more reliance on svb-
merged offshore outfalls for condenser-cooling-water discharges into lakes 
and r ivers . Heretofore, this form of discharge was pr imar i ly used for 
ocean-sewage disposal. With submerged discharges on large temperate 
lakes there is a greater likelihood for ambient stratification to influence far-
field conditions. Future modeling should consider this issue. 

6. Observations of heated surface discharges show a plume to mean
der with time, with parts of the plume occasionally detaching. Some investi
gators feel that this meandering may in part be due to changing wind pat terns 
which initially and essentially affect the topmost surface layers of the lake; 
others feel that it is more character is t ic of the turbulent nature of the bulk 
fluid. If the meandering phenomenon is pr imari ly bulk phenomenon, then 
the issue suggests a possible need for stochastic analytical approaches to 
modeling. These points should be investigated. 

Observations also show the upcurrent side of a plume to main
tain a reasonably sharp vert ical temperature interface with the ambient 
water over a significant lateral extent for heated discharges in ambient 
crossflows. Models either assuming or yielding "Gaussian-l ike" tempera
ture profiles certainly cannot account for this phenomenon, although they 
may give satisfactory predictions. One hypothesis that allows for a sharp 
boundary in the presence of entrainment is that of a gravity-driven "head" 
flow. This issue should be explored. 

7. The far-field plume is defined as that regime of flow for which 
the heated effluent is pr imari ly influenced by ambient-receiving-water con
ditions. The jet-induced turbulence is thought to be sufficiently dissipated 
so as to be uninfluential by the time the plume reaches the far field. In 
reality, there exists another reginne of flow between the near field and the 
far field which has the character is t ics of both. Knowledge of this in terme
diate flow regime is extremely important because it establishes the limits 
of applicability of the near- and far-field models. These l imits are the 
requisite boundary and initial conditions for problem solution or for near-
field/far-field model matching so as to obtain a complete flow-field solution. 
One reviewed model interfaced its near-field analysis to its far-field analysis 
by equating the eddy diffusivities due to jet-induced turbulence to the eddy 
diffusivities of the ambient turbulence. Another full-field model assumed 
that the jet regime ceased and the far field began when the excess tempera
ture of the effluent decayed to 20% to the effluent's initial excess tempera
ture at the outfall. 

The authors of the two models cited above recognized that their 
attempts at matching are rough approximations. Clearly, more work needs 
to be done in understanding this intermediate flow regime. 
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8. Most far-field models either assume or require a knowledge of 
plume depth. There is currently no a p r io r i method of calculating this pa ram
eter when the plume becomes stably stratified. This issue is additionally 
of par t icular in teres t to power-plant design engineers . Many plants exist
ing or under design use offshore submerged cooling-water intakes to take 
advantage of the cooler water available at the lower depths, but more impor
tantly to avoid possible recirculat ion problems with heated, floating plunne 
virater originating from the plant 's discharge. There is always some uncer
tainty as to how deep a submerged discharge must be to maintain a sufficient 
margin between itself and a floating plume, part icularly when the plume's 
thickness is unknown. 

Considering the cited importance of this issue, both mathemati
cal and field investigations should be pursued to define plume depth as a 
function of seasonal, meteorological, or other influential factors. 

9. As in the je t -model situations, there has been little field ve r i 
fication of the far-field analytical models, although some of the far-field 
models have been used in a curve-fitting sense. Antecedent to model ve r i 
fication is the acquisition of sufficiently connprehensive field data. In our 
opinion, little suitable field data exists for large-lake situations. 
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III. MODEL SYNOPSES AND C R I T I C A L EVALUATIONS 

A. Models for the J e t R e g i m e 

1. Hea t ed Sur face J e t s in a S teady C r o s s c u r r e n t 

J . A. H o o p e s , R. W. Z e l l e r , and G. A. R o h l i c h 
(The U n i v e r s i t y of Wiscons in ) 

J u n e 1967 

L i s t of Symbols 

b J e t ha l f -wid th 

bo Outfall width 

CQ, C J R a t e - o f - s p r e a d coefficient 

CJ-, Drag coeff icient 

f(n/b) L a t e r a l d i s t r i bu t i on of je t ve loc i ty 

IFQ D e n s i m e t r i c F r o u d e n u m b e r at the outfal l = vo/,^/^(Ap|,/pi )/zo 

g(n /b) L a t e r a l d i s t r i bu t i on of je t t e m p e r a t u r e r e l a t i v e to l ake 

g G r a v i t a t i o n a l cons tan t 

h x - c o m p o n e n t of d i m e n s i o n l e s s m o m e n t u m flux 

I, 

I, 

| _ ^ ' f(n/b) d(n /b) 

l_^' [ f (n /b ) f d(n /b) 

J_ + ' f ( n / b ) g ( n / b ) d ( n / b ) 

J*' g (n /b) d(n /b) I4 

K H e a t - e x c h a n g e coeff ic ient 

k V e r t i c a l mix ing coeff ic ient 

^X' ^y D i m e n s i o n l e s s wind s h e a r i n g s t r e s s 

m D i m e n s i o n l e s s m o m e n t u m flux 

n N a t u r a l c o o r d i n a t e p e r p e n d i c u l a r to j e t c e n t e r l i n e 

Px- Py M o m e n t u m flux in x and y d i r e c t i o n s 

Q J e t d i s c h a r g e at any c r o s s s e c t i o n 

Qo Outfal l d i s c h a r g e ( a p p a r e n t ) 

Qoa Ac tua l outfal l d i s c h a r g e ( p o w e r - p l a n t pumping r a t e ) 



dQ R a t e of i n t e r n a l e n t r a i n m e n t 

s N a t u r a l c o o r d i n a t e a long j e t c e n t e r l i n e 

Sm J e t - c e n t e r l i n e d i s t a n c e f r o m outfa l l 

Tj. J e t - c e n t e r l i n e t e m p e r a t u r e 

T L L a k e t e m p e r a t u r e 

To Outfa l l t e m p e r a t u r e 

T s m J e t - c e n t e r l i n e t e m p e r a t u r e r e l a t i v e to the l ake 

Ue E n t r a i n m e n t v e l o c i t y 

Vj^ L a k e - c u r r e n t v e l o c i t y 

Vo Outfa l l v e l o c i t y 

Vg J e t ve loc i t y 

Vsm J e t - c e n t e r l i n e ve loc i t y 

W Wind s p e e d 

Zo J e t t h i c k n e s s at the outfal l 

a C o n s t a n t e n t r a i n m e n t coeff ic ient 

dy V a r i a b l e e n t r a i n m e n t coef f ic ien t 

3 J e t c u r v a t u r e r e l a t i v e to y a x i s 

Y D i m e n s i o n l e s s m a s s flux 

£ D i m e n s i o n l e s s x - d i s t a n c e funct ion 

T| D i m e n s i o n l e s s y - d i s t a n c e funct ion 

9 Wind d i r e c t i o n r e l a t i v e to y ax i s 

V y c o m p o n e n t of d i m e n s i o n l e s s m o m e n t u m flux 

5 D i m e n s i o n l e s s c e n t e r l i n e d i s t a n c e funct ion 

p W a t e r d e n s i t y 

Po D e n s i t y of outfa l l d i s c h a r g e w a t e r 

PT Dens i ty of l ake w a t e r 

Apo P L " Po 

Ap P L " P 

Pg^ A i r d e n s i t y 

a S t a n d a r d dev ia t ion of G a u s s i a n d i s t r i b u t i o n 

T,„ W i n d - s h e a r s t r e s s 
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b . In t roduc t ion 

Hoopes , Z e l l e r , and Roh l i ch p r o p o s e a t w o - d i m e n s i o n a l a n a l y s i s 
for the s u r f a c e , s h o r e l i n e d i s c h a r g e of c o n d e n s e r cool ing w a t e r into a l a r g e 
lake in the p r e s e n c e of wind and c r o s s c u r r e n t e f f ec t s . The m o d e l a s s u m e s 
tha t the effect of buoyancy is to m a k e v e r t i c a l e n t r a i n m e n t of the j e t z e r o , 
the j e t being fully m i x e d v e r t i c a l l y and of cons t an t dep th . B a s e d p r i m a r i l y 
upon the w o r k of Morton^ and F a n ' on s u b m e r g e d j e t s , l a t e r a l e n t r a i n m e n t 
is a ccoun ted for by defining an e n t r a i n m e n t coeff ic ient often u s e d in 
s u b m e r g e d - b u o y a n t - j e t t h e o r y . An i n t e g r a l t echn ique is then u s e d w h e r e 
a s s u m e d s i m i l a r i t y funct ions for ve loc i ty and t e m p e r a t u r e a r e i n t r o d u c e d 
into the b a s i c i n t e g r a t e d equa t ions of m a s s , m o m e n t u m , and e n e r g y c o n s e r 
va t ion . The je t def lect ion, the width , and the c e n t e r l i n e ve loc i ty and t e m 
p e r a t u r e a r e outputs of the t h e o r y . Al though the m a t h e m a t i c a l m o d e l w a s 
des igned to s tudy c o n d e n s e r - c o o l i n g - w a t e r d i s c h a r g e s into a r a t h e r s h a l l o w 
n e a r - s h o r e reg ion of Lake Monona, W i s c o n s i n , it m a y be a p p l i e d e l s e w h e r e 
unde r c e r t a i n g e n e r a l cond i t i ons . 

The m o d e l and i t s app l i ca t ion wil l be d i s c u s s e d in t h r e e p a r t s : 

(1) Der iva t ion of the m a t h e m a t i c a l m o d e l (Sec. c) . 

(2) Appl ica t ion of the m o d e l to two ex i s t ing d i s c h a r g e s , inc lud ing 
a d i s c u s s i o n of the m o d e l a s s u m p t i o n s (Sees , d and e) . 

(3) Appl ica t ion of the m o d e l to g e n e r a l outfal l s i t u a t i o n s (Sec. f). 

c . D e r i v a t i o n of t h e M a t h e m a t i c a l M o d e l 

(1 
F i g . 1 . 1 . 

) G e n e r a l D i s c u s s i o n . T h e p h y s i c a l s i t u a t i o n i s i l l u s t r a t e d i n 

A h e a t e d j e t i s d i s c h a r g e d w i t h a v o l u m e t r i c f l o w r a t e Qoa f r o m 

a s u r f a c e s h o r e l i n e o u t f a l l i n t o a s t e a d y , 

u n i f o r m , s h o r e - p a r a l l e l c u r r e n t v , a t 

t e m p e r a t u r e T ^ . T h e i n i t i a l j e t t e m p e r 

a t u r e a n d v e l o c i t y a r e To a n d VQ, r e s p e c 

t i v e l y . T h e o u t f a l l i s a s s u m e d r e c t a n g u l a r 

w i t h w i d t h bo a n d d e p t h zo . T h e i n i t i a l 

a n g l e of t h e j e t t o t h e s h o r e l i n e i s SQ, 

a n d a s t e a d y w i n d b l o w s a t a n g l e 9 t o 

t h e y a x i s w i t h s p e e d W . 

T h e i n i t i a l F r o u d e n u m b e r , d e 

f i n e d a s 

v,̂  cos* 

Fig. 1.1. Surface Jet Subject to 
a Steady Crosscurrent-^^ 

IFo = 
Vo 

APo 

PL 
Zo 

i s a s s u m e d to sa t is fy IFo » 1> w h e r e 
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Apo = d e n s i t y d i f f e r ence b e t w e e n outfal l d i s c h a r g e and l ake w a t e r 

and 

p , = a m b i e n t l a k e - w a t e r d e n s i t y 

in o r d e r to e n s u r e tha t the in i t i a l j e t m o m e n t u m is c o n t r o l l i n g the h o r i z o n t a l 
s p r e a d i n g . In s u c h c a s e s , c o n s i d e r a b l e l a t e r a l e n t r a i n m e n t wi l l r e s u l t wi th 
t he j e t t h i c k n e s s r e m a i n i n g a p p r o x i m a t e l y c o n s t a n t . If, h o w e v e r , IFQ w e r e 
m u c h l e s s than uni ty , h o r i z o n t a l g r a d i e n t s would d o m i n a t e t he s p r e a d i n g 
a c t i o n wi th d i m i n i s h e d l a t e r a l e n t r a i n m e n t and a c o r r e s p o n d i n g d e c r e a s e in 
p l u m e t h i c k n e s s would be e x p e c t e d . M o r e o v e r , for IFQ « 1, l ake w a t e r p e n e 
t r a t e s into the c h a n n e l ou t l e t i t se l f and cou ld e f fec t ive ly r e d u c e the d i s c h a r g e 
a r e a . To avo id t h e s e d i f f i cu l t i e s , the a u t h o r s r e s t r i c t t h e i r a t t en t i o n to i n i 
t i a l F r o u d e n u m b e r s IFo » 1- They a s s e r t tha t the r a n g e 3 S IFo ^ 12* should 
be s a t i s f a c t o r y in y ie ld ing a r e l a t i v e l y c o n s t a n t depth m o m e n t u m j e t . This 
i s b a s e d upon the w o r k of E l l i s o n and T u r n e r in which the s t a b i l i t y of a 
s u r f a c e j e t , whi le at h igh R i c h a r d s o n n u m b e r s , c a u s e s v e r t i c a l e n t r a i n m e n t 
to be n e g l i g i b l e . At l a r g e r d i s t a n c e s f r o m the ou t l e t , w h e r e the f a r - f i e l d 
r e g i o n of the j e t h a s been r e a c h e d , the in i t i a l buoyancy and m o m e n t u m of 
the j e t w i l l have d i m i n i s h e d to the point w h e r e suff ic ient v e r t i c a l and l a t e r a l 
m i x i n g r e s u l t f r o m the ac t i on of a m b i e n t t u r b u l e n c e . The m o d e l is to be app l i ed 
only in the n e a r - s h o r e r e g i o n , w h e r e the m o m e n t u m i n t e r a c t i o n ol j e t and 
l ake c u r r e n t g o v e r n the m i x i n g and w h e r e the j e t h a s an a p p r o x i m a t e l y con 
s t an t dep th . As s t a t e d a b o v e , the j e t i s a s s u m e d to be u n i f o r m in the v e r t i c a l 
d i r e c t i o n so tha t t w o - d i m e n s i o n a l i t y m a y be p r e s u m e d . Al l h o r i z o n t a l p r e s 
s u r e and d e n s i t y g r a d i e n t s a r e a s s u m e d n e g l i g i b l e , w h e r e b y the j e t coo l s 
e x c l u s i v e l y by e n t r a i n m e n t of l ake w a t e r ( advec t ion and t u r b u l e n t diffusion) 
a n d s u r f a c e hea t l o s s . • 

Wind s t r e s s , depend ing upon i t s d i r e c t i o n , h a s the effect of e i t h e r 
i n c r e a s i n g o r d e c r e a s i n g the m o m e n t u m flux wi thout af fec t ing the m a s s flux 
t h r o u g h any c o n t r o l v o l u m e . The a u t h o r s u s e the f o r m u l a for wind s h e a r 

Tw = P a C o W (1.1) 

w^here 

T^ = wind s t r e s s . 

Pa = d e n s i t y of o v e r l y i n g a i r , 

C p = d r a g coef f ic ien t , 

W = wind s p e e d . 

E q u a t i o n 1.1 is u s e d wi th t he a s s u m p t i o n tha t the j e t v e l o c i t y i s neg l i g ib l e 
c o m p a r e d to W. (if no t , t hen W should r e a l l y be r e p l a c e d by W - v-, .) 

""This range is actually too broad. Vertical entrainment initiates when J o a 1.2. 



M a s s - , m o m e n t u m - , and e n e r g y - c o n s e r v a t i o n equa t i ons a r e 
w r i t t e n by ana lyz ing a c o n t r o l v o l u m e of t o t a l wid th 2b, l eng th d s , and 
depth Zo loca t ed at c e n t e r l i n e d i s t a n c e S j^ f r o m the outfa l l a s i l l u s t r a t e d 
in F i g . 1.1. F i r s t , the a u t h o r s a s s u m e s i m i l a r i t y funct ions for l a t e r a l 
ve loc i t y and t e m p e r a t u r e 

a n d 

w h e r e 

Vs = V 3 ^ f ( n / b ) (1-2) 

Ts - T L = T s n , g ( n / b ) , (1.3) 

a n d 

Vg = loca l je t ve loc i ty , 

v s m = j e t c e n t e r l i n e ve loc i ty , 

Tg = loca l j e t t e m p e r a t u r e , 

T s m ~ j ^ t c e n t e r l i n e t e m p e r a t u r e , 

n = n a t u r a l c o o r d i n a t e p e r p e n d i c u l a r to j e t c e n t e r l i n e , 

b = j e t ha l f -wid th , 

f (n/b) = l a t e r a l d i s t r i b u t i o n of j e t v e l o c i t y , 

g (n /b ) = l a t e r a l d i s t r i b u t i o n of je t t e m p e r a t u r e r e l a t i v e to the l a k e . 

F o r the app l i ca t ion of the m o d e l to Lake Monona , the a u t h o r s u s e d the d i s 
t r i bu t i ons 

f (n/b) = exp[- (n /b)2] | n | < n i ( l . 4 a ) 

and 

, VT cos 3 
f(n/b) = y | n | > n i , (1.4b) 

" s m 

w h e r e nj > b and 

g (n /b ) = exp[ - (n /b )^ ] . (l 5) 

H e r e f is G a u s s i a n for | n | < n^ and g is G a u s s i a n for a l l l a t e r a l d i s t a n c e s n. 
F o r | n | > n j , the loca l ve loc i ty was a s s u m e d to be a p p r o x i m a t e l y equa l to 
the lake ve loc i ty componen t in the l a t e r a l ' d i r e c t i o n of the j e t . Thus f (n /b) 
i s defined as in Eq . 1.4b. 



Allowing for a variable entrainment coefficient, the authors 
assume that the jet half-width b grows linearly with centerline distance 
from the outfall, 

b = y2C,Sm + bo (1.6) 

where Ci is a " ra te-of -spread" coefficient, which must be determined em
pirically. The authors, as will be seen la ter , rely predominantly upon a 
constant entrainment coefficient, whereby, for Gaussian assumptions of f 
and g, 

b = Jl<3 (1.7) 

wi th a the s t a n d a r d dev i a t i on of the n o r m a l d i s t r i b u t i o n at p o s i t i o n S j ^ . No 
l i n e a r r e l a t i o n s h i p b e t w e e n b and S j ^ i s a s s u m e d in t he c o n s t a n t coeff ic ient 
c a s e . G a u s s i a n a s s u m p t i o n s on f a n d g c o m b i n e d wi th the v a r i a b l e e n t r a i n 
m e n t a s s u m p t i o n wi l l i m p l y 

C = C , S m + b o / ' / T . (1.8) 

The r a t e of e n t r a i n m e n t t h r o u g h the l a t e r a l e d g e s of the c o n t r o l 
v o l u m e is def ined by 

dQ = 2(uez ds) = avs jn (2z ds) ( l . 9 ) 

w h e r e 

dQ = r a t e of l a t e r a l e n t r a i n m e n t , 

Ug = l o c a l e n t r a i n m e n t v e l o c i t y , 

a n d 

a = l a t e r a l e n t r a i n m e n t coef f i c ien t . 

The l o c a l e n t r a i n m e n t v e l o c i t y w a s a s s u m e d to be r e l a t e d to the 
j e t c e n t e r l i n e v e l o c i t y v by 

Up = orvc (1.10) 

E q u a t i o n s for (y wi l l be d e r i v e d l a t e r . With the above a s s u m p 
t i o n s the i n t e g r a t e d m a s s , m o m e n t u m , and e n e r g y e q u a t i o n s can now be 
w r i t t e n . 

(2) M a s s C o n s e r v a t i o n . The v o l u m e t r i c flow r a t e t h r o u g h the con 
t r o l v o l u m e in F i g . 1.1 i s 

rb 
Q = Zo I Vg dn = IiZoVgrnb. ( l . l l ) 
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where 

I, = l_' f(n/b) d(n/b) (1.12) 

and f is defined by Eq. 1.2. Ii = 1.49 if f is specified by Eqs . 1.4. F r o m 
Eq. 1.11, 

, , d(vsmb) (I } ^ \ 

dQ = dizo) ^^ ds. U-13) 

Equating the volume flux out of the control volume defined by 
Eq. 1.13 to the rate of entrainment of the colder lake water defined by 
Eq. 1.8, yields 

i ( v s m b ) = 4fvgm. (1-^4) 

Equation 1.14 expresses incompressible mass or volume conservation for 
the jet. 

(3) Momentum Flux in x Direction. The flux of momentum in the 
X direction is 

/
b r b 2 

(pvg sin 3)vs dn = pzo / Vg sin P dn, (1.15) 
-b •) -b 

where p again is constant. The momentum flux equation in the x direction 
reads 

5Px 
2Fx = Fpx + Fsx = ^ ^ dx, (1.16) 

where Fp^ and Fg^ are the net p ressure and shear forces acting in the 
X direction, respectively. It is assumed that 

(a) Horizontal p ressure gradients generally present in non-
buoyant jets issuing into a stagnant medium are neglected using the same 
assumptions of classical jet theory. 

(b) Additional horizontal p re s su re gradients due to buoyancy 
effects are neglected. 

(c) Horizontal p ressure gradients due to the drag force on the 
jet arising from the crossflow are negligible. 

(d) Horizontal p ressure gradients arising from the jet bending 
and the consequent centrifugal force developed are also negligible. 
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(e) Lateral shear s t r e s ses a re unimportant, even though there 
a re finite velocity gradients at the jet boundary, (if an infinite-width jet 
was used, la tera l shear s t r e s se s would not need to be considered. In that 
case, the distribution assumed for Vg would be invalid and there would be 
no easy way to handle wind forces acting on an infinite control-volume sur
face area . ) 

(f) Bottom shear s t r e s se s are negligible, due to definition of 
Zo as the depth to zero shear . The inherent contradiction between this a s 
sumption and that of a fully mixed, vert ically uniform plume above Zo is 
considered unimportant. 

(g) There is no x component of lake velocity present , implying 
zero entrainment of lake momentum in the x direction. 

(h) The x component of the wind-shear force on the lake sur 
face acting on the control volume is T^(2b sin 9 ds) where T^ is defined by 
Eq. 1.1. 

These assumptions will be discussed in more detail later in the 
light of experimental data taken about two shoreline surface discharges into 
Lake Monona. In total, these assumptions imply that the rate of increase in 
X momentum, P^, ac ross ds at any Sj^ is the equal to the x component of 
wind shear at the lake surface; that i s , 

SPx 
Tvi,2b sin 9 = -r— dx, (1.17) 

ox 

or by introducing Eq. 1.2 into Eq. 1.15, Eq. 1.17 becomes 

T- (v |mb sin P) = ^ sin 9, ( l . l 8) 

where 

h -- ]•_' [f(n/b)f d(n/b). (1.19) 

Equation 1.18 is thus the momentum-conservat ion equation for the x direction. 

(4) Momentum Flux in y Direction. The flux of momentum in the 
y direction at any Sm is 

^b 
Py = Zo I p(vg cos P)vs dn = pIzvlmZob cos 3, (l.20) 

•/ -b 

where Eq. 1.2 was introduced into the above integral . Equating forces in 
the y direction to the rate of change of momentum in that direction yields 
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•'^py ''" l^sy 
SPy 

Sy 
dy - pvj^ dQ, 

w h e r e Fp-y and Fgy 
the 

a r e , r e s p e c t i v e l y , the net p r e s s u r e and s h e a r f o r c e s in 
y d i r e c t i o n , with pvj_^ dQ r e p r e s e n t i n g the m o m e n t u m flux a d d e d to the 

c o n t r o l vo lume by the t r a n s v e r s e l ake c u r r e n t . Due to a s s u m p t i o n s s t a t e d 
above , the r a t e of change of t h i s m o m e n t u m flux Py m u s t be b a l a n c e d s o l e l y 
by the y componen t of the w i n d - s h e a r f o r c e on the c o n t r o l v o l u m e and the 
m o m e n t u m added by the e n t r a i n m e n t of lake c u r r e n t a c r o s s the l a t e r a l edges 
of the j e t ; i . e . , 

T^(2b ds) cos 9 
9Py 
ay 

dy - pv j^ d Q . ( 1 - 2 1 ) 

I n s e r t i n g t h e f o r m f o r d Q f r o m E q - 1.9 i n t o E q . 1.21 y i e l d s 

d , 2 ,̂  2 v s m V L Q ' 2 b T ^ c o s 9 
•n -vVsmb c o s e ) = + . 
d s S"^ I2 PZ0I2 

( 1 - 2 2 ) 

E q u a t i o n 1.22 e x p r e s s e s t h e b a l a n c e b e t w e e n f o r c e s a n d m o 
m e n t u m i n t h e y d i r e c t i o n . 

(5) E n e r g y - c o n s e r v a t i o n E q u a t i o n . In t h e m o m e n t u m - d o m i n a t e d 
j e t r e g i m e , t u r b u l e n t d i f f u s i o n of h e a t i s a s s u m e d n e g l i g i b l e s o t h a t t h e n e t 
c o n v e c t i v e f l u x of h e a t i s b a l a n c e d b y t h e h e a t l o s s f r o m t h e l a k e s u r f a c e 
t o t h e a t m o s p h e r e . T h i s c a n b e e x p r e s s e d a s 

d_ 

d s 
V s ( T - T L ) z o d n K ( T - T L ) d n . ( 1 - 2 3 ) 

w h e r e K i s t h e c o e f f i c i e n t of s u r f a c e h e a t e x c h a n g e . T h e e q u i l i b r i u m t e m 

p e r a t u r e i s a s s u m e d h e r e t o b e c l o s e t o t h e l a k e t e m p e r a t u r e . If Vg a n d 

T - T L a r e r e p l a c e d by t h e i r s i m i l a r i t y f o r m s , E q . 1-23 b e c o m e s 

w h e r e 

9l (r • • L ' exp 
( Kl4 t \ 
V I3Z0 ) 

+ T , (1.24) 

TQ - je t c e n t e r l i n e t e m p e r a t u r e 

Q / Q O = di lut ion fac to r at d i s t a n c e S j^ f r o m the outfal l w h e r e 

Q = IiZoVsmbo, (1-11) 

Qo = IiZoVobo, ( l . i r ) 
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h = J ' f{n/b) g (n /b ) d ( n / b ) , 

I4 = r g ( n / b ) d ( n / b ) . 

and 

r ds 
t = I = t r a v e l t i m e f r o m the outfa l l to ( l .25) 

•'0 s m p o s i t i o n Sj^^. 

TQ m a y be c a l c u l a t e d only when Vg^i b a s been d e t e r m i n e d for c e n t e r l i n e 
d i s t a n c e s up to Sj-^. If s u r f a c e hea t l o s s i s n e g l i g i b l e , K « 0, Eq . 1.24 m a y 
be s i m p l i f i e d to r e a d 

Tc = Tg in + T L = ( Q O / Q ) ( T O " T L ) + T L (1.26) 

B e f o r e E q s . 1.14, 1.18, and 1.22 can be s o l v e d s i m u l t a n e o u s l y 
for j e t de f l ec t ion P, j e t h a l f - w i d t h b , and c e n t e r l i n e ve loc i t y Vg^^, a f o r m 
for the e n t r a i n m e n t coef f ic ien t m u s t be found. Once 01 i s d e r i v e d , the s o 
lu t ion can p r o c e e d . 

The a u t h o r s a s s u m e tha t the effect of wind s t r e s s on e n t r a i n m e n t 
i s n e g l i g i b l e . Upon se t t i ng T^ = 0, E q s . 1.14, 1.18, and 1.22 r e d u c e to 

j j s > - s m " ' T ^ (vsmb) = 4 ^ v g ^ , (1.14') 

T - (v |mb sin P) = 0, • ( I . I8 ' ) 
ds " 

and 

^ ( . z ^ , . „ g , ) . ! l ^ . (L22') 

Using Eq. 1.14' in Eqs. 1.18' and 1.22', two alternate expres 
sions may be derived for a: 

and 

VQlzb^' b'^^ dg 
"i^T" (sin e)̂ '̂  di • ^ ^ • ^ ^ > 
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Thus a i s d e s c r i b e d as a funct ion of the r a t e of s p r e a d d b / d s and the c u r v a 
t u r e d g / d s for a j e t with z e r o wind s h e a r . F r o m E q s . 1.27 and 1.6, 

„ . 2^iL£i . i l b c o t g ^ ^ . (1.29) 
4 4 ds 

Since d g / d s < 0, a i n c r e a s e s wi th d i s t a n c e f r o m the ou t fa l l . In 
the Lake Monona app l i ca t ion of the t h e o r e t i c a l m o d e l , a w a s t a k e n to be 

yiliC, (1-30) 

a s a f i r s t a p p r o x i m a t i o n ; then a was a l lowed to v a r y as in E q . 1.29 to a s c e r 
ta in the effects of a v a r i a b l e a, defined a s ffv- The e n t r a i n m e n t coef f ic ien t 
a^, when included in the a n a l y s i s , was shown to p r o v i d e only i n s ign i f i can t 
i m p r o v e m e n t over u s e of the cons t an t a of Eq . 1.30. 

The f o r m for the cons t an t a is i den t i ca l to the s t r a i g h t j e t c a s e : 
g = cons tan t = 90° (dg /ds = 0) and v , = 0. F o r a l i n e a r - s p r e a d a s s u m p t i o n 
b = yiCoS + bo. 

yiliCo 
(1-31) 

w h e r e Co is the r a t e - o f - s p r e a d coeff icient of a buoyant s u r f a c e j e t i s s u i n g 
into a s tagnant l ake . 

Al though the g e n e r a l p r o b l e m involves so lv ing E q s . 1.14, 1-18, 
and 1-22 for the v a r i a b l e a, the a u t h o r s focus a t t en t ion on the constant-cy 
c a s e b a s e d upon the Lake Monona r e s u l t s . T h e s e equa t ions m a y be w r i t t e n 
in n o n d i m e n s i o n a l f o r m for the cons tan t o r e p r e s e n t e d by E q . 1.30 by 
defining 

^oVsmblj 
Y = ;—;~" = d i m e n s i o n l e s s v o l u m e flux, (1.32) 

zovoboli 

2ov |mb 1 
-|- - d i m e n s i o n l e s s m o m e n t u m flux, ( l -33) 

a n d 

If 

zoVoboVL II 

. _ SmZVL 20- ^. . , , , 
i - T ;~ - d i m e n s i o n l e s s c e n t e r l i n e d i s t a n c e . (1.34) 

ZoVobo I2 

h - m s in g = x componen t of d i m e n s i o n l e s s (1.35) 
m o m e n t u m flux 



and 

V = m cos g = y c o m p o n e n t of d i m e n s i o n l e s s ( l . 36 ) 
m o m e n t u m f lux. 

E q s . 1.14, 1.18, and 1.22 b e c o m e 

dy _ m 

d l " Y ' 

and 

w h e r e 

dv 
d5 

• ^ x 

m ' Y 

/I.2\2 T^ s in 9 vobo 

\ l j PO^L "^L^o 

(1.37) 

fyi'- '̂-̂^̂  

(1.39) 

(1-40) 

and 

. = 2 ( i i y ! ^ ^ f 2 ^ e v ^ . (1,41) 
' \li/ P°'v' VLZO 

The b o u n d a r y cond i t i ons a s s o c i a t e d wi th Eqs» 1.37-1.39 a r e g iven at 
Sm = 0 (? = 0): 

Y = 1, (1.42) 

V = Vo = mo cos go, (1.43) 

and 

h = h{| = mo s in go, (1.44) 

w h e r e go is the ang le of the outfa l l c e n t e r l i n e wi th the s h o r e l i n e . 

Due to the T^ t e r m s , the so lu t i on to E q s . 1 .37-1.39 h a s to be 
ob t a ined n u m e r i c a l l y . If, h o w e v e r , the wind s h e a r s t r e s s i s n e g l i g i b l e , T,̂ ,̂ 
m a y be a s s u m e d to be z e r o giving .{-x = ly = 0 w h e r e b y E q s . 1 .37-1.39 
r e d u c e to 
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dY 
d l " 

dh 
d l " 

m 

0, 

(1-37 ' ) 

(1 .38 ' ) 

and 

T h e s e t h r e e n o n l i n e a r , f i r s t - o r d e r d i f f e ren t i a l equa t i ons m a y 
be so lved s i m u l t a n e o u s l y to y ie ld an expl ic i t so lu t ion . F o r g iven v a l u e s of 
Vo, bo, Zo, To, Tj^, Vj^, K, a, and Cj , the so lu t ion for e a c h v m a y be w r i t t e n 
by the following s e r i e s of c a l c u l a t i o n s : 

m „ = i ^ ^ , (1.45) 

ll V L 

= ^I]± 
h Vobo ' 

Il m v L 

I = m + In (v + m ) - ho - In (ho), 

Q = t a n " ' (v/ho) + ho In (m/ho) , 

T] = V - ho t a n " ' (v/ho) + In (m/ho) , 

u _ "''̂ obo 

t a n " ' (ho/v). 

(1-46) 

(1-47) 

(1-48) 

(1-49) 

(1-50) 

(1.51) 

(1.52) 

I 
f (1.53) 

(1-54) 

(1-55) 

y " J- (1-66) 



and 

Q = IibvgmZo. 

If K « 0, t hen 

T s m - K (To - T L ) 

(1.11) 

( l . 2 6 a ) 

and 

Tc = Tgjn + T L . 

If K is not n e g l i g i b l e , t hen 

r^^ ds 

Jo "^-^ 

(1.26b) 

(1.25) 

m u s t be c a l c u l a t e d by a n u m e r i c a l i n t e g r a t i o n b a s e d upon p r e v i o u s v a l u e s 
^^ "^sm- Then 

T s m - - Q ( T „ - T L ) e x p ^ - ^ - - j 
Kl4t '̂  ^ 

3Z0 

a n d 
1.24) 

Tc = T g m + T L . 

d. App l i ca t i on to L a k e Monona and D i s c u s s i o n 

The above m o d e l was app l i ed to the Blount S t r e e t and L i v i n g s t o n S t r e e t 
s h o r e l i n e outfa l l s of the 190-MWe M a d i s o n Gas and E l e c t r i c p o w e r plant on 
L a k e Monona . The s h o r e l i n e ou t fa l l s a r e 640 ft a p a r t , wi th only neg l ig ib l e 
j e t i n t e r f e r e n c e be tween e a c h o t h e r . The g e o m e t r y is g iven in F i g . 1.2. The 
L i v i n g s t o n S t r e e t i n t a k e - o u t f a l l s y s t e m c i r c u l a t e s 140 cfs t h r o u g h i t s con 
d e n s e r s . A t t en t i on wi l l be p r i m a r i l y focused on th i s outfal l s y s t e m s i n c e it 
i s m o r e t y p i c a l of a g e n e r a l s h o r e l i n e ou t fa l l . 

The m o d e l d e s c r i b e d in S e c . c above cou ld not be app l i ed to e i t h e r 
outfa l l wi thout s o m e m o d i f i c a t i o n s . F i r s t , no r e g i m e of flow e s t a b l i s h m e n t 
was t a k e n in to c o n s i d e r a t i o n in t he m o d e l d e v e l o p m e n t du r ing wh ich the 
" t o p - h a t " v e l o c i t y and t e m p e r a t u r e d i s t r i b u t i o n s at the end of the d i s c h a r g e 
c a n a l w a r p o r change in to b e l l - s h a p e d f o r m s . In g e n e r a l , a po t en t i a l c o r e 
r e g i o n e x i s t s in which the effects of t u r b u l e n t s h e a r have an oppo r tun i t y to 
w o r k t h e i r way i n w a r d and affect the v e l o c i t y d i s t r i b u t i o n . Second , the 
a v e r a g e l ake dep th wi th in 200 ft of the s h o r e is 1 m o r l e s s , wh ich s t i m u l a t e s 
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significant initial vert ical mixing of the jet by bottom effects not considered 
in the model. Beyond 200 ft, the bottom influences were negligible and the 
jet spread with an approximately constant depth of 1 m. Third, the Living
ston Street outfall was submerged 2 ft below the average lake level. More
over, the outfall channel was not completely rectangular, being partly eroded 
and having a concrete partition down the middle. With these problems at 
hand, the authors found it necessary to use the above model to develop em
pirical correlations for the quantities vo and a in t e rms of wind-speed 
measurements . Uncertainties in the lake-current measurements required 
an empirical correlation for VL too. 

J . ^ I N T A K E 

'. INTAKE 

Fig. 1.2. Prototype Situation for Two Outfalls on Lake Mononâ ^ 

To obtain t h e s e c o r r e l a t i o n s , the a u t h o r s u s e d nine of t h e i r 22 field 
s u r v e y s of the p lume c h a r a c t e r i s t i c s at the Blount S t r e e t and L i v i n g s t o n S t r e e t 
ou t fa l l s . In each field s tudy , j e t v e l o c i t i e s and t e m p e r a t u r e s w e r e m e a s u r e d 
by boat . All 22 s u r v e y s p rov ided a wea l th of data ; u n f o r t u n a t e l y , none of 
t h e m was fully a d e q u a t e . No r e l i a b l e data w e r e t aken within the f i r s t 200 ft 
of the ou t fa l l s . Data taken f rom drogue and t e m p e r a t u r e s u r v e y s w e r e 
g e n e r a l l y inadequa te to comple t e ly define the ax ia l and t r a n s v e r s e j e t -
ve loc i ty p ro f i l e s . It was difficult to d e t e r m i n e w h e t h e r the t r a n s v e r s e 
ve loc i ty d i s t r i bu t i ons w e r e G a u s s i a n ; yet , a unique j e t c e n t e r l i n e was d e 
t e r m i n e d about which the field data w e r e n o r m a l l y d i s t r i b u t e d . The a x i a l 
and t r a n s v e r s e t e m p e r a t u r e data w e r e even l e s s s a t i s f a c t o r y . The c e n t e r -
l ine t e m p e r a t u r e decay was s i m i l a r in f o r m to tha t of the ve loc i t y , but 
t r a n s v e r s e t e m p e r a t u r e d i s t r i b u t i o n s w e r e not we l l def ined and often a p 
p e a r e d to be flat, p robab ly due to d a t a - c o l l e c t i o n t e c h n i q u e s . S o m e s u r v e y s , 
however , did yield G a u s s i a n - l i k e t r a n s v e r s e t e m p e r a t u r e d i s t r i b u t i o n s . 

C o n s i d e r a b l e smooth ing of f ield data had to be u n d e r t a k e n to p r o v i d e 
usab le c u r v e s for ca lcu la t ing the d e s i r e d p a r a m e t e r s . T h e r e w e r e s c a t t e r 
in the data and s o m e devia t ion f r o m s t e a d y - s t a t e r e l a t i o n s h i p s . F i e l d 



situations were often extremely difficult. The wind was seldom steady, and 
the power plant did not keep an on-line steady power output during all sur 
veys. F rom the observations of the invest igators , the plumes were not 
steady in a short period of, say, 4 hr . They attempted, therefore, to confine 
their field measurements to a period of about 1 hr , and thus they seldom 
were able to extend their observations beyond 1000 ft from either outfall 
on any given survey. 

Apart from wind speed and power-output changes, the plumes seemed 
to have wriggles in them that many later r e sea rche r s have observed These 
wriggles indicate that significant plume meandering was taking place. Er 
rat ic behavior was found from the standpoint of the temperature m e a s u r e 
ments in the measurable edges (or limits) of the plume; in fact, these 
measurements , more than the velocity measurements , convinced the authors 
that their plumes were meandering quite a bit and that all measurements 
were yielding more of an average picture of the plume configuration over a 
period of t ime, ra ther than an instantaneous or synoptic picture. This me
andering phenomenon was not considered in the model development. 

Wind-shear s t r e s s was not determined in any of the field surveys. 
Consequently, the authors had to refer to available l i tera ture to obtain r e 
lationships between wind s t r e s s and wind speed in order to est imate the 
effect the wind had on each plume observed in the field. 

In spite of the abundant yet generally disappointing data, the authors 
were able to use it to yield a f irst-approximation judgment on the coefficients 
and pa ramete r s of interest for the model verification. Nine of their best 
surveys were reduced in detail to yield wind-speed correlations for Vo, a, 
and VT to be used in applying the theoretical .model. Comparisons of the 
model incorporating these correlat ions with all 22 plume surveys were then 
ca r r ied out. 

The field data from the nine surveys were reduced as follows: F i rs t , 
a best-fit Gaussian velocity distribution was determined about an estimated 
jet centerline for each survey. Then the centerline velocity Vgjĵ  and jet 
width b = v2a (a being the standard deviation of the fitted Gaussian d is t r i 
bution) were obtained at five or six positions of Sjn along the centerl ine. 
The jet curvature g, and centerline tempera ture Tgj-^ were scaled from the 
map of s t reamlines acquired from drogue studies for those locations. Using 
these values of b, Vg^^, Tgj-^, and g obtained at those part icular positions 
of Sjn in addition to the measured values of Qoa (power-plant pumping rate) , 
To, T L , VL, and W, the authors used the mathematical model to define the 
"apparent" outfall velocity vo and entrainment constant a ior each position 
Sm- These "apparent" pa ramete rs in part compensate for the strong ve r 
t ical mixing near the Livingston Street outfall, for the fact that it is sub
merged about 2 ft and not completely of rectangular shape, and finally for 
the fact that no flow-establishment region was considered in the model. The 
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resulting values of Vo and a for each survey were averaged and then cor 
related with wind speed. These correlations a re , for the Livingston Street 
outfall, 

Vo = 2.0 + 9.9W (1.57) 

and 

0.04 + 0.055W, (1-58) 

where W is the wind speed measured in mph and Vo is in cm/seC- Lake-
current velocities were determined directly by measuring asymptotic jet 
velocities and indirectly by determining apparent outfall character is t ics-
Correlating these characterist ics with wind speed yielded 

VL = 0.90 + 0.60W. (1-59) 

With these empirical evaluations for parameters vo, a, and VT , the 
authors compared the mathematical model to the data obtained in the 22 
surveys. Additional parameters required were 

W = wind speed (for use in Eqs. 1.67-1.69). 

T-^ = lake temperature, 

K = surface heat-loss coefficient, 

Zo = depth of discharge = depth of plume, 

Qoa = power-plant discharge rate, 

bo = "apparent" outfall width determined by 

Qoa 
I I V Q Z O 

rate-of-spread coefficient evaluated from 

01 = 0.528Ci, 

(1.60) 

and 

V - wind-shear s t ress (graph to be described later) 

in the use of Eqs. 1.45-1.56, 1.11, and 1.26. 

Figure 1.3 compares model predictions with data taken at the Liv
ingston Street outfall on August 10, 1966. Negligible shear s t r ess was a s 
sumed in addition to a = constant in the application of the model. Figure 1.3 
represents one of the nine surveys used to establish the Vo, a, and v, cor
relations given above. There is reasonably good agreement between p re 
dicted and observed jet character is t ics here . In general, the comparisons 



made with the other 21 surveys yielded model predictions of centerline 
velocity and temperatures within 2 cm/ sec and 1°C, respectively, of field 
observat ions. Jet curvatures and widths did not compare as well with field 
measu remen t s . Two facts must be noted: F i r s t , the theoretical model and 
field measurements were compared beyond 200 ft of the outfall, where 
centerline temperatures and velocities were near ambient values due to 
the vigorous mixing within the 200-ft region. Second, the scat ter between 
the data and model predictions may be due to inadequate definition of the 
jet-velocity distributions from the data and the resultant effect of the in
adequate definition on the subsequent determinations of the jet centerline, 
curvature , and width. 
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Jet Characteristics for Livingston Street 
Outfall, August 10, 1966.13 vvind direc
tion and speed; SE, .5 mph;Qoa - 40.2 x 
105cm3/sec;To = 3 S . 7 ° C : T L = 24.2°C; 
6o = 90°: vo = 51.6 cm/sec (Eq. 1.57); 
VL = 3.9 cm/sec (Eq. 1.59) and a = 0.32 
(Eq. 1.68). 

600 aoo 
Sm. I~l 

The above paragraph referred 
to comparisons made when T^ = 0 
and Q; = constant. Similar compari
sons were made with wind-shear 
s t r e s s given by Eq. 1.1 and a = con
stant. Since no wind-s t ress m e a s 
urements were made in any of the 
field studies , values for T^ and hence 
the drag coefficient were selected 
from the available l i te ra ture . How
ever, there is an extremely large 
range for wind-s t ress values for 
a given W, as can be seen from 
Fig. 1.4. Curves 1 and 2 a re re la
tionships derived from the spiral 
solutions of Rossby and Ekman, r e 
spectively. Curves 3 and 4, derived 
by Stearns , a re wind-stress equations 
for stable and unstable conditions 
over Lake Mendota. All four are 
discussed in Ref. 6. Curves 5 and 6 
a re wind-s t ress equations of Ekman 
and Hells t rom, respectively, found in 

_^_ UIO BRYSON^J 
Tl 91 AL OF ROSSaV SPIRAL 
M. n IOR 
|TI fl AL Of CKHAN _SP1BA1. 
4.1 n OH ; 
C kf HS FOR UNSTABLE 
I I I IONS OVER L.y£NOOD 
:< A IS FOR STABLE COW-

m t OVER L. MENDOTT-

E Q U A T I O N 

IVROU EQUATION 

A ID BRYSONB 

' 10-2 

IO-" 

COHRUTATION 

W . 10 cm MC" ' 

Fig. 1.4. Wind Stress, T ^ , VS Wind Speed lb 
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Ref. 6. E a c h of the above c u r v e s is of the f o r m of Eq . 1.1 excep t tha t the 
wind s p e e d has an a r b i t r a r y cons t an t p o w e r for the f ac to r W. 

F r o m the r a n g e of Cj-, va lues (0 .0001-0 .005) p r e s e n t e d in Ref. 7 
and the Ha ines and B r y s o n c o r r e l a t i o n f o r m u l a be tween l ake c u r r e n t s and 
wind s p e e d for Lake Mendota , 

= 1.17W - 0.046W^, (0 < W < 12) ; i . 6 l ) 

c u r v e s 7 and 8 w e r e d e r i v e d . C u r v e s 7, 8, and 4 w e r e u s e d to r e p r e s e n t a 
r ange of w i n d - s t r e s s effects in the m a t h e m a t i c a l m o d e l . They r e p r e s e n t 
high, m e d i u m , and low wind s t r e s s e s at a g iven wind s p e e d . T h e s e c u r v e s 
tend t o w a r d the m e a n of the equa t ions p lo t ted in F i g . 1.4. The a u t h o r s w e r e 
not able to m a k e any c o r r e l a t i o n s wi th wind d i r e c t i o n . 

F i g u r e 1.6 shows a " typ ica l " c o m p a r i s o n of je t c h a r a c t e r i s t i c s 
r e su l t i ng f rom the t h r e e w i n d - s t r e s s r e l a t i o n s h i p s d e s c r i b e d above wi th 
the z e r o - w i n d - s t r e s s c a s e . [This f igure was t aken f r o m Ref. 2, an e a r l i e r 
work of the a u t h o r s , w h e r e they c o r r e l a t e d wind s p e e d to C j , mo ( i . e . , Vj^), 
Vobo ( i . e . , Qo), and vo. It was r e a l i z e d l a t e r that t h e r e w e r e r e d u n d a n c i e s 
in t h e s e c o r r e l a t i o n s . R e f e r e n c e 1, which is being r e v i e w e d h e r e , u s e s 
Qoa, the ac tua l p o w e r - p l a n t d i s c h a r g e r a t e , with c o r r e l a t i o n s on vg, a, and 
VL. The d i f fe rences be tween the r e s u l t s of R e f s . 1 and 2 a r e v e r y s m a l l , 
and hence th i s f igure is being p r e s e n t e d . ] It can be conc luded f r o m F i g . 1.5 
and f r o m the o the r 21 s u r v e y s that for low and m e d i u m wind s h e a r s , the 
effects of d i r e c t wind s t r e s s on j e t c h a r a c t e r i s t i c s a r e m i n o r . H o w e v e r , 
f rom the fact that w i n d - s h e a r s t r e s s e s w e r e not m e a s u r e d and f ield da ta 

Fig. 1.5. Comparison of Jet Characteristics for Mathematical Models 
with and without Direct Wind Stress; July 17, 1966; Living
ston Street.lb Bo = 90°; Wind = NW 5-6 mph; VQbo = 
53.4 X 103 cm2/sec;vo = 31.6 cm/sec; TQ = 35.0°C;TL = 
26.9°C; VL = 6.0 cm/sec; Cj = 0.592; a. = 0.312. 
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w e r e in r e a s o n a b l e a g r e e m e n t wi th the t h e o r e t i c a l m o d e l wi th no wind 
s h e a r , the a u t h o r s conc lude tha t the effects on the j e t c h a r a c t e r i s t i c s for 
the n e a r - s h o r e r eg ion of Lake Monona a r e n e g l i g i b l e . 

The t h r e e - a p p r o x i m a t i o n m e t h o d in the u s e of Eq . 1.1 to r e p r e s e n t 
d i r e c t w i n d - s t r e s s e f fec ts ( i . e . , the u s e of c u r v e s 4 , 7, and 8 for e a c h f ie ld 
s u r v e y ) r e p r e s e n t s only a s i m p l i f i e d a p p r o a c h to a s s e s s w h e t h e r wind s t r e s s 
is s i gn i f i can t . In a z o n e - o f - f l o w e s t a b l i s h m e n t w h e r e the j e t m o m e n t u m is 
the d o m i n a n t f ac to r and the j e t i s v e r y a c t i v e , Eq . 1.1 is e x p e c t e d to y ie ld 
a c c u r a t e r e s u l t s . Yet , far away f r o m the outfa l l , we l l into the r e c e i v i n g 
w a t e r , m o r e a c c u r a t e r e l a t i o n s h i p s could p e r h a p s have been deve loped if 
a c t u a l s h e a r s t r e s s e s had been m e a s u r e d in the f ie ld s u r v e y s . In r e a l i t y , 
for d i s t a n c e s of even l / 2 m i l e or so in the L a k e Monona c a s e , a s m a l l wind 
could be i m p o r t a n t , a s f a r a s def lec t ing t he c e n t e r l i n e due to i t s c u m u l a t i v e 
effect o v e r a p e r i o d of t i m e . Equa t ion 1.1 a c t u a l l y r e p r e s e n t s wind s h e a r 
p a s t a so l id body, and i t s u s e for p l u m e s in l a k e s y i e l d s only a f i r s t a p p r o x i 
m a t i o n to the a c t u a l va lue of T,^. 

To a s c e r t a i n w h e t h e r the depth of the j e t was r e a l l y c o n s t a n t , ve loc i ty 
and t e m p e r a t u r e m e a s u r e m e n t s w e r e t a k e n at a depth of 1 m . The t e m p e r a 
t u r e d i s t r i b u t i o n p r o v e d to be flat a n d equa l to the a v e r a g e l ake t e m p e r a t u r e 
and s u b s u r f a c e d r o g u e s i n d i c a t e d a j e t t h i c k n e s s of 1 m wi thin 400 ft of the 
out fa l l . The a u t h o r s d e r i v e d a coeff ic ient k to r e p r e s e n t the r a t e of v e r t i c a l 
e n t r a i n m e n t . Mode l c a l c u l a t i o n s wi th k = 1.0 (no v e r t i c a l e n t r a i n m e n t ) 
s e e m e d to a g r e e b e s t wi th the a v a i l a b l e f ie ld da t a . Hence the a u t h o r s feel 
j u s t i f i e d in n e g l e c t i n g v e r t i c a l e n t r a i n m e n t in t h e i r r e l a t i o n s h i p s . 

MODEL PREDICTIONS 
C, • 0 14 
C, "Oes 
B -0 3. 

(contlani) 
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Fig. 1.6. Comparison of Jet Characteristics Vsm 
and To for Constant and Variable Entrain
ment Coefficients for Livingston Street 
Survey; July 27,1966.1'' ^ ĵ̂ j jp^gj ^^j 
direction: NW, 6-6 mph; Qoa = 40.2 x 
105cm3/sec;T0 = 35.0"C;TL = 26.9°C; 
6o = 90"; 56.6 cm/sec (Eq. 1.57); 

4.2 cm/sec (Eq. 1.59); a = 0.34 

The a u t h o r s c a l c u l a t e d the 
effect on j e t c h a r a c t e r i s t i c s us ing a 
v a r i a b l e - e n t r a i n m e n t cons t an t a.^. 
E q u a t i o n s 1.27 and 1.28 w e r e so lved 
for g and ô v a s a funct ion of s^j^ a s 
s u m i n g the l i n e a r r a t e - o f - s p r e a d r e 
l a t i o n s h i p Eq . 1.6. C e n t e r l i n e ve loc i t y 
Vsm w a s a l s o de t e rnn ined a s a function 
of Sn^ by s e t t i ng T,^ = 0 in Eq . 1.18: 

Vpi/b'o 

Jh-
; i .62) 

(Eq. 1.58). 

With Tgni a p p r o x i m a t e d by 
E q . 1.26, p r e d i c t e d j e t c h a r a c t e r i s t i c s 
w e r e c o m p a r e d for d i f fe ren t v a l u e s 
of C J in the ay m o d e l wi th the m o d e l 
0! = c o n s t a n t . F i g u r e s 1.6 and 1.7 
r e p r e s e n t a " t y p i c a l " c o m p a r i s o n wi th 
f ie ld da ta t aken J u l y 27, 1966 at the 
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MODEL PREDICTIONS 
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Fig. 1.7. Comparison of Jet Characteristics b and 
8 for Constant and Variable Entrainment 
Coefficients for Livingston Street Survey; 
July 27, 1966.1'' Same initial conditions 
as in Fig. 1-6. 

L iv ings ton S t r e e t ou t fa l l . The c o n s t a n t 
va lue of a ob t a ined f r o m wind c o r r e l a 
t ions ( i . e . , E q . 1.58) for t ha t s e t of f ie ld 
data was a - 0 .34. The a s s o c i a t e d C, 
by Eq. 1.30 is C, = 0 .64. The g r a p h s 
r e v e a l that C, = 0.14 ( r a t e of s p r e a d 
for t w o - d i m e n s i o n a l j e t in s t a g n a n t 
fluid) and Cj = 0.83 in the ô v c a s e y ie ld 
s ign i f ican t ly d i f ferent r e s u l t s f r o m the 
e x p e r i m e n t a l da ta . C, = 0.64 y i e ld s 
e s s e n t i a l l y i d e n t i c a l c u r v e s to m o d e l 
p r e d i c t i o n s wi th a = 0 .34. The v a r i a b l e 
(Yvmodel was not p u r s u e d f u r t h e r by the 
a u t h o r s b e c a u s e it did not y i e ld a p p r e 
c iably i m p r o v e d r e s u l t s in m o s t of the 
f ie ld s u r v e y s . 

e. R e m a r k s on Major Model A s s u m p t i o n s 

A weak point in the m o d e l involves the a u t h o r s ' a n a l y s i s of e n t r a i n 
m e n t . A m o r e exact definit ion of e n t r a i n m e n t than that g iven by E q s . 1.9 
and 1.10 is given by 

dQ VL cos g) Zo d s . (1.63) 

where velocity relative to the lake current is employed. Ellison and Turner, ' 
Keffer and Baines, ' Morton,^ and Fan^ all have defined entrainment in te rms 
of the difference between a characterist ic jet velocity and the velocity of 
the moving ambient current. The authors ' choice of Eq. 1.9 in which en
trainment is related solely to the jet velocity is a simplification of Eq. 1.63 
used to reduce the complexity of the resulting analysis . Yet, the authors ' 
definition is really applicable only when the jet is orthogonal to the shore-
parallel ambient flow (g = 90°) or when the jet velocity is an order of mag
nitude larger than the component of ambient velocity paral lel to the jet 
centerline. As the jet continues to bend, the ambient velocity component 
increases and the jet centerline velocity decreases ; the velocity field be
comes nearly uniform and the mixing due to entrainment becomes quite 
small due to the reduced lateral shear s t r e s se s . The authors ' model does 
not take this into account, and consequently, for distances farther offshore 
when the jet velocities have fallen off to the same order of magnitude as 
the lake velocity, Eqs. 1.9 and 1.10 will not be a good approximation to 
Eq. 1.63 for the rate of entrainment. 

The entrainment definitions of Eqs. 1.9 and 1.10 and even Eq. 1.63 
had been used exclusively in the past in submerged-buoyant-jet problems. 
The authors tried to develop more elaborate deterministic relationships for 
entrainment; yet they decided to rely on Eqs. 1.9 and 1.10 more as a matter 
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of experience and convenience rather than theoretical judgment. In the 22 
field surveys , a varied from 0.063 to 0.497, which, although considerably 
la rger than values obtained for jets discharging into a stagnant nnedium 
[a = 0.074-0.057 (Ref. 9)], a re justifiable only "in a ballpark sense." A 
la rger a is partially due to the fact that la tera l s t r e s se s were neglected 
and more importantly to the fact that the crossflow increases entrainment 
due to vort ices attached to the down-current side of the jet. In spite of the 
somewhat surpris ing success in the authors ' t reatment of entrainment, a 
definition of entrainment involving relative velocity above the current would 
clearly be preferable . 

The assumption of s imilar profiles for velocity and temperature in 
a jet with crossflow^ is also not str ict ly valid, yet was useful in the model 
development from the standpoint of the predictable accuracies in obtaining 
the general shape of the plume, its configuration, the centerline velocities, 
etc. The only real justification for this assumption was that the similari ty 
assumptions proved to be good enough for at least a first approximation upon 
comparison of the theoretical model with the field data. Field measurements 
were not good enough to completely accept or refute these similari ty a s 
sumptions; the measurements did, however, support their use from a s ta
t ist ical ra ther than a theoretical standpoint. 

A weaker assumption of the model is that it does not handle the lack 
of symmetry on windward and leeward sides of the jet. This is reflected 
in an obvious change in entrainment coefficients on both sides of the jet. 
Large eddies on the down-current side cause more extensive spreading on 
that side. This asymmetry is easily seen from thermal imagery, where, 
on the ups t ream side of the jet, the isotherms are more closely packed 
together than on the down-current side. The,authors ' analysis does not 
handle that problem at all . 

The linear rate of spread of the jet, although str ict ly valid for a non-
buoyant jet in a stagnant medium, seemed to be supported quite well by the 
data taken at Lake Monona. This is perhaps due to the high magnitude of 
the turbulence involved in the measured jet region. Beyond the zone of 
established flow, that assumption is expected to be invalid. 

Due to the predominance of jet momentum in the region of field 
measurements , the authors felt justified in neglecting horizontal p ressure 
gradients due to buoyancy. In the region of flow where the jet velocities 
a re roughly equal to the lake-current velocity, that assumption is not ex
pected to be valid. The pressure-grad ien t force there could influence the 
la tera l spreading. This force is not expected to affect the momentum 
balance in the direction of the jet, but ra ther lateral ly, resulting in a 
grea ter rate of increase of jet width. Although seemingly justifiable in the 
Lake Monona case, this assumption severely limits other applications of the 
model; for other outfall situations, that assumption should be weighed very 
carefully. 
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The magnitude of pressure gradients due to curvature or jet bending 
are impossible to verify experimentally. The authors could find no prac t i 
cal way of considering these gradients in the model. Jet-bending gradients 
were definitely not negligible because vortices within the jet were identi
fiable from the behavior of the drogues in the lake. Ignoring the effects of 
pressure gradients that exist across the jet parallel to the ambient current 
in predicting the deflection of the jet is a further weak point of the model. 

No clear statement can be made concerning the assumption of ne
glecting the lateral shear s t r e s se s . Much better measurements a re required 
to support or reject that assumption in the field. Neglecting a region of flow 
establishment is a more serious deficiency, which may cause difficulties in 
other applications away from Lake Monona. 

Concerning the similarity forms for f and g, the field measurements 
on Lake Monona did not provide enough evidence to reveal any different 
rates of lateral spreading between momentum and heat. Consequently, f 
and g were both assumed to have a Gaussian form in the theory. 

In conclusion, the authors found that neglecting the vert ical-entrainment 
coefficient k andthe variation of Oy with distance from the outfall and 
ignoring small and medium direct-wind-stress effects on the jet seems 
justified by experimental verification in the Lake Monona case, since the 
improvements obtained by including them in the model comparisons a re 
minor. These conclusions have been reached with a model that ignores 
such things as lateral shearing s t r e s ses , a seemingly more exact definition 
of entrainment, a region of flow establishment, and the sundry pressure 
gradients involved, as was previously discussed, in addition to such other 
factors as unsteadiness, spatially varying lake currents , and lake-current 
components parallel to the outfall centerline. Expansion of the model to 
include all these factors is recommended by Hoopes, Zel ler , and Rohlich. 

f. Application of Model to General Outfall Situations 

Because of the difficulties in accurately treating the first 200 ft, the 
Lake Monona situation was not an ideal situation from a modeling standpoint. 
The whole discussion of the difficulties involved in the acquisition of good 
field data reveals the problems that exist in checking a mathematical model 
with actual experimental data. The lack of an "ideal" rectangular-shaped 
discharge in the Lake Monona case added to the uneven bottom effects, which 
caused increased turbulence and vigorous vert ical mixing within the vicinity 
of the discharge channels and required the authors to define "apparent" out
fall parameters by working backwards from the region of established flow. 
From a general standpoint, the reliability and usability of the model are 
prejudiced a great deal by the behavior of the Blount Street and Living
ston Street jets and the empiricisms that were used to verify the model 
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against the field measurements . This was the reason the authors split the 
field surveys into two par t s : Nine were used to develop jet coefficients; all 
22 were employed as test cases . 

For an outfall situation where IFo >-* 1 and where bottom effects a re 
expected (due generally to an a rea of very e r ra t ic behavior in the zone of 
flow establishment), the authors recommend the same method as that used 
for the Lake Monona case . (The authors know of no pract ical shoreline out
fall situation in which the discharge behaves theoretically!) If no cor re la 
tions of 01, Vo, and v-^ have been or can be made using previously determined 
plume data, the authors recommend that the forms for these paramete rs be 
adopted from the Livingston Street outfall case of Lake Monona (Eqs. 1.67-
1.59). The "apparent" outfall width is defined from Eq. 1.60 and Cj is de
termined from Eq. 1.61. With a, Vo, VL, bo, Ci, zo, Qoa- K> W, Tj^, and To 
as input p a r a m e t e r s , Eqs. 1.45-1.66, 1.11, 1.24, and 1.25 are used if wind-
shear s t r e s s is assumed negligible. Equations 1.37-1.41 (with boundary 
conditions of Eqs . 1.42-1.44) a re to be solved numerically for a direct 
wind-shear s t r ess taking on a medium to medium-to-high value. These 
two solutions should yield a range of possible effects caused by the wind. 

When no bottom effects a re considered, i .e. , when the outfall ends in 
a ver t ica l wall and IFo » 1, it is preferable to allow for an initial potential 
core region as an adjustment zone in which turbulent shear effects change 
the initial top-hat distribution into a Gaussian-like form. The length of 
this proposed flow-establishment region should be five to six actual outfall 
widths. If this adjustment region were actually employed as a flow-
establishment region for the model, then the correlat ions developed above 
could not be used for the established flow region since they were not de
veloped for that kind of situation. * 

Consequently, the authors recommend a less preferable alternative 
of using the identical method described above for the bottom interference 
case , except that Vo be chosen as the actual outfall velocity ra ther than using its 
correlat ion formula (Eq. 1.57). Calculations in every case can proceed 
until the jet velocities reach 10-20% above the ambient lake current . At 
this location, the jet has slowed down to the point where the turbulence of 
the lake itself will overr ide any effect of the jet . In any pract ical applica
tion of the model, the wind-speed correlat ions for VT and a should be used, 
in keeping with the above remarks in order to account (in some empirical 
way, at least) for the initial flow expansion that occurs in the zone of flow 
establishment, the effect of any ver t ical mixing at the outlet, and the non-
two-dimensionality of the flow right at the outlet resulting from various 
interfacial phenomena that occur'" within a distance of a few feet from the 
outlet. 
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g. Two Final Comments 

Concerning wind-speed correlations used to predict jet charac te r 
is t ics , some final remarks should be made. F i rs t , wind speed is not gen
erally a reliable indication of the main factors affecting the plume. Ambient 
current and entrainment (or diffusivities) depend upon the previous history 
of the body of water under consideration and its motions in addition to its 
present environment. Surface waves, induced by winds that occurred hours 
before, still affect ambient entrainment and the ambient velocity. In fact, 
it has been observed in the field that plumes can have widely varying char
acterist ics under seemingly identical conditions due to the time lag between 
a wind and its effects. Consequently, these and other simple wind-correlation 
formulas should be applied with caution. 

Another general remark concerns the effects of wind shear on the 
plume. It can be argued that wind-induced s t resses act not only on the 
plume but also on the ambient lake waters and therefore provide no incre
mental momentum flux to the plume. Sundaram" also shares this belief, 
recognizing the fact that wind shear affects plume dispersion by the intro
duction of wind-induced currents and waves. The mechanism and energy 
split of these two phenomena are not yet understood, but it is clear, 
however, that these phenomena do occur in a different manner over the 
plume than over the ambient lake water. Sundaram feels, however, that 
no methods are presently available to include the effects of these phenomena 
in a model. Thus the authors may be in e r ro r in their consideration of the 
effects of shear s t ress . To a certain extent this is t rue; however, Hoopes'^ 
stated that the authors envisioned the jet to be a layer approximately 
1 m thick, the wind shear on the jet therefore acting over this thickness. 
Outside the jet, the wind effects would be felt either over the whole depth 
of the lake or at least down to the depth of the thermocline. Since the lake 
depth or thermocline is generally many times the jet thickness, it would 
be expected that changes in the ambient lake attributable to the wind v/ould 
be smaller than the effects on the jet itself. 

Sundaram also notes that the complexity involved in modeling wind 
effects is considerable when one recognizes that the ambient current s t ruc
ture will be generally nonuniform with depth. The top layers of the ambient 
receiving water typically travel at higher velocities and are strongly in
fluenced by the wind and its variations. A sharp gradient in the current 
profile is often observed close to the surface. This makes plume disper
sion essentially a three-dimensional problem where three-dimensional 
boundary conditions have to be supplied. Wind may also be a factor in the 
distribution of interfacial s t ress at the bottom of a stratified plume. This 
shear ar ises from the fact that momenturn transfer (affected to some degree 
by wind) is not inhibited to the same extent as heat t ransfer . Most models 
ignore this interfacial friction. 
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2. A P r e l i m i n a r y R e p o r t on the C h a r a c t e r i s t i c s of a 
Hea ted Je t D i s c h a r g e d H o r i z o n t a l l y into a T r a n s v e r s e C u r r e n t : 

P a r t I. Cons tan t D e p t h ' 
H. H, C a r t e r 

(Chesapeake Bay Ins t i tu te , Johns Hopkins U n i v e r s i t y ) 
N o v e m b e r 1969 

L i s t of Symbols 

A P r o j e c t e d c r o s s - s e c t i o n a l a r e a n o r m a l to the c r o s s f l o w 

b L a t e r a l width of the equ iva len t t o p - h a t d i s t r i b u t i o n of e x c e s s 

t e m p e r a t u r e 

bo Or i f ice width 

C J Coefficient of d r a g 

D Depth of the je t 

f F r a c t i o n of a unit vo lume of je t fluid tha t i s a m b i e n t fluid 

^new F r a c t i o n of a unit vo lume of je t fluid that was w a t e r - e n t r a i n e d 
f rom the offshore s ide of the je t 

g F r a c t i o n of a uni t vo lume of je t fluid tha t was w a t e r - e n t r a i n e d 
f r o m the n e a r - s h o r e s ide of the j e t 

L Length of l a r g e eddy on the lee s ide of the j e t a s m e a s u r e d 

d o w n s t r e a m f r o m the o r i f i ce 

p P r e s s u r e above that a t x = =» 

d p Drag force 

q To ta l ve loc i ty of jet at c e n t e r l i n e 

qo In i t ia l je t ve loc i ty 

Q In i t ia l v o l u m e t r i c flow r a t e = boDqj 

R Rat io of in i t i a l je t ve loc i ty to a m b i e n t v e l o c i t y qo/ua 
t T i m e 

u X component of jet c e n t e r l i n e ve loc i t y 

tio X component of in i t i a l je t ve loc i t y 

Ua Ambien t ve loc i ty 

Ug X component of ve loc i ty at the end of the zone of flow 

e s t a b l i s h m e n t 

V y component of je t c e n t e r l i n e ve loc i t y 

Vg y component of ve loc i ty at the end of the zone of flow 
e s t a b l i s h m e n t 



X D i s t a n c e m e a s u r e d f r o m the o r i f i c e d O w n c u r r e n t a long the 

s h o r e 

Xg X c o o r d i n a t e a t the end of the zone of flow e s t a b l i s h m e n t 

y D i s t a n c e m e a s u r e d o f f shore f r o m the o r i f i c e 

Yg y c o o r d i n a t e a t t he end of the zone of flow e s t a b l i s h m e n t 

Xjj^ X c o o r d i n a t e of p o s i t i o n of m a x i m u m p e n e t r a t i o n 

Yjn y c o o r d i n a t e of p o s i t i o n of m a x i m u m p e n e t r a t i o n 

Of Ang le b e t w e e n the j e t c e n t e r l i n e and the x a x i s 

ffg Value of 0/ a t the end of the zone of flow e s t a b l i s h m e n t 

ffo In i t i a l va lue of a 

£ V e r t i c a l d i s t a n c e m e a s u r e d d o w n w a r d f r o m the s u r f a c e 

1) L a t e r a l d i s t a n c e m e a s u r e d f r o m the j e t c e n t e r l i n e 

9 E x c e s s t e m p e r a t u r e a t j e t c e n t e r l i n e 

Ob E x c e s s t e m p e r a t u r e of the a m b i e n t c u r r e n t 

9]2 E x c e s s t e m p e r a t u r e of w a t e r be ing e n t r a i n e d f r o m the n e a r -
s h o r e s i d e 

9^ E x c e s s t e m p e r a t u r e of a m b i e n t fluid a s it e n t e r s t he i n t ake 
c a n a l 

9^ E x c e s s t e m p e r a t u r e of j e t fluid a s i t l e a v e s the d i s c h a r g e 

c a n a l 

9o E x c e s s - t e m p e r a t u r e r i s e a c r o s s the c o n d e n s e r s 

5 D i s t a n c e m e a s u r e d a long the j e t c e n t e r l i n e f r o m the o r i f i c e 

p D e n s i t y of p l u m e w a t e r 

Pg^ A m b i e n t d e n s i t y 

if Streamline = J u dy 

b. Introduction 

Carter has treated the problem of a jet in a transverse crosscurrent 
by both experimental and theoretical methods. His hydraulic experiments at 
the Chesapeake Bay Institute have yielded jet centerline-temperature decays 
and trajectories for situations in which R, the ratio of initial jet velocity qo 
to ambient current Ua, was 2, 5, and 10. Carter's centerline-temperature 
measurements, complemented by the experimental results of Rouse on air 
jets, were the basis of the development of the mathematical model. 
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F i g u r e 2.1 shows the p h y s i c a l s i t ua t ion t r e a t e d by C a r t e r . A h e a t e d 

effluent i s d i s c h a r g e d f r o m a channel into a long, wide b a s i n whose dep th is 

u n i f o r m l y the s a m e a s tha t of the d i s c h a r g e channe l and in wh ich a u n i f o r m 

c r o s s c u r r e n t i s flowing a t r i gh t ang l e s to the d i s c h a r g e . The j e t i s a s s u m e d 

to be t w o - d i m e n s i o n a l in which "equ iva len t " t o p - h a t d i s t r i b u t i o n s a r e a s s u m e d 

for ve loc i t y and t e m p e r a t u r e a c r o s s the wid th and dep th of the j e t . V a r i a t i o n s 

a r e a s s u m e d to occur only wi th c e n t e r l i n e c o o r d i n a t e . C a r t e r e n v i s i o n s the j e t 

a s def lect ing due t o b o t h p r e s s u r e d r a g and e n t r a i n m e n t of c r o s s f l o w m o m e n t u m . 

Only the je t t r a j e c t o r y up to the point of m a x i m u m p e n e t r a t i o n is c o n s i d e r e d . 

QQ is the initial jet velocity, 

Uj is the ambient velocity, 

bo is the orifice width, 

D is the depth, 

R is the ratio of initial jet velocity 
to ambient velocity, qQ/u^, and 

Q is defined as b^Dq^ 

Fig. 2-1- Schematic Drawing of a Horizontal, Two-dimensional, Bent-over Jet-'-

W i t h i n t h e d o w n s t r e a m l i m i t s of h i s m e a s u r e m e n t s . C a r t e r ' s l a b o 

r a t o r y e x p e r i m e n t s h a v e s h o w n t h a t t h e c e n t e r l i n e - t e m p e r a t u r e d e c a y h a s 

a f o r m a p p a r e n t l y i n d e p e n d e n t of R- T h i s t e m p e r a t u r e d i s t r i b u t i o n i s t h e n 

u s e d a s i n p u t t o t h e t h e o r y t o o b t a i n p r e d i c t i o n s of t h e c e n t e r l i n e t r a j e c t o r y , 

w h i c h a r e t h e n c o m p a r e d t o m e a s u r e d j e t d e f l e c t i o n s . T h e s c a t t e r of t h e 

d a t a i s l a r g e , b u t t h e p o i n t s a r e g e n e r a l l y n e a r t h e t h e o r e t i c a l c u r v e s . 

C a r t e r n e g l e c t s b u o y a n c y a n d s u r f a c e h e a t l o s s i n t h e m o d e l ; t h i s a p p e a r s 

j u s t i f i e d i n h i s p h y s i c a l s i t u a t i o n , y e t t h e w i d t h of t h e j e t i s n o t m e a s u r e d 

a n d m i g h t r e a d i l y b e d e p e n d e n t o n b u o y a n t f o r c e s . 

C a r t e r ' s h y d r a u l i c e x p e r i m e n t s w e r e c a r r i e d o u t i n a f l u m e of ef

f e c t i v e w i d t h 2 . 3 0 6 ft , w h e r e t h e i n i t i a l o u t f a l l w i d t h v a r i e d f r o m 0 . 0 2 t o 

0 .2 ft. T a b l e 2.1 r e p r e s e n t s t h e s t a t i s t i c s o n t h e t e s t i n g p r o g r a m c a r r i e d 

o u t b y C a r t e r . T h e s e h y d r a u l i c t e s t s w e r e p e r f o r m e d a n d t h e r e s u l t i n g 

m a t h e m a t i c a l m o d e l d e r i v e d w i t h t h e c o n c e r n t h a t t h e e f f e c t i v e c h a n n e l 

w i d t h ( 2 . 3 0 6 ft) w a s i n s u f f i c i e n t t o e l i m i n a t e f a r - s h o r e b o u n d a r y e f f e c t s i n 

t h e e x p e r i m e n t a l s e t u p f o r l a r g e v a l u e s of R . E x a m i n a t i o n of t e m p e r a t u r e 

p r o f i l e s f r o m T e s t s 8 - 1 0 s h o w e d t h a t a t j e t p e n e t r a t i o n s of 20bo a n d 30bo, 

t h e f a r - s h o r e t e m p e r a t u r e b e g a n t o r i s e a b o v e b a c k g r o u n d , i n d i c a t i n g t h a t 

t h e j e t h a d s p r e a d s u f f i c i e n t l y t o c a u s e h e a t t o b e r e f l e c t e d b a c k i n t o t h e 
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jet from the far -shore boundary. As a result . Tests 11-13 had been carr ied 
out as repeats of Tests 8-10 with respect to R, but with flume width/bo 
doubled by appropriate adjustments in Q, bo, D, and Ua. 

TABLE 2.1. List of Pa ramete r Values in 
the Hydraulic Testing Program^ (Ref. 1) 

Test No. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

Q, 
gpm 

1.75 
1.75 
1.75 
1.75 
1.75 
1.75 
1.76 
1.75 
1.75 
1.75 
0.28 
0.28 
0.28 

>• ft/ sec 

0.10 
0.10 
0.20 
0.20 
0.25 
0.10 
0.10 
0.10 
0.10 
0.10 
0.062 
0.062 
0.063 

qo. 
f t /sec 

0.49 
0.20 
0.20 
0.98 
0.49 
0.98 
0.49 
0.49 
0.20 
0.98 
0.31 
0.12 
0.62 

R 

4.87 
1.95 
0.98 
4.88 
1.95 
9.75 
4.87 
4.87 
1.95 
9.75 
4.93 
2.01 
9.80 

bo, ft 

0.08 
0.20 
0.20 
0.04 
0.08 
0.04 
0.08 
0.08 
0.20 
0.04 
0.04 
0.10 
0.02 

D, ft 

0.10 
0.10 
0.10 
0.10 
0.10 
0.10 
0.10 
0.10 
0.10 
0.10 
0.05 
0.06 
0.05 

^All tes ts run with 6o = 10°F. 

Carter has recently carr ied out similar hydraulic experiments in a 
flume approximately four times as wide, the width being 10 ft with orifice 
widths of about 1 in. Car t e r ' s bigger flume has a larger heat source in 
addition to an increased pumping rate, yet produces the same initial excess 
tempera ture . The new depth of the orifice is also somewhat different. All 
new paramete rs a re the same order of magnitude as the old ones, but a re 
not identical. Unexpected differences in the t rajectories measured before 
were noticed, apparently because the new flume width is much larger in 
t e rms of diameters , reducing far boundary effects that were evidently 
significant in the smaller flume. As far as the dilutions measured, the 
centerline temperature decay seemed unaffected by the relative position 
of the far shore. These facts shed some doubt as to the efficacy of the 
mathematical model developed from the observations of the small flume 
resul t s . Consequently, Car ter emphasizes that the resul ts he obtained 
and the mathematical model he developed in Ref. 1 a re only prel iminary. 
In spite of the prel iminary nature of his report , he has his own in terpre
tation of plume physics and plume modeling that is significant for inclusion 
in this s ta te-of- the-ar t summary. Recognizing the problems involved, 
Car ter urges caution in the applicability of his predictive model to situations 
in which the r iver or lake widths a re larger than 12-60 initial outfall widths. 
Car ter is presently carrying on additional flume experiments to ascer ta in 
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the proper relationship of the variables of the problem (including distance 
to the far shore) on the jet trajectory. When the laboratory experiments 
a re completed and the data are fully analyzed, he intends to institute im
provements in his present model where required. Ca r t e r ' s existing model 
will now be described, including a discussion of the assumptions made and 
a comparison of his model with his smaller flume data. 

c Model Description 

Car te r ' s main premise is that a jet in a c rosscur ren t can be con
sidered as an obstruction in a uniform s t ream. This assumption has been 
made by others and is supported in some small degree by C a r t e r ' s flume 
observations. Some of the ambient current is accepted by the jet, while 
the rest of the oncoming s t ream is deflected around the jet much the same 
as fluid reflected by a solid body. Consequently, the total p re s su re force 
normal to the jet is assumed to be given by 

PaCdAuj (2 1) 
drag force = • , \^-'-l 

where Cj is the coefficient of drag, A is the cross-sec t ional a rea normal 
to the jet centerline, and u^ is the velocity of the flow. This form for the 
pressure force is analogous to the measure of total drag of solid bodies iii 
a uniform crossflow, usually used in hydraulics or fluid mechanics . The 
usual drag coefficient C^ measures the relative total res is tance of solid 
bodies of the same cross-sect ional area under the same flow conditions. 
Employed in the liquid-jet case, Eq. 2.1 is assumed to act point wise so 
that C(j is variable and defined locally as the ratio of the p re s su re acting 
on the element of a read§ D to the excess of p ressure at a stagnation point 
over that at x = ". An incremental distance along the jet centerline t ra jec
tory is denoted as d | . The precise value of Ĉ j must be determined experi
mentally and is, essentially, an added parameter which allows the measured 
jet t rajectories to match the theoretical predictions. This drag-force for
mula represents a crude attempt to account for the p ressure distribution 
set up between the offshore and near -shore sides of the jet due pr imari ly 
to the flow separation on the near -shore side. A second justification for 
Eq. 2.1 may lie in the wind-tunnel pressure measurements of Rouse, which 
indicated that the pressure distribution set up ac ross an air jet is much like 
that across a solid body obstructing a fluid flow. 

Carter develops his governing equations from the definition sketches 
given in Fig. 2.2. According to Rouse and Carter , the faces of the outlet ex
ert a force downstream due to the pressure gradient across them, causing 
the jet to attain some x momentum at the orifice. A balance of forces and 
momentum in the x direction yields, from Fig. 2.2B the integral equation 
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d[puqb( | )D] = d[p3,u^fqb(E;)D] + d P ^ , (2.2) 

w h e r e the f i r s t and second t e r m s on the r i g h t - h a n d s ide of Eq . 1.2 r e p r e s e n t 
m o m e n t u m c h a n g e s due to e n t r a i n m e n t and d r a g , r e s p e c t i v e l y , f i s def ined 
a s the f r a c t i o n of the c o n t r o l v o l u m e tha t i s a m b i e n t fluid, u^ i s the u n i f o r m 
a m b i e n t ve loc i t y , q i s t he t o t a l v e l o c i t y of the j e t at t he c e n t e r l i n e , u i s i t s 
x c o m p o n e n t , b i s the l a t e r a l wid th of the equ iva l en t t o p - h a t d i s t r i b u t i o n , 
and the d r a g f o r c e d P i s a s s u m e d to be r e p r e s e n t e d by 

d P = i C d P a U l d | D. (2.3) 

Thus 

d P ^ = d P s in a = i C d P a 4 ^y D (2.4) 

and 

d P = d P cos a = i C ( j P a u | dx D, 

w h e r e a i s the ang l e b e t w e e n the j e t c e n t e r l i n e and the x a x i s . 

dP 

(2.5) 

( ^ centerline TroiecW 

d ^ < d P sin a 

I OP 

\ 
(C) 

Fig. 2.2 

Definition Sketches of the Horizontal, 
Two-dimensional, Bent-over Jetl 

B a l a n c i n g the r a t e of change of y m o m e n t u m in the c o n t r o l v o l u m e 
wi th t he y c o m p o n e n t of the p r e s s u r e d r a g y i e l d s 

d [ p v q b ( | ) D ] = - d P (2.6) 
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w h e r e v is the of fshore componen t of the c e n t e r l i n e v e l o c i t y q. Subs t i t u t ing 
E q s . 2.4 and 2.5 into E q s . 2.2 and 2.6, r e s p e c t i v e l y , and t h e n i n t e g r a t i n g the 
r e s u l t f r o m the o r i f i ce 5 = 0 to the a r b i t r a r y c e n t e r l i n e p o s i t i o n 5, y i e l d s 

qfMi). .« J , - f ! i ^ = , o , , . i l _ y (2.7) , , cos a 1 - f — = cos 0-0 + 
qo/ bo \ u / 2R^bo 

and 

whet 

2 

qoj t>o ' 2R''bo 
i r M i ) s i n . = s i n . o - - ^ x , (2.8) 

/ u a (2.9) R = qo, 

and w h e r e the o r i f i ce bounda ry condi t ions x = 0, y = 0, q = qo, u = Uj, 
V = Vo, f = 0, and b = bo w e r e u sed . It h a s b e e n i m p l i c i t l y a s s u m e d in 
the above i n t e g r a t i o n tha t the a m b i e n t d e n s i t y Pa is a p p r o x i m a t e l y equa l 
to the dens i t y p of the p lume w a t e r . Dividing Eq. 2.8 by Eq. 2.7, wi th 
the r e l a t i o n s h i p 

t an a 
dy 

d x ' 
(2.10) 

y ie lds 

dx C J 
COS ĉ o + 

(2.11) 

2R^bo • 

Equat ion 2.11 r e p r e s e n t s the s lope of the c e n t e r l i n e t r a j e c t o r y a t the 
point (x, y) . F o r the r eg ion of flow e s t a b l i s h m e n t . C a r t e r a s s u m e s no 
d i lu t ion w h e r e b y 1 - f (ua/u) = 1. Equa t ion 2.11 c a n t h e n b e so lved to 
yie ld a c i r c u l a r c e n t e r l i n e t r a j e c t o r y for the flow e s t a b l i s h m e n t r e g i o n 
with c e n t e r a t x = s in a^ 2R^bo/C(j and y = - c o s ĉ o 2R^bo/Cd and r a d i u s 
2R bo/Cd- If no e n t r a i n m e n t w e r e a s s u m e d to o c c u r in the e s t a b l i s h e d 
flow r eg ion too, the e n t i r e je t t r a j e c t o r y would be c i r c u l a r , a s p r e d i c t e d 
by C a r t e r ' s e q u a t i o n s . 

F o r the r eg ion of e s t a b l i s h e d flow, h o w e v e r . C a r t e r a s s u m e s tha t 
u = Ua for a l l p o i n t s . Th i s a s s u m p t i o n b a s i c a l l y r e p l a c e s t he n e e d for a 
cont inui ty equat ion and p e r m i t s a g r a p h i c a l i n t e g r a t i o n of Eq . 2.11 in tha t 
r eg ion . C a r t e r has no h a r d ev idence to s u p p o r t tha t a s s u m p t i o n , o t h e r than 
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h i s o b s e r v a t i o n tha t the flow v e r y r a p i d l y t u r n e d p a r a l l e l to the a m b i e n t c u r 
r e n t in t he g e n e r a l c a s e . The a s s u m p t i o n wi l l obv ious ly be weak in the v i c in 
i ty of the end of the f l o w - e s t a b l i s h m e n t r e g i o n for l a r g e r R. In t he zone 
of e s t a b l i s h e d flow, t h e r e f o r e , 1 - f (ua /u ) = 1 - f, w h e r e f v a r i e s wi th 
c e n t e r l i n e d i s t a n c e | . F o r 1 - f = c o n s t a n t . C a r t e r s t a t e s tha t t he t r a j e c 
t o r y i s an e l l i p s e wi th the s a m e c e n t e r but wi th s e m i m a j o r ax i s g iven by 
2R b o / C j and s e m i m i n o r a x i s g iven by (1 - f) 2R^bo/C(j.* 

The d e t e r m i n a t i o n of j e t e n t r a i n m e n t was ob ta ined e x p e r i m e n t a l l y . 
C a r t e r de f ines d i lu t ion a s the f r a c t i o n of a uni t v o l u m e tha t was i n i t i a l l y 
p a r t of the j e t d i s c h a r g e ; the r e m a i n d e r was p a r t of the a m b i e n t s t r e a m 
and deno ted f. Neg l ec t i ng s u r f a c e hea t t r a n s f e r , C a r t e r w r i t e s 

e(5) = [ i - f ( i ) ] Sj + f ( i ) eb (2.12) 

and 

Oj = 6o + S i , ( 2 . 1 3 ) 

w h e r e 

a n d 

9 = e x c e s s t e m p e r a t u r e a t c e n t e r l i n e p o s i t i o n | , 

9 ; = i n i t i a l e x c e s s t e m p e r a t u r e of t h e j e t , 

9£ = e x c e s s t e m p e r a t u r e a t i n t a k e , 

9o = e x c e s s t e m p e r a t u r e r i s e a c r o s s c o n d e n s e r s , 

9u = e x c e s s t e m p e r a t u r e of a m b i e n t c V r r e n t o r , e q u i v a l e n t l y , t h e 

b a c k g r o u n d t e m p e r a t u r e . 

C o m b i n i n g E q s . 2 . 1 2 a n d 2 . 1 3 g i v e s t h e d i l u t i o n 

d i l u t i o n = 1 - f = ( 9 - 9 b ) / ( 9 o + 9 i - 9 b ) . ( 2 . 1 4 ) 

•Carter'sIntegration is incorrect here. The semimajor axis should be 

_ _ ( l - f s i n 2 a o / ^ ^ 
Cd( l - f ) l /2 

with semiminor axis 

2 R \ 2 1/2 
- - - ( l - f s i n ^ a o ) " . 

Unfortunately, the error affects his predicted theoretical trajectories obtained from the graphical integration 
process. The model will be discussed here as it stands without any corrections made. Any application of 
Carter's present model should involve the appropriate adjustments. 
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In C a r t e r ' s m o d e l , 9^ = 9^ = 0, w h e r e b y 

1 - f e/e (2.15) 

F i g u r e 2.3 i l l u s t r a t e s the m e a s u r e d center l ine dilution 9/9o for 
R va lue s of 2 .01 , 4 .93 , and 9.80. The da ta a p p e a r to fit the s t r a i g h t l ine of 
s lope - 1/4 r e a s o n a b l y wel l . C a r t e r ' s m e a s u r e m e n t s w e r e insu f f i c i en t ly 
p r e c i s e to yield c o n s i s t e n t r e s u l t s on the d e p e n d e n c e of the l eng th of the 
f l o w - e s t a b l i s h m e n t r eg ion on R. F r o m h is f lume m e a s u r e m e n t s C a r t e r 
s e t t l ed on the va lue 2.5bo a s the length of the t e m p e r a t u r e f l o w - e s t a b l i s h m e n t 
r eg ion . A s u r v e y of the ava i l ab l e l i t e r a t u r e on the sub j ec t r e v e a l e d tha t 3bo 
was the r igh t o r d e r of m a g n i t u d e . Ac tua l ly C a r t e r e x p e c t s tha t m o r e p r e c i s e 
m e a s u r e m e n t s would s h o r t e n the length of the r eg i o n of flow e s t a b l i s h m e n t 
a s R i n c r e a s e s . His m o r e r e c e n t h y d r a u l i c t e s t s indicate that for R » 2, 
say, 5bo is a m o r e a c c u r a t e d e t e r m i n a t i o n . C a r t e r ' s l a t e s t e x p e r i m e n t a l 
r e s u l t s in his l a r g e r f lume s e e m to s u b s t a n t i a t e the s t r a i g h t - l i n e fit of 
s lope - I / 4 to the e s t ab l i shed flow da ta , independen t of R for 1 S R S 10. 

-, TEST 12 (R.2 00 

Fig- 2-3 

Dilution, 6/%, along the Centerline 
Trajectory as a Function of Down
stream distance. J/bg (Ref. 1) 

C a r t e r ' s d e r i v a t i o n of r e l a t i o n s h i p s for the d e t e r m i n a t i o n of a^ and 
C(j depend heavi ly on the p r e s s u r e m e a s u r e m e n t s m a d e by R o u s e on a i r j e t s . ^ 
R o u s e ' s m e a s u r e m e n t s of an a i r je t in an a i r c r o s s c u r r e n t w e r e m a d e in a 
wind tunne l of height 2.6 ft, whe re s lo t s of fixed widths v a r i e d f r o m 0.001 to 
0.1 ft. The je t ve loc i ty was v a r i e d f r o m 26 to 500 f t / s e c , with d e c r e a s i n g slot 
width. Tunnel ve loc i t i e s va r i ed f r o m 10 to 50 f t / s e c . Among o t h e r q u a n t i t i e s . 
Rouse m e a s u r e d the p r e s s u r e d i s t r i b u t i o n at v a r i o u s s e c t i o n s n o r m a l to the 
wall ( sho re ) f r o m a s e r i e s of p i e z o m e t e r s . F i g u r e 2.4 r e p r e s e n t s the g e o m 
e t r y of the (equivalent) s i tua t ion of an a i r je t in a c r o s s f l o w with a s k e t c h of 
the l a r g e eddy a t the lee s ide of the j e t . F i g u r e 2.6 i l l u s t r a t e s the d i s t r i b u 
t ion of p r e s s u r e and s h e a r at the wal l . F i g u r e 2.6 s k e t c h e s the s t r e a m l i n e 
conf igura t ion a s e x p r e s s e d by R o u s e . F i g u r e 2.7 i l l u s t r a t e s the p r e s s u r e 
d i s t r i b u t i o n along the s h o r e l i n e wal l for v a r i o u s va l u e s of R ( th rough L/bg) . 
Rouse p o s t u l a t e s the e m p i r i c a l r e l a t i o n s h i p 

L/bo = 20R^^^ (2.16) 

w h e r e L is the length of the l a r g e eddy behind the j e t . The p r e s s u r e d i s 
t r i bu t ion at the wal l ( s h o r e l i n e ) a s i l l u s t r a t e d in F i g s . 2.6 and 2.7 w a s u s e d 
by C a r t e r in e s t i m a t i n g the va lues of ĉ o and C j . F i g u r e 2.8 i l l u s t r a t e s the 
de ta i l ed p a t t e r n s of flow for L/bo = 100 a s m e a s u r e d by R o u s e a t five 
d o w n c u r r e n t c r o s s s ec t i ons n o r m a l to the wal l 



Fig. 2.4. Profiles of Eddies behind Wall and Jet Fig. 2 .5 . Distribution of Pressure and Shear^ 

0.25 

V77W7A y77777^P77 -lo 

Fig. 2.6. St reamline Configuration 
in the Slot Vicinity*^ 

Fig. 2.7. Plots of Eddy Profiles and 
Boundary Pressures 

»'Lo.25 

0 50 

x/L 

Symbols Used 

bo Jet slot width u^ Ambient stream veloci ty 

L Eddy length x Longshore dis tance 

p Static Pressure y Offshore dis tance 

qQ Jet efflux veloci ty Pj Ambient density 

u Local velocity i/i S t reamline = J u dy 

Fig. 2 .8 . Patterns of Mean Flow for L/bQ = 100 (Ref. 2) 
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d. Determination of Q!o 

According to Rouse, the faces of a slot exert a force directed down
s t ream due to the pressure gradient across them (compare F igs . 2.6 and 
2.7), which is tantamount to an influx of momentum with a horizontal as 
well as a vert ical component. Balancing the p ressu re gradient in the x di
rection with the rate of change of x momentum across the orifice. Car ter 
achieves 

. 3p = p £ ^ = p ! ^ , (2.17) 
3x dt Sx 

where the continuity equation, the neglect of the t e rm 6(uv)/3y, in addition 
to steady-state conditions were utilized to obtain the approximation in 
Eq. 2.17. With the origin taken at the point where p / ( | p u | ) is zero, an 
integration of Eq. 2.17 from there across the orifice to the stagnation 
point at the outlet edge yields 

(O-ipCdui) = puo^-0 (2.18) 
or 

y^ (Z 19) 
Uo = - ^ a V T ' 

whereby 

(2.20) 

The basic assumption made in the above derivation is that the t e rm 
3(uv)/9y can be dropped. This te rm is not expected to be negligible, yet was 
ignored to make the integration tractable. F rom Rouse, a stagnation point 
of the oncoming flov» exists at the edge of the outlet for R a 1, for R < 1, the 
jet flow attains the stagnation limit at the other edge of the orifice slightly 
upstream from the large eddy. By varying R, Carter was able to identify 
the stagnation point of R s 1 by observing the motion of fluid after a small 
dye spot was placed at the upstream orifice edge; for R < 1, no such stag
nation limit was seen at the downstream orifice edge. As i l lustrated in 
Fig. 2.6, Rouse's experiments show that for Ua = Uo, the dividing s t ream
line will necessari ly leave the common point of stagnation at an inclination 
of 45°. For Uo > Ua, the dividing streamline will leave the corner of the slot 
vertically, whereas, for UQ < u^, it will leave horizontally. These conclu
sions also follow from Rouse's application of the Bernoulli principle, which 
states that the pressure must be the same in the jet and ambient s t ream at 
every point of contact; consequently, it is possible only for the more slowly 
moving fluid to attain the stagnation limit at the juncture point. Recent 
flume measurements made by Carter when R < 1 reveal that the jet does 
not travel at right angles to its initial direction. Due to this discrepancy, 
Carter recommends more study for a more accurate analysis when R < 1. 
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e. D e t e r m i n a t i o n of C(j 

C a r t e r m a k e s e s t i m a t e s of C j by two m e t h o d s , e a c h y ie ld ing rough ly 
the s a m e a p p r o x i m a t i o n . 

( l ) Method 1. A m o m e n t u m b a l a n c e y i e ld s the condi t ion tha t the 
p r e s s u r e i n t e g r a l o v e r the n e a r - s h o r e b o u n d a r y m u s t be e q u a l and oppos i t e 
to the y - m o m e n t u m flux f r o m the s lo t , pqobo s in UQ. S ince p r e s s u r e in th i s 
w a r m - w a t e r - j e t s i t u a t i o n canno t p r e s e n t l y be m e a s u r e d to the p r e c i s i o n 
r e q u i r e d , C a r t e r u s e s R o u s e ' s a i r - j e t b o u n d a r y p r e s s u r e d i s t r i b u t i o n to 
p r o v i d e an e s t i m a t e on C^. I n t e g r a t i n g the b o u n d a r y p r e s s u r e , p / ( ^ p u ), 
a s a funct ion of x f r o m the o r i f i c e to Xj_,, y i e l d s 

^ n 
dx = -pqobo s in cvo- (2.21) 

F r o m F i g . 2.7, C a r t e r p l a n i m e t e r e d the a r e a s u n d e r the v a r i o u s 
c u r v e s b e t w e e n x = 0 and X / L = 0.6, i . e . , x w x^^, thus d e t e r m i n i n g C j 
a s a funct ion of R. Equa t ion 2.20 is a l s o app l i ed to r e l a t e OQ d e t e r m i n e d 
f r o m Eq . 2.21 to C(j. The r e s u l t s a r e i l l u s t r a t e d in F i g . 2.9. One c o m m e n t 
should be inc luded about C a r t e r ' s t e c h n i q u e . C a r t e r i n t e g r a t e d p f r o m 
the o r i f i c e to the point of m a x i m u m p e n e t r a t i o n , s i n c e C ĵ was a p p r o x i m a t e l y 
c o n s t a n t in tha t r e g i o n ( s ee F i g . 2.7). Howeve r , it s e e m s m o r e a c c u r a t e to 
c a r r y out the i n t e g r a t i o n to +=>. It i s expec t ed tha t C j a s p r e s e n t l y d e r i v e d 
m a y be low by a p p r o x i m a t e l y 30%. 
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Fig- 2-9. The Coefficient of Drag, Cj, 
as a Function of R (Ref. 1) 

(2) Method 2. An independen t e s t i m a t e of C(j can be ob ta ined by a 
c o n s i d e r a t i o n of the m e a s u r e d length of the zone of flow e s t a b l i s h m e n t . 
Since the t r a j e c t o r y in the r e g i o n of e s t a b l i s h m e n t i s a c i r c l e c e n t e r e d a t 
X = s in cvo(2R^bo/Cj) and y = - c o s Q'o(2R^bo/C(j) wi th r a d i u s 2R^bo/C(j, the 
arc of t he c i r c l e , of l eng th 2.5bo, i s equa l to the c e n t r a l ang le m e a s u r e d in 
r a d i a n s m u l t i p l i e d by the r a d i u s . Tha t i s . 
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( . o - e ) ^ (2.22) 

2 " '^ (Z 2^1 
Q-o - o?e = — r , (2.23) 

TT R 2 

w h e r e a^ i s the ang le at the end of the r e g i o n of flow e s t a b l i s h m e n t wi th 
ao - CVg m e a s u r e d in d e g r e e s . Based on the a s s u m p t i o n tha t the x ve loc i t y 
a t a l l po in ts in the e s t a b l i s h e d flow r eg ion is equa l to u^, 

cos ag = u ^ q o = I / R . (2.24) 

Solving E q s . 2.20, 2.23, and 2.24 s i m u l t a n e o u s l y y i e l d s an e s t i 
m a t e on C(j. F o r R va lue s of 1, 2, 6, and 10, t h e s e equa t i ons w e r e so lved 
n u m e r i c a l l y and the r e s u l t s w e r e plot ted in F i g . 2.9 for c o m p a r i s o n wi th 
Method 1. The a g r e e m e n t i s r a t h e r good, t ak ing into accoun t the u n c e r 
t a i n t i e s involved and the a p p r o x i m a t i o n s m a d e . 

f. C e n t e r l i n e T r a j e c t o r y 

C a r t e r could concep tua l ly solve Eq. 2.11 by r e p l a c i n g 1 - f by the 
e m p i r i c a l f o r m u l a 

1 - f = 1 0 < l / bo s 2.6 

= (5/bo)" '^ ' l / bo > 2.6 

and I in t u r n by us ing the a r c - l e n g t h f o r m u l a 

(2.25) 

5(x) = f y i + [y'Cx)]' di, (226) 
•'o 

yie ld ing an i n t eg rod i f f e r en t i a l equa t ion on the c e n t e r l i n e t r a j e c t o r y y(x) 
S ides tepp ing the a s s o c i a t e d m a t h e m a t i c a l d i f f icu l t ies in so lv ing the r e s u l t i n g 
equat ion , he so lves Eq. 2.11 g r a p h i c a l l y . * 

The C a r t e r t echn ique invo lves the p lot t ing of the fami ly of e l l i p s e s 
defined by Eq. 2.11 for cons tan t va lues of 1 - f and o'o = 90° a s funct ions 
of new v a r i a b l e s 

*As expressed in the previous footnote. Carter's analysis of the centerline trajectory is discussed as described 
rn his report. Adjustments due to his incorrect graphical integration are not given here, yet seem quite 
simple to make. Equation set 2.29 in addition to the theoretical predictions given in Figs. 2.10-2.17 and 
Tables 2.2 and 2.3 need to be corrected. In spite of the algebraic error, Carter's methodology is of prime 
significance and hence is included here. 
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and 

I ^ ^ i _ 
^ ^ 2R^bo • 

(2.27) 

Figure 2.10 shows the position of the orifice and terminal point of 
the region of flow establishment. The one family of curves i l lustrated in 
Fig. 2.11 suffices for all R if all measurements are made from the end 
of the zone of flow establishment represented in x' coordinates as x' = 
1 - sin ttg and y' = cos Ofg. Using the point as a new origin in Fig. 2.11, 
1 - f of Fig. 2.3 deternnines a centerline distance | and a corresponding 
I ' given by 

I' = I 
Cd 

2R'bo • 
(2.28) 

This value of | ' is then marked off on Fig. 2.11 from (1 - sin c/g, cos a^) to 
the proper value of (1 - f) as indicated in Fig. 2.11. Repeating this procedure 
any number of t imes determines the centerline trajectory. 

Car ter determined the coordinates of the point of maximum penetra
tion from Fig. 2.12 as 

/u 2R^ . 
"m/bo = -Q- sin ao; 

YmAo = -^7 [ y i - fo - cos ao]. 

(2.29) 

where fo is the value of f that yields the ellipse of maximum jet penetration. 

Figures 2.13-2.15 compare the theoretical t rajectories for R = 2, 
5, and 10 with test data for values of x/bo ^ x^^^/bo- Predicted deflections 
and dilutions a re summarized in Fig. 2.17. Coordinates of the point of 
maximum penetration are given in Fig. 2.16 and in Table 2.2. Figures 2.18-
2.20 sketch surface isotherms based upon hydraulic model tes ts 11-13. The 
computed jet centerline t rajectories (uncorrected) a re also plotted. The 
part ia l cutoff of inshore entrainment is clearly noted from the fact that the 
wall or shore temperature is still fairly high at significant distances down
s t r eam from the orifice. 
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TERMINAL POINT 
OF REGION OF 
FLOW ESTABLISHMENT 

ORIFICE 

2R^l>„ . 
Xfl = X coord ina te of or i f ice = —p. (1 - sin cro) 

Cd 

Vo = y coord ina te of or i f ice = —p. cos OTQ 
<̂ d 

X(, = x' coord ina te of or i f ice = I - s in ao 

Vo = y' coord ina te of or i f i ce = cos ttn 

Xg = length of f l ow-es t ab l i shmen t reg ion in x c o o r d i n a t e s 

^R'bp , . - . 
= - T ; — - (sin Q.„ - sin oij) 

x' = length of f l ow-es t ab l i shmen t reg ion in x' c o o r d i n a t e s 

= (1 - sin ttg) - (I - sin org) 

Vg = length of f low-es t ab l i shmen t reg ion in y c o o r d i n a t e s 

^R'bp , , 
= —=—"- (cos Og - cos o-o) 

Vg = length of f low-es t ab l i shmen t region in y' c o o r d i n a t e s 

= cos otf. - cos Oo 

Fig. 2.10. Position of Orifice and Flow-establishment Region 

Fig. 2.11 

Graphical Integration 

of Eq. 2.11 (Ref. 1) 
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POINT OF 
MAXIMUM 
PENETRATION 

gR^bp 

Cd 

Xĵ  = length of maximum penetration in x coordinates 

2R^„ . - . 
Cd 

• S i n CXQ 

Vm ~ length of maximum penetration in y coordinates 

2R'b„ 

^d 
'̂ R bn / r r \ 

= —^ ^Vl - fo - cos a„j 

Fig. 2.12. Coordinates of Point of Maximum Penetration 
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Fig. 2.13. Comparison of Theory for R = 2 and Tests 9 
and 12 for the Centerline Trajectory^ 
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D TEST B ( B . 4 8 7 1 

• TEST I I 1R '493 I 

THEORY FOB f»'5 
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Fig. 2.14. Comparison of Theory for R = 5 and Tests 8 
and 11 for the Centerline Trajectory^ 
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Fig. 2.16. Comparison of Theory for R = 10 and Tests 10 
and 13 for the Centerline Trajectory-' 
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^ I I I M i l l 1—I—I I I I M l 1 I r 

O >M 'bo 

Fig. 2.16 

Coordinates of the Point of 
Maximum Penetration^ 

- I 1—I I I I 11 

Fig. 2.17. Dilution, 6 / ^ , along the Centerline Trajectory 
Parameterized with Respect to R (Ref. 1) 

T A B L E Z.l. C o m p u t a t i o n of C o o r d i n a t e s of M a x i m x i m P e n e t r a t i o n 

R 

1 
2 
5 

10 

s i n Ola 

0 . 7 9 8 
0 .956 

0 .989 
0 .997 

c o s CKo 

0 .610 
0 . 2 9 8 
0 . 1 4 8 
0 .083 

Cd 

0 .74 
0 .71 
1.08 
1.36 

Vl - f 

1.00 
0 .82 

0 .68 

0 .59 

Xm/bo 

2.15 
10 .78 
4 5 . 7 0 

146 .80 

Ym/bo 

1.05 

5.89 
24 .60 
7 4 . 0 0 



Fig. 2.18. Horizontal Distribution of Excess Heat, 9, for R = qo/ua = 2.01 (Ref. 7) 

Fig. 2.19. Horizontal Distribution of Excess Heat, 6, for R i qo/u^ = 4.93 (Ref. 7) 

Fig. 2.20. Horizontal Distribution of Excess Heat, 6, for R ^ QQ/UJ = 9,80 (Ref. 7) 
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g. Discussion of Model Suitability 

Car te r notes that at R s 5 the jet failed to penetrate as far as p r e 
dicted by his theory (see Figs . 2.13 and 2.14). He speculates that this is 
probably due to the failure of the physical model setup to eliminate far-
shore boundary effects; the effective drag coefficient becomes larger due 
to the res t r ic t ive distance between the jet and far shore. (The numerical 
e r r o r in the graphical integration procedure may contribute to this d is 
crepancy.) A second possibility is that the background excess temperature 
9b is above zero. F r o m la tera l temperature measurements it was clear to 
Car ter that the jet was entraining fluid on the inshore side of the jet of non
zero excess tempera ture . The model, as developed, assumes that all en
trained fluid is at zero background tempera ture , independent of its offshore 
or inshore origin. One might interpret the indistinguishability of new zero 
excess - tempera ture diluting water in either of two ways: 

(a) There is no entrainment on the inshore side of the plume with 
entraining water on the offshore side at 9jj = 0. 

(b) There is even or uneven entrainment on offshore and lee sides, 
each at Sj, = 0. 

Car ter attempts to a s sess the possible e r ro r in this assumption. He 
does this by defining a number g as the fraction of a unit volume of plume 
water entrained from the near - shore side. The fraction of the unit volume 
of plume water entrained from the offshore side is denoted f. Experimental 
measurements indicate that the excess temfterature of water entrained from 
the nea r - shore side, Q\^, is of the order 6o/2. Car ter then considers it 
reasonable to assume that entrainment is unequal, volume to volume, on 
the nea r - shore and offshore sides of the plume, due pr imar i ly to unequal 
velocity distribution and shear s t r e s s e s . Estimating g = f/2, the new 
relationship for 1 - f is 

( l - f )new = (e/eo)„id + g ( l - - r ) (2.30) 

, , 4(e/eo)oid+i 
( l - f )new = 1 • (2-31) 

Table 2.3 compares 1 - f given by Eq. 2.15 with (1 - f)new °^ ^^- ^-^l 
with the percentage e r r o r involved. Car ter notes that this effect of nonzero 
background excess tempera tures , if real , would not be present for low values 
of R since the e r r o r does not become significant imtil smal l values of dilu
tion a re attained as seen in Table 2.3. 
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TABLE 2.3. Comparison of Old and 
New Values of 1 - f (Ref. 1) 

ry y^i 
)o (Eq. 2.15) (Eq. 2.31) E r ro r , % 

1.0 
0.9 
0.8 
0.7 
0.6 
0.5 

1.0 
0.9 
0.8 
0.7 
0.6 
0.5 

1.00 
0.92 
0.84 
0.76 
0.68 
0.60 

0 
2.2 
5.0 
8.6 

13.3 
20.0 

Carter noticed in his hydraulic experiments that the fluid being 
entrained on the near -shore side comes from a large eddy, which possesses 
little X momentum. Water in that eddy travels upstream along the wall, 
curves up, and then follows the jet downstream, creating a clockwise c i r 
culation pattern. Dropping a large number of small pieces of paper or a 
small dye spot in this eddy reveals only large-scale circulation with very 
slow clockwise motion. This fact leads Carter to asse r t that any modifi
cation of the x-momentum equation (Eq. 2.2) need not include a t e rm ac
counting for changes in the x momentum of the large eddy on the near-
shore side of the jet. Concerning the temperature of that large area . 
Carter has measured its extent to be nearly elliptical in shape maintaining 
approximately the same excess temperature . 

Concerning the length of the large eddy as measured from the outlet 
downstream along the wall boiindary. Rouse defines it as L and represents 
it by Eq. 2.16. Carter was tmable to verify that relationship experimentally 
due to the difficulty in defining the precise position at which the water par
ticles reverse direction along the wall and from the fact that only 
temperature-measuring equipment was utilized. Car ter does not expect 
L to be twice x ^ and suggests that it can be measured roughly by dropping 
dye spots along the downstream wall boiondary until a position L is reached 
where the fluid velocity is directed upstream for distances less than L and 
downstream for positions greater than L. 

Car te r ' s theoretical analysis is carr ied out only to the point of 
maximum penetration of the jet into the crossflow. His flume experiments 
(including his most recent ones) have indicated that the plume trajectory 
beyond Xj^ tends to curve back toward the near shore. Car ter reasons 
that the pressure distribution (gradients) set up in the receiving waters by 
the far boundary dissipates the initial offshore momentum and remains 
to return the plume to the near shore unlil the pressure gradient normal to 
the boundary is balanced by water piling up on the near shore. Car ter notes 
that in real-world situations of a r iver , estuary, or moderately sized lake. 
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the fa r -shore boundary will cause a p ressu re gradient to be set up to 
re turn the flow to the near - shore boundary. His conclusions a re sup
ported in each of his flume experiments (far bank varied from 23 to 116 out
fall widths from the outlet) and by the wind-tunnel experiments of Rouse^ 
(see F igs . 2.4 and 2.5). For a large lake like Lake Michigan, the far shore 
is sufficiently distant to set up only feeble p ressu re gradients against the 
jet discharge; consequently, this bend-back effect might not be observed 
most of the t ime. 

Car ter noted that the plume return to the near shore might be a func
tion of R. For low R, there was less tendency for the plume to come back 
as it evens itself out paral lel to the current , as R increased, the plame 
curvature toward near shore was more visible and pronounced- Also, as 
the far-boundary distance increased, Car ter noticed a deeper penetration 
of the jet and a longer distance downstream for the plume to initiate its 
nea r - shore return. (Unfortunately, Carter did not use identical initial 
pa ramete r s in the small and large flumes. Carter does feel, however, 
that the larger flume width is the major causative factor m jet trajectory 
and bend-back discrepancies The possibility of a different type of partial 
cutoff of inshore entrainment could also complicate the situation. Carter 
can only say that he has observed the inshore region to have the same 
features as in the smal ler flume, yet no measurements to date have been 
made in that region for the larger flume.) Other investigators who took 
great care to remove far-boundary effects noted no return of the plume and, 
in fact, only a very slow leveling off paral lel to the c rosscurrent . As Carter 
has noted himself, more study is required to determine the precise relation
ship of far-bank distance and velocity ratio R on the maximum jet penetra
tion and the plume deflection beyond that position to the near shore. However, 
Car ter expects that only for the ocean and lai«ge lakes with a far offshore 
boundary, conservation of momentum m the offshore direction would be 
good assumption for a mathematical model. Otherwise the ambient pressure 
distribution set up by the far -shore boundary would be sufficient to affect 
the offshore momentum and consequently the jet t ra iectory 

Ca r t e r ' s form for the drag force 

, p _ _ £ a £ | ± ^ , (2,j, 

as stated above, is an artificiality to match theoretical jet t rajectories 
with experimental data. There is no universal form in defining dP. 
Fan^ defines dP as above, except he includes a sin^ a t e rm to cause 
dP to approach zero as the jet orients itself paral lel to the current ; 
Motz and Benedict ' do the same, adding a sin a t e rm. (Any dispute 
over the proper form for the drag force is not of great import.) This 
concept of a jet being a solid-body obstruction in the flow field is fic
titious and is done to obtain a free parameter to fit the theoretical model 
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to s e l e c t e d e x p e r i m e n t a l da t a . M o r e a r t i f i c i a l , h o w e v e r ; i s the a s s u m p t i o n 
tha t C(j i s cons t an t for a l l t r a j e c t o r y p o s i t i o n s . C a r t e r c h o s e the f o r m of 
Eq. 2.1 m a i n l y b e c a u s e of i t s s i m p l i c i t y , p e r m i t t i n g an e a s y so lu t ion to the 
p r o b l e m , in addi t ion to the fact tha t the x c o m p o n e n t of d P d i e s out a s 
m a x i m u m p e n e t r a t i o n i s r e a c h e d . In add i t ion , the v a l u e s of C j tha t C a r t e r 
d e r i v e d w e r e c lo se to 1.0, which i s the o r d e r of m a g n i t u d e of the d r a g coef
f ic ien t in a i r fo i l d r a g t h e o r y . Some o t h e r i n v e s t i g a t o r s l ike F a n , ^ Motz and 
Benedic t ,^ and Vize l and Mos t in sk i i e m p l o y o t h e r f o r m s for d P which yie ld 
d r a g coeff ic ients a t t i m e s an o r d e r of m a g n i t u d e f r o m the e x p e c t e d v a l u e . 
(Vize l and M o s t i n s k i i have va lue s on the o r d e r of 5.0, whi le F a n ' s d r a g 
coeff ic ients v a r y f r o m 0.1 to 1.6, and Motz and B e n e d i c t have found t h e i r 
C(j to v a r y be tween 0.5 and 4.0.) C a r t e r a s s e r t s t ha t s u c h l a r g e v a r i a n c e s 
f r o m 1.0 a r e h a r d to jus t i fy t h e o r e t i c a l l y . The e x p e r i m e n t a l r e s u l t s of 
Rouse on wal l p r e s s u r e s and s e l e c t e d c r o s s - s e c t i o n a l p r e s s u r e d i s t r i b u t i o n s 
embodied in F i g s . 2.7 and 2.8 w e r e a l s o consu l t ed in C a r t e r ' s d e c i s i o n not 
to c o m p l i c a t e the a l r e a d y a r t i f i c i a l f o r m for d P . The a p p r o x i m a t e l y con
s tant w a l l - p r e s s u r e d i s t r i b u t i o n m e a s u r e d for x s Xj^ of F i g . 2.7 was l a t e r 
employed to ca l cu l a t e C^ f rom the o r i f i ce to the point of m a x i m u m p e n e 
t ra t ion . '* Conce rn ing the p r e s s u r e - d r a g f o r m u l a (Eq. 2.1) once aga in , any 
s u c h f o r m u l a is a f i r s t - o r d e r a t t e m p t to accoun t for the d r a g t e r m a s c a u s e d 
by the p r e s s u r e d i s t r i b u t i o n a c r o s s the j e t . 

C a r t e r ' s m e a s u r e m e n t s of the l a t e r a l ve loc i t y and t e m p e r a t u r e p r o 
f i les showed a c o m p l e t e lack of s i m i l a r i t y in the r e g i o n x S Xj^. T e m p e r a 
t u r e m e a s u r e m e n t s r e v e a l e d a b e l l - s h a p e d o r G a u s s i a n - t y p e d i s t r i b u t i o n 
f r o m the c e n t e r l i n e in the of fshore d i r e c t i o n ; the t e m p e r a t u r e f r o m the 
c e n t e r l i n e t o w a r d the i n s h o r e bounda ry d ropped off con t inuous ly un t i l it 
l eve led off at s o m e a p p r o x i m a t e l y cons t an t va lue b e t w e e n z e r o and the peak 
t e m p e r a t u r e . The ve loc i ty a p p e a r e d to s t a r t at z e r o at the i n s h o r e wal l and 
i n c r e a s e in a b e l l - s h a p e d p a t t e r n to the c e n t e r l i n e ; in the o f f shore d i r e c t i o n 
f r o m the c e n t e r l i n e , the ve loc i ty was d e t e r m i n e d to be n e a r l y c o n s t a n t . 
Consequen t ly , the t e m p e r a t u r e and ve loc i ty p r o f i l e s w e r e a l m o s t m i r r o r 
i m a g e s of e a c h o the r , p r e c l u d i n g any kind of s i m i l a r i t y . M e a s u r e d ve loc i ty 
and t e m p e r a t u r e p ro f i l e s in the v e r t i c a l d i r e c t i o n w e r e n e a r l y un i form-
Seeing l i t t le point in pos tu la t ing highly s o p h i s t i c a t e d m o d e l s for ve loc i t y 
and t e m p e r a t u r e . C a r t e r defined a " t o p - h a t " d i s t r i b u t i o n for bo th q u a n t i t i e s 
and a hypo the t i ca l width, b ( | ) , as 

b ( | ) e ( | ) = / e( | ,Tl)dTl. 
** je t 

c r o s s 
s ec t i on 

•Rouse's approximately constant wall-pressure distribution for x s x„ might have been caused to some 
degree by far-boundary effects. One can only speculate at this time upon how "constant" this pressure 
distribution would be with no far boundary present. 
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This b is then the width of a top-hat distribution (equivalent rectangle) with 
equivalent peak value 9(5) and area in the T\Q plane Due to uncertainty in 
the prec ise form for the la teral distribution of velocity, tempera ture , and 
width. Car te r side-stepped the continuity equation with his partially observed 
assumption that Ug /̂u = 1 in the established flow region. This simplified the 
problem of modeling the entrainment of ambient fluid. Car ter states that jet 
widths defined by the above smoothing process have little physical meaning. 
Consequently, Car ter could see no point in experimentally measuring or 
calculating them in the model. As a result , model information regarding 
the isotherm areas is lacking. 

The model, in its present version, has several weak points. F i r s t , 
the e r r o r in integrating Eq 2,11 throws the precise theoret ical predictions 
of the jet t rajectory as given i n F i g s . 2-10-2 20 including Tables 2 2 and 
2,3, in doubt- The magnitude of the discrepancy has not yet been evaluated. 
More fundamentally, the assumption that the x velocity u in the established 
flow region is nothing but u^ simplifies the graphical integration of Eq, 2.11, 
yet does not seem physically valid for points in the general vicinity of 
(xe,ye). Only for positions beyond the point of maximum penetration (not 
considered in the analysis) is this truly a good assumption. Integrating the 
wa l l -p ressure distribution of Rouse from x = 0 to x = ^m- mstead of 
X = "», in the evaluation of C j may lead to a 30% e r r o r in C^j. The lack of 
information on some kind of plume width and isotherm areas is a dis
advantage in any predictive modeling. The extension of Ca r t e r ' s experi
mentally measured centerline decay formulas to situations where the jet 
is not two-dimensional, namely to problems with initial vert ical entrain
ment, cannot readily be made. Some accounting of the additional dilution 
near the outfall has to be done as long as the Richardson number, say, is 
less than about 0.8. Ca r t e r ' s entrainment (dilution) curves are affected by 
the existence of the fixed bottom boundary Thus, these curves may not be 
readily extrapolated to the case of a deep receiving basin. Another concern 
is whether the flat, solid bottom is causing additional la tera l spreading due 
to the increased turbulence induced by the shear s t r e s ses at the bottom. 
Ca r t e r ' s physical situation is still two-dimensional, yet whether this kind 
of idealization is the "best" two-dimensional simulation of a thermal plume 
is still debatable. Another question is whether the magnitude of the drag 
coefficients will change inthe presence of significant buoyant forces (large SQ, 
all other pa ramete r s fixed). The answer is not clear from the experiments 
to date. The effect of the fa r -shore boundary on the jet t rajectory (through 
the drag coefficient) and jet penetration still needs investigating. As stated 
above. C a r t e r ' s small and large flume experiments have shown that, within 
the downstream limits of the measurements , the centerline temperature 
decay had a form apparently independent of R. Car ter suspects , however, 
that measurements in the region in which ambient turbulence predominates 
would show some difference in centerline tempera ture decay, depending 
upon R. 
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C a r t e r fully r e c o g n i z e s the l i m i t a t i o n s of t h i s m o d e l . T h i s i s the 
m a i n r e a s o n he e m p h a s i z e s tha t h i s w o r k is only p r e l i m i n a r y . He i s p r e s 
en t ly c a r r y i n g on f lume e x p e r i m e n t s to a t t e m p t to a n s w e r m a n y of the above 
p r o b l e m s . Although confident of h i s c e n t e r l i n e d i lu t ion f o r m u l a , C a r t e r is 
h e s i t a n t to p r e d i c t c e n t e r l i n e t r a j e c t o r i e s for s i t u a t i o n s in which the far 
bank is m u c h g r e a t e r than 60 outfal l w i d t h s . E q u a t i o n s 2.2 and 2.6 
w e r e d e r i v e d on an in tu i t ive b a s i s . C a r t e r i s now r e e v a l u a t i n g the c o r 
r e c t n e s s of the e n t r a i n m e n t t e r m in Eq. 2.6. The p r e c i s e m e t h o d of 
handl ing a p o s s i b l e n o n z e r o backg round t e m p e r a t u r e , e s p e c i a l l y for the 
lee s i d e , i s a n o t h e r p r o b l e m to be c o n s i d e r e d . C a r t e r ' s m o s t r e c e n t m e a s 
u r e m e n t s s e e m to ind ica te a c e n t e r l i n e t r a j e c t o r y s a t i s fy ingy°=x ' , a s s e e n 
by s o m e o the r i n v e s t i g a t o r s . At p r e s e n t , he i s a t t e m p t i n g to d e v e l o p the 
p h y s i c a l r e a s o n i n g involved to p r e d i c t that r e l a t i o n s h i p . Some o t h e r 
r e s e a r c h e r s p r e d i c t a p a r a b o l i c t r a j e c t o r y . It s e e m s f r o m C a r t e r ' s m o s t 
r e c e n t da ta that s o m e t h i n g r a t h e r d r a m a t i c o c c u r s at R = 2. F o r h i g h e r R, 
m o s t of the jet t r a j e c t o r y da ta can be c o l l a p s e d to a c o m m o n law if the x 
and y c o o r d i n a t e s a r e s ca l ed by Rbg. F o r R s 2, the da ta de f in i t e ly follow 
a d i f ferent p a t t e r n and at p r e s e n t do not s e e m to r e d u c e u n d e r any c o m m o n 
s c a l i n g . T h e s e fac ts a r e being i nves t i ga t ed . C a r t e r ' s m a i n p r i o r i t y at t h i s 
t i m e is to deve lop a m o d e l that has p h y s i c a l r e a l i t y and s a t i s f i e s a l l h is 
f lume da ta . 

h. P r i t c h a r d ' s Appl ica t ion of C a r t e r ' s Model* 

P r i t c h a r d app l i e s the C a r t e r a n a l y s i s in the following m a n n e r when
eve r the l ongshore a m b i e n t c u r r e n t is equa l to o r g r e a t e r than 10% of the 
in i t i a l je t veloci ty , 

(1) Compute the d i s c h a r g e ve loc i ty qg f r o m 

whe 

and 

''^ = b^D ' (2.32) 

Qc - v o l u m e t r i c flow r a t e of power p lan t , 

b(, = width of o r i f i c e . 

D = depth of the channe l d i s c h a r g e . 

(2) Compute R f r o m 

qo • 
^^y- (2.33) 

w h i ere u^ is the ambient current speed. 
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(3) Compute the t rajectory of the plume centerline as described 
above by the graphical integration procedure on Eq. 2.11. The deflected 
t ra jectory is then plotted from the discharge orifice to the position of 
maximum penetration Xm. Ym ^^ ^ continuously changing ellipse with 
initial orientation at the orifice given by OQ and a final orientation at 
^m> Vm paral le l to shore. 

(4) For the portion of the centerline between the orifice § = 0 and 
centerline distance 5̂ ^̂  corresponding to position x^^, y,^, the centerline 
tempera ture decay is 

9/9o = 1 0 s I ^ 2.5bo; "̂  
I (2.34) 

=(5/bo)"'^* 2.6bo ^ I ^ 5ni- J 

(5) For the portion of the centerline between the position Xjĵ , y^i, 
and the point where the excess temperature 9 = 0.29o, the centerline t em
perature decay is 

e/9o = 1^— (2.35) 

where n is such that Eqs. 2.34 and 2.36 give the same temperature at Ij-,^. 

(6) For the portion of the plume centerline in which 9 s 0.29o, the 
decay is 

, kbo 
e/eo = — . ^ (2.36) 

where k is such that Eqs. 2.35 and 2.36 give the same temperature at 
5 - 5o.29o i-s., the same tempera ture at the distance in which 9 = 0.29o. 

(7) P r i t chard ' s inspection of the temperature data obtained in 
Ca r t e r ' s flume experiments (as expressed in Ref. 1, although not repro
duced there) yielded the following cr i te r ia for calculating isotherm areas 
in t e rms of the length of the a rea along the plume axis to the excess 
tempera ture 9: 

(a) The la tera l dimension of the a rea contained within a fixed 
i so therm in an ups t ream and/or offshore direction from the plume axis is 
approximately one-eighth the length of the i so therm area , as measured 
along the plume axis . 

(b) For excess tempera tures greater than the excess tempera
ture at Xj.ĵ , Yrn' '^^ la tera l dimensions of the area contained within a given 
i so therm in a downstream and/or inshore direction from the plume axis is 
approximately three-eighths of the length of the isotherm area . 
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(c) For excess temperatures equal to or less than that at I j ^ , 
the isotherms extend to shore on the inshore side of the plume. 

(8) Planimeter the areas contained within the isotherms (or a reas 
defined by the isotherms and the shoreline). 

Notes 

(1) This application of Car te r ' s model assumes a completely two-
dimensional situation with no vertical entrainment. 

(2) Computation of the jet t rajectory should involve the correction 
due to Car te r ' s algebraic e r ro r in deriving his ellipse formulae (see 
Sees, a-f above). 

(3) Car te r ' s measurements do indicate an approximate inverse 
with distance centerline temperature decay when ambient turbulence p re 
dominates [see (6) above]. Carter , however, suspects that there is some 
dependency of this temperature decay on R. Between the point of maximiim 
penetration and this region of dominance of ambient turbulence, Car ter is 
unable to verify the precise form of the centerline temperature drop. There 
must be a region in which the temperature will decay »x"'^^ as stated by 
Pri tchard, but its precise extent is not clear to Carter from his 
measurements 

(4) The limitations of Car te r ' s present model (see above discussion) 
should be kept in mind in any application of this procedure. 
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b. Introduction 

Motz and Benedict have considered the problem of heated surface 
discharges to a receiving-water body in the presence of ambient long-shore 
currents . The authors limit their consideration only to the jet regime of 
the resulting thermal plume. Ambient receiving-water turbulence and sur
face heat exchange are assumed to be of minimal influence with regard to 
plume dynamics and heat transfer within this regime. Building basically 
upon the framework established by Morton,^ Fan , ' Hoopes et al. ,̂  and 
Car te r , ' the model the authors propose is a two-dimensional analysis 
which eventually develops into a system of five differential equations which 
must be solved numerically to yield the jet t rajectory, width, velocity, and 
temperature distributions. The only exceptional requirement for the utili
zation of the model is the need for the specification of drag and entrainment 
coefficients. As discussed in greater detail later , the specification of the 
drag coefficient and particularly the entrainment coefficient is a matter of 
much concern. For any new field situation, there is no a pr ior i way to 
establish values for these parameters ; so what the authors have done is to 
set forth reasonable ranges for them extracted from hydraulic-model studies 
especially for this purpose. 

c. Model Development 

(1) Basic Assumptions. Some of the major assumptions made in 
the model development were listed by the authors as: 

(a) The jet is two-dimensional. 

(b) Beyond a region of flow establishment, the temperature 
and velocity profiles are equal and similar with respect to the jet axis. 

(c) The flow field is completely turbulent and is independent 
of the Reynolds number. 

(d) Changes in density are small compared to some reference 
density, thus density-induced inertial forces are not considered. 

(e) Turbulent mixing of the jet with the ambient waters can be 
represented by an inflow velocity across the jet boundary. 

(f) The interaction of the jet with the ambient current is treated 
as if the jet were a solid body and the resulting p ressure gradients were rep
resented by a drag force. 

(g) Surface heat loss from the jet regime is minimal, 

(h) Steady-state conditions a re applicable. 
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The a u t h o r s r e a s o n tha t in m a n y p r a c t i c a l s i t u a t i o n s a h e a t e d 
s u r f a c e d i s c h a r g e , if not in i t i a l ly , wi l l soon c e a s e to e n t r a i n v e r t i c a l l y 
n e a r the point of d i s c h a r g e . They q u a l i t a t i v e l y a r g u e th is point b a s e d upon 
the w o r k of E l l i s o n and T u r n e r ' and Hoopes e t a l . ' ' in which it was found 
t h a t the R i c h a r d s o n n u m b e r a long the j e t ax i s c h a n g e s r a p i d l y f rom a n u m 
b e r l e s s than 1 to a va lue of 1 o r g r e a t e r . When the R i c h a r d s o n n u m b e r of 
the j e t is c l o s e to o r g r e a t e r than un i ty , buoyancy f o r c e s d o m i n a t e o v e r in
e r t i a l f o r c e s and o p p o s e v e r t i c a l s p r e a d i n g . Under t h e s e c o n d i t i o n s , the 
j e t s p r e a d s only h o r i z o n t a l l y . E n t r a i n m e n t of the a m b i e n t w a t e r o c c u r s 
only at t he s i d e s of the j e t and not to any s ign i f i can t ex ten t at the b o t t o m . 

,9 

3 

Ucos^ 

f^O 

F 

o 
o 

3 sin 3 

dx = ds COS0 

dy = ds sin 0 

(2) M a s s C o n s e r v a t i o n . S ince 
d e n s i t y is a s s u m e d c o n s t a n t , m a s s con
s e r v a t i o n for a uni t v o l u m e e l e m e n t 
wi th in the j e t ( see F i g . 3.1) can be 
w r i t t e n as a v o l u m e cont inu i ty r e l a 
t i onsh ip in the following m a n n e r : 

_d_ 
ds (/."") ^4"'" 

w h e r e 

and 

(3.1) 

u = the loca l j e t ve loc i t y 
d i r e c t e d a long the s a x i s , 

V- = the inflow v e l o c i t y 
( e n t r a i n m e n t ) , 

dA = the d i f f e ren t i a l a r e a n o r m a l 
to the s a x i s , 

Fig. 3.1. Definition Sketchl 
the c i r c u m f e r e n c e t h r o u g h 
which e n t r a i n m e n t t a k e s p l a c e . 

The inflow v e l o c i t y ( e n t r a i n m e n t ) is a s s u m e d to be p r o p o r t i o n a l 
to the m a g n i t u d e of t he d i f f e r ence b e t w e e n a c h a r a c t e r i s t i c ve loc i ty along 
the de f l ec t ed j e t and. the p a r a l l e l c o m p o n e n t of the a m b i e n t ve loc i ty . T h u s , 

Vi = E ( U - U a cos e ) . (3.2) 

w h e r e 

U = the j e t c e n t e r l i n e v e l o c i t y at s, 

U^ cos 0 = the p a r a l l e l c o m p o n e n t of the a m b i e n t ve loc i t y Ua at s , 

3 = the ang le b e t w e e n the j e t c e n t e r l i n e and the a m b i e n t 
c u r r e n t at s , 
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and 

entrainment coefficient (assumed constant). 

The form for the entrainment velocity, vj, is nothing new; it 
has been used extensively in the l i terature . Its use is a mat ter of both con
venience and necessity because without it, it would be l i terally impossible 
to account for the complex entrainment processes going on at the jet inter
face. The form of the entrainment velocity used by the authors is different 
from that used by Hoopes et al. in that it is referenced to the velocity dis
parity between the jet 's centerline velocity, U, and the component of the 
ambient velocity along the plume axis, Ua cos p. 

Some investigators assume the rate of entrainment to be solely 
a function of the local jet axial velocity U; according to the authors, this 
definition should only apply when the jet is at right angles to the ambient 
flow or when the jet velocity is approximately an order of magnitude 
greater than the ambient velocity at other t imes. This, the authors argue, 
is because mixing due to jet-induced entrainment should become small 
when the jet and ambient velocities become equal and parallel or , in other 
words, when the velocity field becomes nearly uniform. 

(3) Conservation of Momentum. Referring to Fig. 3.1, conserva
tion of momentum in the x direction can be written as 

_d_ 
ds 

/ u(u cos e) dA Fj3 sin g, (3.3) 

where the first term represents the rate of change of momentum, the sec
ond term the rate of entrainment of ambient momentum, and the last t e rm 
the drag-force (pressure-gradient) component. The drag t e rm is assumed 
to be related to the ambient velocity in the following way 

CjjUaZ sin g 
' D (3.4) 

where C Q is an experimentally determined drag coefficient and z the jet 
depth. The momentum equation for the y component is therefore just 

_d_ 
ds / u(u sin p) dA - F Q COS p. (3.5) 

According to the authors, F Q , or better p F o ds, represents the 
drag force operating normal to the plume axis. The customary expression 
for the total drag, D, accounted for by a solid body in a flowing s t r eam of 
velocity, V, is just 
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D = C D ( P ^ ) ( a r e a ) , (3.6) 

where the a rea is oftentimes taken as the projected area of the solid body 
normal to the flowing s t ream. In other cases , as for airfoils aligned along 
the flow or slightly inclined to it, the aerodynamic force on the wing is pro
portional to the dynamic p ressu re due to the component of the s t ream ve
locity normal to the local axis of the wing as indicated by Abramovich. ' 
The authors have elected the former definition, letting ds z sin g r ep re 
sent the projected a rea of the volume element normal to Ua- This also 
establishes the form for the drag coefficient, C Q . The authors point out 
that their definition for Fjj is in slight variance to those chosen by Fan 
and Carter.^ Fan, in his definition, elected to use the square of the am
bient velocity component normal to the projected area , rather than the 
component of the projected a rea normal to ambient velocity as the authors 
have done. The authors defend their choice based on the argument that, 
"pressure drag depends more on the form of the body and on separation 
at the r ea r of the body than on the conditions at the front of the body." 

As the authors point out. Car ter uses almost the same defini
tion for Fj5 as their own, except that the sin g te rm is missing fromEq. 3.4. 
The authors argue that without the sin g t e rm and at distances somewhat 
removed from the discharge, where g approaches zero, the y component 
of Fj) would still be operative, continuing to deflect the jet towards the 
shore. This the authors could not intuitively accept as being correct , since 
they felt it would be reasonable to expect the jet axis to eventually line up 
asymptotically with the ambient-flow direction. This, however, is an im
portant point which needs further clarification. Rouse^ has experimentally 
shown with air jets in t r ansverse flow that it is* indeed possible for the jet 
axis to bend inward, or toward the shore for this present discussion, at 
some axial distance beyond the maximum jet penetration point, g = 0°. 
This phenomenon is schematically shown in Figs . 3.2 and 3.3, which were 
taken from Rouse. Through private correspondence. Carter revealed that 
he also has noticed this partial shoreward approach of the jet axis in some 
of his recent, yet unpublished, hydraulic-modeling studies. In these same 
studies, the jet-penetrat ion distance and the distance at which the jet axis 
made its partial shoreward approach increased for increasing ratios of 
ambient width to discharge width. In Ca r t e r ' s experiments, these ratios 
ranged from approximately 12 to 120. 

Uo 
JET 

cc "r̂  
y/////////)f(/y////////////////////////777Z 

bo-^h L -A 
Fig. 3.2. Profiles of Eddies behind Wall and Jet^ 
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Fig. 3.3. Patterns of Mean Flow for L/bg 100° 

I t w a s n o t a s c e r t a i n e d w h e t h e r t h e r a t i o s of c h a n n e l w i d t h t o 

j e t - d i s c h a r g e w i d t h w e r e v a r i e d b y s i m p l y i n c r e a s i n g o r d e c r e a s i n g t h e 

f a r - b a n k s e p a r a t i o n , k e e p i n g l e v e r y t h i n g e l s e c o n s t a n t , o r w h e t h e r t h e j e t 

w i d t h , r e l a t i v e v e l o c i t i e s , a n d w a t e r d e p t h h a d to b e a d j u s t e d . I t i s a l s o 

u n k n o w n w h e t h e r t h e r a t e of c h a n g e of t h e j e t - p e n e t r a t i o n d i s t a n c e a n d t h e 

j e t - a x i s r e a p p r o a c h a n d t h e m a g n i t u d e of t h e r e a p p r o a c h d e c r e a s e d w i t h 

i n c r e a s i n g w i d t h r a t i o s . T h i s i n f o r m a t i o n w o u l d b e u s e f u l i n d e t e r m i n i n g 

w h e t h e r o n e w o u l d h a v e t o c o n s i d e r a f a r - b a n k p h e n o m e n o n , p a r t i c u l a r l y 

f o r r i v e r i n e s i t u a t i o n s . I n a n y e v e n t , t h e s i g n i f i c a n c e of t h e s e f a c t s , w i t h 

r e s p e c t t o t h e v a l i d i t y of C a r t e r ' s , F a n ' s , a n d t h e a u t h o r s ' f o r m u l a t i o n s 

f o r t h e d r a g - f o r c e t e r m , i s u n k n o w n . O n e t h i n g t h a t c a n s a f e l y b e s a i d i s 

t h a t n o n e of t h e d r a g - f o r c e f o r m u l a t i o n s w i l l y i e l d t h e p r e s s u r e d i s t r i b u 

t i o n a c r o s s t h e y d i r e c t i o n s h o w n i n F i g . 3 . 3 , b u t a g a i n t h e a c t u a l s i g n i f i 

c a n c e of e v e n t h i s f a c t is u n c l e a r a n d t h e r e f o r e s h o u l d n o t b e i n t e r p r e t e d 

a s a n i n d i c t m e n t a g a i n s t t h e f o r m u l a t i o n s . C l e a r l y , t h e s e f o r m u l a t i o n s 

a r e c l a i m e d t o b e no m o r e t h a n " h a n d l e s " o r a r t i f a c t s to a t t e m p t t o a c c o u n t 

f o r t h e p r e s s u r e d i s t r i b u t i o n o v e r t h e j e t d u e t o f l o w s e p a r a t i o n . 

(4) C o n s e r v a t i o n of E n e r g y . S i n c e t h e a u t h o r s a s s u m e d t h a t s u r 
f a c e h e a t l o s s w i t h i n t h e j e t r e g i m e i s m i n i m a l , t h e y w e r e a b l e t o t r e a t 
h e a t a s a c o n s e r v a t i v e p r o p e r t y . T h u s t h e h e a t f l u x t h r o u g h a u n i t v o l u m e 
i s j u s t 

d 

d s / " T ' d A (3 .7) 

w h e r e T ' r e p r e s e n t s the t e m p e r a t u r e e x c e s s of the p lume w a t e r above a m 
bient . It is shown l a t e r that the i m p o r t a n c e of s u r f a c e h e a t l o s s is only 
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m e a n i n g f u l when the j e t ' s e x c e s s t e m p e r a t u r e s b e c o m e s m a l l ; t h i s c o n d i 
t ion is a s s o c i a t e d wi th r e l a t i v e l y l a r g e j e t s u r f a c e a r e a s . 

d. So lu t ion to Mode l E q u a t i o n Us ing S i m i l a r i t y A s s u m p t i o n s on 
V e l o c i t y and T e m p e r a t u r e 

T h e a u t h o r s i n i t i a l l y c o n s i d e r e d only tha t p o r t i o n of t he j e t w h e r e 
s i m i l a r i t y cond i t i ons w e r e a s s u m e d to p r e v a i l . D i s c u s s i o n of a j e t d e v e l 
o p m e n t r e g i o n was d e f e r r e d to l a t e r s e c t i o n s of t h e i r r e p o r t w h e r e it w a s 
m o r e c o n v e n i e n t l y h a n d l e d ; the s a m e a p p r o a c h is u s e d in th i s r e v i e w . S ince 
the a u t h o r s c h o s e to follow M o r t o n ' s i n t e g r a l t e chn ique by a s s u m i n g s i m i l a r 
v e l o c i t y and t e m p e r a t u r e p r o f i l e s and a f o r m for the in- f low v e l o c i t y , t hey 
i m p l i c i t l y a c k n o w l e d g e d a s u p p r e s s i o n of the " m i c r o s c o p i c " knowledge of 
the j e t in f avo r of ob ta in ing a " m a c r o s c o p i c " v iew. Al though any p ro f i l e for 
the l a t e r a l d i s t r i b u t i o n could h a v e b e e n u s e d , the a u t h o r s chose a G a u s s i a n 
f o r m , r e c o g n i z i n g t h a t m a n y i n v e s t i g a t o r s b e f o r e t h e m had found the 
G a u s s i a n f o r m to be m o s t s u i t a b l e . B a s e d on s o m e l i m i t e d d a t a a v a i l a b l e , 
the a s s u m p t i o n of s i m i l a r v e l o c i t y and t e m p e r a t u r e p r o f i l e s m a y be i n a c 
c u r a t e , a s r e c o g n i z e d by the a u t h o r s . H o w e v e r , t hey felt j u s t i f i ed in us ing 
s i m i l a r i t y a s s u m p t i o n s b e c a u s e of a pauc i t y of knowledge on t h i s m a t t e r . 

T h e a u t h o r s u s e d the v e l o c i t y d i s t r i b u t i o n 

u = U e x p ( - T l 7 2 a ' ) , (3.8) 

w h e r e 

a = the s t a n d a r d d e v i a t i o n , 

and 

T\ - d i s t a n c e n o r m a l to the s a x i s . 

S u b s t i t u t i o n of E q . 3.8 into t he i n t e g r a l p o r t i o n of Eq . 3.1 y i e l d s 

/

+b r-+<= 

U exp(-1l72CT^)z dT| 3= Uz / exp(-Tl72a^) dT] = o^/z^, (3.9) 

w h e r e b is the j e t h a l f - w i d t h . E q u a t i o n 3.1 can now be r e w r i t t e n , g iven the 
fact t h a t C = 2z and def in ing b = y/Za: 

: ^ ( U b ) = - ^ ( U - U a cos g) . (3.10) 

E q u a t i o n s 3.3 and 3.5 can be e v a l u a t e d in the s a m e m a n n e r by u s ing the 
de f in i t i ons for F Q and v^. T h e y r e d u c e , r e s p e c t i v e l y , to 
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and 

-2-(U^b cos g) 
ds 

- ^ ( U ^ b s in g) 
ds 

2 v ^ 
E(U - Ua cos g) Ua + 

C o U a s in g 

Jz^ 

C p U a s in g cos g 

Jzf^ 

A s s u m i n g the t e m p e r a t u r e d i s t r i b u t i o n to be given by 

T ' = T exp(-TlV2a^), 

Eq. 3.7 r e d u c e s to 

(3.11) 

(3.12) 

(3.13) 

-5-(UTb) = 0. 
ds 

(3.14) 

Equa t ions 3 .10-3 .13 now f o r m a set of o r d i n a r y d i f f e ren t i a l e q u a 
t ions with unknowns U, T, b , and g, a s s u m i n g tha t E and Cjj a r e known. 
The independent v a r i a b l e , s, can be r e l a t e d to the x and y c o o r d i n a t e s by 
the g e o m e t r i c a l r e l a t i o n s h i p s 

and 

dx 
ds 

dy 

(3-15) 

T h u s , in a l l , t h e r e a r e s ix equa t ions in s ix unknowns to be solved. 
Th i s can be done n u m e r i c a l l y . To a c c o m p l i s h t h i s , the a u t h o r s r e w r o t e 
the six equat ions in nond imens iona l fo rm by defining the following 
r e l a t i o n s h i p s : 

Ub 

M 

Uob„ 

U^b 

Uo'bo 

(the nond imens iona l vo lume flux), 

(the nond imens iona l m o m e n t u m flux). 

S - (2E/.ynbo)s (the n o n d i m e n s i o n a l a x i a l d i s t a n c e ) . 

Uo ' 

C D 
'-'D " " 4 E " ^'^^ r educed d r a g coef f ic ien t ) , 

(3.16) 
(Contd.) 
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X = (2E/.yTTbo)x (the nondimensional x distance), 

and 

Y = (2E/v/TrbQ)y (the nondimensional y distance). 

The equation for volume continuity becomes 

dV M 
_ = _ _ . A c o s g , 

for the X component of momentum flux 

d(M cos g) 
dS 

for the y component 

d(M sin g) 
dS 

(Contd.) 
(3.16) 

•\/2Af— - A cos g + ACp sin^ gj. 

- /̂2^A(ACJ-) sin g cos g), 

(3.17) 

(3.18) 

(3.19) 

and the geometry equations 

dX dY 
— = c o s g a n d — = s i n g . (3.20) 

The e n e r g y e q u a t i o n can i m m e d i a t e l y be i n t e g r a t e d to g ive 

U T b = U„T„b„. (3.21) 

T h u s t h e r e a r e now five d i f f e r e n t i a l equa t i ons and five unknowns (V, M, g, 
X and Y), al l func t ions of the n o n d i m e n s i o n a l ax ia l d i s t a n c e S. 

T h e a u t h o r s aga in r e w r o t e t h e s e five equa t i ons to f ac i l i t a t e the u s e 
of a n u m e r i c a l - i n t e g r a t i o n s c h e m e wh ich i n t e g r a t e s a s y s t e m of f i r s t - o r d e r 
d i f f e r e n t i a l e q u a t i o n s by a f o u r t h - o r d e r R u n g e - K u t t a m e t h o d . D e t a i l s of 
t h i s p r o c e d u r e a r e not r e v i e w e d h e r e ; the o r i g i n a l w o r k shou ld be consu l t ed 
for th i s i n f o r m a t i o n . In s u m m a r y , p r o b l e m s o l u t i o n invo lved t he fol lowing 
s e q u e n c e of e v e n t s . F i r s t , g iven a l l the n e c e s s a r y input p a r a m e t e r s , in
c lud ing C]3 and E , the p r o g r a m s o l v e s for M and V for d e s i g n a t e d i n t e r 
v a l s of S. U, T , and b a r e then c o m p u t e d u s i n g the fol lowing r e l a t i o n s h i p s , 
d e r i v e d f r o m E q s . 3.16 and 3 .21 : 

U 

Uo V ' y 
_b_ 
b„ M 

(3.22) 

We then solve for g as a function of S. Once g is known U / U Q , T / T Q , and 
b/bo can be related to X and Y using the equations 



a n d 

= I CO S g dS 

= I sin Y = I s in g dS. 
' 0 

(3.23) 

(3.24) 

The a u t h o r s p r e s e n t e d an e x a m p l e so lu t ion to i l l u s t r a t e the r e s u l t s 
of t he i r a n a l y s i s for a s u r f a c e jet d i s c h a r g i n g into an a m b i e n t s t r e a m at an 
ini t ia l angle of go = 60°. The j e t ve loc i ty was a s s u m e d to be a fac to r of 
four g r e a t e r than the a m b i e n t ve loc i ty , or A = 0 .25 . The r e d u c e d d r a g c o 
efficient , c b = C£) /4E, was a s s i g n e d v a l u e s of 0 .0 , 0 .5 , and 1.0 to i l l u s t r a t e 
i ts effect on the je t t r a j e c t o r y . S ince t h e r e was a s s u m e d to be no flow-
e s t a b l i s h m e n t r eg ion , the in i t ia l c o o r d i n a t e s w e r e g iven by XQ = 0.0 and 
Yo = 0.0. F i g u r e s 3 .4-3 .6 show the n u m e r i c a l r e s u l t s p lo t ted in n o n d i m e n 
s iona l fo rm. 

-

-

1 

1 1 

«,-«-llp 

— r ^ ^ _ — 1 
05 1 fl 

1 1 

1 1 
!» IBB 

1 

5nn 

-

-

—rail 

Fig. 3.4. Volume Flux, V, and Momentum Flux, M, 
vs Nondimensional Jet-axis Distance, S 
(Ref. 1) 

Tib—rat 

Fig. 3.5. Temperature, Velocity, and Width Ratios 
vs Nondimensional Jet-axis Distance, S 
(Ref. 1) 

Fig. 3.6 

Effect of Reduced Drag Coefficient on 
Location of Jet Trajectory! 

e- F l o w - e s t a b l i s h m e n t C o n s i d e r a t i o n s ' 

T h e r e s u l t s f o r t h e h y p o t h e t i c a l s u r f a c e j e t s h o w n in F i g s . 3 . 4 - 3 . 6 

d o n o t a c c o u n t f o r a z o n e of f l o w e s t a b l i s h m e n t in w h i c h t h e m o r e o r l e s s 
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t o p - h a t d i s t r i b u t i o n s of t e m p e r a t u r e and v e l o c i t y a t the j e t o r i g i n change to 
fully d e v e l o p e d p r o f i l e s at s o m e ax ia l d i s t a n c e , Sg, f r o m the out fa l l , as is 

shown in F i g . 3.7. F i g u r e 3.7 m a k e s 
an i m p o r t a n t d i s t i n c t i o n b e t w e e n 
p r i m e d and u n p r i m e d s y m b o l s . Un-
p r i m e d s y m b o l s r e f e r to t h o s e p o r 
t ions of the j e t for wh ich the flow 
field is fully deve loped and the a n a 
l y t i c a l d e v e l o p m e n t a l r e a d y p r e s e n t e d 
a p p l i e s . The p r i m e nota t ion app l i e s 
to the p o r t i o n s of the j e t unde r flow 
e s t a b l i s h m e n t . 

To a c c o u n t for the zone of 
flow e s t a b l i s h m e n t , the a u t h o r s r e 
v iewed the w o r k of F a n ' in which he 

p r e s e n t e d e m p i r i c a l r e l a t i o n s for s ' and gQ in t e r m s of the r a t i o of the a m 
b i e n t c u r r e n t s p e e d to t he in i t i a l j e t v e l o c i t y , tha t is to s ay , A. F a n ' s w o r k 
a c c o u n t e d only for an in i t i a l d i s c h a r g e ang le , gJ, of 90° and for a v e l o c i t y -
r a t i o r a n g e of 0 .126 s A S 0 .26 . The a u t h o r s felt tha t the r a n g e of i n t e r e s t 
for m a n y p r a c t i c a l s i t u a t i o n s would be m o r e t y p i c a l for 0.20 s A s 0.80 or 
g r e a t e r and for an a r b i t r a r y d i s c h a r g e angle g^. The a u t h o r s chose to 
follow the e x a m p l e of F a n , tha t is to deve lop p h e n o m e n o l o g i c a l r e l a t i o n 
sh ip s for Sg and gQ in t e r m s of A and g^. Both the d r a g and e n t r a i n m e n t 
coef f ic ien t s would l ike ly be d e p e n d e n t on A and g^. To ob ta in a l l t h e s e 
n e c e s s a r y r e l a t i o n s h i p s , the a u t h o r s p e r f o r m e d a s e r i e s of l a b o r a t o r y 
h y d r a u l i c - m o d e l s t u d i e s . 

Fig. 3.7. Zone of Flow Establishment! 

The a u t h o r s p r e s e n t e d c o n s i d e r a b l e rr^ater ial d e s c r i b i n g the des ign , 
o p e r a t i o n , and l i m i t a t i o n s of t h e i r l a b o r a t o r y e x p e r i m e n t s . While th i s m a 
t e r i a l f o r m s an i m p o r t a n t p a r t of t h e i r o v e r a l l effor t , it cannot be d i s c u s s e d 
t h o r o u g h l y h e r e , s i m p l y b e c a u s e of s p a c e l i m i t a t i o n s . Only a s u m m a r y of 
t h e i r r e s u l t s and c o n c l u s i o n s wi l l now follow. 

In the l a b o r a t o r y e x p e r i m e n t s the ve loc i t y r a t i o , A, was v a r i e d f rom 
0.18 to 0 .727 whi le the in i t i a l d i s c h a r g e a n g l e , g j , was fixed at 90 , 60, or 45°. 
T a b l e 3.1 s u m m a r i z e s the l a b o r a t o r y cond i t ions and the e x p e r i m e n t a l l y d e 
t e r m i n e d p a r a m e t e r s . The m e t h o d s u s e d to d e t e r m i n e t h e s e p a r a m e t e r s wil l 
now be d i s c u s s e d . E x c e p t for m i n o r p e r t u r b a t i o n s , the s a m e m e t h o d s w e r e 
app l i ed to a c t u a l f ield d a t a , which wi l l be r e v i e w e d l a t e r . 

G r a p h i c a l m e t h o d s w e r e u s e d to d e t e r m i n e Sg and go f r o m the l a b o 
r a t o r y d a t a in the following way: The j e t t r a j e c t o r y for e a c h r u n was e s t i 
m a t e d f r o m the l o c a t i o n of the m a x i m u m t e m p e r a t u r e e x p e r i m e n t a l l y 
a c q u i r e d f r o m the t ank r u n s and p lo t t ed r e l a t i v e to the a c t u a l j e t o r i g i n in 
t e r m s of x ' / b , , and y ' / b g , w h e r e bj is the j e t ha l f -w id th at the end of the 
f l o w - e s t a b l i s h m e n t r e g i o n o r the s t a r t of the d e v e l o p e d - f l o w r e g i m e . Next 
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the above da ta w e r e r ep lo t t ed on log - log plots in t e r m s of T / T Q and s ' / b o . 
The length of the zone of flow e s t a b l i s h m e n t , s^ /bo , was then e s t i m a t e d 
f rom the log - log plot for each run by i n t e rpo l a t i ng to find the l a r g e s t v a l u e 
of Sg/bo w h e r e T / T Q was s t i l l equa l to unity. F i g u r e 3.8 shows the o b s e r v e d 
v a l u e s for s^/bo plot ted a g a i n s t the ve loc i ty r a t i o , A. 

TABLE 3.1. Laboratory Results Found by Varying A and gi (from Ref. 1) 

sj/b„ x^/b„ ye/bo X' Y ; Cb 

0.73 
0.44 
0.30 
0.23 
0.20 

0.67 
0.44 
0,30 
0.23 
0.19 

0.66 
0.42 
0.30 
0.23 
0.18 

90.0 
90.0 
90.0 
90.0 
90.0 

60.0 
60.0 
60.0 
60.0 
60.0 

45.0 
45.0 
45.0 
45.0 
45.0 

34.5 
47 .5 
50.0 
62.0 
71.5 

13.5 
36-5 
40-0 
41.0 
45.0 

25.0 
23.0 
26 .5 
33 .5 
35.0 

0.9 
1.4 
1.3 
1,7 
1.9 

0.7 
1.3 
1.5 
2.0 
2.3 

0.7 
1.2 
1.7 
2.1 
2.3 

0.6 
0.6 
0.6 
0 .4 
0.1 

0.6 
0.9 
1.2 
1.4 
1,4 

0.6 
1.1 
1.5 
1-6 
1-8 

0.8 
1.3 
1.3 
1.7 
2-0 

0.3 
0-8 
1-0 
1-3 

• 1-9 

0-4 
0.6 
0.8 
1.1 
1.3 

0,46 
0.39 
0.31 
0.47 
0.44 

0,24 
0.13 
0.19 
0 ,25 
0.29 

0.19 
0 .13 
0.21 
0.27 
0.22 

0 .47 
0.62 
0.46 
0.90 
0,94 

0 ,24 
0.19 
0.32 
0.56 
0 ,75 

0 ,15 
0 .18 
0.40 
0 .64 
0.57 

0.31 
0.26 
0.21 
0.21 
0 .05 

0.19 
0.13 
0.26 
0.39 
0.46 

0 ,13 
0.16 
0.36 
0.49 
0 .45 

0.41 
0 .57 
0 .45 
0 .90 
0 .99 

0 .16 
0.12 
0.21 
0,37 
0,62 

0 .08 
0.09 
0.19 
0 .33 
0.32 

0 .4 
1.0 
2.8 
2.0 
2.0 

0 .08 
1.5 
3.0 
2 .7 
3.4 

1.5 
1.0 
1.0 
1.0 
2.0 

0-7 
1-6 
3-5 
3.8 
3.5 

0.1 
0 .8 
2.3 
2.7 

3.9 

1.1 
0 .5 
0.8 
1.1 
1.7 

-
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Fig. 3,8 

Observed Values and Fitted Curve for 
Length of Establishment Zone vs Ve
locity Ratiol 

The angle at the end of the zone of 
flow e s t a b l i s h m e n t was d e t e r m i n e d by f i r s t 
taking each p r e v i o u s l y d e t e r m i n e d va lue for 
Sg/bo ' ' fd loca t ing it on the r e s p e c t i v e x ' /bo 
and y ' / b j t r a j e c t o r y plot tha t was s m o o t h e d 
for th is p u r p o s e ; gj the s lope of the t r a j e c 
to ry plot was then m e a s u r e d at tha t loca t ion . 
Values for go/Po v e r s u s A a r e p lo t ted in 
F ig . 3.9. 

The j e t ha l f -wid th at the s t a r t of the 
e s t a b l i s h e d flow r e g i m e was u s e d to f o r m 
s e v e r a l of the n o n d i m e n s i o n a l i z e d p a r a m 
e t e r s . We can c a l c u l a t e bj by equa t ing the 
hea t f luxes at the i m m e d i a t e je t d i s c h a r g e 
and at the point , Sg, w h e r e the je t b e c o m e s 
fully deve loped ; i . e . . 

Zo(2bi)UoTo = z ^ ^ b o U T , ( 3 - 2 6 ) 

w h e r e the two t e r m s r e p r e s e n t the i n t e g r a t e d f luxes of hea t for a t o p - h a t 
and Gauss i an t e m p e r a t u r e and ve loc i ty d i s t r i b u t i o n , r e s p e c t i v e l y . S ince 
the e x c e s s t e m p e r a t u r e , TQ, the je t ve loc i ty , UQ, and the dep th , Zj, a t the 
outfall a r e equal to t he i r r e s p e c t i v e c e n t e r l i n e v a l u e s at the s t a r t of the 
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e s t a b l i s h e d flow r e g i m e , Eq . 3.26 
can be so lved for b j . T h u s , 

bo = •J&hK = l -6b i , (3.26) 

w h e r e bi is the j e t ha l f -w id th of the 
a c t u a l out fa l l . 

f. E v a l u a t i o n of E n t r a i n m e n t and 
D r a g Coef f ic ien ts 

Fig. 3.9. Observed Values and Fitted Curve for 
Initial Angle vs Velocity Ratio! 

The l a b o r a t o r y s t u d i e s a l s o 
p r o v i d e d a m e a n s to d e t e r m i n e and 
funct ional ly r e l a t e the e n t r a i n m e n t 

and d r a g coef f i c ien t s to the v e l o c i t y r a t i o and the in i t ia l ang le of d i s c h a r g e . 
The e n t r a i n m e n t coef f ic ien t , E , was ob ta ined by f i r s t us ing the t h e o r e t i c a l 
m o d e l to c o m p u t e T / T Q v e r s u s the n o n d i m e n s i o n a l ax ia l d i s t a n c e , S, for 
l a b o r a t o r y o b s e r v e d c o m b i n a t i o n s of A and go and for a r a n g e of v a l u e s of 
the r e d u c e d d r a g coef f ic ien t , C Q . An in i t i a l g u e s s of E for e a c h r u n is 
d e t e r m i n e d by h o r i z o n t a l l y s l id ing the plot of T / T Q v e r s u s s ' /bo o v e r the 
c o m p u t e d c u r v e s of T / T Q v e r s u s S unt i l a b e s t - f i t s i t ua t i on a r i s e s . E c a n 
then be c a l c u l a t e d us ing the fol lowing r e l a t i o n s h i p ob ta ined f r o m E q s . 3.16: 

E = yTTboS/2s. (3.27) 

The nondimensional flow-establishment length, Sg, was next calculated 
from the observed value of Sg/bo and the above preliminary value of E. 
A new plot of T / T Q versus S' was then formed using the plot of T / T O versus 
S as its basis and the relationship , 

SI + S, (3 .28) 

which now references T / T Q to the jet origin. In the same fashion as above, 
the plots of T / T O versus s' and T / T Q versus S' were slid horizontally over 
each other until a best fit between the two was obtained. The final form 
for E was then computed from 

E = y ^ b o S ' / 2 s ' . (3.29) 

The drag coefficient Cj) for any run was also graphically deter
mined. F i r s t , the mathematical model was used to calculate values for X 
and Y along with T / T Q for each value of A and go and several assumed 
values of CT\- Each of these mathematically predicted t ra jector ies was 
plotted in te rms of x ' /b j and y'/bo, where 

X =yWboX/2E; y = y^boY/2E (3.30) 



and 

x'/bo = x/bo + 4 / b o ; y'/bo = y/bo + ye/bo-
(3.31) 

The actual value for Cjj is then estimated by overlaying the experi
mental trajectory with the theoretically computed ones by interpolating be
tween the theoretical curves to the experimentally observed curve. After 
the reduced drag coefficient is found, it becomes simple to compute the 
drag coefficient from 

C D = -lECb. 
(3.32) 

The results for C Q and C Q are shown in Figs. 3.10 and 3.11, respectively. 
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Fig. 3.10. Observed Values of Reduced 
Drag Coefficient vs Velocity 
Ratio! 

Fig. 3.11. Observed Values and Fitted 
Curve for Drag Coefficient 
vs Velocity Ratio! 

The au tho r s p e r f o r m e d s t a t i s t i c a l t e s t s on the e x p e r i m e n t a l l y d e 
t e r m i n e d p a r a m e t e r s . C o r r e l a t i o n coeff ic ients w e r e ob ta ined (see 
Table 3.2) us ing r e g r e s s i o n m e t h o d s for a s s u m e d a r i t h m e t r i c , s e m i l o g , 
and log- log r e l a t i ons be tween Sg/bo, Po/go. C j j , C Q , and E v e r s u s A. The 
a s s u m e d r e l a t i on with the h ighes t c o r r e l a t i o n coeff ic ient was tha t u sed for 
da ta p r e s e n t a t i o n . Tab le 3.2 points to the fact tha t the e n t r a i n m e n t coeff i 
c ient was not a function of A, at l e a s t for the r a n g e of A i n v e s t i g a t e d . 
However , some dependence of E on gJ, was ind ica ted by the F t e s t , which 
c o m p a r e s the r a t i o s of the v a r i a n c e s ; t h e s e r e s u l t s a r e shown in T a b l e 3 .3 . 
Tab le 3.3 shows that the m e a n va lue of E at gg = 90 is m u c h d i f fe ren t 
f rom the m e a n of the va lues ob ta ined at gi = 60° o r 45°. F u r t h e r , T a b l e 3.2 
and F ig . 3.11 a l so indica te that C D rnay be a function of gi as we l l ; h o w e v e r , 
b e c a u s e of the l imi t ed n u m b e r of da ta p o i n t s , th i s cannot be c l e a r l y 
e s t a b l i s h e d . 
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TABLE 3.2. Results of Statistical Tests on Parameters ' 

Relation 

Sg/bo vs A 

go/pi vs A 

C D VS A 

E vs A 

C D vs A 
(gi = 90.0°) 

C D vs A 
(ei = 60.0°) 

C D vs A 
(Bi = 45.0°) 

Observed 
Corre la t ion 
Coefficient 

0.95 

0.87 

0.72 

0.01 

0.98 

0.97 

0.99 

Corre la t ion Coefficient 
at 1% Level of 

Significance 

0.64 

0.64 

0.64 

0.64 

0.96 

0.96 

0.96 

TABLE 3.3. Relation of E to gi (Ref. 1) 

Bi 

90° 

60° 

45° 

Model Ver i f i c a t 

E 

0.41 

0.22 

0.20 

ions 

F Ratio 

23.1 

0.20 
• 

Level of 
Significance 

0.1% 

None 

The authors compared their model to field data obtained at three 
locations representing a total of five independent data sets . Space limita
tions preclude an account of the application of the model to the field data; 
therefore only a discussion of the results will be given. Table 3.4 sum
mar izes the field resul t s . 

TABLE 3.4. Summary of Field Results 

Widows Creek 
VU No. 1 
VU No. 2 
T V A 

New Johnsonvil le 
Waukegan 

A 

0.50 
0.67 
0.75 
0.57 
0.00 

Bi 

85.0 
85.0 
85.0 
60.0 

-

Rio 

0.22 
0.64 
1.21 
3.30 
0.01 

E 

0.16 
0.16 
0,16 
0.04 
0.44 

Cb 

1.0 
0.9 
0 .4 
3.0 

-

C D 

0 .6 
0 .6 
0 .3 
0 . 5 

-
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For the flow-establishment region the authors found it necessary 
to use their empirical laboratory resul ts , because the field data were not 
sufficiently complete, that is , on a sufficiently fine grid, to clearly es tab
lish either the length Sg or the angle gj. 

The entrainment coefficients for four of the five field situations 
were lower than anticipated. The authors argued that these situations, 
which were on river locations, were apparently influenced by the proximity 
of shoreline boundaries. The presence of shorelines would be expected to 
decrease the volume of colder water available for dilution on the side(s) of 
the jet near such boundaries. Similarly, the same effect would hold true 
for smaller initial discharge angles, as is indicated by a smaller E for 
gi = 45 or 60° when compared to a 90° angle, as is seen from the labora
tory results . 

The limited field results also indicated that the entrainment coeffi
cient remained essentially constant at a particular location with changing 
values of A. This behavior is consistent with the laboratory findings, 
showing E to be relatively independent of A. However, in a recent prog
ress report by Benedict and Yandell,' the authors have looked at some 
actual lake-plume data and laboratory data in which the velocity ratio A 
approaches zero. Under such conditions, the entrainment coefficient ap
proached low values, <0 .1 , even when geometry was nonconfining. Benedict 
has proposed that under more normal conditions the separation of the am
bient current around a jet establishes a lateral vortex in the jet which en
hances mixing. As the ambient current decreases below a cri t ical value, 
a point is reached at which this secondary current ceases to be important 
and all mixing is by "aspiration" of surrounding fluid through shearing 
action; this is apparently somewhat less efficient than the vortex action. 
Table 3.5 and Fig. 3.12 show values of the entrainment coefficient for var i 
ous field situations. ' The column labeled "k" in the table is the inverse of 

TABLE 3.5. Values of En t r a inmen t Coeff ic ient ' 

Data Source 

Labora to ry 
Labo ra to ry 
Widows Creek 

VU No. 1 
VU No. 2 
TVA 

New Johnsonvi l le 
Stefan ( labora tory) 
Vandy ( labora tory) 
F i t c h * 

(Lake St. Croix) 
A y e r s * 

(Michigan City) 
R o m b e r g * 

(Waultegan) 

K. ' 

90 
45 and 60 

85 
85 
85 
60 

90 

60 

90 

90 

F„ 

3.4-6.9 
3.1-6,3 

4.3 
3.7 
3.7 
1.3 

3.7-4.1 
4 .2-7 .4 

0.25-0.55 

1.2 

5.6-6.0 

. _ Uo a m b i e n t - s t r e a m width 
Ug d i s c h a r g e width 

1.37-5.2 
1.53-5.2 

2.0 
1.5 
1.33 
1.75 

3 - 3 0 - • 

3-19** 

lOb 

1.7-5.6 

24 
24 

7.5 
7.5 
7.5 
4 

34 
24 

20 

-

-

E 

avg = 0.4 
avg = 0.2 

0.16 
0.16 
0.16 
0.04 

0 .06-0 .09 
0 .04-0 .4 

0 .11-0 .296 

0,04 

0 .046-0 .059 

^Lake field data. 
" E s t i m a t e d va lues . 
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The field v a l u e s of the coeffi
c ien t of d r a g w e r e found to be c lo se 
to the l a b o r a t o r y v a l u e s , as is shown 
in F i g . 3 .13 . The a u t h o r s point out 
tha t with the l i m i t e d field da t a a v a i l 
able and its a p p a r e n t a g r e e m e n t with 
the l a b o r a t o r y c u r v e , C Q a p p e a r s to 
be independen t of the Reyno lds n u m 
b e r . The a u t h o r s at the s a m e t i m e 
cau t ion the r e a d e r tha t it m a y not be 

g e n e r a l l y p o s s i b l e to e x t r a p o l a t e the l a b o r a t o r y c u r v e of C Q v e r s u s A to 
field s i t u a t i o n s as is done in F i g . 3.13 b e c a u s e p r o t o t y p e Reyno lds n u m b e r s 
a r e two o r m o r e o r d e r s of m a g n i t u d e g r e a t e r than the l a b o r a t o r y da ta . F i g 
u r e 3.14 shows C D v a l u e s ob ta ined f rom the l a b o r a t o r y and field da ta p lo t ted 
a g a i n s t t he Reyno lds n u m b e r . The Reyno lds n u m b e r was def ined as 

Fig. 3.12 

Entrainment Coefficient as a Function of Velocity 
Ratio (where geometry is nonconfining) 

U ^ z 
R e r (3.33) 

w h e r e va is the a m b i e n t k i n e m a t i c v i s c o s i t y . T h i s f i g u r e , a c c o r d i n g to the 
a u t h o r s , s u g g e s t s t ha t C Q as u s e d wi th in the m o d e l m a y a s s u m e s o m e of 
the c h a r a c t e r i s t i c s n o r m a l l y a s s o c i a t e d with flows a r o u n d so l id b o d i e s , 
which was one of the p r i m a r y a s s u m p t i o n s in the m o d e l . 
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h. Discussion of Model Development 

Several additional comments regarding the model should be made. 
The original model has recently been modified' to incorporate the effects 
of a nonuniform ambient current that increases with distance from the 
shore and to allow for surface heat transfer with the atmosphere. Surface 
heat loss was accounted for by modifying the energy conservation equation 
to the form 

d , , -yi K 
— UTb = -: 
ds pCpZo 

3.34 

where 

and 

surface-heat-loss coefficient 

c = specific heat of water. 

Equation 3.34 has been used in place of Eq. 3.7 with the resul ts in
dicating that surface cooling plays no significant effect until the lower 
excess- temperature contours (1-2°) are reached. Benedict and Yandell 
made an example calculation for a Lake Michigan site and for an assumed 
value for K of 180 Btu/ft^-day-°F. Table 3.6 shows these resul ts . 

TABLE 3.6. Results of Surface-jet Analysis ' 

Temperature Area within Area within 
Rise, Contour, sq miles Contour, sq miles 

°F (no cooling) (with cooling) 

10 0.00036 0.00036 
5 0.0064 0.0064 
2 0.255 0.235 
1 4.04 2.68 

The model was, as indicated above, also modified to incorporate 
the effects of a nonuniform ambient current. In one example, Benedict and 
Yandell' chose to use a parabolic distribution for the ambient current . Since 
the authors use a numerical approach, all that is done is to calculate a new 
ambient velocity for each incremental step in the numerical integration 
scheme. For the lake situation investigated and for most field cases of 
practical interest, they have concluded that there is little difference be
tween predictions obtained by choosing some suitable average of the am
bient current over the reach influenced by the jet when compared to the 
inclusion of a more refined profile. The authors indicate, however, that 
this generalization may not be true for values of A la rger than 0.5. 



Benedict e t ^ . ' " have also modified the original model for situations 
in which the ambient current exceeded the initial jet velocity. 

Some general comments concerning the model should be made at 
this point. The authors have discussed, in great length, possible sources 
of e r r o r with regard to their work. They recognize that the graphical 
methods for evaluating coefficients a re somewhat subjective. They also 
indicate that the effects of ambient turbulent mixing should be accounted 
for whenever the jet velocity approaches the same direction and magnitude 
as the ambient current . They recognize that buoyancy-induced convective 
motions may be present , but they assume them to be small . Vertical en
trainment is neglected; however, they indicate that it should really be con
sidered very near the point of discharge and in the outer reaches of the jet 
when the jet tempera ture approaches that of the ambient or, in other words, 
when the Richardson number becomes small (<0.8). 

It is also recognized that the velocity and tempera ture profiles at 
the point of discharge may not be top-hat, in which case the flow-
establishment region may be smal ler than predicted by their model. The 
authors recognized that the expression for the lateral velocity distribution, 
Eq. 3.8, does not approach ambient velocity conditions for large T|, but 
rather a value of zero. The authors chose this form to obtain convenient 
nondimensional relationships in t e rms of velocity ratio A. If Eq. 3.8 were 
modified to account for an asymptotic approach to the ambient c rosscurrent , 
or bet ter , its component in the jet axial direction, the fitted values for E 
would differ from those specified by the authors. Much in the same vein, 
the authors could have chosen a top-hat la teral-veloci ty distribution, in 
which case the values for E would again be different from the above stated 
situations. Pr iva te correspondence with Benedict indicated that for ratios 
of initial jet velocity to ambient c rosscur ren t velocity which are less than 
about 1.2, one might expect the model to yield anomalous resul ts in which 
the jet velocity increases with increasing distance from the point of dis
charge. Benedict, however, states that for ratios of initial jet velocity to 
ambient c rosscu r ren t velocity which a re greater than 1.5, these anomalous 
resul ts do not a r i s e . 

Listed above are several of the problem areas or deficiencies noted 
by the authors , which need to be corrected or modified. Considered now are 
those issues felt to be of additional concern, but which were not s t ressed by 
Motz and Benedict. F i r s t , there seems to be some question concerning the 
form of the drag t e rm, Eq. 3.4. There is some evidence pointing to the fact 
that the p r e s s u r e t e r m normal to the plume axis should not approach zero 
as g approaches zero. This issue has already been discussed. In the field 
work cited by the authors , the jet-development region was assumed to be 
governed by the laboratory modeling results because, as the authors indi
cate, it is difficult to obtain enough field data to delineate this development 
zone. This point should not be dismissed lightly. Verification of this fact 
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alone will shed much light on the suitability of the model and/or the appli
cability of laboratory modeling. If there is any portion of a thermal plume 
that is amenable to laboratory modeling, it is the jet regime. The failure 
or success of laboratory models to predict field behavior is of extreme 
importance, considering the amount of hydraulic modeling being performed 
to this end. 

An inspection of Table 3.5 and Fig. 3.12 shows considerable var ia
tion in the value of the entrainment coefficient from situation to situation. 
Part icularly for lake data, the value of E is shown to be extremely small , 
-0.04, in relation to riverine situations, where E is about an order of 
magnitude larger . A particularly interesting contrast is afforded in 
Table 3.5 when the Motz and Benedict laboratory data for 90° are com
pared with the Romberg and Ayers lake data. Although most of the initial 
conditions are similar, the entrainment coefficients are different by about 
a factor of 10. The comments in the sixth paragraph of this section 
(page 87), regarding the influence of ambient crossflows on the entrain
ment coefficient as the velocity ratio A approaches low values, may be 
applicable here. Perhaps, too, part of the problem lies with the fact that 
the authors analyzed lake data from locations in which prominences 
(breakwaters, for instance) were present. Everything being about equal, 
it is not clear why a lake location would have a significantly lower entrain
ment coefficient than a river location. As soon as more lake data become 
available, this point can be clarified. 

Regarding the application of the model to field situations, the model 
has as yet only been used in a "curve-fitting" sense. That is, it has been 
matched to existing field data by adjusting appropriate coefficients. Even 
so, the model has enjoyed some reasonable success. The major impedi
ment for using this model in a predictive sense is the need for the specifi
cation of the drag and particularly the entrainment coefficients. Ear l ier 
discussions have made it clear that the value of the entrainment coefficient 
is highly dependent on boundary effects, the relationship being unknown ex
cept in a gross way. Confining boundaries decrease the entrainment coeffi
cient, for the anomalous lake data, this point having been discussed ear l ier . 

The drag coefficient was shown to be reasonably well behaved, com
paring favorably with the empirically obtained laboratory data. As a first 
approximation, therefore, either an extrapolation of the laboratory coeffi
cients to the prototype situation can be considered to obtain Cjj, or a value 
of roughly 0.5 can be assumed as indicated by the field data in Fig. 3.14. 

Work on this model continues to be in progress by Benedict and his 
co-workers at Vanderbilt University as part of an ongoing effort sponsored 
by the Federal Environmental Protection Agency. Therefore, as more field 
data become available to which this model can be compared, the proper 
choice for values of C D and E may become more apparent, making this 
model more suitable for predictive use. 
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A computer program for this model is available which includes the 
effects of surface heat t ransfer and nonuniform ambient cur ren ts . 
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4. An Ana ly t i ca l and E x p e r i m e n t a l I n v e s t i g a t i o n of 
Sur face D i s c h a r g e s of Hea ted W a t e r ' '^ 
K. S to l zenbach and D. R. F . H a r l e m a n 

( M a s s a c h u s e t t s Ins t i tu t e of Technology) 
F e b r u a r y 1971 

a. L i s t of Symbo l s 

A D i s c h a r g e channel a s p e c t r a t i o = hp/bQ 

a Coeff ic ient of t h e r m a l expans ion = -

^ 3T 

b Half the width of the t u r b u l e n t r eg ion of the j e t 

bo Half the width of a r e c t a n g u l a r d i s c h a r g e channe l 
Cp Specif ic hea t at cons tan t p r e s s u r e 

Ra t io of flow in je t to ini t ia l d i s c h a r g e flow = d i lu t ion 

S p r e a d of a nonbuoyant j e t 

E E n e r g y pe r unit m a s s 

IF D e n s i m e t r i c F r o u d e n u m b e r " , 

D 

\<lx/NB 

f 

P 

^^0 D e n s i m e t r i c F r o u d e n u m b e r of d i s c h a r g e channe l 

- g h 

'^0 

Pa 

' ^ L Local d e n s i m e t r i c F r o u d e n u m b e r in the j e t = ^^ 

T7^^ 

AT^gh 

Pa 

Similarity function for velocity = (l - C^'^f 

H Ratio of heat flow in jet to initial discharge heat flow 

h Vertical height of turbulent region of jet 

^0 Depth of discharge channel 

hmax Maximum value of h obtained in heated discharge 

1̂ /•' HQ) dQ = 0.4500 
Jo 

2̂ / ' f'(C) dQ = 0.3160 
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/• ' t(c) dC = 0.6000 
• ' 0 

r ' / " t(c) d£ d£ = 0 .2143 
Jo JQ 

/"' f (C)£ ' " dC = 0.2222 
•'o 

r ' f ' ( £ ) c " ' dC = 0.1333 
• ' 0 

/•' f(C)t(C) dc = 0.3680 

• '0 

K S u r f a c e - h e a t - l o s s coef f ic ien t 

k T h e r m a l conduc t iv i ty of w a t e r 

p P r e s s u r e 

Pd D y n a m i c p r e s s u r e 

Pjj H y d r o s t a t i c p r e s s u r e 

Qo D i s c h a r g e channe l flow 

qg E n t r a i n m e n t flow into je t p e r unit l ength of j e t 

R i c h a r d s o n n u m b e r 
i 11 
P dz 

RTT H y d r a u l i c r a d i u s of the d i s c h a r g e channel flow 

r V e r t i c a l d i s t a n c e f rom je t c e n t e r l i n e to bounda ry of 
c o r e r e g i o n 

Sx B o t t o m s lope 

s H o r i z o n t a l d i s t a n c e f r o m je t c e n t e r l i n e to bounda ry of 
c o r e r eg ion 

t S i m i l a r i t y funct ion for t e m p e r a t u r e = 1 - Q^ 

T T e m p e r a t u r e 

T^ A m b i e n t t e m p e r a t u r e 

T J e t - s u r f a c e c e n t e r l i n e t e m p e r a t u r e 

To T e m p e r a t u r e of h e a t e d flow in d i s c h a r g e channe l 

Tg T e m p e r a t u r e at w a t e r s u r f a c e 

AT T e m p e r a t u r e r i s e above a m b i e n t in j e t = T - T^ 
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ATc 

A T o 

t 

U, V , 

U, V , 

w 

w 

Sur f ace t e m p e r a t u r e r i s e above a m b i e n t at the j e t 

c e n t e r l i n e = T^. - T^ 

T e m p e r a t u r e d i f fe rence b e t w e e n the d i s c h a r g e and the 

a m b i e n t w a t e r = To - T^ 

S i m i l a r i t y function for t e m p e r a t u r e = 1 - Q 

Veloc i ty componen t s in f i x e d - c o o r d i n a t e s y s t e m 

Ve loc i ty componen t s in c o o r d i n a t e s y s t e m r e l a t i v e to 

c e n t e r l i n e of a de f lec ted j e t 

Uo Veloc i ty in d i s c h a r g e channe l 

U(, S u r f a c e - c e n t e r l i n e jet ve loc i t y 

V A m b i e n t c r o s s f l o w ve loc i t y 

L a t e r a l ve loc i ty of e n t r a i n e d flow at j e t b o u n d a r y 

L a t e r a l ve loc i ty in je t at y = s and - h < z < - r 

L a t e r a l ve loc i ty in je t at y = s and - r < z < Tl 

Wh V e r t i c a l ve loc i ty in je t at z = - r and s < y < b + s 

V e r t i c a l ve loc i ty of e n t r a i n e d flow at je t b o u n d a r y 

V e r t i c a l ve loc i ty in je t at z = - r and 0 < y < s 

X, y, z F i x e d - c o o r d i n a t e d i r e c t i o n s 

X, y, z Coord ina t e d i r e c t i o n s r e l a t i v e to c e n t e r l i n e of a de f l ec ted 
j e t 

X D i s t ance f rom je t o r i g i n to point w h e r e s = 0 

Xj. D i s t ance f rom je t o r ig in to point w h e r e r = 0 

Of L a t e r a l - e n t r a i n m e n t coeff ic ient in nonbuoyant and 

buoyant j e t s 

dz V e r t i c a l - e n t r a i n m e n t coeff icient in a nonbuoyant j e t 

Qfgz V e r t i c a l - e n t r a i n m e n t coeff ic ient in a buoyant je t 

e S p r e a d , d b / d x , of t u r b u l e n t r e g i o n in an undef l ec ted 

nonbuoyant j e t 

1) W a t e r - s u r f a c e e l eva t ion 

6 Angle be tween je t c e n t e r l i n e (x ax i s ) and y ax i s 

©0 Angle be tween d i s c h a r g e - c h a n n e l c e n t e r l i n e and y ax i s 

p Dens i ty of w a t e r 

P„ Dens i ty of a m b i e n t w a t e r 

' e 

^b 

^ s 

•"e 

w_ 
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Po D e n s i t y of h e a t e d d i s c h a r g e 

Ap D i f f e r ence b e t w e e n d e n s i t y and a m b i e n t - w a t e r d e n s i t y 

P - Pa 

Apo Di f f e r ence b e t w e e n d e n s i t y of h e a t e d flow in d i s c h a r g e 
channe l and a m b i e n t d e n s i t y = Po - Pa 

tp Viscous generation of heat 

V Kinematic viscosity of water 

' Indicates a turbulent fluctuating quantity 

b. Introduction 

Stolzenbach and Harleman have developed a three-dimensional 
mathematical model for the horizontal surface discharge of heated con
denser cooling water from a rectangular open channel into a large lake. 
The model can handle a bottom slope and a crossflow at right angles to 
the discharge. Heat is dissipated by mixing discharged and ambient water 
and by surface heat loss to the atmosphere. The mathematical model pre
dicts the distributions of temperature and velocity within a completely de
termined jet structure for a near-field region defined by the predominance 
of initial jet momentum over the effects of ambient lake turbulence. A 
heated surface discharge affected by a transverse crosscurrent and by 
bottom effects is illustrated in Fig. 4.1. 

Surface Heat Lose 

Bottom Slope 

Top 
View 

Fig. 4.1. Schematic Diagram of Heated Dischargel 
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The model synthesizes previous knowledge on buoyant and nonbuoy
ant jets wherever possible. The heated discharge is assumed to be s t ruc
tured in its physical character is t ics and velocity and tempera ture distribution 
basically like a classical turbulent nonbuoyant jet. Just as for nonbuoyant 
je ts , the authors assume an initial core region void of shear followed by 
the main turbulent region. Using an integral method as in most jet analy
ses , velocities and temperatures at each longitudinal cross section are 
presumed to be related to centerline values by similari ty profiles. In 
addition, horizontal and vertical entrainment of ambient fluid is accounted 
for and assumed proportional to the jet centerline velocity by an entrain
ment coefficient. In the Stolzenbach-Harleman analysis, the la teral en
trainment coefficient is determined by nonbuoyant jet theory alone; the 
vertical component is related to the local temperature gradient by the 
local Richardson number using the experimental resul ts of Ellison and 
Turner and is chosen to reduce to the nonbuoyant value when no density 
gradients exist. 

The unique aspects of the model involve the incorporation of a wide 
range of phenomena into the theory of heated jets . F i r s t , buoyant convec
tion is incorporated through the pressure-gradient te rms in the equations 
of motion and through the vert ical-entrainment coefficient. Buoyancy ef
fects generally reduce vertical entrainment and enhance lateral spreading. 
Second, the magnitude of heat loss to the overlying air and its th ree-
dimensional implications are investigated through a surface heat-exchange 
coefficient. Third, the model accounts for a c rosscurrent normal to the 
initial discharge direction by considering the rate of entrainment of lateral 
momentum and equating it to the rate of jet deflection. Finally, effects of a 
sloping bottom are included. Bottom effects are generally known to inhibit 
vertical entrainment and increase buoyant lateral spreading. 

To treat the interaction of these complex phenomena, the authors 
develop their model from the steady, t ime-averaged differential equations 
of mass , hydrodynamic momentum, and conservation of heat energy by 
dropping negligible t e rms , assuming the form of some of the unknown 
variables, and finally integrating the simplified equations over different 
portions of the jet longitudinal cross section. 

In this manner, the coupled flow and energy equations reduce to a 
system of simultaneous, f i rs t -order , nonlinear ordinary differential equa
tions in the single variable x (longitudinal distance from the outfall), which 
are then solved numerically. The solution to the model equations yields 
the three-dimensional temperature and velocity predictions as well as the 
jet physical character is t ics . 

The complete solution may be written in nondimensional form as 

T„ - T ' TT' jet character is t ics = function 
•'o J-a ^ ) ] F „ , A , - J i - . S „ ^ 

PCpUo "̂  Uo 
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w h e r e 

a n d 

IFo = = = : ^ = d i s c h a r g e d e n s i m e t r i c F r o u d e n u m b e r , 

v^ p gho 

ho 
A = T— = d i s c h a r g e - c h a n n e l a s p e c t r a t i o , 

bo 

K 
pCpUo 

s u r f a c e - h e a t - l o s s p a r a m e t e r , 

b o t t o m s l o p e . 

V 
= c r o s s f l o w p a r a m e t e r , 

Uo 

2bo = w i d t h of d i s c h a r g e c h a n n e l , 

Cp = s p e c i f i c h e a t of w a t e r , 

g = a c c e l e r a t i o n of g r a v i t y , 

ho = d e p t h of d i s c h a r g e c h a n n e l , 

K = s u r f a c e - h e a t - t r a n s f e r c o e f f i c i e n t , 

Qo = v o l u m e t r i c f l o w r a t e a t d i s c h a r g e . 

To = i n i t i a l d i s c h a r g e t e m p e r a t u r e , 

T a = u n i f o r m l a k e w a t e r t e m p e r a t u r e , 

Qo 
Uo = i n i t i a l d i s c h a r g e v e l o c i t y = , 

2hobo 
* 

V = a m b i e n t c r o s s f l o w v e l o c i t y , 

Ap = d e n s i t y d i f f e r e n c e b e t w e e n d i s c h a r g e d , and a m b i e n t w a t e r 

p = d e n s i t y of w a t e r . 
A c o m p u t e r r o u t i n e is a v a i l a b l e to h a n d l e the n u m e r i c a l s o l u t i o n to 

the m o d e l e q u a t i o n s g i v e n the n o n d i m e n s i o n a l input p a r a m e t e r s IFo, A, 
K/(pCpUo), Sx , and V/uo- No fi t t ing of the m o d e l to d a t a is n e c e s s a r y s i n c e 
the m o d e l is b a s i c a l l y a s y n t h e s i s of known r e s u l t s . F o r a g iven outfa l l 
c o n f i g u r a t i o n , only T a , V, and K change due to d i f fe r ing e n v i r o n m e n t a l 
cond i t i ons and m u s t be d e t e r m i n e d in t he f ield. To d a t e , the a u t h o r s have 
c o m p a r e d t h e i r m o d e l s o l e l y to h y d r a u l i c - m o d e l i n g da t a ob ta ined in e x 
p e r i m e n t s t h e y c o n d u c t e d at the Ra lph M. P a r s o n s L a b o r a t o r y for W a t e r 
R e s o u r c e s and H y d r o d y n a m i c s at the M a s s a c h u s e t t s I n s t i t u t e of T e c h n o l o g y . 
T h e y a r e p r e s e n t l y m o u n t i n g a c o n c e r t e d effor t to l o c a t e good s o u r c e s of 
f ie ld d a t a on h e a t e d s u r f a c e d i s c h a r g e s to affect a f ield c o m p a r i s o n of 
t h e i r m o d e l . 
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c. Model 1: Buoyant Jet (no crossflow and no bottom) 

(1) Outfall Geometry and Governing Equations. The outfall geom
etry for the model is illustrated in Fig. 4.2, where 

X = longitudinal distance measured along the centerline of the 
plume, 

y = lateral distance normal to the centerline, 

z = vertical distance measured from the receiving water surface 
downward. 

and 

water-surface elevation in relation to the ambient lake level. 

The authors begin with the basic hydrodynamic and thermody
namic equations governing compressible fluid flow with constant absolute 
viscosity y, (Ref. 4, pp. 36, 37, and 42). 

Conservation of mass 

_ap ^ a(pu) ^ 5(pv) ^ a(pw) ^ ^ 
3 t 3x Sy 9z ~ • (4.1) 

Conservation of x, y, z momentum 

3u au su 3u l a p 3 
at ax sy gz p ax ax 

7 ^fl ^(^^ 3v awV 
ax • 3\ax """Fy "*" aT/ 

+ V 
a /a u a V 
Sy 

/au av\ a /aw au\ 
l l 7 ^ a ^ i ^ ^ a l i a T + a7J 

(4.2) 

3v av av 9v 
T T + U - — + V - — + W ^ at ax ay gz P ay ay 

-, av 2/au Sv aw\ 
ay " 3lax "̂  a^ "̂  aTj 

a /av aw'\ J . / au av'\ 
"az laz ""ay/ + ^ 3xUy "̂  a7/ 

(4.3) 

aw 3w aw ftw 
at ax ay az p az g + V 

2 . ^ 2/au av awV 
az " 3Vax •̂  ay •̂  az / 

ax 
aw au 
ax az + V 

ay 
av aw 
a z ay 

(4.4) 



Initial Velocity 
Initial Temperature = T^ 

y y y y y y ^ 

Bottom Slope • S 

y y 

y y ^ ^—^—^—^K—J 

T r" 
y y y y y ^ 

Ambient Temperature = T 

Fig. 4.2. Characteristics of Discharge Channel^ 
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C o n s e r v a t i o n of e n e r g y 

aE aE aE aE 
+ u + V r — + w -r— at ax ay az 

+ pp i l i /p) + u i - ( i /p ) + v f (i/p) + w|^( i /p) at 9x ay oz 

ax\ a x / ayV ay^ azV a z / 

(4.5) 

Equat ion of s t a t e 

ap (4.6) 
aT 

In the above equat ions , 

ve loc i ty componen t s in x, y, z d i r e c t i o n . u, v, w 

P 

P 

T 

a n d 

dens i ty of the hea t ed w a t e r , 

p r e s s u r e , 

t e m p e r a t u r e , 

k i n e m a t i c v i s c o s i t y of w a t e r , 

g r av i t a t i ona l a c c e l e r a t i o n , 

t h e r m a l conduct iv i ty , 

t h e r m a l - e x p a n s i o n coeff ic ient , 

h e a t - d i s s i p a t i o n function due to v i s c o s i t y , 

hea t e n e r g y pe r unit m a s s . 

Since no c l o s e d - f o r m so lu t ion to the above equa t i ons is known, 
the au tho r s in t roduce a p p r o x i m a t i o n s by d ropp ing l e s s i m p o r t a n t t e r m s . 
Specif ic de ta i l s a r e given in the m a i n r e f e r e n c e with an out l ine of the b a s i c 
s t eps given below: 

(1) Due to the t u rbu l en t n a t u r e of p lume d i s p e r s i o n , each v a r i 
ab le , u, V, w, p, p , and T is w r i t t e n as a m e a n va lue p lus i ts f luc tuat ing 
p a r t . Only s t eady m e a n flows a r e c o n s i d e r e d . After subs t i t u t i ng t h e s e r e 
l a t ionsh ips into E q s . 4 . 1 - 4 . 6 , a t i m e a v e r a g e is t a k e n of each t e r m y ie ld ing 
a r e l a t e d s y s t e m of equa t ions . (Mean v a l u e s a r e w r i t t e n wi thout a b a r for 
convenience with p r i m e s r e f e r r i n g to f luctuat ing c o m p o n e n t s . ) 
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(2) Resolution of the p re s su re is affected, where 

P = Ph + Pd = - / pg dz + Pd (4 .7) 

'Tl 

with pj^, p j representing the hydrostatic and dynamic p ressure components. 
The density can be writ ten 

Jry 

rT 

p = Pa - Ap = Pa - / a d T (4.8) 

by the equation of state. Substituting Eq. 4.8 into Eq. 4.7 yields the p r e s 
sure gradients 

P a x a x Pa - Ap 

j_bp _ _aTi 
p ay ~ ^ ay Pa - A^ 

3(AP) ^ , 
ax 

a(Ap) ^ , 
ay 

1 3Pd 
Pa - Ap ax 

1 3Pd 
Pa - Ap ay 

(4.9) 

g ^ : - r - ^ / ^ ^ d z - - ^ ^ ^ ^ . (4.10) 

and 

1 ap _ 1 3Pd 
p a z P a ' A p a z 

(4.11) 

(3) The dominant t e rms in the governing equations are deter
mined by estimating the scales of each variable and the scale of its fluctu
ation. Due to the large Reynolds number caused by a fairly developed 
turbulent situation, es t imates of scale reveal that the viscous te rms are 
negligible compared to the convective t e r m s . The naolecular-heat- transfer 
t e rms are also negligible since k is of the same order of magnitude as v. 
The viscous-heat-diss ipat ion function $ is also negligible due to a large 
Reynolds number within this regime. Est imates on possible density dif
ferences that may occur within the jet reveal that a may be considered 
constant and therefore 

(4.12) 
Pa - ^P Pa 

which, in turn simplifies the p ressure -grad ien t equations, Eqs. 4.9-4.11. 
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Examining the scale factors in the mass-conservat ion 
equation reveals that it reduces to the continuity equation for incompressible 
fluids, 

p . + ̂ +^-_0. (4.13) 
ax oy a z 

Analysis of the momentum equations at large depths in z, 
where plume influence is nonexistent, yields a negligible scale for the free-
surface change J\. Due to local isotropy of turbulent shear flow, the scales 
of the fluctuating components u', v ' , and w' are the same order of magni
tude, the corresponding mean values being an order of magnitude greater . 

With these basic facts at hand, each te rm in the m a s s , momen
tum, and energy equations is estimated as to its magnitude, those negligible 
being dropped This procedure is straightforward and yields the reduced 
system of equations, 

au av aw „ , 
ax ay az ^ ' 

(4.15) 
au^ auv auw ag /" " aAT ^^ 
ax ay az p^ J ax 

auv av^ auv ag f aAT 
ax ay az Pa. J 3y 

1 apci av'w' aw^ 
p^az ay a z ' 

au'v' 
ay 

1 9pd 

Pa 3y 

au'w' 
az ' 

av'^ 
ay 

3 V w ' 

Bz (4.16) 

4.17 

and 

auAT 3vAT awAT _ av 'AT' aWAT' 
ax + ay "̂  az = '~W ' ~J^' t^-'^' 

Equation 4.14 was used in the development of left-hand sides of Eqs. 4.15, 
4.16, and 4.18, this was done to facilitate later integrations. The under
lined terms in Eqs. 4.15 and 4.16 represent the effect of buoyancy in the 
flow equations and represent the mechanism that couples the momentum 
and energy transfer. The underlined te rm in Eq. 4.15 represents the 
buoyant force in the x direction tending to accelerate the jet, the s imilar 
term in Eq. 4.16 is the buoyant force in the y direction, which increases 
the lateral convection. The y-momentum equation formulates the balance 
between the lateral pressure gradient and the mean convective t e r m s , 
which cause the lateral spreading. Equations 4.14-4.18 are s imilar to 
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relationships developed in most t reatments of plane and axisymmetr ic tur 
bulent je ts , except that here the dynamic p re s su re and the turbulent te rms 
in the x direction are not considered negligible. The longitudinal and la tera l 
p r e s s u r e gradients described above, arising from density (temperature) gra
dients, are usually dropped in most t rea tments in order to more easily obtain 
a solution. 

(2) Simulation of Jet Structure. With the more simple set of differ
ential equations (Eqs. 4.14-4.18) of buoyant jet flow outlined, the authors 
selected a par t icular s t ructure for the jet from the discharge exit out to 
the far field. The geometrical charac ter i s t ics of the jet are i l lustrated in 
Fig. 4.3. Each longitudinal cross section is assumed rectangular. The 
core region at any x has a half-width s and depth r. The turbulent shear 
region spreads horizontally with a width b at any longitudinal position x. 
The ver t ical shear region has depth h. Each cross section (see Sec. A-A 
of Fig. 4.3) is divided into four regions: an unsheared core region (No. 1), 
a vert ical ly sheared region (No. 2), a horizontally sheared region (No. 3), 
and a region sheared in both directions (No. 4). The jet is assumed to be 
symmetr ic about the plane y = 0. 

The core regions eventually disappear due to the advancing 
turbulent regions. The distance at which r and s become zero a re defined 
as Xr and Xg, respectively. If Xj. < x < Xg or Xg < x < Xj., the jet will have 
only two regions. For x > Xg and x >X]., a single region (No. 4) exists , 
which is sheared in both direct ions. The entraining ambient fluid outside 
the four jet sections will ha-^e a second-order motion compared to that of 
the jet, but is not considered in the model. In reality, a jet is more trough-
shaped than rectangular , and each of the above shearing charac ter i s t ics 
may be found intermixed in all four regions represented. Moreover, some 
jet effects will be experienced in the ambient fluid beyond the above bound
ar ies set by the authors . However, for mathematical simulation, some 
convenient scheme like the above was necessary . 

(3) Similari ty Assumptions on Velocity and Tempera ture . With 
the gross charac te r i s t i cs of the jet defined, the s imilar i ty profiles for 
velocity and tempera ture were then defined and are graphically i l lustrated 
in Fig. 4.4. Separable distributions for u and AT 

u = Uc(x)Fy(y)Fz(z) 

and 

AT = ATc(x)T„ (y )T2(z) 

(4.19) 

are assumed, where Uc(x) is the velocity and ATc(x) is the tempera ture 
r i se at the surface centerline (y = 0, z = J]). Similari ty functions F , F^ 
T , and Tz are chosen to be 
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F = T 
y y 

1.0 0 < y < s. 

F . = f(Cv). T^ = t (£v ' ' s < y < i ^ + ^- ^ i 

Fy = Ty = 0, 

Fz = Tz = 1.0, 

Fz = £(Cz). T^ = t ( c j , 

F^. = T .̂ = 1.0, 

b + s < y; 

- r < z < T), 

- r - h < z < - r , J J 

z < -h - r. 

(4.20) 

(4.21) 

The formulas for f and t are a very basic assumption of the 
theory. From Abramovich,-

f = d-c^'^) 

The form for t is chosen as 

y 1 . 3 / 2 

4.22 

(4.23) 

The reasoning behind these choices for f and t will be given 
in more detail at the end of this section. Separating the velocity and tem
perature distributions into the product of t e rms in the three coordinate 
directions facilitates later integrations and provides a more visual inter
pretation of the jet s tructure. Implicit in the form of u and AT^ in Eq. 4.19 
is the assumption that the horizontal and vert ical processes are independent 
of one another. 

(4) Boundary Conditions. Boundary conditions for Eqs. 4.14-4.18 
require assumptions on the boundary values of heat and mass fluxes as well 
as on internal lateral and vertical velocity distributions. Conditions are 
specified at a fixed cross section x for each of the three boundaries in y 
and z in Fig. 4.4. As is indicated below, no turbulent momentum transfer 
is permitted at any of the six boundaries. 

z = •n: 

1. The surface condition res t ra ins the velocity to be tangential to the 
surface, as given by 

u —-! + V —^ = w at z = n. 
ax ay 

(4.24) 

2. No net turbulent momentum transfer occurs across the free sur
face, as given by 

w' = u'w ' « / ' - \T^ \xrl v 'w ' = O a t z =1) . (4.25) 
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1. V e r t i c a l v e l o c i t y is a s s u m e d to be 

w = Wj., 0 < y < s, 

w = wjjf(j ), s < y < b + s a t z = - r , > (4.26) 

w = 0 , s + b < y , 

w h e r e Wj. and wjj a r e v a r i a b l e s y e t to be d e t e r m i n e d f r o m t h e o r y . 

2. A l though m o m e n t u m does t r a n s f e r a c r o s s th i s non r ig id b o u n d a r y , 
no net t u r b u l e n t m o m e n t u m d o e s , as is r e p r e s e n t e d by 

u ' w ' = v ' w ' 0 at z = - r . 4.27 

(if r = 0 , the f r e e s u r f a c e cond i t i ons wi l l hold a t the uppe r b o u n d a r y of 
r e g i o n No. 2.) 

- r - h: 

1. T h e n o r m a l v e l o c i t y is a s s u m e d spec i f i ed at t h i s o u t e r b o u n d a r y as 
an e n t r a i n m e n t v e l o c i t y . 

v̂ = Wg, 0 < y < s , 

w = Wgf(gy), s < y < b + s a t z = - r - h , 
« 

w = 0 , s + b < y . 

(4.28) 

2. No ne t t u r b u l e n t m o m e n t u m t r a n s f e r i m p l i e s 

u ' w ' = w' 0 a t z = - r - h . (4.29) 

y = 0-

1. Due to j e t s y m m e t r y , no net m a s s flux c r o s s e s th i s b o u n d a r y , as 
r e p r e s e n t e d by 

V = 0 at y = 0. (4.30) 

2. No net flux of t u r b u l e n t m o m e n t u m c r o s s e s the b o u n d a r y , as g iven by 

v '^ = u ' v ' = v ' w ' = 0 at y = 0. (4.31) 
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i: Condi t ions h e r e a r e ana logous to t h o s e at b o u n d a r y z - - r . 

T h e r e f o r e , 

1. V = Vg, 

V = v i , f ( c j , 

V = 0 , 

- r < z < Tl, 

- r - h < z < - r a t y = s, 

-h - r < z. 

(4 .32) 

w h e r e again Vg and Vb a r e v a r i a b l e s ye t to be d e t e r m i n e d f r o m t h e o r y . 

2. u 'v ' = v 'w ' = v'^ = 0. 

(If s = 0, t he se condi t ions a r e r e p l a c e d by t hose for y = 0.) 

y = s + b : Condi t ions h e r e a r e ana logous to those at z = - r - h . 

4.33 

T h e r e f o r e , 

1. V = Vp, - r < z < ri, 

- r - h < z < - r a t y = s + b , 

z < - h - r . 

2. v'^ = u ' v ' = v 'w ' = 0. 

^ e ' 

Vef(C = 

0, 

(4.34) 

(4.35) 

As indica ted e a r l i e r , the v a r i a b l e s v^, Vg, Wj., and wj^ a r e unknown functions 
of X and m u s t be d e t e r m i n e d by the t h e o r y ; Vg and Wg a r e e n t r a i n m e n t v e 
loc i t i e s to be d e s c r i b e d below. 

The b o u n d a r y condi t ions on the t u r b u l e n t hea t flux a r e 

w ' T ' = 0 , z = - r - h, 

v ' T ' = 0 , y = 0 and y = s J (4.36) 

which specify no hea t t r a n s f e r f rom je t into a m b i e n t fluid. S u r f a c e hea t 
t r a n s f e r to the a t m o s p h e r e is r e p r e s e n t e d by 

w ' T ' = K ( T - T ) at z = Tl, (4.37) 

t e m p e r a t u r e . The use of Eq . 4.37 i m p l i e s that the equi l ibrium temperature 
is suff ic ient ly c lose to the a m b i e n t t e m p e r a t u r e . 
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Finally, the boundary conditions at x = 0 are assumed to be 

and 

b = h = 0, 

U g = Uo, 

• AT = ATo. 

(4.38) 

Equations 4.14-4.18 are solved by integrating the equations 
over portions of the yz plane such that the contribution of the turbulent 
fluctuation t e rms u', v ' , and w', about which no la tera l and vert ical d i s t r i 
bution has been assumed, is zero. The choices for the boundary functions 
given above will be discussed briefly toward the end of this section. 

(5) Evaluation of Entrainment Velocities Vg and Wg. To evaluate 
the entrainment velocities Vg and Wg, the authors apply nonbuoyant jet 
theory. Their philosophy is that la tera l entrainment is unchanged by buoy
ancy effects; also, vert ical entrainment may be determined from the theory 
of Phi l l ips ' and from the experimental resul ts of Ellison and Turner with a 
ver t ica l -ent ra inment coefficient chosen to reduce to the nonbuoyant value 
when no tempera ture differences exist. Consequently, they solve Eqs. 4.14-
4.18 with the identical outfall conditions, s imilari ty assumptions, boundary 
conditions, and jet s t ructure as given above for the buoyant case, except 
that AT = 0; i .e. , , 

a u av aw 
ax ay az 

a u a uv a uw 
ax ay a z 

au'v' au'w' 
az 

0 = 
aTi 1 5Pd av'^ av'w' 
ay Pa Sy ay az 

and 

0 = 
1 ^ ^ av 'w ' 3w 

Pa 3^ Sy az 

(4.14') 

(4.15') 

(4.16') 

(4.17') 

These a re the so-cal led turbulent shear-flow equations for nonbuoyant jets . 
The authors also use the well-known experimental relationships for non-
buoyant j e t s . 



1 0 8 

a n d 

d£ 
d x 

d h 

d x 

d s 

d x 

d b 

dx 
0 .22 . 

(4 .39) 

(4 .40) 

T o s o l v e t h e s e n o n b u o y a n t e q u a t i o n s , t h e a u t h o r s i n t e g r a t e 

E q s . 4 . 1 6 ' a n d 4 . 1 7 ' o v e r t h e e n t i r e y z p l a n e of t h e h a l f - j e t t o y i e l d e q u a 

t i o n s o n t h e n o n b u o y a n t d y n a m i c p r e s s u r e p^j f r o m w h i c h t h e t o t a l p r e s s u r e 

w i t h i n t h e j e t i s s h o w n to b e c o n s t a n t . A p p l y i n g B e r n o u l l i ' s t h e o r e m a l o n g 

a s t r e a m l i n e f o l l o w e d b y a m b i e n t e n t r a i n i n g f l u i d , t h e a u t h o r s c o n c l u d e t h a t 

t h e e n t r a i n m e n t v e l o c i t i e s Vg a n d Wg f o r t h e n o n b u o y a n t c a s e a r e p r o p o r 

t i o n a l t o t h e l o c a l l o n g i t u d i n a l v e l o c i t y s c a l e a n d a r e a n o r d e r of m a g n i t u d e 

l e s s . C o n s e q u e n t l y , t h e y d e f i n e e n t r a i n m e n t c o e f f i c i e n t s , 

a n d 

Q'y(x)Ug(x) 

Wg = cvz(x)uc(x) 

( 4 . 4 1 ) 

w h e r e ĉ  a n d cVz a r e d e t e r m i n e d b y t h e s o l u t i o n t o E q s . 4 . 1 4 ' - 4 . 1 7 ' . T h e 

x - m o m e n t u m a n d c o n t i n u i t y e q u a t i o n s a r e t h e n i n t e g r a t e d o v e r t h e f o u r 

r e g i o n s of t h e j e t u s i n g t h e s i m i l a r i t y f o r t h e v e l o c i t y , t h e b o u n d a r y c o n 

d i t i o n s , a n d t h e e n t r a i n m e n t d e f i n i t i o n s . I n c l u d i n g E q s . 4 . 3 9 a n d 4 . 4 0 , t h i s 

y i e l d s 11 e q u a t i o n s w i t h 11 v a r i a b l e s : Ug, v ^ , Vg, Wj., w j j , b , r , s , h , ct^. 
y 

T h e s o l u t i o n f o r n o n b u o y a n t j e t s c a n b e w r i t t e n in c l o s e d f o r m a n d 
a n d 

is g i v e n b y t h e f o l l o w i n g : 

F o r a l l X 

a n d 

^ s = "^b = Wj. = wj^ = 0 , 

h = b 

(4.42) 

I n i t i a l R e g i o n x < , x < 
e l j e l j 

Ug = Uo, 

r = ho - E l jx , 

s = bo - e l ^ x , 

a n d 

- " y = Q-z = e ( l i - Iz) . 

(4.43) 
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and 

e l . e l . 

I g = Uo. 

r = 0, 

s = bn 

•0 

x e l . 

eUx, 

- e d i - l z 

(4.44) 

Do "0 

TTy-<TT/ 

^c = ^-^ 

s = 0, 

r = ho el ,x . 

and 

2 ' 

= e d i - I z ) . 

bo ho 
F o r X > —- and x > , 

elz elz 

Unyhobn 
IzSx ' 

i = 0 , 

and 

hi 
z • 

( 4 . 4 5 ) 

(4.46) 

In the above e q u a t i o n s , I, = 0.450 and l^ = 0 .316 . Note that the 
nonbuoyan t c e n t e r l i n e v e l o c i t y r e m a i n s c o n s t a n t in the c o r e r e g i o n , d r o p s 
off as x " " ^ for t he next r a n g e of x , and f inal ly d e c a y s a s x " ' . M o r e 
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important, however, are the forms for the entrainment coefficients. Al
though there is a discontinuity in the entrainment constants a^ and o-̂  in 
the above formulas as r or s becomes zero, which obviously cannot occur 
physically, the authors are confident that these values are close to the cor
rect behavior for nonbuoyant jets and that the actual observed transit ion re 
gion in the values for o!y and a^. is small enough to safely be neglected. Note 
also that the specific rates of growth of b, h, r, and s were assumed which 
allowed the calculation of the entrainment coefficients. 

In the buoyant case, no such growth rates a re known, necessi
tating some new kind of assumption on the entrainment. The mechanisms 
that cause lateral entrainment in the nonbuoyant case are assumed to be 
unchanged in the presence of buoyancy. Hence, the la tera l -ent ra inment 
coefficient oi„(x.) derived above is used in the buoyant jet case also. Vert i
cal density gradients, however, will definitely reduce vert ical entrainment. 

To account for this reduction, Stolzenbach and Harleman define 
a vertical entrainment coefficient in the case of a buoyant jet as 

Q'sz(x) = ffzix) exp 
agh(x)ATg(x) 

5-0 TTT" 
PaUc(^) 

(4.47) 

This formula is based on the theory of Phillips,' ' which relates the effect of 
density gradients on the flow by the local Richardson number (R^ = 1 /F^ ) . 
Equation 4.47 represents the reduction of entrainment as a function of Rj, 
where entrainment for zero density gradient is taken as az derived above 
for nonbuoyant jets . The equation was calibrated with the data of Ellison 
and Turner , ' which yielded 5.0 as the constant in the exponent of Eq. 4.47. 
The form of Eq. 4.47 is not unique with this study. It was independently 
proposed in its simple empirical form earl ier by Mamayev. ' In addition 
to the derivation given in Refs. 1 and 2, the choice of Eq. 4.47 to represent 
the vertical diffusivity is a logical one, if one analyzes the available data 
that provide a clue to the shape of the curve (exponential) and the depend
encies involved. It may well represent a s ta te-of-ar t form for the vertical 
eddy thermal diffusivity. 

(6) Solution to Governing Equations. The buoyant equation set 
(Eqs. 4.14-4.18) can now be integrated over the plume cross section. The 
continuity and x-momentum equations are integrated over each of the four 
regions defined in Fig. 4.4 to yield the first eight equations in Table 4.1. 
The y-momentum equation requires additional attention. 

The y-momentum equation in the nonbuoyant case, Eq. 4.16', 
states physically that a balance betweennhe dynamic p ressure and the tur
bulent velocities exists and that these are the only kinds of momentum 
transfers that occur. The authors interpreted that equation as an entrain
ment relationship Also, none of the t e rms in that equation a re , in order of 
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T A B L E 4 . 1 . I n t e g r a t e d E q u a t i o n s for Buoyan t J e t s ' 

R e g i o n No. 1 con t inu i ty : 

dug 
r s—;— + rVe - sWr = 0. 

dx '̂  '̂  

Reg ion No. 2 con t inu i ty : 

dugh (ji-
l , s - ^ + sug — + vbhl , + s (wr - O s z ^ c ) = 0-

Reg ion No. 3 con t inu i ty : 

dugb (Js 
I , r - ^ ^ + rUg — - Whbli - r ( v s -o-yUg) = 0. 

Reg ion No. 4 con t inu i ty 

dughb dughb / dr ds N , 
Il ^^ + Ugl,(^b — + h — j + (wh-o-gzUg) I,b - (vb-cVyUg) Ijh = 0. 

Reg ion No . 1 m o m e n t u m : 

du /^ ° " c \ a g s / d r^ ., d „ \ 
U g ^ 3 r s _ + r v g - s W r ) + ^ ( ^ A T g - + l 3 r - A T g h ) = 0 . 

Reg ion No. 2 m o m e n t u m : 

d u | h ^ d r , , a g s / 
siz —^ '•' ^ " c "d;̂  + "cVbhla + UgSWr + --—^14 

Reg ion No. 3 m o m e n t u m : 

dATgh^ 

d̂ ^ 
+ I3AT -a 

r l ; 
d^ib ds 

d x 

±g 
Pa 

+ rUg — - UgW^bl^ - Ugrvg 

I3 dATgbr^ dATgbh 
d x + U r . 

d x 
A T g ( ^ + l 3 h r ) | | 

Reg ion No. 4 m o m e n t u m 

d u i h b 
I 

2 , A ds , drX , 
" • = 4 d^'^ d^j ^ iicl2(wht' - Vbh) 

ag / ' dATgh^b ds , d r \ 
7 7 ^ 3 1 . - ^ ^ + l 4 A T g h ^ f | + I ^ A T g h b f i ) = 0. 



112 

T A B L E 4.1 (Contd.) 

y m o m e n t u m : 

_d_ 
dx 

S^- ( S j [ " c b M r . h I . ) ] . ^ A T g ( ^ . l 3 r h . I , h ^ ) = 0. 

Heat : 

• ^ [ u g A T c ( r + hl7)(s + bl7)] + KATc(s+bl3) = 0. 

In the above equa t ions , 

I. = / ' f(C)dC = / " ( l - £ ' ' ^ ) ' d C = 0 . 4 ! 1500, 

h = f I'iOdQ - f {1-QyyQ'- 0.31 60, 

13 = / ' t(£) dC = /•' (1 - Q^'^) dC = 0.6000, 
•'o .'o 

14 = / ' / ' t(C) dC dc = /•' /•• (1 - l^'^) dC dc = 0 .2143 , 
•'0 . ' r -'0 Jr 

15 = / ' F (C)C" ' dc = /•' (1 - C"^) ' C ' " dC = 0 .2222 , 
-"o Jo 

16 = / ' f^(C)s"^dC = / ' ( l - C ' ' ^ ) ' c " ^ d C = 0 .1333 , 

17 = / ' f(£)t(c)dC = / ' ( l - c ' ' ^ ) ' d C = 0 .3680, 

I d ^ J N B " nonbuoyant s p r e a d i n g r a t e c a l c u l a t e d f rom the abo 
equat ion se t with AT = 0, 

dl -\f) e, s > 0 , 

s = 0 , hi 
z ' 

dl - I2) e, r > 0, 

Ogz = Q-z exp -5 .0 
r = 0, 

agATgh 

P a " r 



and 

113 

TABLE 4.1 (Contd.) 

e = spreading rate of a free turbulent region = 0.22, 

r 

s 

h 

db 
dx 

u 

AT 

= 
= 

= 

= 

= 

= 

ho 

bo 

b = 0 

e 

Uo 

ATo 

magnitude, as large as the te rms in the x equation (Eq. 4.15'). The 
y-momentum equation in the case of buoyancy now contains lateral convec
tive t e rms and a p ressure gradient resulting from a lateral temperature 
gradient. The balance between the lateral entrainment and the dynamic 
p ressure in the nonbuoyant problem is assumed to hold in the buoyant case 
too as second-order t e rms compared to the new buoyancy-generated t e rms . 
The authors ' philosophy is that the entrainment process is a microscale 
turbulent process and is not affected by the gross convection induced by 
lateral gravitational spreading. Local conditions at the interface between 
turbulent and nonturbulent regions are therefore considered to be unaffected 
by buoyancy. Thus Eq. 4.16' is also held to be valid for the buoyant case 
with the identical la tera l -entra inment function used. Subtracting 4.16' from 
Eq. 4.16 yields * 

) uv b V a v w 
ax dy az 

«-oo 
ag r o_AT 

p a X ^ y 
dz . (4.48) 

after dropping the negligible T) term. Integrated over the entire yz plane 
of the half-jet yields 

yrL—-yrLyr'^'^ (4.49) 

where the lateral velocity v is understood to be only the "spreading part" 
of the total velocity v, which causes the additional la teral spreading be
yond the nonbuoyant linear spread. Since no previously defined distribution 
has been given for this v, the authors assume v to be proportional to the 
difference between the buoyant and nonbuoyant spreading. 
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db /db\ 
dx \dx/i\|B 

(4.50) 

The proportionality factor is assumed to be the y dependent 
part of the temperature gradient in the y direction, derived from Eq. 4.19 as 

aAT 
ay 

aAT 
ay 

aAT 
ay 

0, 

A_T 

b y^i^-ti 
2 ) 1 ,1/2 

' 2 ''•y 

= 0, 

0 < y < s. 

s < y < b + 

s + b < y. 

(4.51) 

with the rationale that the additional spreading caused by the buoyancy is 
actually induced by the lateral temperature difference in the jet. So 

0, 

db 
dx 

/db ' ' 
V d x / NB. 

( 1 - S 
3 / 2 ) 2 ( 1 

Wv ' t V 

0, 

0 < y < s , 

s < y < b + s , 

s + b < y. 

(4.52) 

Equations 4.50 and 4.52 are pure assumptions on the part of the 
authors. They are based upon physical hunches, due to the lack of concrete 
information, which permit the analysis to proceed. The choice of C''^ rather 
than say —Cy in Eq. 4.51 was done as follows: The la teral spreading ve
locity at a given point is assumed to be proportional to the local longitudinal 
velocity u, with the tangent of the streamline angle from the centerline as a 
proportionality factor. Consequently, v/u is proportional to the tangent of 
that streamline angle at the point of interest . The authors next consider the 
distribution of that angle from the centerline out to the edge of the jet. The 
properties of the velocity ratio v/u can be determined from that analysis. 
F i r s t , at the centerline, v = 0, yielding a zero streamline angle. At the 
edge of the jet now, the tangent of that angle should be the difference be
tween the buoyant and nonbuoyant spreading rates of the jet as expressed 
in Eq. 4.50. Consequently, 

u[^-f^^ 
Idx \dx / NB. 

varies from zero at the centerline to unity at the jet edge. Since C''^ also 
has such a range, the authors felt confident in their choice of unity as the 
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proportionality factor in the incorporation of Eq. 4.51 into Eq. 4.50. Ex
tracting a s t ruc ture for v was more important to them than extracting a 
par t icular value for the constant. Substituting this assumed distribution 
for V in Eq. 4.52, the integrated y-momentum equation resul ts as the 
ninth equation of Table 4.1. 

Integrating the z-momentum equation over the entire half-jet 
reveals a relationship on T) that permits it to be neglected in all integra
tions. The energy equation is integrated over the entire jet, and the resul t
ing relationship may be seen as the heat equation of Table 4.1. These 
10 equations are coupled, nonlinear f i r s t -order differential equations in x 
on the variables Ug, ATg, v^, Vg, Wj., wj^, b, r, s, and h. A numerical 
solution has been car r ied out and a computer program written. The output 
is given in dimensionless form in which Uo, ATj, and.y/h^b^ are normaliza
tion factors for velocity, t empera ture , and length, respectively. 

(7) Discussion of Model. A few remarks should be made here as 
to some of the assumptions made by Stolzenbach and Harleman in their 
model. The main assumption in this work is in the form of the similari ty 
functions 

f = d - C ' " ) ' (4.53) 

and 

t = y F = 1 - c^'', (4.54) 

which describe the off-axis decay of velocity and temperature . The choice 
of the function f is somewhat a rb i t ra ry , yet cannot be avoided. One may 
derive an f by defining a form for the turbulent t e rms in the equations for 
submerged nonbuoyant plane or axisymmetr ic jets and then solving for it. 
This becomes quite complicated, the result being generally inconvenient 
to use. The authors ' choice of f was taken from Abramovich's work on 
plane, submerged, nonbuoyant je ts . The function f does compare well 
with nonbuoyant data in the situation for which it is derived. An implicit 
assumption made in its use is that a surface jet is equivalent to half a 
submerged jet. 

Abramovich uses a different value of the similari ty function f 
and jet rate of growth e for the main and core regions of a jet and matches 
the inner and outer regions by allowing h and b to change over a transition 
zone. The authors , however, use only Abramovich's main-region results 
for their entire jet. The authors a s se r t that the e r ro r incurred by this 
approximation in the inner region will be small . The different jet width 
and s imilar i ty function used in this inner core region, will, however, merge 
correct ly in the outer region to Abramovich's resul ts . Since the authors 
a re mainly interested in the location of the core region rather than its 



116 

exact propert ies , they consider this convenient assumption satisfactory. 
Hence e and f given by Eqs. 4.40 and 4.53 are used for all x. 

The choice of t = .yT has its theoretical base in the Taylor 
free-turbulence theory for a plane or axially symmetr ic submerged jet 
and describes physically that heat is being diffused lateral ly faster than 
momentum. This assumption is in general agreement with experimental 
data. The above choices of f and t have two additional advantages. F i r s t , 
these similarity functions are zero outside of a finite region, yielding a 
clearly defined jet boundary. Second, there is the added convenience in 
that all integrations would not have to be carr ied out to oo, as would be the 
case with the more popular choice of Gaussian distributions for f and t. 
The authors feel, and perhaps rightly so, that the Gaussian form for the 
lateral velocity distribution has not been looked at hard enough in its 
applications. 

Many of the assumptions concerning jet s t ructure and the as
sumed forms for some of the variables are frankly open to argument, con
sidering the present state of knowledge of buoyant and nonbuoyant jets. All 
choices of treatment for the buoyant-jet problem were based on the philos
ophy that the theory should reduce as correctly as possible to known results 
for nonbuoyant jets when no density differences exist. That the buoyancy re
sults come close to giving the length of the core region correct ly , in giving 
the velocity and temperature distributions correctly when the model was 
limitedly tested hydraulically, is its justification. The assumptions, how
ever, all had the common purpose of developing a workable numerical 
scheme that gives satisfactory results for the nonbuoyant case. 

Concerning the internal velocities defined above as part of the 
boundary conditions, the assumptions as to their precise forms are im
possible to test or measure due to the fictitious s tructure of the jet. Yet 
they had to be specified in order to carry out the integrations. The com
puter program available for this model does not solve for them. They are 
intermediate variables, and the only test of their validity is in the analysis 
of the final resul ts . There is no other justification as to their correct 
form. They are the authors' assumptions in setting up a s tructure for the 
jet and in specifying the variables of interest . 

The assumptions made on the ambient fluid were simply that it 
has a uniform temperature, that it is semi-infinite in extent, and that far 
from the outfall it has a constant water level. The nonstratified nature of 
the receiving water is expected to permit greater vert ical entrainment and 
dilutions than one would expect for a typical stably stratified situation of 
most large lakes during summer. In short, application of this model to 
such stratified situations is expected to yield optimistic resul t s , and this 
should be kept in mind in any use. Truly three-dimensional situations are 
indeed rare in practice, except possibly for unstratified situations where 
the bottom depth drops off very rapidly. 
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d. Model 2: Buoyant Jet in a Crossflow (no bottom slope) 

(1) Introduction. A la tera l crossflow deflects a buoyant jet in the 
direction of the current due to the incorporation of increased la teral mo
mentum and to the addition of new net p re s su re forces. These additional 
la tera l p r e s su re forces a re caused first by the eddying motion of the am
bient fluid in the lee of the jet and second by the distortion of the jet bound
a r i e s . The assumption of a small crossflow velocity (compared to the initial 
jet velocity) implies small deflections from which the authors assume neg
ligible effects of any net p re s su re force. The only force then deflecting the 
jet is entrainment of lateral momentum. The actual deflection of the jet in 
the ambient c rosscu r ren t is calculated by balancing the rate of entrainment 
of the la tera l momentum by the rate of jet deflection. 

(2) Development of Model Equations. A natural coordinate system 
is chosen for the deflected jet were x is the distance measured along the 
deflected centerl ine, and y is normal to x and considered positive in the 
downstream direction where 9 is defined as the angle of the tangent line 
to the plume centerline measured from the y axis. Character is t ics of the 
deflected jet a re i l lustrated in Fig. 4. 5. With these new var iables , Eqs. 4.14-
4.18 become 

aii av aw ... ae „ /. -c\ -r:r+^rr + - ^ + v-TT^ = 0, (4.55) ax ay a z ax 

aa^ auv aiiw M _ ££ T ^^T* au'v' 
ax ay az ax Pa. J~ ax ay 

aii'w' ,...,_, 36 (A r/\ 
TT— - 2 u ' v ' - T T , ( 4 . 5 6 ) 

a z ax 

aSv a v^ avw 
ax ay az 

-2 ae ~2 se ag f BAT ,.. i 9pd 
u .̂̂ r + v^ —r = —^ / - r ^ dz —^ ax ax p J ay Pa °y 

^Ml^'+G'^ll-v'^M (4.57) 
ay a z ax ax 

-apd av'w' aw'^ 
as ay az (4.58) 

and 

auAT avAT awAT ^ av 'AT ' aw'AT' ,^ ^g) 
ax ay a z ay a z 
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Cross Flow = V « V(x) 

Top 
View 

Fig. 4.5. Characteristics of a Deflected Jet̂  

The c r o s s f l o w adds two add i t iona l t e r m s to the x - m o m e n t u m 
equat ion: one accoun t s for e n t r a i n e d x c r o s s f l o w m o m e n t u m ; the o the r is 
the bending t e r m in the y m o m e n t u m equa t ion , which b a l a n c e s the e n t r a i n 
ment of y c ro s s f l ow m o m e n t u m . A s m a l l c r o s s f l o w ve loc i t y (as c o m p a r e d 
to jet c e n t e r l i n e ve loc i t i e s ) p e r m i t s the d ropping of c e r t a i n neg l ig ib le t e r m s 
f r o m t h e s e e q u a t i o n s . 

To d e r i v e the mode l e q u a t i o n s , the a u t h o r s f i r s t i n t e g r a t e the 
X and y m o m e n t u m equa t ions (Eqs . 4.56 and 4.57) ove r the e n t i r e j e t which 
y ie lds 

ii^ dy dz ± r r 
^^J.(r^b)J-( 

ag r r^''''> r " d A T . , . , , - , . , , 
— I I / • —rz- dz ' dy dz + QpV cos 
P a j . ( r + h ) ^ - ( s + b ) - ^ z < "̂ 

(4.60) 
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- r f 
''~^J-{r,b)J. 

s+b 

h)^-(s+b) 
u dy dz = -qgV sin 6, (4.61) 

where qg is the total mass flux of ambient fluid entrained into the jet per 
unit distance along X. The derivation of Eqs. 4.60 and 4.61 assumes ap
proximate symmetry of the jet about the y = 0 plane with the assumption 
of no p re s su re drag force on the jet. Due to the uneven entrainment on 
either side of the jet, the deflected jet will in reality be unsymmetrical . 
The distortion, however, is assumed small with the symmetr ica l distribu
tion in the nondeflected buoyant case assumed to hold to a first approximation. 

The authors then assume that Eq. 4.60 holds for each of the four 
regions. The resul ts are represented in Table 4.2 as the x-momentum equa
tions. The same s imilar i ty functions as defined for the nondeflected buoyant 
case were used, except for u, which was replaced by 

^FyFj + V cos (4.62) 

where Fy and Fz are defined by Eqs. 4.20 and 4.21. All boundary conditions 
were assumed identical, except for the entrainment conditions 

rs dh fg - V cos e -rr, dx 

dh 

Wg = 0, 

and 

db 
Vg = Vp + V cos e -re-, 

^ ^ d x 

db 
^e = ^ef(£z) + V cos e^T^ 

dX' 

0 , 

0 < y < s. 

Wef(CT) - V cos e -T^, s < y < b + s, 
^ y dx 

b + s < y. 

- r < z < Tl, 

• r - h < z < - r , 

h > z. 

at 

. at y = s + b. 

(4.63) 

The relations established by Eqs. 4.63 represent kinematic 
boundary conditions s imi lar in form to the condition used on the surface 
boundary. Equations 4.63 recognize two components to the total velocities 
Wg and Vg: the first due to entrainment, and the second due to the angle of 
the jet. If the "control volume" method of setting up the differential equations 
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T A B L E 4 . 2 . I n t e g r a t e d E q u a t i o n s f o r D e f l e c t e d B u o y a n t J e t s ' 

R e g i o n 1 c o n t i n u i t y : 

r s ~ ( u j . + V c o s 9) + r v g - sWj. = 0 . 

R e g i o n 2 c o n t i n u i t y : 

s J T ^ T [ h ( u c l , + V c o s 9)] + ( u c + V c o s 9) "TT + Wj. - o-gzUj, I + v i , h 

3 c o n t i n u i t y : 

r | - ^ [ b ( u c l | + V c o s 9)] + (u^ + V c o s 9 ) " ^ - Vg + (y^u^ I -

R e g i o n 3 c o n t i n u i t y : 

j . b l , = 0 . 

R e g i o n 4 c o n t i n u i t y : 

. 5 j [ h b ( u c i ; + V c o s 8 )1+ ( U j , I , + V c o s e ) ( b ^ + h . g | ) + {vi^-Oszi^) l i b - K - OyU^) I , h = 0 . 

R e g i o n 1 x m o m e n t u m : 

( u , + V c 0 5 e ) [ 2 r s ^ ( u , + V c o s 9 ) + r v ^ - s w , j + ± i s [ ^ ( i T , ^ ) + I , r ^ ( A T , h ) ] = 0 , 

R e g i o n 2 ic m o m e n t u m : 

s | ^ [ h ( u ^ l 2 + 2 V c o s e u c l , + V^ c o s ' ' 9)] + (u^. + V c o s 8) ' ' ^ + w ^ t u ^ + V c o s 6 ) - asz^c^ c o s 9 

a e / d i T c h ^ d r \ 1 
^ 7 7 l ^ ^ ~ " d ^ ^ ^'^'^^^dkjj^ ^ b h { u c I z + V c o s 9 1,) '- 0. 

R e g i o n 3 x m o m e n t u m : 

" • { d X ' " " * " < : ' ' " " ^ ^ ^ ° ' ® " d i + v ' c o s ' e ) ] + (u^ + V c o s e j ' l l - V j i u ^ + V c o s 9) + B y U ^ V c o s e } 

- w , b K l , + V c o s 6 I , ) + - [ ^ ^ ^ + l i ^ - 5 ^ - ' T , ( i + l 3 h . ) | | J = 0 . 

R e g i o n 4 x m o m e n t u m : 

^ [ h b ( u J ^ I ^ 2 V c o s e u ^ i ; + v ' c o s ' 9 ) ] + [ u J , I , + 2V c o s 9 u , . ! , + V c o s ' 9 l f b 4 ^ + h ^ ) 

\ d x d x / 

+ ( w j ^ b - v b h ) { u ^ I , + V c o s a I , ) - u ^ l j a s ^ b - a y h ] V c o s 9 

a e r d A T r h ^ b HB H ^ 1 

^ ? l h - d ^ ^ ' < " c h ' i . l f A T . h b ^ ] . 0 . 
Je t y momentum: 

d [db /db\ 1, , , 
ds[dX " I d s J N e J ' ' ' ^ " ' ' ' ' * ' ' ' ' ' * ^^ " ' ^ UcWilr + hl,) + V' c o s ' 9 b(r + h)] 

- ^ i T ^ ( y + [,rh + I . h ' ) = 0. 

jj[u<,AT<.(s + bI,)(r + hI,) + V cos 9 4X^(8 + bl , ) ( r + hi,)] + KATc(s+bI , ) = 0. 
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TABLE 4.2 (Contd.) 

Jet bending: 

[uj.(s +bl;)(r + hlj) + 2V cos 9 u^C^ + " i X r + h l , ) + V' c o s ' e(s + b)(r + h)) | | 

u^V sin 6 [ -o : sz ( s+bl , ) + ay(r+ hl,)l = 0. 

Jet X position: 

dx 
- p r - s in 9 = 0. dx 

Je t y pos i t ion 

dy 
dx 

cos 9 - 0 . 

In the above equat ions I, , I^, I j . I4, I5, I^, and I , a r e as defined in Table 4 .1 , 

- ( I , -I2) e. s > 0. 

I.e 
- - , s = 0 

(I, -I2) e, r > 0, 

I,e 
- . r = 0. 

, exp -5,0 
agATch 

e = s p r e a d i n g r a t e of a free tu rbu len t reg ion = 0 .22. 

db 
r = ho. 

s = b „ , 

x = y = h = b = 0 . A T = A T „ 

d x ' • 

U = U Q . 

is used, only the entrainment velocities of ambient water inflow need be 
considered. Developing the final equations by integrating the differential 
equations of conservation, as used here by the authors, requires the speci
fication of the Eulerian or spatial velocities, not the relative velocities. 
The additional components involving V cos 9 account for the slant or slope 
of the jet boundary which contains jet fluid at a nonzero velocity due to the 
c rosscur ren t . Thus, the extra t e rms are kinematic velocities to ensure 
that the net velocity is parallel to the jet surface; i.e., if one subtracts the 
normal entrainment velocity from the total velocity at any jet edge, the re 
maining velocity vector should be parallel to the jet boundary. This is 
handled by the kinematic boundary condition applied to each jet edge. These 
extra t e rms did not ar ise in the nondeflected jet case because the velocity 
was zero at those edges, the kinematic condition degenerating to a single-
t e r m entrainment relationship. Of special interest is the relationship of 
Vg given in Eq. 4.63; the la teral entrainment is presumed equal on either 
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s ide of the def lec ted je t . T h i s a s s u m p t i o n wi l l be d i s c u s s e d in m o r e d e t a i l 
l a t e r . F o r th is c r o s s f l o w s i tua t ion , the a u t h o r s a s s u m e the e n t r a i n m e n t 
coeff ic ients cfy and Ogz t ° ^^ i den t i ca l to the p r e v i o u s undef l ec ted c a s e and 

i Vg to Ug in the s a m e m a n n e r . 

The y - m o m e n t u m equat ion is used to y ie ld two s e p a r a t e e q u a 
t ions in Tab le 4 .2 . The f i r s t equa t ion , deno ted " j e t b e n d i n g , " is s u p p l e m e n 
t a r y and is d e r i v e d in a s i m i l a r m a n n e r to the y - m o m e n t u m equa t ion for the 
s i tua t ion of a buoyant nondef lec ted je t as d e s c r i b e d by Mode l 1. Th i s is done 
by f i r s t a s s u m i n g tha t Eq . 4.61 ho lds on e a c h half of the s u r f a c e y = 0. 
F r o m it a l a t e r a l - s p r e a d i n g equa t ion s i m i l a r to Eq . 4.52 r e s u l t s . The 
l a t e r a l - s p r e a d i n g ve loc i ty is for s < y < b + s , chosen as 

db 
dX 

( § ) 1 C r [ - c ( l - C z ^ ) ^ l - c f ) + V COS e] (4.64) 
'NB. 

and ze ro o t h e r w i s e . The d i f fe ren t d i s t r i b u t i o n for ii has b e e n i n c o r p o r a t e d 
into th i s f o r m u l a . The final equa t ion tha t r e s u l t s f r o m th i s v is the j e t -
bending equat ion of Tab le 4 .2 . Th i s equat ion b a l a n c e s the r a t e of def lec t ion 
with the e n t r a i n m e n t of l a t e r a l m o m e n t u m . The second equa t ion d e r i v e d is 
denoted as the y - m o m e n t u m equat ion in Tab le 4.2 and is s i m p l y Eq. 4.61 for 
r eg ion y > 0 with the app l ica t ion of the above s i m i l a r i t y a s s u m p t i o n s . The 
nonbuoyant s p r e a d i n g r a t e (db/dxjjvjB is ca l cu l a t ed by se t t ing AT = 0 in the 
equa t ions of Tab le 4.2 to find b(x). This s t ep c l e a r l y invo lves a good deal 
of ca lcu la t ion and is done dur ing the n u m e r i c a l c a l c u l a t i o n s in the c o m p u t e r 
p r o g r a m . The ca lcu la t ion is done s t e p - b y - s t e p with the c a l c u l a t i o n s for the 
def lec ted jet by se t t ing AT = 0 at each g r id point and mak ing the a p p r o p r i a t e 
eva lua t ion of the nonbuoyant s p r e a d i n g r a t e at tha t pos i t ion . 

Cont inui ty equat ion 4.55 is i n t e g r a t e d ove r r e g i o n s 1-4 to yie ld 
the f i r s t four equa t ions of Tab le 4.2. The c u r v a t u r e t e r m in Eq . 4.55 is 
negl ig ib le s i nce it can be shown to be p r o p o r t i o n a l to the r a t i o of the je t 
ve loc i ty to the c u r r e n t ve loc i ty . (The z - m o m e n t u m equa t ion , as b e f o r e , 
s imp ly s t a t e s tha t T| m a y be neg lec t ed in al l i n t e g r a t i o n s . ) E n e r g y equa 
t ion 4.59 is i n t eg ra t ed ove r the e n t i r e j e t to y ie ld the h e a t equa t ion The 
comple t e s y s t e m of equa t ions is g iven in Tab le 4.2 and m u s t be so lved 
n u m e r i c a l l y . 

(3) D i s c u s s i o n of C r o s s f l o w Mode l . A few c o m m e n t s will now be 
m a d e about the S t o l z e n b a c h - H a r l e m a n c r o s s f l o w m o d e l . F i r s t , it is d e 
r ived and a s s u m e d val id only for s m a l l a m b i e n t c u r r e n t s in r e l a t i o n to the 
in i t ia l d i s c h a r g e ve loc i ty . Although the a c t u a l ve loc i t y and t e m p e r a t u r e 
p ro f i l e s a r e r e a l l y not s i m i l a r , as a s s u m e d by the a u t h o r s , due to uneven 
e n t r a i n m e n t , s i m i l a r i t y p ro f i l e s m a y be -a good a p p r o x i m a t i o n for s l igh t ly 
p e r t u r b e d j e t s . Of m o r e c o n c e r n , h o w e v e r , is the fact tha t for s ign i f i can t 
c r o s s f l o w s the ac tua l e n t r a i n m e n t m e c h a n i s m s impl i ed by nonbuoyant 
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noncrossflow jet theory used here may not be present or may be changed 
completely. The authors employ a constant la tera l -entra inment coefficient; 
however, the entrainment coefficient is most likely not constant for veloci
ties of the ambient fluid comparable to centerline velocit ies. 

The authors used a parabolic-shaped crossflow velocity (see 
Fig. 4.6) in the application of their theoretical model and in their hydraulic-
model verifications. This meant that the ambient velocity was small near 
the outfall, where the jet velocity is high, and increased as the jet velocity 
decreased. Stolzenbach indicated that upon matching at each centerline 
position of the jet the relative magnitudes of the jet centerline velocity and 
ambient c rosscur ren t almost always revealed small relative crossflow 
velocit ies. Measurements ceased when the ambient velocity became equal 
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to the jet centerline velocity. The centerline temperature decay matched 
fairly well with theoretical predictions, apparently because none of the un
desirable effects that result from crossflows were able to appear before 
the jet reached its "stable region" (the downstream region of jet in which 
vertical stability inhibits vertical entrainment and jet depth decreases due 
to lateral spreading, discussed later) . The authors expect their model to 
yield satisfactory results as long as the maximum velocity of their para
bolic distribution Vmax is smaller than about 0.4u(, or 0.5uo. If, however, 
a constant ambient velocity is used, its magnitude should seemingly be 
quite small to satisfy the small crossflow requirements for distances 
reaching into the stable region. No mathematical or hydraulic studies 
were carried out with constant crossflows, so no firm conclusions can 
be made for that case. 

A second reason for the authors ' considering only small c ros s -
flows is their neglect of pressure drag. Again, if the crossflow velocity is 
sufficiently large, the drag coefficients will no longer be negligible. These 
drag coefficients are related to a typically observed structure for jets in 
moderate to strong crossflows in which a distorted jet exists with a region 
of eddying behind it. When these conditions occur, it seems reasonable to 
postulate a significant pressure difference from one side of the jet to the 
other. For the range of crossflows and initial jet parameters used in their 
hydraulic study (described later) , significant distortion of the jet and the 
eddying structure of the jet in its lee were not observed by the authors. 
Also, introducing pressure drag into the theoretical analysis ^vould gener
ally imply the addition of a new parameter into the model, requiring some 
curve fitting to assess its variation with the pertinent parameters of the 
problem. Since there is no clear and accurate way to incorporate this 
additional force into the momentum equations, the authors felt it more 
advantageous to work with small c rosscurrents and incur hopefully small 
e r ro r s for higher crossflows than to embark on an extensive campaign to 
accurately assess the variation of the drag force and hence some kind of 
drag coefficient experimentally. 

Thus for strong crossflows, one should consider the variation 
in the entrainment coefficients and the total p ressure drag. The complexity 
involved in formulating the entrainment function and the p ressure force 
leads to overlapping difficulties, which becloud an accurate investigation 
into each phenomenon separately. If the entrainment formulation is in
correct , this may reflect itself in an incorrect t rajectory leading to an 
incorrect determination of the drag coefficients. Their small crossflow 
model is perhaps justified in that significant jet distortions and eddying in 
the lee of the jet were not observed in the tank studies and in that their 
theoretical results on jet character is t ics and centerline temperature de
cay were reasonably borne out by hydraulic-model comparisons. 
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Finally, the Stolzenbach-Harleman model has the t rai t that en
trainment becomes less important downstream due to the density effects 
and the small ver t ical projected la teral area . The phenomenon will not 
generally occur for a submerged buoyant jet. Entrainment in such circum
stances occurs practically over the entire extent of vert ical spreading and 
would not get suppressed by any other considerations such as buoyancy or 
the presence of a free surface. This die-off of entrainment for a surface 
jet apparently mitigates the effect of the constant assumed entrainment co
efficient and perhaps "saves" the authors ' model. In short, the question of 
s imilari ty of velocity and tempera ture distributions for slightly bent jets is 
expected not to be nearly as sensitive a question as crossflow entrainment 
as long as a reasonable choice of s imilari ty functions is made. Neglecting 
the additional p re s su re forces due to the crossflow may also be significant 
for deflections that a re not small and gradual. Consequently, the authors ' 
crossflow model is at best a first approximation for moderate crossflows, 
and testing with actual field data will determine how accurate it is. 

e. Model 3: Buoyant Jet Including Bottom Slope 
(with or without crossflows) 

The bottom slope of a lake has two general effects on a discharged 
surface jet: F i r s t , it tends to diminish vert ical entrainment by reducing 
the supply of cold ambient water. Second, it tends to promote lateral en
trainment over the full depth of the jet as long as it is attached to the bottom. 
Generally, the jet will remain attached to the bottom until buoyancy forces or 
negative p re s su re gradients cause a separation. Deriving a mathematical 
model for the bottom slope case by building upon facts learned fromModels 1 
and 2 yielded new complexities because a number of assumptions made in 
those models a re no longer valid. Realizing the difficulties, the authors 
applied Models 1 and 2 with certain assumptions and modifications. 

The authors assumed that as long as the jet hugged the bottom, all 
buoyant t e rms would have no effect on the jet. The vert ical entrainment, 
Wg, was then zero, and the equation 

dh dr „ I, , ^\ 
dx dx -̂  

holds. They assumed that the jet will separate from the bottom, over the 
entire width of the jet, at that longitudinal distance for which the buoyant 
effects of la tera l spreading caused the bottom slope of the jet to be less 
than the given lake bottom slope; i.e., 

dh dr „ If /r\ 
d ; Z + d ^ < S - (4.66) 
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In the preseparation region, the use of Eq. 4.65 required the drop
ping of one of the other governing equations. The x-momentum equation 
was still valid if one assumed that the additional frictional losses incurred 
by a sloping bottom are negligible. The y-momentum equation was chosen 
to be relaxed mainly because of the difficulty in determining the bottom 
wall p ressures now required in that equation and from the fact that the 
nonbuoyant y-momentum equation (used in conjunction with the buoyant 
y-momentum equation for the no-slope case) led to the condition db/dx = 
dh/dx, which is known to be invalid for sloping conditions. 

The authors calculated the solution to the bottom slope problem by 
testing at each x whether Inequality 4.66 would hold if the bottom were not 
present. If so, the calculation proceeds as if the bottom were not there . 
This assumes identical entrainment to the no-slope case. If, however, the 
jet (no-slope conditions) would have spread more rapidly than the actual 
lake-bottom slope allows, Eq. 4.65 replaces the y-momentum equation and 
the calculation proceeds with the restr ic ted-slope set of equations. The 
two sets of governing equations must be solved numerically; the program 
for the calculations is included in the main work. 

The authors note that in comparing the above bottom slope theory 
to their hydraulic model tes ts , the theory fails to reproduce the signifi
cant lateral spreading that is observed. They conclude, therefore, that 
their assumption of a jet not exhibiting buoyant spreading when attached to 
the bottom is clearly not valid. They concluded that the jet must actually 
be spreading laterally at its edges while remaining attached near its cen
terline with a resultant distortion of the jet, which their theory could not 
predict with simple similarity functions. The mass balance is not violated 
by the authors' model, but clearly the y-momentum equation should not 
have been dropped completely, in spite of the apparent imposssibility to 
calculate the unknown pressure at the bottom wall. These facts should 
be kept in mind in any application of the sloping-bottom model. 

f. Application of the Theory to General Outfall Situations 

The three-dimensional temperature and velocity distributions and 
jet characteris t ics for the general case of a buoyant jet in a crossflow in 
the presence of bottom slope are predicted by a single computer program 
developed from the above models. Input requirements for that computer 
routine a re , as stated before, the five nondimensional parameters IFQ, A, 
Sx. K/(pCpUo), and v/uo. Their calculation in any application requires the 
specification of the ambient temperature Ta, the initial temperature r ise 
ATQ, the discharge-channel geometry, the init ial-discharge velocity Uf,, the 
bottom slope Sx, the surface-heat- loss .coefficient K, and the crossflow 
velocity V, where V is a function only of distance normal to the ambient 
current or shoreline. The ambient temperature is assumed constant in 
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s p a c e and t i m e t h r o u g h o u t the m o d e l d e v e l o p m e n t . In r e a l i t y , v a r i a t i o n s do 
g e n e r a l l y o c c u r due to s t r a t i f i c a t i o n and v a r i a b l e a t m o s p h e r i c cond i t ions . 
The a u t h o r s s t a t e tha t t h e i r m o d e l m a y be app l i ed by us ing an " a v e r a g e " 
a m b i e n t t e m p e r a t u r e for T a . p r o v i d e d v a r i a t i o n s do not differ by m o r e than 
a few d e g r e e s F a h r e n h e i t . 

The i n i t i a l - d i s c h a r g e t e m p e r a t u r e e x c e s s , ATQ, is d e t e r m i n e d as the 
d i f f e r e n c e b e t w e e n the d i s c h a r g e t e m p e r a t u r e TQ and the a m b i e n t t e m p e r a 
t u r e Ta- The va lue of ATg wil l equa l the t e m p e r a t u r e r i s e a c r o s s the con
d e n s e r s only w h e n the in take t e m p e r a t u r e is Ta-

T h e d i s c h a r g e - c h a n n e l g e o m e t r y affects the va lue of the in i t i a l d e n 
s i m e t r i c F r o u d e n u m b e r IFQ t h r o u g h the s p e c i f i c a t i o n of the in i t i a l depth hj 
and the a s p e c t r a t i o A by the v a l u e s of bo th h,, and bf,. B e c a u s e a c t u a l out 
fall g e o m e t r i e s a r e r a r e l y p e r f e c t l y r e c t a n g u l a r , the a u t h o r s s u g g e s t a 
m e t h o d for d e t e r m i n i n g an " e q u i v a l e n t " bp and ho g iven any channe l s h a p e . 
F i r s t , hfl is def ined a s t he a c t u a l m a x i m u m d i s c h a r g e channe l depth . S e c 
ond, b j is def ined f r o m the channe l a r e a as 

, a c t u a l c h a n n e l a r e a , . , _> 
^° = 2h^ • <^-^^' 

The de f in i t ions of IFQ and A r e m a i n unchanged , but w h e r e the above c h o i c e s 
of bg and h,, a r e u s e d , the u s e of th i s " e q u i v a l e n t " r e c t a n g u l a r s h a p e is ex 
p e c t e d to y ie ld s o m e w h a t d i s t o r t e d r e s u l t s n e a r the out fa l l , a c c u r a c y be ing 
i m p r o v e d wi th i n c r e a s i n g long i tud ina l d i s t a n c e d o w n s t r e a m . 

T h e i n i t i a l - d i s c h a r g e v e l o c i t y UQ c a n g e n e r a l l y be c a l c u l a t e d f rom 
the p o w e r - p l a n t p u m p i n g r a t e and the a c t u a l d is c h a r g e - c h a n n e l a r e a . 

T h e s u r f a c e - h e a t - l o s s coef f ic ien t K is a s s u m e d to be c o n s t a n t and 
m a y be c a l c u l a t e d f r o m a t m o s p h e r i c d a t a by a n u m b e r of f o r m u l a s a v a i l 
ab le in t he l i t e r a t u r e . 

The c r o s s f l o w v e l o c i t y is a s s u m e d to be a funct ion of d i s t a n c e n o r 
m a l to the a m b i e n t c u r r e n t a n d / o r s h o r e l i n e and can be m e a s u r e d f r o m 
d r o g u e s u r v e y s o r c u r r e n t m e t e r s . 

A s l igh t c o m p l i c a t i o n a r i s e s if the d i s c h a r g e d e n s i m e t r i c F r o u d e 
n u m b e r is l e s s t h a n uni ty . In th i s c a s e , a s t a g n a n t wedge of a m b i e n t w a t e r 
e x t e n d s u p s t r e a m into t he d i s c h a r g e channe l b e n e a t h the flow of the h e a t e d 
w a t e r . The s i t u a t i o n is i l l u s t r a t e d in F i g . 4 .7 . The c o l d - w a t e r wedge wi l l 
r e q u i r e t h e h e a t e d effluent to ob ta in a d e n s i m e t r i c F r o u d e n u m b e r of uni ty 
a t the d i s c h a r g e poin t . The dep th of the h e a t e d flow in the p r e s e n c e of t h i s 
w e d g e is g iven by 

io = hoIFo^''. (4.68) 
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w h e r e h,, and IFo a r e b a s e d on channel d i m e n s i o n s . The new in i t i a l v e l o c i t y 

is d e r i v e d f rom 

^ g h o * 

1.0. (4.69) 

T h e s e va lues of ho* and u* should be used in a l l t h e o r e t i c a l c a l c u l a t i o n s in 

p lace of ho and Uo-

Fig. 4.7. Two-layei Flow in Dischaige Channell 

The outfall s i tua t ions d e s c r i b e d above m a y be c o m p l i c a t e d even 
fu r the r by the e x i s t e n c e of addi t iona l b o u n d a r i e s o b s t r u c t i n g f ree s p r e a d 
ing of the je t . The a u t h o r s a s s e r t tha t t h e i r m o d e l can s t i l l be used if 
p r o p e r s c h e m a t i z a t i o n is p o s s i b l e . The m o r e c o m m o n s i t ua t i ons a r e 
i l l u s t r a t e d in F ig . 4 .8 . D i s c h a r g e s with e n t r a i n m e n t on both s i d e s a r e 
handled with no a l t e r a t i o n s . A d i s c h a r g e d i r e c t e d p a r a l l e l to s h o r e , how
e v e r , r e s t r i c t s e n t r a i n m e n t to only one s ide of the je t . The a u t h o r s s c h e 
m a t i z e th is s i tua t ion by c o n s i d e r i n g the s h o r e l i n e as the jet c e n t e r l i n e and 
the in i t ia l channe l width used for t h e o r e t i c a l c a l c u l a t i o n s to be twice the 
width ca lcu la ted by the above p r o c e d u r e due to s h o r e l i n e r e f l ec t ion . F o r 
the s i tua t ion of a je t impinging at r i gh t ang le s to a s t r a i g h t so l id body l o 
ca ted jus t o f f shore , the s c h e m a t i z a t i o n i l l u s t r a t e d in F i g . 4.8 m a y be used. 
New va lue s of UQ and TQ m a y need to be d e t e r m i n e d depend ing on the level 
of in i t ia l d i lu t ion that o c c u r s as the j e t changes d i r e c t i o n by 90°. Once the 
d i s c h a r g e is moving p a r a l l e l to s h o r e , the p r e v i o u s s c h e m a t i z a t i o n of a je t 
moving p a r a l l e l to s h o r e is then used . F o r m o r e c o m p l i c a t e d s o l i d -
bounda ry a r r a n g e m e n t s caus ing uneven je t e n t r a i n m e n t or d i s t o r t i o n s of 
je t b o u n d a r i e s , no s c h e m a t i z a t i o n is r e a d i l y p o s s i b l e . 
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I ' > I I l\ 
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Uischarges with Entrainment from One Side 

' ' ' ' ' Vl n/ n I I 
(i / V ^ 

Schematization Possible Schematization not Possible 

Because of Irregular Geometry 

Discharges with Obstructions 

Fig. 4.8. Discharge-channel Schematization 

Finally, when a meaningful schematization of an actual outfall situa
tion has been made, a theoretical analysis can be performed using the com
puter routine developed by the authors for their model. With inputs IFQ, A, 
Sx' K/(pCpUo), and V/up (as a function of x/yhobp), the program prints out 
ATg/ATo, Ug/uo, b/yiiobo, h/yho^o. r /yhobj , sjjb^o' and the position of the 
jet centerline as a function of longitudinal distances along the centerline. 
The computer program is listed in Ref. 1. 

g. Model Verification 

The authors carr ied out 25 hydraulic-modeling experiments under 
a range of input conditions in an attempt to verify the mathematical models. 
The chosen ranges of the five nondimensional input parameters were 
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IFo: 1.0-11.6; 

A: 0 . 3 5 - 5 . 7 ; 

K : 1.6(lO-^)-10.5(lO-^); 
PCp"0 

Sx: 0.01-00 (drop-off) ; 

V/uo: 0 -0 .40 . 

F i g u r e s 4.9 and 4.10 show the t h e o r e t i c a l r e s u l t s for a run in which t h e r e 
a r e r e l a t i v e l y high j e t buoyancy and no c r o s s f l o w o r bo t t om ef fec t s . P lo t ted 
a r e ATg, Ug, b , r , s , h , with f F ^ , H, and D w h e r e 

Ug 

IFT = loca l d e n s i m e t r i c F r o u d e n u m b e r = , (4.70) 
^ / aATrgh 

flow at je t c r o s s sec t ion x 
D = iet di lut ion r a t io = -.—^-.—r— p; 

•̂  in i t ia l d i s c h a r g e flow 

r ( s+b) ro 
_ j - ( s + b ) j - ( h + r ) " ^^ ^y _ uc( r + l ih)(s + l.b) (4.71) 

ughobo uohobo 

e x c e s s hea t at jet c r o s s s ec t i on x 
H = hea t l o s s ra t io = :——-.—; ; -—r, 

ini t ia l e x c e s s hea t flow 

(s+b) 

(s+b)-^-(h+r) _ UgATg(r + l7h)(s + l^b) 

pc„AToUoho(2bo) " AToUohobo 

/
o 

uAT dz dy 
, .1 (4.72) 

-P 

T h e s e t h e o r e t i c a l r e s u l t s a r e c o m p a r e d to e x p e r i m e n t a l r e s u l t s in 
F ig . 4.11 with r e s p e c t to c e n t e r l i n e t e m p e r a t u r e ATg, je t h a l f - d e p t h h|,2 
and jet ha l f -width b,/^- Tbe v a r i a b l e s h|/2(x) and b,/2(x) a r e defined to be 
the v e r t i c a l and ho r i zon ta l d i s t a n c e s , r e s p e c t i v e l y , m e a s u r e d f rom the jet 
c e n t e r l i n e to the point w h e r e the je t s u r f a c e t e m p e r a t u r e is half the cen
t e r l i n e va lue . V a r i a b l e s hj/^ and b./^ w e r e defined to f ac i l i t a t e e x p e r i m e n t a l 
da ta acqu i s i t ion . Only Tg , h,/2, and b,/^ w e r e m e a s u r e d in the h y d r a u l i c ex
p e r i m e n t s . F i g u r e 4.12 c o m p a r e s t h e s e t h r e e quan t i t i e s with t h e o r y for a 
c ro s s f l ow but no bo t tom. The c r o s s f l o w v e l o c i t y d i s t r i b u t i o n u s e d in the 
e x p e r i m e n t a l b a s i n and the function used in the c o m p u t e r p r o g r a m a r e both 
plot ted in F i g . 4.6. F i g u r e 4.13 r e p r e s e n t s the c o m p a r i s o n of m o d e l and 
h y d r a u l i c da ta for the condi t ion of bo t t om s lope (Sx = l / lOO, l / 5 0 , l/25,oo) 
when no c r o s s c u r r e n t i n t e r f e r e s . 
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Fo = 4.4, K/(pCpUo) = 4-2 x IQ-^, v/uo = O-C 

A = 0.35, Sv = "=. 

Fig. 4.10. Calculated Isotherms of ATC/ATQ for Run 6 (Ref. 1) 
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Theoretical and experimental resul ts obtained in the 2 5 surveys 
led the authors to divide the jet into five regions where different phenom
ena take precedence over others. In turn, they a re , with their specific 
character is t ics , as follows: 

(1) Core Region 

Velocity is constant with a slight temperature decrease ; 

large lateral spreading occurs with an initial r ise in jet depth 
necessary to conserve total mass ; 

D and IF^ vary slowly; 

no significant heat loss occurs. 

(2) Entrainment Region 

Sharp drop occurs in Uc and ATc approximately inversely with 
distance (as in nonbuoyant jet); 

vert ical spreading is at a rate dh/dx « 0.22 with a much larger 
gravity-dominated lateral spreading; 

the jet reaches maximum depth with bottom boundary rise to 
conserve total mass ; 

I F L decreases rapidly, D r ises sharply due to entrainment, 

no significant heat loss occurs. 

(3) Stable Region 

Vertical stability inhibits vert ical entrainment as indicated by 
I F L of order one or less ; 

jet depth decreases due to lateral spreading causing D and 
AT(- to be relatively constant; 

wide surface-temperature isotherms are apparent. 

(4) Heat-loss Region 

Significant surface heat transfer occurs due to large plume area, 

AT drops again; 

centerline velocity is low; 

discharge may no longer be considered a jet. 
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(5) Far-f ield Region 

Ambient convective and diffusive processes dominate. 

Note: If large c rosscur ren t s exist, the far-field region may begin directly 
after the entrainment region. 

These five regions are noted in Fig. 4.9. 

Two additional resul ts may be derived from the theoretical model 
for the case of no c rosscur ren t and no slope. Due to the importance of the 
generally large stable region, the authors derive a useful relationship be
tween centerline tempera ture and dilution 

A T c 1.5 
D • 

(4.73) 

F i g u r e 4 .14 p lo t s the d i lu t ion r a t i o in the s t ab l e r eg ion a g a i n s t IFQ with 
v a l u e s of A ind i ca t ed . A l s o , the m a x i m u m depth of the d i s c h a r g e , hfj^a,x' 

is l o c a t e d in the e n t r a i n m e n t r eg i o n 
1̂ 1 1 • and was d e r i v e d a p p r o x i m a t e l y to be 

Fig. 4.14. Dilution in the Stable Region of Buoyant 
Discharges.̂  (Points are calculated by 
the theoretical model. Values of A are 
indicated.) 

I-. (4.74) 

with the small dependence on A neg
lected. This result is plotted against 
numerical data in Fig. 4.15. The 
scatter seen in Fig. 4.15 is due to 
the dependence on the aspect ratio A. 
A straight line was drawn through the 
calculated data for convenience; no 
reasonable alternatives could be seen 
that were simple and yet yielded such 
an easily applicable result . 

In general, the theoretical 
model does fit the hydraulic data 
satisfactorily for those situations 
considered (except for la teral spread
ing in the presence of a bottom slope). 
A close analysis of all the model r e 
sults and experimental data yielded 
the following general conclusions: 

(1) Buoyant jets (l < IFQ < 10) 
consist of the five regions where the 
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h e a t - l o s s r eg ion m a r k s the end of the j e t and the beg inn ing of the f a r -
field r eg ion domina t ed by a m b i e n t p r o c e s s e s . 

(2) E n t r a i n m e n t i n c r e a s e s with in i t i a l d e n s i m e t r i c F r o u d e n u m b e r 
IFo ^'^d a s p e c t r a t io A. 

(3) Buoyancy inhibi ts the v e r t i c a l s p r e a d of the j e t , bu t i n c r e a s e s 
l a t e r a l s p r e a d i n g . D e c r e a s i n g IFQ i n c r e a s e s the buoyancy effects and con
sequen t l a t e r a l s p r e a d i n g . 

(4) S u r f a c e - h e a t l o s s h a s g e n e r a l l y an ins ign i f i can t effect in the 
f i r s t four r eg ions d e s c r i b e d above , excep t pos s ib ly for I O W - I F Q , h i g h -
a s p e c t - r a t i o d i s c h a r g e s . 

(5) Smal l c r o s s c u r r e n t v e l o c i t i e s (as c o m p a r e d to in i t i a l d i s c h a r g e 
veloci ty) def lect the je t c e n t e r l i n e , yet do n o t ' g r e a t l y change the t e m p e r a t u r e 
d i s t r i b u t i o n . 

(6) Bo t tom s lopes tend to inhibit v e r t i c a l e n t r a i n m e n t and r e s u l t in 
h ighe r c e n t e r l i n e t e m p e r a t u r e s than for a n o - s l o p e c a s e w h e n e v e r IFo is 
g r e a t e r than about 5. S m a l l e r IFo d i s c h a r g e s tend to s e p a r a t e f rom the 

max 

' h b 

Fig. 4.15. Maximum Jet Depth vs FQ as Calculated by Theoryl 
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bottom close to the outfall exit and show little dependence on the actual 
value of the slope Sx- The authors found evidence to indicate that in low-
IFo discharges there is increased entrainment over the region in which the 
jet is attached to the bottom due to the increased la teral area . 

h. Final Comments 

The advantages of the Stolzenbach-Harleman model lie in its careful 
technical development and its easy application. Its considerations of all the 
major factors (initial mixing, buoyancy, discharge-channel geometry, bottom 
slope, surface heat loss , and ambient crossflow)make it unique among jet 
models. The model compares satisfactorily with limited hydraulic modeling 
data, except for la tera l spreading in the presence of a sloping bottom. The 
model simply synthesizes the resul ts of previous investigations concerning 
turbulent jets and stratified flows into one complete model. Of special sig
nificance is its simplicity of application where the theory requires only five 
nondimensional pa ramete r s and does not require any fitting of the theory to 
the data for their determination. As stated above, one should be wary in any 
model application due to the nonstratified lake assumption and the expected 
greater ver t ical entrainment and dilutions that will be predicted. 

References 

1. K. Stolzenbach and D. R. F . Harleman, An Analytical and Experimental 
Investigation of Surface Discharges of Heated Water, M.I.T, Hydrody
namics Laboratory Technical Report No. 135 (Feb 1971). 

2. K. Stolzenbach, "Heated Surface Discharges," in Engineering Aspects 
of Heat Disposal from Power Generation, Ralph M. Parsons Laboratory 
for Water Resources and Hydrodynamics and Department of Civil 
Engineering, Massachuset ts Institute of Technology 1971 Summer 
Session, Vol. I (1971). 

3. T. H. Ellison and J. S. Turner , Turbulent Entrainment in Stratified 
Flows, J. Fluid Mech. _6̂ (3) (Oct 1969) 

4. Shih-I Pai , Viscous Flow Theory, D. Van Nostrand Company, Inc. (1956). 

5. G. N. Abramovich, The Theory of Turbulent Je ts , The M.I.T. P r e s s , 
M.I.T. Cambridge, Mass . (1963). 

6. O. M. Phil l ips, The Dynamics of the Upper Ocean, Cambridge University 
P r e s s , Cambridge, England (1966). 

7. O. I. Mamayev, Influence of Stratification on Vertical Turbulent Mixing in 
the Sea, Izv. Akad. Nauk SSSR, Geofiz !__ (English Translation). 

8. D. R. F . Harleman, "Stratified Flow," in Handbook of Fluid Dynamics, 
V. L. S t ree te r , Ed., McGraw-Hill Book Company, Inc., New York (1961), 



140 

B . Mode l s for the F a r F i e l d 

5. The W o r k of A k i r a Wada^"^ 
(Cen t r a l R e s e a r c h Ins t i tu t e of the E l e c t r i c P o w e r I n d u s t r y ) 

1965-1968 

L i s t of Symbols 

a T h e r m a l - e x p a n s i o n coeff ic ient 

Ao, Al E m p i r i c a l coeff ic ients m the M a m a y e v f o r m for Az 

Ap O v e r r e l a x a t i o n f ac to r 

Aopt O p t i m u m value of Ap 

A Surface a r e a of bay 

Ajj H o r i z o n t a l coeff ic ient of eddy m o m e n t u m 

Ajj. Ay, A^ E d d y - v i s c o s i t y c o m p o n e n t s in x , y, and z d i r e c t i o n s 

2B B r e a d t h of out le t 

bo, bj Coeff ic ients dependen t upon m e t e o r o l o g i c a l cond i t ions 

Bo bo/(C.„yH.„v) 

Bl b i / (CwHw) 

a. b Cons t an t s 

Cp Specific hea t of w a t e r ( lake, bay , or s e a ) 

e(T) Sa tu ra t ion p r e s s u r e for w a t e r t e m p e r a t u r e 

f Specif ic humid i ty 

g A c c e l e r a t i o n of g r a v i t y 

h Dis t ance b e t w e e n g r i d po in t s 

ha H e a t - t r a n s f e r coeff ic ient 

H Height of out le t 

Hvtr Thickness of plume or depth to thermocline 

Ko- Kl Empirical coefficients in the Mamayev form for K^ 

Kx. Ky, K^ Eddy-thermal diffusivities 

K Coefficient depending on cloud height 

k Mass-transfer coefficient 

M Empirical coefficient m exponent for the Mamayev form 
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n C l o u d i n e s s on the s c a l e 1-10 (a l so e m p i r i c a l coeff ic ient 

in exponen t of K2 a c c o r d i n g to M a m a y e v ) 

P S t r e a m funct ion 

p P r e s s u r e 

Qj F l o w r a t e of in t ake of cool ing w a t e r 

Qo Hea t ga in o r l o s s for s u r f a c e l a y e r of s e a b a s i n 

Qs R a d i a t i o n e n e r g y f r o m sun and sky 

Qb Ef fec t ive b a c k - r a d i a t i o n e n e r g y f r o m s ea s u r f a c e 

Qg H e a t - e x c h a n g e r a t e by e v a p o r a t i o n 

Qji Convec t i on e n e r g y of s e n s i b l e h e a t 

Q(. Hea t e n e r g y added by outfal l of cool ing w a t e r f r o m power 

p l an t 

R R e s i d u a l s 

Ri R i c h a r d s o n n u m b e r 

Rn M a x i m u m of a b s o l u t e va lue of a l l r e s i d u a l s a t n th 

i t e r a t i o n 

r i Mixing r a t i o f r o m u p p e r l a y e r 

T W a t e r t e m p e r a t u r e 

T^ A p p a r e n t w a t e r t e m p e r a t u r e def ined by E q . 5.36 

Ta A t m o s p h e r i c p r e s s u r e 

T ĵ W a t e r t e m p e r a t u r e in b o t t o m l a y e r 

T^ R i s e of w a t e r t e m p e r a t u r e added by c o n d e n s e r of power 
p lan t 

'•0 W a t e r t e m p e r a t u r e of d i s c h a r g e d w a t e r 

u , V, w Ve loc i ty c o m p o n e n t s in x, y, and z d i r e c t i o n s 

U S teady u n i f o r m c r o s s c u r r e n t v e l o c i t y p a r a l l e l to s h o r e 

Uo, Vo In i t i a l v e l o c i t y c o m p o n e n t s a t ou t le t 

V Wind v e l o c i t y 

W R e s u l t a n t v e l o c i t y 

X L a t e r a l d i s t a n c e , m e a s u r e d p a r a l l e l to s h o r e 

y Long i tud ina l d i s t a n c e , m e a s u r e d p e r p e n d i c u l a r to s h o r e 

z V e r t i c a l d i s t a n c e , m e a s u r e d downward f r o m the s u r f a c e 
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a, P 

P 

^k 

X 

I 

Tl 

c 
CT 

Coefficients indicating node spacing in T\, £ directions 
of finite-difference mesh 

Density of sea water ['«Po(l - aT)] 

Unit vector in z direction 

U / / K ; 

X/>/KX; also vorticity in Model 3 

Z / T K ^ 

Stefan-Boltzmann's constant for black-body radiation 

b. Introduction 

For the past several years , Akira Wada and his colleagues have 
studied the phenomena of flow and thermal diffusion resulting from the dis
charge of heated condenser cooling water from power plants sited on var i 
ous bays in Japan. Their purpose was to develop cr i te r ia for the hydraulic 
design of intake and outlet s tructures for some of Japan's larger power 
plants. This involved, among other things, a study of the problem of 
cooling-water recirculation, which in turn required predictive knowledge 
of the extent and spreading behavior of warm water discharged from an 
outfall. Comprehensive field studies were undertaken investigating tidal 
action, wind s t ress , the heat budget of the bay, the configuration and bottom 
contours of the bay, the stratified condition of the ambient waters in the 
vicinity of the outfall, etc. The effects of these factors were analyzed 
separately, and the results were synthesized in the development of design 
criteria for the hydraulic structures of the power-plant cooling system. 

Of particular interest here are the three diffusion models developed 
by Wada and his colleagues. Although developed for outfalls placed on the 
coast lines of bays, the techniques used, if not the complete models them
selves, maybe applied under certain general conditions to outfalls on large 
lakes. To date, the models are untested with lake data; this is due mostly 

to the previous inaccessibility of 
the complete details of the models 
to the general u se r . 

x(c ) 

Fig. 5.1. Definition Sketch for 
Thermal Spread^ 

The t h r e e diffusion m o d e l s 
c o m p u t e flow and t e m p e r a t u r e data 
r e s u l t i n g f r o m a r e c t a n g u l a r 
s h o r e l i n e outfal l d i s c h a r g i n g hea ted 
w a t e r a t the s u r f a c e of a bay . 
F i g u r e 5.1 is a s k e t c h of the outfall 
and the C a r t e s i a n c o o r d i n a t e 
s y s t e m u s e d in the m a t h e m a t i c a l 
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simulation. The outlet is of width 2B and height H. The effluent is initially 
at constant temperature To and is discharged at constant velocity UQ. The 
equations of m a s s , momentum, and heat-energy conservation are 

yy 0, (5.1) 

9u. 
" iT~^ = " T ^ + Pg^k + ^ 1 ^ ; ^ ) , (5.2) 

J OXj d x i " '^ dXj \ J o x ; ' * ' 

a n d 

3T a /Kj 3 x \ Qo ,^ , . 
"i^— = T^M^— + O—• ( 5 .3 ) 

Sxj Sxj^p bK.J pcpH^ 

•where j = 1, 2, 3 refer to the x, y, z directions, respectively, \ j^ is a unit 
vector along the z axis, Uj (i = 1,2, 3) are the velocity components along the 
x, y, z direct ions, and the eddy momentum diffusivities corresponding to 
these directions a re A^, Ay, and Az- Also, eddy thermal diffusivities for 
i = 1, 2, 3 are K^, Ky, and K^, p is the p ressure , p is the density, and 
T the tempera ture . Qo represents the net heat transfer at the surface of 
the bay (or lake), Cp is the specific heat of water, and H^ is the depth of the 
thermal plume. Wada uses the approximate relationship between density 
and temperature given by 

P = Po{l-aT), • (5.4) 

where p is a reference density and a is the coefficient of thermal expan
sion. The three diffusion models attempt to solve Eqs. 5.1-5.4 numerically 
under differing assumptions. Wada lists in Table 5.1 the main processes of 
heat exchange at the water surface used in the evaluation of Qo. The form 
of the expression for the addition of waste heat from the power plant Q̂ - as 
a factor in heating the sea basin is standard. It assumes , as is widely 
accepted, that this waste is ultimately spread equally over the bay surface 
as an aftermath of mixing. Figure 5.2 is a schematic diagram of the 
processes for heat balance. Qo then becomes 

Qo = Qs - Qb + Qh + Qc ~ bo - biT, (5.5) 

where bo and bj a re constants depending upon the meteorological parameters . 

Although Qo, the surface heat- t ransfer t e rm described above, is 
wri t ten in Eq. 5.3 as a source te rm, it must be considered solely as a bound
a ry condition for three-dimensional dispersion. Although not explicitly 
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s t a t e d in W a d a ' s p a p e r s , it i s a s s u m e d he i s u s ing Qo in th i s m a n n e r w h e n 
e v e r he is c o n s i d e r i n g hea t l o s s in a t h r e e - d i m e n s i o n a l p r o b l e m . F o r t w o -
d i m e n s i o n a l d i s p e r s i o n , the Qo t e r m in Eq. 5.3 can ju s t i f i ab ly be i n t r o d u c e d 
in the d i f fe ren t ia l equa t ion . 

TABiE 5.1 Main Processes of Heat Exchange at Water Surface Used in Evaluation of QQ (frof^ Ref, 71 

Process ot Heating Ihe Sea Basin 

1. Absorption of radiation from Ihe sun and Ihe sicy. 

Qs • Q^U-r } 

2. Convection of sensible heat from atmosphere, Q^ 

3. Condensation of vapor, Qg 

4. Addition of waste heat from power plant, 

Qc • S f l l . r l l j t T c - U - D T I 

Process of Cooling Ihe Sea Basin 

1. Back radiation from the sea surface, 

Q|) • o I T * Z 7 3 ) [ l - a - b v ' ^ ( v ] ( l - K n ) 

2. Convection of sensible heat to atmosphere, 

% • h a " a - " 

3. Evaporation. 

Qg • kle(Tg)-e(TH 

I 

3, b 
elTal 

radiation energy from sun and sky. 
average reflectance over integration period, 
water temperature in surface layer. 
Stefan-Boltzmann's constant for black-body radiation. 
constants. 

the saturation vapor pressure at the sea surface in mbars. 
K - coefficient depending on the cloud height. 
n • cloudiness on scale l-IO. 

la • atmospheric temperature. 
e(TI • saturation pressure for water temperature, 

ha • heat-transfer coefficient I- 2.77X 10-%-18 + 0.272V)]. 
k ' mass-transfer coefficient (k := 2h), 

Qj • Inlalce discharge of cooling water. 
A • surface area of bay. 
r • mixing ratio from upper layer. 

Tc • rise of water temperature added by condenser of power plant. 
T() • water temperature in bottom layer. 

Fig. 5.2 

Schematic Diagram of Pro
cesses for Heat Balance'' 

The second t e r m (diffusion t e r m ) in E q . 5.3 is in a n o n s t a n d a r d , 
u n r e c o g n i z a b l e f o r m . The u s u a l e x p r e s s i o n for tha t t e r m in k i n e m a t i c 
uni ts is g iven in s t a n d a r d t ex t s a s 

The r a t i ona l e for that f o r m is u n c l e a r to u s . * 

*One can only speculate (this is pure speculation) that the use of Eq. 5.3 by Wada is a method of linearization 
to achieve stability for his numerical schemes. 
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Each of the three models predicts the tempera ture distribution of a 
heated shoreline surface discharge from a rectangular outlet using finite-
difference methods. Model 1 predicts the three-dimensional temperature 
dispersion of a thermal plume in the presence of a steady, uniform shore-
paral le l current allowing for bottom effects. Model 2 is two-dimensional 
with no ver t ical variations considered. The flow is established first from 
the uncoupled hydrodynamic equations (Eqs. 5.1 and 5.2), and the resulting 
velocity distribution is fed into the energy equation (Eq. 5.3) to calculate 
the thermal diffusion. Model 3 is two-dimensional but considers longitu
dinal and ver t ica l motion only. Interaction of flow and temperature is 
handled by the t rea tment of the entire coupled set of equations (Eqs. 5.1-5.4). 

Unfortunately, the full details in the development of these models is 
not given in Wada's papers . The careful reader is generally more satisfied 
with Wada's formulation of his problems and his discussion of the predicted 
resul ts than in the prec ise form and manipulation of his differential 
equations. One gets the vague feeling that Wada somehow has done correct 
solutions, although at t imes his work may seem incorrec t or hard to follow. 

Each of Wada's models will now be discussed in more detail. Gen
era l comments applicable to the three models appear at the end of the model 
descriptions . 

c Model 1: Thermal Diffusion of Cooling Water in Three Dimensions (1965) 

(1) The Physical Situation and Basic Equation. Wada considers the 
problem of three-dimensional thermal diffusion of power-plant heated-water 
discharges for homogeneous and stratified bays (or lakes) . The outfall con
figuration is i l lus t ra ted in Fig. 5.1. A steady uniform current is assumed 
to be shore -para l le l and tends to advect the warm-water downcurrent. The 
other p rocesses affecting heat dissipation are assumed to be thermal diffu
sion governed by the ambient lake turbulence and heat loss to the a tmos
phere . Any effects result ing from a possible jet- l ike effluent flow near the 
discharge a re neglected. The heated water is assumed to act like a surface 
plume from the point of discharge with ambient turbulence pr imar i ly domi
nant in the field of flow. The equation to be solved then is (see previous 
footnote). 

U ^ l = a y^ 5 T \ ^ 5 /Ky 9 T \ ^ A f i ^ E i l . ' \ ^ 
3x 3x\ p 3x / 3y\ p 3y/ 3z \ p 3 z / pcpH.gy 

Qo (5.6) 

where 

T = tempera ture of the bay water, 

U = constant velocity of the c rosscur ren t paral lel to 
shoreline (xaxis ) , 

K-,, Ky, K^ = eddy thermal diffusivities in x, y, z direct ions, 
respectively. 
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a n d 

p = d e n s i t y of t h e p l u m e w a t e r , 

Qo = h e a t l o s s f r o m t h e b a y s u r f a c e , 

H\^, = d e p t h of p l u m e , 

Cp = s p e c i f i c h e a t of w a t e r . 

A l t h o u g h W a d a i n c l u d e s t h e n e t - s u r f a c e - h e a t - l o s s t e r m i n t h e 

d i f f e r e n t i a l e q u a t i o n , t h e Qo t e r m i s a b o u n d a r y c o n d i t i o n a n d i s t r e a t e d a s 

s u c h . T h e c o e f f i c i e n t s of t h e r m a l d i f f u s i o n K x , K y , a n d K z a r e a s s u m e d 

c o n s t a n t i n t h e e n t i r e r e g i o n of i n t e r e s t ; W a d a j u s t i f i e s t h i s a s s u m p t i o n b y 

r e f e r r i n g t o f i e l d o b s e r v a t i o n s m a d e of t h e t e m p e r a t u r e a n d v e l o c i t y of 

f l o w i s s u i n g f r o m t h e M i z u s h i m a S t e a m P o w e r P l a n t l o c a t e d o n M i z u s h i m a B a y 

i n 1 9 6 4 , w h i c h y i e l d e d e s s e n t i a l l y c o n s t a n t t h e r m a l d i f f u s i v i t i e s w h e n t h e 

t e m p e r a t u r e a n d v e l o c i t y d i s t r i b u t i o n s w e r e a n a l y z e d u s i n g a d i f f u s i o n 

e q u a t i o n . T h e t o n g u e - l i k e s h a p e of t h e o b s e r v e d v e r t i c a l a n d h o r i z o n t a l 

t e m p e r a t u r e p r o f i l e s w a s a s e c o n d i n d i c a t i o n t o W a d a t h a t t h o s e c o e f f i c i e n t s 

m i g h t b e t r e a t e d a s a p p r o x i m a t e l y u n i f o r m . 

(2) T h e H o m o g e n e o u s - l a k e C a s e . W a d a f i r s t i n v e s t i g a t e s t h e p r o b 
l e m f o r a n o n s t r a t i f i e d , s i n g l e - l a y e r b a y w h o s e t e m p e r a t u r e i s u n i f o r m l y T^^. 
W i t h i n t h e p l u m e i t s e l f t h e a u t h o r n e g l e c t s v e r t i c a l a n d h o r i z o n t a l d e n s i t y 
d i f f e r e n c e s i n d i c a t i n g a f u l l y - m i x e d p l u m e a s s u m p t i o n . E q u a t i o n 5 .6 r e 
d u c e s t o 

U 
3T 

K^ 
d^T d^T 3^T 

^ %a7""^ ^^"dP^ 3x " ^ B x ' • - y a y ' • " ^ a z ^ ' p C p H ^ ' 

Bounda ry condi t ions a s s o c i a t e d wi th Eq . 5.7 a r e 

T = To at y = 0, - B s x s B, and 0 £ z s H ^ ; 

ST 
-r— = 0 a t y = 0, and -B > x > B (no hea t flux a t s h o r e 

b o u n d a r y ) ; 

a n d 

5^T 
a t z = 0, and y > 0 (g rad i en t of t e m p e r a t u r e a s 

a funct ion of depth is v e r t i 

ca l a t the s u r f a c e ) . 

T = Tjj as a d i s t r i b u t i o n of v e r t i c a l t e m p e r a t u r e a t a l l 
longi tudina l and l a t e r a l p o s i t i o n s " inf ini te ly 
f a r " f r o m the out le t . 

3T _ „ 
Q - 0 a t z - H.̂ y (no hea t f l uxbe low the p l u m e b o t t o m ) . 

(5.7) 

(5.8) 

(5.9) 

• ( 5 . 1 0 ) 
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Wada solves the elliptic differential equation (Eq. 5.7) by the 
method of finite differences. He first makes the transformations 

/K^ 
-.. I =-

/K^ 
:• Tl and C 

TK; 

to give 

5T _ a ' T 3 ' T 3 ^ T 

^ 3 1 - 35^ +311^ dC^ • 

(5.11) 

(5.12) 

Th i s t r a n s f o r m a t i o n wi l l y i e ld a so lu t ion i ndependen t of diffu
s i v i t i e s , w h e r e the s c a l e f a c t o r s w e r e c h o s e n to p e r m i t s t a b i l i t y for the 
s u b s e q u e n t n u m e r i c a l s c h e m e . The {§, T], Qj s p a c e i s subd iv ided as u s u a l 
by a m e s h wi th node po in t s % = m h , Tl = nah , C, = pph (h is the m e s h width 
in the % d i r e c t i o n , and a, p a r e coef f ic ien t s ind ica t ing node spac ing in T], £ 
d i r e c t i o n s , w h e r e m , n, p = 0, ±1, ±2, . . . ) . 

Us ing c e n t r a l - d i f f e r e n c e a p p r o x i m a t i o n s for the d e r i v a t i v e s 

ST T ( g + 1 , T | , C ) - T ( 5 - 1,T1,C) 
3 | ^ 2h 

a ' T T(g+1,T1, C) - 2T(g,T1. £) + T(g - 1,1], £) 
3§^ " h^ 

3^T T(g ,T1+ l ,C) - 2T(g. 11, £) + T(g ,11- 1, Q) 
3T1^ oiV 

and 

( 5 . 1 3 ) 

I f T T(g,T], £ + 1 ) - 2T(g,Tl, Q) + T(g,T], £ - 1) 
3C^ " p^h^ 

Eq . 5.12 y i e l d s ' t h e so lu t ion for T ( | , T], £) a s a w e i g h t e d a v e r a g e of i t s four 
n e i g h b o r i n g noda l p o i n t s . 

T(5 , Tl. £) = ; { ( l - f ) T(? + 1. -q. C) + ( l + f ) T(5 - 1, 

+ - ^ [ T ( 5 , T 1 + 1 , C ) + T(§,T1- I , C)] 

+ - ^ [ T ( 5 , Tl, C + l ) + T ( | , n , £ + l ) ] | . 

Tl. C) 

(5.14) 

Wada s o l v e s E q . 5.14 by the m e t h o d of s u c c e s s i v e o v e r r e l a x 
a t i o n . A c c o r d i n g to th i s t e c h n i q u e , a f i r s t g u e s s i s m a d e for the so lu t ion 
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T(§, Tl, Q) at each nodal point. The second and all subsequent approximations 
can be made by substituting the values determined at the previous step into 
the right-hand side of Eq. 5.14 to yield the next improved approximation. An 
overrelaxation factor A is used to speed up the convergence. If T ( ' ^ ' ( 5 , T|, Q) 
denotes the kth approximation to the solution, the method is represented by 

R^ ' ' \ | . Tl, C) = 

^(•V*F) 
2 ) • 

T ' ' ^ \ § + 1, Tl "*('*f)' ,(k+i) (§-l .Tl,C) 

+ -^[T(k+')(5,Tl+l,£) + TW(5,Tl- 1,£)] 

+ 1 [T( '^+ ' ) (5 ,T1, C+l) + T(k)(5,Tl, £- l ) ] l - T W ( 5 , T 1 , £ ) (5.15) 

and 

T^l^+'td, Tl, C) = TM{1. Tl, C) + A X RM{1. Tl, £) (5.16) 

with 1 < A < 2. R ( ' ^ ' ( 5 , T), £) is the residual at the kth step, where, as can 
be seen from Eq. 5.15, only the latest values at the node points are used. 
This method of successive overrelaxation converges faster than the well-
known Gauss-Seidel method (A = 1), often used for elliptic partial differ
ential equations. The proper choice of the relaxation factor A determines 
the rate of convergence of the method. Wada found that a suitable approxi
mation to the optimum value was Aopt = 1-80 for both two- and three-
dimensional applications. This choice yielded 0.89 x 10"' as the sum of 
the squares of the residuals after 100 iterations (for the three-dimensional 
case to be described). More details on the determination of Aopt ^^^ given 
in Ref. 5. 

Iterations by the above method should be continued until 

(n) _ ,p(n-i) (5.17) Rn = max RC^^ = T "^' 

all nodes 

is less than some prescribed tolerance 

Results of the numerical computations are illustrated in 
Figs. 5.3-5.8 for X = 0.3 and \ = 0 (no crosscurrent ) . The outlet size in 
?-£ coordinates is ?^ = 4.0, Q^ = 1.0. The outlet temperature is 35°C with 
an ambient temperature of 30°C. For this sample situation, no surface heat 
loss is assumed (Qj = 0). Figure 5.3 (X = 0) and Fig. 5.6 (X = 0.3) give ver
tical temperature distributions along the Tl axis perpendicular to the shore
line. Figure 5.4 (X = 0) and Fig. 5.7 (X = 0.3) represent the horizontal 
distribution at the surface and at a depth £ = 1.4. Finally, Fig. 5.5 (X = 0) 
and Fig. 5.8 (X = 0.3) show vertical temperature profiles for T] = 0, 1.6, 
and 4.0 parallel to the shore. 
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Fig. 5.6 

Vertical Distribution of Water Temperature along the 
7) Axis Perpendicular to the Shore: X = 0.3 (Ref. 1) 
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Fig. 5.8. Vertical Distributions of Water Temperattire 
at Various Sections Parallel to the Shore at 
t| = 0, 1.6 and 4.0: X = 0.3 (Ref. 1) 

(3) The S t r a t i f i e d - l a k e S i tua t ion . The p r o b l e m of t h e r m a l diffusion 
in t h r e e - d i m e n s i o n s in the p r e s e n c e of a s h o r e - p a r a l l e l c r o s s c u r r e n t within 
an in i t i a l ly s t r a t i f i e d bay or lake is handled in a s i m i l a r m a n n e r . Wada 
u s e s a t h r e e - l a y e r m o d e l for a s t r a t i f i e d bay (see F i g . 5.9) w h e r e the upper 
l a y e r is of u n i f o r m high t e m p e r a t u r e , fol lowed by the t h e r m o c l i n e , an 
i n t e r m e d i a t e l a y e r of l a r g e t e m p e r a t u r e g r a d i e n t , w i th f inal ly a hypol imnion 
of u n i f o r m low t e m p e r a t u r e . The prof i le of F i g . 5.9 c l o s e l y a p p r o x i m a t e s 
the s u m m e r t h e r m a l g r a d i e n t found in field o b s e r v a t i o n s of the n e a r - s h o r e 
a m b i e n t r eg ion of M i z u s h i m a Bay c lose to the M i z u s h i m a P o w e r P l a n t . 
F o r a s t r a t i f i ed bay (or l ake) , Wada c o n s i d e r s d e n s i t y v a r i a t i o n s in the 
uppe r l a y e r z < Hy/ of the p l u m e . Hy, i s def ined a s the dep th of the upper 

Oijlle(Tc = 3yC 

\ o ^ * 6 s 10 i; . 
\na—r.'i I iw—VU 'jt»—••' y^ / T " 

10 W * ^ ^ Bn "m—L '0 

liLi—isr'»<—'m—w—Vi—u ••' 

Fig. 5.9. Vertical Distribution of Water Temperature 
along the i) Axis Perpendicular to the Shore^ 
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l imit of the thermocline layer and measures the thickness of the initially 
i so thermal upper layer . Wada divides the problem solution into two par ts : 

(a) Solution of Eq. 5.6 with density related to temperature 
given approximately as 

P = Po( l -aT) 

and with the surface heat loss t e rm QQ included for the 
upper layer of the lake z < Hy,. 

(b) Solution of Eq. 5.7 for the two lower layers z > Hy, with 
Qo = 0. 

Wada considers there to be a natural division at z = Hw in the 
bay or lake between physical p roces ses . Surface heat inputs and turbulent 
diffusion a re important for the upper layer . Simple internal diffusion r e 
sulting from nonuniform tempera ture conditions at different boundaries for 
the lower layer dominate that lower region. Boundary conditions used to 
solve the complete problem are ; 

(a) T = To at y = 0. -B s X <: B and 0 ^ z s H. 

(b) r̂— = 0 at y = 0, and -B > x > B (no heat flux at shore oy , boundary). 

3^T 
(c) -̂  2 = 0 at z = 0 and y > 0 (vertical temperature gradient at 

the surface). 

(d) Vertical distribution of ambient water temperature s imilar to 
that shown in Fig. 5.6 is specified for the bay or lake region 
"infinitely far" from the outlet. 

(e) T = T ĵ (constant bottom layer water temperature) at z = z^ 
(bay or lake bottom). 

(Wada's papers do not give details on the precise method of the matching of 
the two solutions at z = Hy,.) 

To solve Eq. 5.6 with p variable , the transformations (Eq. 5.11) 
a re made once again after the form for the density variation has been sub
stituted to yield 

3T ^ 3^T , I f X _3fT 
3§ " 3§^ STl̂  5£2 

, , _ > , o J. o i. , O 1 , 

p„(l - aT) X ^ = ^TT + ^ ^ + y72 

1 - aT m'<w'<y + Bn + BiT, (5.18) 
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•where 

Bn 
bo 

. Bl 
bi 

- p " w 
(5.19) 

(5.20) 

This s e m i l i n e a r , e l l ip t i c p a r t i a l d i f f e r en t i a l e q u a t i o n is so lved 
in the s a m e m a n n e r as the l i n e a r one d e r i v e d above for c o n s t a n t p. Using 
the s a m e f o r m for the c e n t e r e d f i r s t and s e c o n d d i f f e r e n c e s , the so lu t ion 
T(5, Tl, £) to the r e s u l t i n g d i f fe rence equa t ion m a y be w r i t t e n i m p l i c i t l y , 
when a = p = 1, as 

T(5,T1, £) = ( F I X T ( | + l.Tl. £) + F2 X T ( § - 1,T1, £) 

+ F4[T(5 ,T1+1 ,£) + T ( | , T 1 - 1, £) + T( | ,T1, £ + 1 ) 

+ T(5 , Tl, £ - 1)] + F 5 X Bo + F 6 [ [ T ( § + 1 , T 1 . £) 

- T ( 5 - l.Tl, £) ] ' + [T(5, Tl+1,£) - T ( | , T 1 - 1, £) ] ' 

+ [T(5.T1, £ + 1 ) - T d . T l , £ - 1)] '}[!-0 - a X T(5 , T), £)]" ' ) 

T {1.0 - F 3 [ T ( | + 1 , T 1 , £) - T ( 5 - l.Tl, £)]} 

•where 

F l = (1.0 - p„Xh/2.0)/(6.0 + Bjh^), 

F2 = (1.0 + p„Xh/2.0)/(6.0 + Bih^), 

F 3 = (PgaXh/2.0)/(6.0 + Bjh^), 

F4 = 1.0/(6.0 + Bih^), 

F 5 = h y ( 6 . 0 + Bih^). 

and 

F6 = a /4 .0 (6 .0 + Bih^). 

(5.21) 

The s u c c e s s i v e o v e r r e l a x a t i o n m e t h o d as d e s c r i b e d above is 
u s e d again , w h e r e 

T(k+i)(5, Tl, £) = T(k)(5, Tl. £) + A X R(k)(§, Tl. £), (5.22) 

with R^ ' (5 . Tl, £) equal as u s u a l to the d i f fe rence b e t w e e n the r i g h t - and left-
hand s ides of Eq . 5.20; and w h e r e T(§+ l', Tl, £), T(5 , Tl- 1. £). T(§, Tl. £ - 1). 
and T( | ,T1, £) a r e eva lua t ed a t t i m e k; and T ( § - 1, Tl, £), T ( | . T1+ 1. £), and 
T(5. T). £+ 1) a r e eva lua t ed a t t i m e k + 1 . The o p t i m u m va lue for A w a s aga in 
found to be 1.80. The i t e r a t i o n s a r e c a r r i e d out f r o m an in i t i a l g u e s s of the 
t e m p e r a t u r e so lu t ion unt i l a l l the r e s i d u a l s a r e suf f ic ien t ly s m a l l . 
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Results of the numerical solution are given in Figs . 5.9-5.11 in 
nondimensional coordinates for X = 0.1 and X = 0 (no crossflow). In | , Tl. £ 
coordinates, the outfall width is 4.0 with depth 8.0. The temperature of the 
outlet is 35°C, and the ambient bay temperature is 28.5°C. Although not 
stated in Wada's papers , it is surmised that surface heat loss was consid
ered in the boundary conditions for this test case. Figure 5.9 (X = 0 and 
X = 0.1) i l lus t ra tes the ver t ical temperature profile along the T] axis per
pendicular to shore. Figure 5.10 (\ = 0 and X = 0.1) gives the horizontal 
water t empera tures at the surface z = £ = 0 and at depth £ = 4. Finally. 
Fig. 5.11 shows the vert ical profiles at sections T) = 0 and Tl = 4 parallel 
to the shoreline. The effect of the current given by X = 0.1 is small, while 
the effects of thermal stratification are quite significant as can be seen from 
Fig. 5.11. Based on the Mizushima field studies, the horizontal thermal dif
fusivity was found to be about 50 t imes as great as the vert ical , which itself 
was of the order 0.01 m y sec. If the longitudinal and lateral diffusivities are 
each equal to 0.5 m y s e c (in kinematic units), then X = 0.1 corresponds to 
U = 0.23 f t / sec . As before, turbulent diffusion predominates well above 
current advection. 

4 fi n 10 i ; i I S ! IS I? 
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Horizontal Distributions of Water 
Temperature at the Surface and 
the Layer of C = 4 (Ref. 1) 
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(4) Some General Comments. It appears from Figs . 5.9-5.11 that 
Wada's numerical results in the stratified situation do not seem to depend 
on the nonstandard form of Eq. 5.6 (or equivalently Eq. 5.3). assuming, of 
course, that Eq. 5.6 is indeed correc t . Density variation in the standard 
form of the energy equation is, in general, not expected to yield any signi
ficant difference in the prediction of dilutions as long as no flow-energy 
coupling is apparent. Basically, there should be no direct effect of density 
variation, except through the gravity te rm, pg, in the vert ical equation of 
motion. In our experience, there is no field situation in which this s tate
ment does not hold. This essentially is the meaning of the Boussinesq 
approximation. Before variation in p becomes significant in the convective-
diffusion equation, it will have importance in the inert ial t e rms on the left-
hand side of the x, y, and z momentum equations. Most investigators realize 
the unimportance of variations in p in the energy equation and consequently 
work immediately with p constant and with kinematic quantit ies. In short, if 
Eq. 5.6 is correct , the p variation introduced there should not affect the 
numerical resul t s . 

Both the unstratified and stratified cases handled by this model 
do not consider any inertial or "jet-like" mixing of the effluent water with 
the ambient lake. Consequently, the model will apply only from some dis
tance downcurrent at which the ambient turbulence predominates over the 
momentum interaction of the jet and ambient s t ream. The choice of con
stant eddy thermal diffusivities implies that the author is not taking into 
account the warm-water effluent's self-induced stratification. Buoyancy 
(as defined in the summary chart. Table A.l) is not considered, since the 
flow is here uncoupled from the dispersion of heat. 

Based upon a field survey of horizontal and vert ical coefficients 
of diffusion, Wada compared the results of his numerical model to the situa
tions of significant stratification and no stratification. His resul ts yielded 
the following facts: 

(1) For the stratified situation, the discharged water tended to 
mix only with the surface layer and was not diffused into the lower layers 
due to the large stability of the stratified media. 

(2) For a homogeneous bay, the warm-water effluent seemed 
to mix uniformly with the water beneath the surface layers . 

(5) Model Verification. Wada's unstratified bay model has been 
compared to field da t a " taken at the Morro Bay Power Plant of the 
Pacific Gas and Electric Company of California. Assuming. like Wada. 
that the ratio of horizontal to vertical eddy diffusivity was 50 (0.01 mVsec 
for vertical eddy thermal diffusivity) and that the thermocline was suffi
ciently strong to prevent mixing between the surface and bottom water 
layers . Tamai et al. compared Wada's model to the data of Cheney and 
Richards. The precise details of the comparison were not given in Ref. 19, 
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and the theoretical curve fell within the large scat ter of the data. Since 
details concerning the precise application of this model to the Morro Plant 
situation are not known, no further comments regarding the suitability of 
the model to that situation can reasonably be a s sessed . No other compari
sons of Wada's models (l, 2. and 3) to actual thermal-plume data are known 
to exist . 

d. Model 2: Thermal Diffusion in Two Dimensions with Variation in Flow 
Field Included (September 1966) 

(1) The Physical Situation and Basic Equations. The second model 
developed by Wada t rea t s the surface shoreline discharge of heated water 
from a rectangular outlet into a quiescent body of water . The geometry of 
the situation is again i l lustrated by Fig. 5.1. A two-layer model is assumed 
with a warm, vert ical ly uniform layer of water resting upon a colder layer. 
Motion is assumed to be a two-dimensional lateral flow res t r ic ted to the 
upper region (i.e., warmer Awater above the thermocline). The technique of 
solution is f i rs t to obtain the flow^ pattern by ignoring density differences 
and the iner t ia l t e rms in the hydrodynamic equations. These assumptions 
uncouple momentum and heat t ransfer . Then the temperature distribution is 
deduced from the known flow pattern. With the inert ia of the fluid ignored, 
the tempera ture will be a resul t only of turbulent diffusion, advection and 
heat loss . No buoyant convective motions can be present . The flow equa
tions to be solved a re 

and • 

where p is the p re s su re , and A^ and Ay are eddy momentum diffusivities 
in the x and y direct ions, respectively. Equations 5.23 and 5.24 are the 
X and y momentum equations for steady flow, \where density differences are 
ignored and where all inert ial t e rms were assumed very small compared to 
the turbulent t ranspor t and p re s su re t e r m s . Wada solves these equations 
for u(x. y) and v(x. y) by the method of finite differences under the assumption 
that Ax. Ay are constant. With u and v as advective inputs, the two-
dimensional tempera ture distribution becomes the solution of 

3 T ^ ST _ 3 / 3 T \ 3 / bT\ Qp , 

'̂ ŝ  + 3̂7 " s r̂̂ a /̂' ^y\yw) iy^' ^ ' 
where K^ and Ky are the eddy thermal diffusivities in the x and y directions, 
T is t empera tu re . Qo is the surface heat loss to the atmosphere (= b j - b i T ) . 
and Hw is the depth to the thermocline. The above solution method implicity 

file:///where
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assumes that the eddy viscosities of momentum and heat prevail in the 
entire field of flow. In such a case, the shape of the coastal boundary is 
expected to be a strong influence on the flow pattern near the outlet. Wada 
solves the problem for an ideal semi-infinite bay and then for the i r regula r 
coast of Seto Bay. 

It appears that the model can handle a situation of a lake with a 
shore-paral le l current as well as that of a stagnant lake in its prediction of 
the far-field velocity and temperature distribution. The method of solution 
will now be summarized below. 

(2) Derivation of Flow Pat tern. Wada solves Eqs . 5.23 and 5.24 by 
introducing the s t ream function P defined by 

3P 3P , , 

which automatically satisfies the continuity equation 

3u 3v 
3x 3y + — = 0. (5.Z7) 

(Neglecting density differences in the calculation of the flow pattern allows 
the application of Boussinesq approximation to Eq. 5.1 simplifying it to the 
usual continuity equation, Eq. 5.27). Assuming the eddy momentum diffu
sivities Ax and Ay to be constant, cross-differentiation on Eqs . 5.23 and 
5.24 yields 

A ^ (^y 1 A S /^"^^ 
3x3y 

and 

9'p _ . a / a M 3/3^v\ 
3x3y ~ ^'^SxUxV ^ y^[j^) • (5-29) 

Subtracting Eq. 5.29 from Eq. 5.28 eliminates the p ressure 
t e rms . Replacing u and v by Eqs. 5.26 and 5.27, the horizontal motion may 
be written entirely in terms of the s t ream function P as the biharmonic 
equation. 

9''P , ,, , . , 3^P _3iP 
y Sy + (1 + 8 ) ^ ^ + ^ - 4 - = 0, (5.30) 

where 6 m Eq. 5.30 is Ay/Ax. Once P(x, y) is determined, the flow dis t r i 
bution m a bay is established from Eq. 5.26. The solution to Eq. 5.30 is 
calculated by the method of finite differences, again using the successive 
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o v e r r e l a x a t i o n t e c h n i q u e . Dividing the x - y p l a n e in to a t w o - d i m e n s i o n a l 
m e s h w i t h o; = 1 and u s i n g the s a m e c e n t r a l - d i f f e r e n c e f o r m u l a s a s in the 
p r e v i o u s m o d e l , an e x p r e s s i o n is e a s i l y d e r i v e d for P ( £ . Tj) (Wada a s s u m e s 
6 = 1): 

P(?.T1) = 0 . 4 0 [ P ( | + 1 . T 1 ) + P ( | . T 1 + 1 ) + P ( | - l.Tl) + P ( | , Tl- 1)] 

- 0 . 1 0 [ P ( | + 1. T1+ 1) + P ( | - 1, T1+ 1) + P ( | - 1. Tl- 1) + P ( | + 1. Tl- 1)] 

- 0 .05 [P(§ + 2.T1) + P ( 5 . Tl + 2) + P ( | - 2.T1) + P ( § , T l -2 ) ] . (5.31) 

The p r o c e d u r e of so lu t i on is i d e n t i c a l to tha t in the p r e v i o u s 
m o d e l . If P C ^ ' d . Tl) d e n o t e s the k th a p p r o x i m a t i o n of the so lu t ion , the fol
lowing e q u a t i o n is ob t a ined : 

p ( k + i ) ( | ^ Tl) = p W ( | , Tl) + Ap X R W ( § . Tl). (5.32) 

w h e r e Ap i s the o v e r r e l a x a t i o n f a c t o r and R^ ' ( | . Tl) i s the r e s i d u a l a t the 
k th s t e p . 

The b o u n d a r y cond i t i ons on the s t r e a m funct ion P a r e def ined f r o m 

P(x.y) = fdP = 1 ^ dx + 1 ^ dy (5.33) 

J ox °y 

and E q . 5.2 6. F o r po in t s on a s t r a i g h t s h o r e l i n e , 

P = - V o / d x + U o / d y ^ (5.34) 

o r 

P = -VoH, X > H; 

P = VoH. X < - H ; 

P = Vox. | x | s H; 
due to the n o - s l i p cond i t i on a t the s o l i d c o a s t a l b o u n d a r y , w h e r e Uo and Vo 
a r e the i n i t i a l v e l o c i t y c o m p o n e n t s in the x and y d i r e c t i o n s , r e s p e c t i v e l y . 
The b o u n d a r y cond i t i ons for P a r e i l l u s t r a t e d for the s t r a i g h t s h o r e l i n e , 
s e m i - i n f i n i t e b a y c a s e i l l u s t r a t e d in F i g . 5 .12. (Wada d o e s not p r o v i d e the 
c o m p l e t e d e t a i l s of h i s cho i ce of b o u n d a r y v a l u e s for P a t the o t h e r t h r e e 
s i d e s of the m e s h b o u n d a r y in any of his p a p e r s . ) 

Us ing the i t e r a t i v e t e c h n i q u e a s s e t down by the o v e r r e l a x a t i o n 
m e t h o d to so lve d i f f e r e n c e E q . 5.31 u n d e r b o u n d a r y cond i t i ons d e t e r 
m i n e d by E q . 5.32. a s o l u t i o n for P ( § . Tl) m a y be o b t a i n e d for any i r r e g u l a r 
s h o r e l i n e c o n f i g u r a t i o n . F i g u r e s 5.13 and 5.14 c o m p a r e the r a t e s of con 
v e r g e n c e of t h i s i t e r a t i v e m e t h o d for a s e m i - i n f i n i t e s e a b a s i n and an 
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i r r e g u l a r s h o r e l i n e c o n t o u r . T h e c o n v e r g e n c e i s s e e n t o b e s l o w i n b o t h 

c a s e s , b u t e v e n s l o w e r f o r i r r e g u l a r l y s h a p e d S e t o B a y . 

A semi-infinite sea basin 

Infinitely far off outlet 

Fig. 5.12 

Establishment of Boundary Values 
for Semi-infinite Sea Basin^ 
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Fig. 5.13. Rate of Convergence of Biharmonic 
Type for Sertii-infinite Sea Basin^ 

Fig. 5.14. Rate of Convergence of Biharmonic 
Type for S. Bay^ 

F i g u r e s 5 . 1 5 - 5 . 1 7 p l o t i s o l i n e s of c o n s t a n t u a n d v v e l o c i t i e s , 

a n d t o t a l v e l o c i t y W u n d e r i n p u t c o n d i t i o n s Uo = 0, Vo 1 m / s e c , B = 20 m . 
H 1 m f o r a s t r a i g h t s h o r e l i n e a n d a s e m i - i n f i n i t e l a k e . T h e i n i t i a l d i s 

c h a r g e r a t e i s Q = VoBH = 20 m ' / s e c . ( W a d a d o e s n o t s t a t e w h e t h e r a 

s h o r e - p a r a l l e l a m b i e n t c u r r e n t i s b e i n g c o n s i d e r e d i n t h i s s a m p l e 

c a l c u l a t i o n . ) S i x t y - f i v e e q u i d i s t a n t l a t t i c e p o i n t s w e r e t a k e n i n e a c h of t h e 

5 a n d Tj d i r e c t i o n s f o r t h e f i n i t e - d i f f e r e n c e n e t . U n d e r t h e s e c o n d i t i o n s , i t 
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Fig. 5.15 

Distribution of x Component, u, 
of Surface Velocity (WQ = 1 m/ 
sec, WQ: outfall velocity)^ 
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Fig. 5.16 

Distribution of y Component, v, 
of Surface Velocity (WQ = 1 m/ 
sec, WQ: outfall velocity)^ 

Fig. 5.17 

Distribution of Surface 
Velocity (WQ - 1 m/sec, 
WQ: outfall velocity)^ 
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can be seen that the velocity decay is rapid with distance offshore. F rom 
Fig. 5.16. the initial velocity of 1 m / s e c drops to 50 cm/sec at a longitudinal 
distance of 25 m along the plume centerline and 10 cm/ sec at 100 m down
s t ream. Table 5.2 lists the maximum range of influence of the flow (defined 
as the area of the basin with velocities greater than 10% of the outfall 
velocity) versus the rate of discharge. 

TABLE 5.2. Maximum Range of Influence of Flow 
by Outfall of Warmed 

Cooling-water Flow Q, m' ' /sec: 

Maximum range of influence of flow 
(distance from outlet: m) 

Cooling Water ' 

20 

60 

40 60 

120 180 

80 

240 

100 

300 

(3) Derivation of Temperature Distribution. Once the s t r eam func
tion has been determined and u and v have been evaluated from Eq. 5.26. the 
thermal-diffusion equation (Eq. 5.25) may be solved. Making the 
transformation 

^̂  = T ; ^ { " - ! ; ) • ^'-''^ 

where Tg is the ambient temperature of the upper layer, Eq. 5.25 becomes 

3T2 ST, 3 / 3 T , \ 3 / a T , \ 

" - 3 ^ + ^ ^ + ^ ' T ^ = ^ K ^ j + ^ K - ^ ) . (5.37) 

TJ at the outlet will be 

^^ = T ^ ( T » - | 7 > (5.38) 

far offshore, Tj will achieve the value 

^^ = T 7 ^ ( T S - | ^ ) - (5.39) 

Because the difference between these values is 1.0, the linearity of Eq. 5.37 
allows the boundary conditions for Tj to be taken as 

(a) T2 = 1.0 at the outlet. 

(b) T2 = 0.0 sufficiently far offshore where the ambient lake 
water will be unaffected by the heated discharge. 

(c) (3T2/3n)(x, y) = 0 for all shoreline points, where n r ep re 
sents the direction normal to the shore 
at a given (x, y). 
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The solution under boundary conditions a and b is then added to the expres
sion defined by Eq. 5.39 to yield the old Tj temperature distribution defined 
in Eq. 5.36. The complete solution for T is determined by solving Eq. 5.36 
for T in t e rms of the T^ just evaluated. 

Equation 5.37 is written in finite-difference form and solved by 
overrelaxation as described before using boundary conditions a -c . The de
tails are not described in Wada's papers . This method may also be applied 
for an a rb i t ra r i ly shaped shoreline. Boundary condition b assumes that the 
discharged water does not influence the most distant lake points. Wada in
troduces an al ternate boundary condition for condition b. which states that 
the thermal gradient remains constant at "infinite" distances from the out
fall. Figure 5.18 compares the two methods of setting up the boundary con
ditions. Wada a s se r t s that the two methods approach each other when there 
is a good deal of surface heat loss or when the temperature gradient near 
the surface is smal l . 

Outlet 

Innermost of b 
0 Infinite boimdiiry 

moutli of ba.v 

Fig. 5.18. Comparison of "Zero Temperature" and Constant-thermal-gradient Methods 
of Setting Up the Distance-boundary Condition on Temperature^ 

Wada d e r i v e s the t w o - d i m e n s i o n a l t e m p e r a t u r e d i s t r i b u t i o n p r e 
d i c t e d by the above m e t h o d u s i n g the in i t i a l cond i t ions in the s a m p l e p r o g r a m 
d e s c r i b e d above and the c a l c u l a t e d flow p a t t e r n . The b o u n d a r y condi t ions for 
the n u m e r i c a l so lu t ion a r e : 

(a) The discharge temperature Tj is 1.0. 

(b) The limit of calculations established by the three lines is 
I = -32.5. C = 32.5. Tl = 65. These boundaries represent infinity in the 
numerical simulation. The thermal gradient is taken as constant here . 

(c) Thermal flux is zero normal to the shore boundary. 

(d) Meteorological data are taken as (typical summert ime con
ditions for Mizushima Bay in Japan): 

Average atmospheric temperature : T̂ ^ = 28.5°C 
Average wind speed: V = 3.3 m / s e c 
Relative humidity: f = 79% 
Cloud cover: n = 6.3 
Coefficient depending on cloud height: K = 0.083 
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R i s e of w a t e r t e m p e r a t u r e added by 
c o n d e n s e r power plant : 

A m b i e n t lake t e m p e r a t u r e (upper l a y e r ) : 
Hypo l imnion t e m p e r a t u r e ( lower l a y e r ) : 
T h e r m o c l i n e depth: 
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Fig. 5.19. Distribution of Water Temperature 
in Surface Layer 

I s o t h e r m s of the r e s u l t i n g 
n u m e r i c a l so lu t ion c o r r e s p o n d i n g 
to the ve loc i t y d i s t r i b u t i o n s g iven 
in F i g s . 5 .15-5 .17 a r e p lo t ted in 
F i g . 5 .19. The do t t ed i s o t h e r m s 
r e f e r to the c o r r e s p o n d i n g so lu t ion 
when the b o u n d a r y cond i t ion T^. = 0-0 
is u s e d for the " in f in i t e" b a s i n bound
a r i e s . In t e r m s of the a c t u a l t e m 
p e r a t u r e T, Wada c a l c u l a t e d a r e a s 
wi th in i s o t h e r m s to d e t e r m i n e the 
r a n g e of inf luence of the e x c e s s t e m 
p e r a t u r e . Tab le 5.3 shows the a r e a s 
wi th in the 1°C i s o t h e r m for d i f fe ren t 
i n i t i a l flow r a t e s . F i g u r e 5.20 shows 
the r a t e of d e c a y of v e l o c i t y and t e m 
p e r a t u r e a long the p l u m e c e n t e r l i n e . 
The f i g u r e s for v e l o c i t y and t e m p e r a 
t u r e d i s t r i b u t i o n i l l u s t r a t e the dif
f e r e n c e be tween the p h e n o m e n o n 
i n v e s t i g a t e d by Wada (eddy v i s c o s i t i e s 
p r e d o m i n a n t in the e n t i r e flow reg ion) 
and tha t of j e t flow tha t u s u a l l y p r e 
v a i l s in the v ic in i ty of an out fa l l . 

(4) Some G e n e r a l C o m m e n t s . 
The h y d r a u l i c s of the flow m a y be 
o v e r s i m p l i f i e d wi th the a s s u m p t i o n 
of a fully m i x e d l a y e r above the t h e r 
m o c l i n e . F o r a r e g i o n c l o s e to the 
s o u r c e , a t l e a s t , the flow i s g e n e r a l l y 
t h r e e - d i m e n s i o n a l . Obta in ing the flow 

TABLE 5.3. Maximum Range of Influertce of Wa te r - t empe ra tu r e 
Rise by Outfall of Warmed Cooling Water^ 

Cooling Water Flow Q, m / s e c : 20 

Maximum range of influence 
in which water t empera ture 
of sea basin r i s e s 1°C 

Its influenced area : m^ 

460 

17,8 X IO* 

40 

920 

71.3 X 10'' 

60 

1380 

160.5 X IO* 

80 

1840 

285.4 X IO* 

100 

2300 

446.0 X 10* 

file:///e9fftjf
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30 

"'in 

Outflow velocity Vo—1 m/stc 
Height of outleti: ] m 

Fig. 5.20. Process of Diminition of Flow and Water Temperature in Sea Basin̂  

p a t t e r n by n e g l e c t i n g any d e n s i t y v a r i a t i o n s i m p l i e s tha t t he m o d e l m a y be 
app l i ed only for v e r y s m a l l d e n s i t y d i f f e r e n c e s . F u r t h e r m o r e , j e t e n t r a i n 
m e n t was not c o n s i d e r e d ; t h e r e b y the a n a l y s i s wi l l b e c o m e l e s s a c c u r a t e 
for l a r g e r F r o u d e n u m b e r s . As wi th Model 1, Model 2 i s su i t ab l e so le ly 
In t he fa r f ie ld due to the n e g l e c t of i n e r t i a l (jet) m i x i n g . F i n a l l y , the m o d e l 
i s s t r i c t l y a p p l i c a b l e only when a n a m b i e n t c r o s s c u r r e n t does not affect the 
flow and no b o t t o m s lope i n t e r f e r e s wi th d i s p e r s i o n . The fact t ha t no a m 
b ien t c r o s s c u r r e n t i s a s s u m e d m a y be a l im i t i ng f ac to r in the m o d e l ' s 
a p p l i c a t i o n . 

e. Model 3: T h e r m a l Diffusion with I n t e r a c t i o n b e t w e e n F l o w and Heat 
T r a n s f e r (1968) 

(1) P h y s i c a l S i tua t ion and B a s i c E q u a t i o n s . The m o d e l equa t ions 
of Wada Model 3 r e p r e s e n t a t o t a l - f i e l d d e s c r i p t i o n upon p r o p e r f o r m u l a 
t ion of d i f fus iv i t i e s in the v a r i o u s r e g i o n s of flow. The i n e r t i a l t e r m s a r e 
i nc luded in the e q u a t i o n s of m o t i o n of the h e a t e d effluent, which a l lows for 
a d e s c r i p t i o n of m o m e n t u m flow; yet a f a r - f i e l d f o r m for v e r t i c a l eddy 
d i f fus iv i t i e s i s s u g g e s t e d in W a d a ' s p a p e r s . While th i s m o d e l m a y a p p e a r 
to be u n i v e r s a l it i s not b e c a u s e , in g e n e r a l , i t n e g l e c t s l a t e r a l s p r e a d i n g 
and p o s s i b l e c r o s s c u r r e n t i n t e r a c t i o n s . Thus t h i s m o d e l can only be q u a l 
i t a t i ve and should be u s e d only for ob ta in ing p h y s i c a l i n s i g h t . 

Wada a p p l i e s h i s m o d e l to a j e t s i t u a t i o n in a s a m p l e p r o b l e m . 
H o w e v e r , for con t inu i ty of p r e s e n t a t i o n of W a d a ' s work , we have t a k e n 
the l i b e r t y to d i s c u s s and r e l a t e to Wada Model 3 a s a f a r - f i e l d 
d e s c r i p t i o n . 
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For heated discharges, the field of flow changes the water-
temperature distribution, and conversely, warm-water diffusion affects 
the field of flow. This interaction of the discharge buoyancy and the flow 
field may be important during initial dilution for lower Froude numbers , 
during transition flow, and/or during far-field dispersion when density 
gradients a re still significant. The study of this interaction is at the basis 
of Wada's most recent diffusion model. He considers a surface shoreline 
discharge into an initially unstratified lake or bay where surface heat loss 
to the atmosphere is accounted for and where spatial variations are assumed 
to take place only longitudinally and vertically. The outfall geometry is 
again illustrated by Fig. 5.1. The energy-flow interaction is t reated by 
solving the coupled hydrodynamic and heat-energy equations (Eqs. 5.1-5.4) 
by allowing for variations in the y and z directions only. Using the 
Boussinesq approximation throughout, these equations reduce in the 
present case to 

3v 3w „ , ^ s 

3v 3v 3p 3 / . 3v \ 3 / . 3v \ 
" 3 7 ^ * 3 1 = - 3 7 ^ ^ K 37)^ ^ r ^ 3 r ) ''-^'^ 

3w . 3w 3p 3 / . 3w\ 3 / 3w \ 

and 

3T 3T 3 /Kh 3 T \ 3 /KZ axA 

^ 3 7 + ^ 3 7 = ^ 1 — 3 7 ^ 3 ^ 1 - ^ 3 7 ; (5.43) 

with p given approximately by 

p = Po(l - aT) (5.44) 
and where 

and 

Ajj. A2 = horizontal and vertical eddy momentum diffusivities, 

^h ' ^z " horizontal and vertical eddy thermal diffusivities. 

v, w = velocity in y, z directions, respectively, 

y. z = longitudinal and vertical directions, respectively. 

(^) Model Derivation. From the Boussinesq approximation, density 
variations in the inertial te rms of the equations of motion were neglected, 
but the pg te rm in the vertical equation of motion was retained due to the 
relative size of g. Wada solves Eqs. 5.1-5.4 with Eq. 5.5 in t e rms of the 
s t ream function P defined by 
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SP 3P , . ._, 
V = 3 — , w = -rr— (5.45) 

oz oy 

and the vorticity defined as 

I / 32p 32p\ ,^ ^,. 

Equation 5.40 is satisfied from the definition of P . Equa
tions 5.41 and 5.42 are combined to yield the one equation for the vorticity 
transfer §; this is done by cross-differentiation of Eqs. 5.41 and 5.42 and 
subtraction to eliminate the p ressure p. The resul t becomes 

/3p 35 3p 35\ 3T , / . 3^1 . b^l\ 

3 /3Az 3w\ 3 /3Az 3v\ 3Az 3^w 3Az 3fv (5 47) 
3y \ 3z 3 z / 3 z \ 3 z 3z/ 3y 3z^ 3z 3z^ 

using the definitions of 5 and P, Eq. 5.44 for p. in addition to Aĵ  « constant 
and Az = Az(y, z). Replacing v and w by the corresponding directional 
derivative of P. Eq. 5.43 becomes 

)*^(^l7) '-«) I P .3T ^ ^ L(^ IT 
3z 3y 3y 3z 3 y \ p 3y 

Equations 5.46-5.48 are then to be solved simultaneously for P, 5. and T. 
The temperature-gradient t e rm in the vort ici ty-transfer equation (Eq. 5.47) 
binds the flow to the thermal diffusion. 

Wada assumes the vert ical eddy coefficients of momentum and 
heat energy to be of the form 

A A , . - m R ; 

Az = Al + Aoe ^ 
and 

Kz = Kl + Koe'^^i 

(5 .49) 

following the work of Mamayev^' on diffusion in the sea, where Ap AQ. Kp 
Kfl. m. and n are empir ical coefficients and Rĵ  is the local Richardson 
number. These vert ical eddy coefficients are the factors that relate heat 
and momentum diffusion to the velocity shear and the vert ical density gra
dient, and represent the influence of stability on the vert ical mixing 
process due to turbulence. Considering the lack of an all-inclusive theory 
relating turbulent t ransfers to mean gradients at all scales and Richardson 
numbers , the semiempir ical results of Mamayev were used and represent 
perhaps as good a first approximation to these coefficients for the sea as 
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can be found in the l i t e r a t u r e . As Wada n o t e s , t h e s e eddy coef f i c ien t s w e r e 
obta ined u n d e r a c o n s i d e r a b l e a m o u n t of e m p i r i c i s m and canno t be e x p e c t e d 
to be va l id for a l l phys i ca l f r a m e w o r k s . 

Wada c h o o s e s Ai, AQ, K I , KQ, m , and n to be c o n s t a n t in s p a c e , 
imply ing that he is a s s u m i n g a m b i e n t t u r b u l e n c e to c o n t r o l the diffusion 
p r o c e s s f r o m the ou t le t . This app l i e s to the spec i f ic f o r m of the t o t a l 
m o d e l capab i l i ty Wada p r e s e n t s in h i s p a p e r s . Using the da ta of J a c o b s e n 
(no r e f e r e n c e given) , he u s e s n = 0.8 and m = 0.4. " T y p i c a l " v a l u e s of 
the o the r e m p i r i c a l coeff ic ients a r e of the o r d e r Kg = 0 .01 , Ki = 0 . 1 , 
AQ = 0 .01 , and A, = 0 . 1 . 

Wada chooses A^ and K^ by speci fy ing the r a t i o s A Z / A J , and 
K Z / K ^ ; in a ca lcu la t ion for a s a m p l e c a s e , he spec i f i e s t h e m a s 0 . 1 . 
(Although not s t a t ed exp l i c i t ly , it is a s s u m e d that Wada was t ak ing a cons tan t 
" a v e r a g e " value for A^ and Kj, in l ight of the p r e d o m i n a n c e of the c o n s t a n t s 
Al and Ki in the f o r m s for Az and Kz and in l ight of the a s s u m p t i o n of the 
a p p r o x i m a t e cons tancy of Aj^ in the d e r i v a t i o n of Eq . 5.47.) 

With the diffusion coeff ic ients of m o m e n t u m and h e a t defined 
above , Wada d e r i v e s a n u m e r i c a l so lu t ion to E q s . 5 .46-5 .48 by an i t e r a t i v e 
t echn ique . In the f i r s t a p p r o x i m a t i o n , the equa t ions a r e so lved neg lec t ing 
the t h e r m a l - g r a d i e n t t e r m in Eq. 5.47. Wada s t a t e s tha t th i s so lu t ion i tself 
can be app l ied to a bay with a negl ig ib le s t r a t i f i c a t i o n or to a h e a t e d effluent 
having v e r y s m a l l g r a v i t a t i o n a l convec t ive m o t i o n s . A second a p p r o x i m a t i o n 
is obta ined by combining E q s . 5 .46-5 .48 and us ing the f i r s t - o r d e r so lu t ion of 
flow and t e m p e r a t u r e jus t ob ta ined . The p r o c e s s is r e p e a t e d un t i l a s a t i s 
f ac to ry a p p r o x i m a t i o n is r e a c h e d . The de t a i l s of W a d a ' s n u m e r i c a l s c h e m e 
a r e not g iven in his p a p e r s . Wada does say tha t he u s e s an a l t e r n a t i n g -
d i r e c t i o n imp l i c i t me thod (the a c c e l e r a t e d L i e b m a n m e t h o d ) in the c a l c u l a 
t ions . M o r e o v e r , the r e s u l t s of only one s a m p l e c a l c u l a t i o n w e r e shown. 
That spec i a l c a se y ie lds phys ica l ly r e a s o n a b l e r e s u l t s and i l l u s t r a t e s the 
n a t u r e of the i n t e r a c t i o n phenomenon be tween flow and t e m p e r a t u r e . 

The spec i a l p r o b l e m c o n s i d e r e d has i t s g e o m e t r y g iven by 
F ig . 5 .1 , whe re the in i t i a l effluent t e m p e r a t u r e TQ is 33°C, t he ( cons tan t ) 
a m b i e n t t e m p e r a t u r e is T^ = 25.0°C, the depth of d i s c h a r g e H = 2m, the 
in i t i a l ve loc i ty U,, = 0.5 m / s e c , and the lake b o t t o m dep th i s 14 m . The 
F r o u d e n u m b e r of the d i s c h a r g e is 2 .3 , imply ing tha t the p h y s i c a l p r o b l e m 
is b a s i c a l l y that of a j e t . Heat t r a n s f e r to the a t m o s p h e r e was c o n s i d e r e d , 
but the specif ic m e t e o r o l o g i c a l data u s e d w e r e not g iven . H o r i z o n t a l dif
fus iv i t ies w e r e defined by KJK^ = K Z / K ^ = 0 .1 , and v e r t i c a l d i f fus iv i t ies 
defined by the M a m a y e v f o r m s given above with KQ = 0 . 0 1 , K, = 0 . 1 , Aj = 
0 .01 , and Ai = 0 . 1 . The t w o - d i m e n s i o n a l t e m p e r a t u r e and ve loc i t y d i s t r i 
but ion along a v e r t i c a l s ec t i on conta in ing the out le t w e r e c a l c u l a t e d n u m e r 
i ca l ly and a r e i l l u s t r a t e d in F i g s . 5.21 and 5.22. 



Fig. 5.21. Water-temperature Distribution along Longitudinal Section^ 
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Fig. 5.22. Velocity Disttibution along Longitudinal Section^ 

Speci f ic v e r t i c a l t e m p e r a t u r e and v e l o c i t y p r o f i l e s a r e i l l u s 
t r a t e d in F i g s . 5.23 and 5.24, w h e r e the f i r s t a p p r o x i m a t i o n (no i n t e r a c t i o n 
of flow and hea t e n e r g y ) and the fou r th a p p r o x i m a t i o n ( i n t e r a c t i o n so lu t ion) 
are p lo t t ed . F r o m the s e t of f i g u r e s , a r e g i o n of in i t i a l e n t r a i n m e n t can 
be s e e n n e a r the d i s c h a r g e wi th a s t ab l e t w o - l a y e r s y s t e m deve loped 
f a r t h e r f r o m the ou t l e t . The d i s c h a r g e d h e a t e d w a t e r can be s e e n f r o m 

Fig. 5.23. Profile of Water-temperature Distribution 
(Kz = Ki+ Koe-'*!, Az = Al + Aoe-"*i)9 
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Fig. 5,24. Variation of Velocity Profile^ 

F i g . 5.22 to be an u p p e r - l a y e r c u r r e n t due to i t s i n i t i a l m o m e n t u m and lower 
d e n s i t y . The s a m e f igure shows a s m a l l back c u r r e n t a t the b o t t o m l a y e r , 
c o m p e n s a t i n g for the a m b i e n t w a t e r los t w a t e r w a r d by e n t r a i n m e n t n e a r the 
ou t l e t . As th i s back c u r r e n t r e a c h e s the v e r t i c a l wa l l of the ou t l e t , it i s 
sucked into the h e a t e d uppe r l a y e r d e c r e a s i n g i t s t e m p e r a t u r e even m o r e 
by e n t r a i n m e n t . 

Right off the out le t . F i g . 5.23 shows tha t the i n t e r a c t i o n so lu t ion 
y ie lds a h ighe r u p p e r - l a y e r ve loc i ty , but a lower c o m p e n s a t i o n v e l o c i t y 
c u r r e n t than the non in t e r ac t i ng so lu t ion . Off the out le t , the "upwel l ing" 
mo t ion and i n c r e a s e d t u rbu l en t i n t ens i t y of flow is s e e n by the g e n e r a l up
w a r d m o v e m e n t of i s o t h e r m s in F i g s . 5.21 and 5.23. H e r e , the d i f fe ren t 
l eve l s of advec t ion be tween the two c o u n t e r - d i r e c t i o n a l flows deve lops a 
dens i t y i n s t ab i l i t y r e f l e c t e d by the R i c h a r d s o n n u m b e r be ing be low i t s 
c r i t i c a l va lue , y ie ld ing m u c h i n c r e a s e d v e r t i c a l d i f fus iv i t ies ( E q s . 5.49). 

At d i s t a n c e s of 40H or m o r e f r o m the out le t , the d i f f e r ences 
be tween the f i r s t and l a t e r a p p r o x i m a t i o n s a r e r e l a t i v e l y s m a l l . Only n e a r 
the outlet , w h e r e a h i g h - t e m p e r a t u r e , h i g h - v e l o c i t y effluent is m i x i n g wi th 
the co lde r lake w a t e r wil l the i n t e r a c t i o n be s ign i f ican t , r e q u i r i n g a n u m b e r 
of i t e r a t i o n s to fully gauge the coupled e f fec t s . F r o m F i g s . 5 .21-5 .24 Wada 
concludes that the e n t r a i n m e n t and r e s u l t a n t mix ing tha t is i n c o r p o r a t i n g 
lower a m b i e n t wa t e r into the p lume p r e d o m i n a t e s o v e r the eddy diffusion 
n e a r the ou t le t . This is in c o n t r a s t to the f a r - f i e l d - l i k e f o r m Wada chose 
for his v e r t i c a l d i f fus iv i t i es . 

The p r e d i c t i o n s of this m o d e l a r e s u p p o r t e d by the o c c u r r e n c e 
of a r e t u r n a m b i e n t flow and consequen t "upwel l ing" m o t i o n o b s e r v e d n e a r 
the out le t of the M i z u s h i m a and Minato T h e r m a l P o w e r P l a n t s in J a p a n . 
V e r t i c a l ve loc i ty and t e m p e r a t u r e p ro f i l e s r e p r e s e n t i n g t h e s e e x p e r i m e n t a l 
o b s e r v a t i o n s a r e p lot ted in F i g s . 5.25 and 5.26. 

(3) Some G e n e r a l C o m m e n t s . Al though W a d a ' s i n t e r a c t i o n m o d e l 
y ie lds phys i ca l ly r e a s o n a b l e r e s u l t s and S u c c e s s f u l l y p r e d i c t s a n u m b e r of 
o b s e r v e d phenomena , it i s doubtful that m a n y f ield s i t u a t i o n s c o r r e s p o n d to 
Wada ' s p r o b l e m . F i r s t , in sp i te of the fact t ha t the a n a l y s i s d e m o n s t r a t e d 
s igni f icant d i f fe rences in the flow and t e m p e r a t u r e f ie lds b e t w e e n the c a s e s 
of i n t e r a c t i o n and no i n t e r a c t i o n , the i n t e r a c t i o n s b e t w e e n the flow f ield and 



169 

the density distribution are generally three-dimensional , especially during 
initial dilution. A two-dimensional analysis as done by Wada may be applied 
when the lake or bay situation has sufficient symmetry to allow one space 
variable to be real is t ical ly eliminated. For general shoreline situations, 
however, i r regular boundaries and currents preclude such symmetry and, 
consequently, variations paral lel to shore must be considered. Neglecting 
la tera l entrainment of ambient fluid seems unrealist ic for most discharge 
situations. If the discharge channel is sufficiently wide, the warm-water 
effluent may behave initially like a two-dimensional flow with small la teral 
variations in temperature and velocity; yet, the turbulent s t ructure of the 
flow would generally be jet-l ike near the outlet, which would invalidate the 
constant-space assumption of the paramete rs Ai, A^, K.^, and Ko in the form 
for the diffusivities. 
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F r o m W a d a ' s p a p e r s , one ge t s the i m p r e s s i o n tha t t h i s m o d e l 
can be app l i ed only for an a r b i t r a r y v e r t i c a l s e c t i o n which p a s s e s t h r o u g h 
the o r i f i c e . E v i d e n c e for t h i s s t a t e m e n t i s deduced f r o m the i n f o r m a t i o n 
Wada g ive s for the b o u n d a r y cond i t i ons he u s e s , e s p e c i a l l y the one for t he 
s h o r e . T h i s would i m p l y tha t m u c h of the flow field i s not d e s c r i b e d by the 
m o d e l , u n l e s s the out le t width is e x t r e m e l y l a r g e . T h u s , wi th s u c h a s i t u 
a t ion , the m o d e l r e s u l t s have m a i n l y q u a l i t a t i v e b e n e f i t s . 

In sp i t e of the fact t ha t the i n c l u s i o n of the i n e r t i a l t e r m s in the 
equa t i ons of m o t i o n i m p l i e s tha t m o m e n t u m flow can be a c c o u n t e d for . Wada 
u s e s the c o n s t a n t - c o e f f i c i e n t f o r m for the v e r t i c a l d i f fu s iv i t i e s , which i n d i 
c a t e s tha t a m b i e n t t u r b u l e n c e p r e d o m i n a t e s t he d i s p e r s i o n p r o c e s s . Aga in . 
p r o p e r s e l e c t i o n s for Ajj. Az . Kj^. and K^ in the d i f f e ren t r e g i o n s of flow 
can m a k e Wada Model 3 a c o m p l e t e - f l o w - r e g i m e m o d e l . The n e g l e c t of 
l a t e r a l s p r e a d i n g in t h i s m o d e l i s i t s m a j o r d e t r i m e n t . A l s o , the effect 
of an a m b i e n t c r o s s c u r r e n t i s not c o n s i d e r e d . 
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f. General Remarks Concerning Wada's Models 

Although Wada's approach in modeling is reasonable, it has some 
limitations. F i rs t , any application of his Models 1 and 2 should be with the 
understanding that they do not simulate any kind of jet flow near the outlet 
due to the neglecting of the inertial terms in the equations of motion. For 
most lake-field conditions, the turbulent s tructure close to the discharge 
is jet-like and ambient turbulence only controls the diffusion process later 
at some distance downstream. Moreover, it is not clear that all the inertial 
t e rms in the equations of motion can be neglected, especially near the source 
of the warm-water discharge. If Wada had included the convective te rms in 
the equations of motion, the complexity of the numerical solution would have 
increased to a great degree, due mostly to stability problems, with the in
crease in the cost of computer time becoming extremely prohibitive. Once 
the complete hydrodynamic equations become normalized, the feeling for the 
physical phenomena becomes generally more nebulous, much time being 
spent obtaining stability for the numerical scheme and having it yield physi
cally meaningful resul ts . This in total becomes very expensive, the final 
results perhaps not being very different from the inexpensive real is t ic r e 
sults obtained by dropping these inertial te rms in the first place. Neglecting 
the convective te rms reduces the hyperbolic flow equations to an elliptic 
form, which is considerably simpler to solve by finite differences. Follow
ing this simplified approach, Wada sacrifices any accurate representat ion of 
the initial-jet flow region. 

Two additional comments can be added about Wada's three diffusion 
models. Firs t , the use of absolute temperatures is a disadvantage. Each 
model must now have input data on such receiving-body tempera ture-
independent phenomena as solar radiation, atmospheric radiation, and re 
flected solar and atmospheric radiation (see Table 5.1) in addition to back 
radiation, conduction/convection losses, and evaporative t ransfers . If ex
cess temperatures above ambient were employed, surface heat transfer 
from the plume (i.e.. relative to the ambient body of water) would only need 
be considered, simplifying the data required to be taken from the field to 
ambient temperature, excess temperature, and wind speed. Second, Wada 
does not compare any of his models to either field or hydraulic data for 
verification of his theory in any of his translated papers . Wada may well 
have done so in Japan, but. to our knowledge, he has not reported such com
parisons. At present, the models have to be considered as unverified. 

As was indicated at several points throughout the discussion of the 
three models, much of the detail concerning Wada's work is not contained 
within the references cited below. Undoubtedly more comprehensive cover
age of this work may be available. An attempt will be made to acquire addi
tional reference material along with a request for the computer program 
listings for the three models. 
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L i s t of S y m b o l s 

Aj^ Sca l ing a r e a def ined by E q . 6.26 

c Spec i f ic hea t of w a t e r 

d Dep th of p l u m e 

Djj L o n g i t u d i n a l d i s p e r s i o n coef f ic ien t at a point and for a given t i m e 

D„ L a t e r a l d i s p e r s i o n coef f ic ien t a t a po in t and for a given t i m e 

Dz V e r t i c a l d i s p e r s i o n coef f ic ien t at a po in t and for a given t i m e 

K Coeff ic ien t of s u r f a c e h e a t exchange 

Qp P o w e r - p l a n t p u m p i n g r a t e 

Qj^ V o l u m e t r i c flow r a t e of a r i v e r 

s C o n s e r v a t i v e t e m p e r a t u r e - d i s t r i b u t i o n function 

s S o u r c e c o n c e n t r a t i o n o r , equ iva l en t ly , the in i t i a l e x c e s s t e m 

p e r a t u r e at d i s c h a r g e 

Sj, T e m p e r a t u r e r i s e a t a fixed a r b i t r a r y i s o t h e r m 

5 S t r e n g t h of po in t s o u r c e of h e a t 

W Width of a r i v e r ^ 

X L o n g i t u d i n a l d i s t a n c e (along s h o r e l i n e ) 

X(- D o w n s t r e a m d i s t a n c e to po in t of i n t e r s e c t i o n of s h o r e l i n e wi th 

i s o t h e r m s = s^ 

Xs X c o o r d i n a t e p o s i t i o n of s o u r c e 

y L a t e r a l d i s t a n c e ( p e r p e n d i c u l a r to s h o r e ) 

z V e r t i c a l d i s t a n c e ( m e a s u r e d f r o m s u r f a c e ) 

a N o n d i m e n s i o n a l p a r a m e t e r r e l a t e d to K and def ined by E q . 6.5 

P N o n d i m e n s i o n a l p a r a m e t e r r e l a t e d to K and def ined by E q . 6.22 

T) N o n d i m e n s i o n a l v a r i a b l e of i n t e g r a t i o n def ined by E q . 6.22 

6 T e m p e r a t u r e r i s e 

e T e m p e r a t u r e r i s e a t a fixed a r b i t r a r y i s o t h e r m 

6 In i t i a l e x c e s s t e m p e r a t u r e of t h e r m a l d i s c h a r g e 



1 7 4 

I N o n d i m e n s i o n a l v a r i a b l e r e l a t e d t o x d e f i n e d b y E q . 6 . 4 

5g l - c o o r d i n a t e p o s i t i o n of s o u r c e 

Oo S t a n d a r d d e v i a t i o n of i n i t i a l G a u s s i a n t e m p e r a t u r e d i s t r i b u t i o n 

o S t a n d a r d d e v i a t i o n of G a u s s i a n t e m p e r a t u r e d i s t r i b u t i o n f o r a n y 

d i s t a n c e x > Xg d o w n s t r e a m [ a ( x s ) = OQ] 

c 4x t i m e s t h e s q u a r e of t h e s t a n d a r d d e v i a t i o n in t h e l a t e r a l 

d i r e c t i o n y of t h e t h r e e - d i m e n s i o n a l G a u s s i a n t e m p e r a t u r e 

d i s t r i b u t i o n ( d e f i n e d b y E q . 6 . 2 7 ) 

Oz 4 x t i m e s t h e s q u a r e of t h e s t a n d a r d d e v i a t i o n i n t h e v e r t i c a l 

d i r e c t i o n z of t h e t h r e e - d i m e n s i o n a l G a u s s i a n t e m p e r a t u r e 

d i s t r i b u t i o n ( d e f i n e d b y E q . 6 . 2 7 ) 

p S p e c i f i c AA^eight of w a t e r 

b . I n t r o d u c t i o n 

E d i n g e r a n d P o l k h a v e t r e a t e d t h e p r o b l e m of t h e s u r f a c e d i s c h a r g e 

of a h e a t e d e f f l u e n t b y c o n s i d e r i n g i t a s a c o n t i n u o u s p o i n t s o u r c e of h e a t on 

t h e b o u n d a r y of a u n i f o r m f l o w i n g s t r e a m w h i c h i s i n f i n i t e l y w i d e a n d d e e p . 

T h e p h i l o s o p h y b e h i n d t h e m o d e l i s t h e i r c o n v i c t i o n t h a t c e r t a i n s i m p l i f i e d 

a n a l y t i c a l s o l u t i o n s t o t h e b a s i c h e a t - c o n s e r v a t i o n e q u a t i o n m i g h t a p p l y t o 

w a r m - w a t e r d i s c h a r g e s . T h e y d e r i v e a c l o s e d f o r m e x p r e s s i o n f o r a t w o -

a n d t h r e e - d i m e n s i o n a l t e m p e r a t u r e f i e l d , t o g e t h e r w i t h a n a n a l y t i c a l e x 

p r e s s i o n fo r t h e " a r e a " c o n t a i n e d w i t h i n t h e r e s u l t i n g i s o t h e r m s . 

T h i s " c o n t o u r a r e a " d e s c r i p t i o n of t h e t e m p e r a t u r e f i e l d h a s t h e 

a d v a n t a g e t h a t i t s f o r m u l a s a r e a r r a n g e d in a f o r m h a v i n g p a r a m e t e r s of 

t h e v e l o c i t y a n d d i s p e r s i v e f i e l d s g r o u p e d a s r a t i o s a n d m u l t i p l i e r s w h i c h 

c a n b e e v a l u a t e d f r o m f i e l d d a t a . M o r e o v e r , w o r k i n g w i t h a r e a s w i t h i n 

i s o t h e r m s s i d e s t e p s t h e u s u a l d i f f i c u l t i e s a s s o c i a t e d t o a p o i n t w i s e c o m p a r i 

s o n of e x p e r i m e n t a l d a t a . A l s o , s t a t e t h e r m a l - e f f l u e n t s t a n d a r d s a r e s o m e 

t i m e s w r i t t e n w i t h t h e o p t i o n of a h e a t e d d i s c h a r g e s a t i s f y i n g a n e q u i v a l e n t 

a r e a - m i x i n g - z o n e c r i t e r i o n in w h i c h t h e a r e a w i t h i n a s p e c i f i e d i s o t h e r m i s 

r e s t r i c t e d by s o m e p r e d e t e r m i n e d u p p e r b o u n d . T h i s f a c t a l s o e n c o u r a g e s 

a c o n t o u r - a r e a d e s c r i p t i o n of t h e t h e r m a l p l u m e . 

T h e E d i n g e r a n d P o l k a n a l y s i s i s b a s e d on a s i m p l i f i c a t i o n of t h e 
g e n e r a l t h r e e - d i m e n s i o n a l c o n s e r v a t i o n e q u a t i o n w r i t t e n f o r a u n i t m a s s 
w i t h i n a b o d y of w a t e r : 

3 
e ^ ae de se a / ae\ a / ae\ 
r + " a;̂  + ̂  a7 + - aT = 37 l^x âT j + -y [yj^) 

^yz{^^^)^jt' i^--' 
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where 

6 = temperature r i se above ambient, 

u, V, w = longitudinal, la teral , and vertical velocity components 
at a point x, y, z and time t. 

^x. Dy. Dz longitudinal, la teral , and vertical dispersion coeffi
cients at a point and for a given t ime. 

and 

h = internal source or sink te rm denoting the net rate of 
heat input or output due to outside effects. 

c. Two-dimensional Model 

(1) Model Description and Discussion. In seeking analytical solu
tions to Eq. 6.1, the authors first focus attention on a simplified, two-
dimensional, steady-state situation (see Fig. 6.1) of a heat source located 
along a shoreline paral lel to the direction of a uniform longitudinal current . 
No influence of any far bank is considered. 

POSITION OF 
VIRTUAL HEAT 
SOURCE 

UNIFORM CROSSCURRENT 

POSITION OF 
ACTUAL HEAT 
SOURCE 

Fig. 6.1 

Two-dimensional Case 

LAKE REGION OF INTEREST: 
X > Xj 

y > 0 

Equation 6.1 reduces to 

ae _a_ 
ay 

(r. ^ S \ K ^ (6.2) 
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w h e r e 

a n d 

e = t e m p e r a t u r e r i s e above a m b i e n t , 

x = d i s t a n c e d o w n s t r e a m ( m e a s u r e d f rom a v i r t u a l o r i g i n to be 
d e t e r m i n e d l a t e r ) , 

y = l a t e r a l d i s t a n c e m e a s u r e d f rom the s h o r e l i n e , 

D = l a t e r a l diffusivity ( a s s u m e d cons t an t ) , 

K = coefficient of s u r f a c e hea t exchange ( a s s u m e d c o n s t a n t ) . 

d = depth of p lume ( a s s u m e d cons t an t ) . 

Equa t ion 6.2 s t a t e s that the r a t e of change in long i tud ina l a d v e c 
tion is ba lanced by the r a t e of l a t e r a l d i s p e r s i o n and s u r f a c e hea t l o s s . No 
longi tudinal or v e r t i c a l convect ion is a s s u m e d to o c c u r , and no buoyant ef
fec ts a r e c o n s i d e r e d . The t e m p e r a t u r e d i s t r i b u t i o n is being d e t e r m i n e d 
e n t i r e l y by a cons tan t l a t e r a l eddy diffusivi ty, by an a s s u m e d p l u m e depth , 
and by a s u r f a c e - h e a t - e x c h a n g e coeff ic ient . The a u t h o r s ' d e v e l o p m e n t of 
Eq. 6.2 is s u m m a r i z e d below. 

To solve Eq. 6,2, the t r a n s f o r m a t i o n 

e = [ s d . y j j e - " " ? (6.3) 

is made with 

xD 
5 = (6 .4 ) 

u ^ ' 

and 

PCpDyd (6 .5) 

The function s(5 , y) now sa t i s f i e s 

la _ ^y 
H " a y i - (6-^) 

The solut ion to the t w o - d i m e n s i o n a l diffusion equa t ion (Eq. 6.6) for a point 
s o u r c e is the exact G a u s s i a n 

s(5,y) = ^ e x p ^ - I ^ j (6.7) 
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where C is a constant of integration. Therefore, 

e ( l .y ) = - - ^ e x p ( - | l j e - ° ' 5 . (6.8) 
C 

2vf 

F r o m Eq. 6.8. 

ae 
a - ( S . y ) 
dy 

= 0 (6.9) 
y=o 

automatically satisfies the desired boundary condition of zero heat flux at 
the shoreline. Also. 6 tends to zero as y -• =» for all 5 > 0 as desired; 
for § = 0 it vanishes everywhere except at y = 0 where it becomes in
finite. Since 6(§,0) decreases from <x> to zero as | increases from 0. the 
integration constant C can be determined at the source position ? = ^g, 
y = 0, where 9 will equal the initial excess temperature 9p. With C 
determined, 9 becomes 

e(5.y) = ep(-|SJ e x p ( - ^ ) exp[-a(5- 5s)], ? s Is- (6.10) 

The source coordinate position §s is uniquely determined by 
equating the source strength S = 9pQ (Q = volumetric discharge rate) to 
the rate of advection through any downstream cross section 

eoQp = udj^ e(x. y )dy . (6.11) 

Inserting Eq. 6.10 into Eq. 6.11 and evaluating the definite integral at 
5 = 5s yields 

The final two-dimensional tempera ture distribution is represented by 
Eqs . 6.10 and 6.12. 

Writing Eq. 6.10 in a more recognizable Gaussian format gives 

- % ^ = ^ - p ( - 4 ) -Pt-'^'S - 5s)]. 5 > 5s. (6.13) 

with 

25, a . = , / 2F , (6.14) 
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w h e r e a and a s r e p r e s e n t the s t a n d a r d dev i a t i ons of the G a u s s i a n f ac to r 
of the solut ion (Eq. 6.10) at d o w n s t r e a m d i s t a n c e s ? and 5 s . r e s p e c t i v e l y . 

Note a l so tha t , for y = 0. 

= — exp[-0'(5 - 5s)] e x p 

a D , 
(x - Xs) (6.15) 

w h e r e Xg i s the s o u r c e pos i t ion (in x, y c o o r d i n a t e s ) 

D „ 

Q t (6.16) 

Equa t ion 6.15 s t a t e s that the t e m p e r a t u r e along the s h o r e is i n v e r s e l y p r o 
po r t i ona l to the s q u a r e root of x with an addi t iona l dieoff fac to r of 
exp[-(cvDy/u)(x - Xg)] due to s u r f a c e hea t d i s s i p a t i o n . 

The G a u s s i a n solut ion (Eq. 6.10) i s e s p e c i a l l y su i t ed to c a l c u 
la t ion of su r f ace a r e a s within i s o t h e r m s . The equat ion for the i s o t h e r m 
e = e^ i s , f rom Eq. 6.10, 

-,1/2 

zyy fpfi: 
B c V l 

i / 2 

0({l-%s)( (6.17) 

The su r f ace a r e a within the i s o t h e r m is 

y dx : l / 2> In 

' X s ^A, 
e c \ 5 

1/2 

(6.18) 

w h e r e Xg is the s o u r c e locat ion and w h e r e xc is the long i tud ina l pos i t ion 
w h e r e the i s o t h e r m 9 = 9^ i n t e r s e c t s y = 0. F r o m Eq . 6 .10, 5c s a t i s f i e s 
the non l inea r equation 

•/Ue a 5 c •yfi . o 5 s (6.19) 

which m u s t be solved n u m e r i c a l l y . The i n t e g r a l in E q . 6.17 can be m a d e 
nond imens iona l and dependent only on the r a t i o ep /e , - by the s u b s t i t u t i o n 

9pl^5s 
(6.20) 
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T V / 2 

'•{•"(.)-4tt)'-]} dTl. (6.21) 

We def ine p above f r o m 

P = ty5s = -
1 K Q ' 

^ P C p D y d V 

and the s c a l i n g a r e a A^ is 

A - ' ° P 

" TTV2 D ^ U 2 J 3 

(6 .22) 

(6 .23) 

The n o n d i m e n s i o n a l i n t e g r a l in E q . 6.21 m u s t be eva lua t ed n u m e r i c a l l y 
once p, 9( , /9 . and Tl̂ , have been d e t e r m i n e d . 

The r a t i o A / A ^ i s p lo t t ed in F i g . 6.2 a s a function of the r a t i o 
9<-/ep for s e l e c t e d v a l u e s of p. The c a s e p = 0 r e p r e s e n t s the c o n s e r v a t i v e 
c a s e wi th no s u r f a c e hea t l o s s (K = 0) . The a u t h o r s noted f r o m the g r a p h 
tha t s u r f a c e cool ing h a s l i t t l e in f luence un t i l e c / 9 p r e a c h e s 0.60 by m i x i n g . 

D tt tt k 
I • • • 
M O O o 

»"is : 

Fig. 6.2 

Relationship of Temperature-rise Ratio to 
Nondimensional Stirface-area Ratio for 
Selected Values of S 

C o m p a r i s o n of E q . 6.21 wi th field da t a i s s t r a i g h t f o r w a r d . I s o 
t h e r m s a r e c o n s t r u c t e d f r o m the s u r f a c e - t e m p e r a t u r e da ta , and the a c t u a l 
a r e a s wi th in i s o t h e r m s a r e p lo t t ed a g a i n s t 9 c / 9 p on l o g - l o g p a p e r wi th the 
s a m e g r id s i z e a s in F i g . 6 .2 . The da t a p lo t i s then s u p e r i m p o s e d on F i g , 6.2 
and s l id a long the a b s c i s s a un t i l a b e s t fit i s ob ta ined . The r a t i o of the 
a c t u a l to the n o n d i m e n s i o n a l a r e a wi l l be a c o n s t a n t for e v e r y point a long 
the a b s c i s s a , and the c o n s t a n t wi l l be the s c a l i n g a r e a A^. 
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From Eqs. 6.22 and 6.23. 

a ^/^ ^y (6.24) 
P - 4 pCpQp-

Consequently, if K and Q are known, the value of An found from matching 
the abscissas must agree with the value of p along which the data falls. 

A few observations can be made from the expression defining 
the areas within specific isotherms; 

(1) The surface area varies inversely with the cubic power of 
the ratio Qc/Qp (two-dimensional case only). 

(2) For a fixed temperature ratio 9c/9p. the area var ies 
directly with the cubic power of the plant pumping rate. Consequently, the 
area within specific isotherms may be related for different power plants, 
depending upon size. 

(3) From Fig. 6.2, surface cooling can be important in deter 
mining the size of the plume areas for low 9c/9p rat ios, as can be seen by 
the continuous changing in the slope of the relation of 9c/9p versus A/An 
in Fig. 6.2 due to the surface heat exchange. 

At this point, a few general r emarks should be made concern
ing the above model. By representing a power-plant discharge by a con
tinuous point source, the authors obtain a simple closed-form solution that 
may be applied to practically any channel-type discharge case. 

According to the authors, the main advantage of this solution is 
that it provides a reasonable approximation to the plume surface a reas using 
the simple generalized curve of Fig. 6.2, provided one has a handle on the 
diffusion coefficient. 

Such a simple analysis does have its difficulties, however. It 
was virtually impossible for the authors to come up with a way to account 
for a finite discharge-channel width along with the relatively large flow 
input of a power plant to a lake by using a point-source solution of Eq. 6.2. 
To account for this in some way, Edinger and Polk positioned a "phantom" 
point source at a shoreline position some distance upstream. The solution 
to Eq. 6.2 thus yielded a half-Gaussian distribution (0 s y < "» only) at the 
true source. 

A second difficulty comes from the fact that, although the de
rived temperature distribution given in Eq. 6.8 is defined for 0 < | < 5s 
also, the authors do not consider any of the derived upst ream tempera ture 
values as being part of the final solution. They give two arguments . F i r s t , 
for a downstream current, the plume does not penetrate upstream any 
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s ign i f i can t a m o u n t . Second, and m o r e g e n e r a l l y , the flow r eg i o n n e a r (above 
o r be low) the t r u e s o u r c e is j e t - l i k e and cannot be r e p r e s e n t e d so le ly by 
Eq . 6 .2 . C o n s e q u e n t l y , the p o i n t - s o u r c e so lu t ion given by E q . 6.8 would not 
be e x p e c t e d to give a t r u e r e p r e s e n t a t i o n of p l u m e d i s p e r s i o n n e a r the d i s 
c h a r g e . The a u t h o r s expec t the a c c u r a c y of t h e i r so lu t ion to i m p r o v e at 
l a r g e r d o w n s t r e a m d i s t a n c e s s ince the effluent field wi l l then behave e s 
s e n t i a l l y l i ke a buoyant f loat ing p l u m e , be ing convec t ed a long by the a m b i e n t 
c u r r e n t and s i m u l t a n e o u s l y s p r e a d i n g l a t e r a l l y due to the a m b i e n t t u r b u l e n c e . 

In r e a l i t y , to a c c o u n t for the effects of in i t i a l j e t m o m e n t u m and 
the s e c o n d a r y ve loc i t y c u r r e n t s se t up due to buoyancy d i f f e r e n c e s and the 
i n t e r a c t i o n be tween the j e t and the t r a n s v e r s e c u r r e n t in the n e a r - f i e l d r e 
gion, a m o r e c o m p l i c a t e d m o d e l is r e q u i r e d d e m a n d i n g m o r e b o u n d a r y con
d i t i o n s and p o s s i b l y defying any type of c l o s e d - f o r m so lu t ion . Thus E d i n g e r 
and P o l k have employed a p o i n t - s o u r c e so lu t ion , u s ing a " p h a n t o m " s o u r c e . 
to m a k e it a p p l i c a b l e to a f inite d i s c h a r g e width wi th a n t i c i p a t e d fair a p p r o x 
i m a t e r e s u l t s d o w n s t r e a m . The m o d e l i s t h e r e f o r e s t r i c t l y a f a r - f i e ld one . 

(2) App l i ca t ion of T h e o r y to S u r f a c e D i s c h a r g e s into U n i f o r m 
C u r r e n t s . The a p p l i c a b i l i t y of the E d i n g e r - P o l k p r o c e d u r e is not l i m i t e d 

to s h o r e l i n e d i s c h a r g e s into s h o r e -
p a r a l l e l c u r r e n t s . It can be appl ied , 
for e x a m p l e , to o f f shore s u r f a c e d i s 
c h a r g e s into u n i f o r m c u r r e n t s ( see 
F i g . 6.3) . F o r th i s c a s e , the i n t e g r a l 
in E q . 6.11 would s t a r t at -co r a t h e r 
than z e r o . The change in the l i m i t s of 
i n t e g r a t i o n mod i f i e s the p a r a m e t e r s 
5 s , Xg.^and OQ, as fol lows; 

UNIFORM 

' • 

CROSSCURRENT 

K = 0 

ll ' 

4TTVud/ 

1 Q ' 

LAKE REGION OF INTEREST: 
a n d 

Fig. 6.3. Two-dimensional Case in an 
Open-lake Situation 

^ 4TT Dyud^ ' 

1 Q 

E q u a t i o n s 6.10 and 6.12 k e e p the s a m e f o r m , excep t that An i s now 

An 
Q^ 
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d. Three-dimensional Model 

(1) Model Description. Edinger and Polk next extend their point-
source Gaussian model to three dimensions, representing the ver t ica l -
diffusion process by a Gaussian distribution. With the same shoreline-
discharge problem considered, the energy-conservation equation for la tera l 
and vertical dispersion of heat becomes 

as a / as\ a / 
"ar = ^ K a v ) ' al l°^ 

(6.25) 

where s now represents the temperature excess above ambient at longi
tudinal, lateral , and vertical positions x. y. and z. respectively. Dy and Dz 
are assumed to be constant. No surface heat loss is considered. The three-
dimensional distribution does not have a simple analytical solution in the 
nonconservative case. 

The function 

s(x, y, z) = — exp -y (6.26) 

satisfies Eq. 6.25 with c an arbi t rary constant and with a and Oz defined 
by 

D, Dz 
u 

(6.27) 

Evaluating c at the source loaction x = Xs. y = 0. z = 0. where s = s is 
the source concentration, yields the following prec ise form for s: 

s(x, y. z) _ Xs 
exp 

1 
4xVay a. 

(6.28) 

As in the two-dimensional case, the source-coordinate position 
Xs is evaluated by equating the source strength S = SpQp to the rate of ad
vection through any downstream cross section; 

/-oe rco 

SpQp = "^ Jo Jo s ( x , y , z ) d y dz (6.29) 

The double integral is independent of x and has the value vxsS ./aZc] 
Solving Eq. 6.29'for jtg yields 

nyDyD 
(6.30) 

y - z 
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As the a u t h o r s n o t e , the s o u r c e p o s i t i o n Xs is independen t of 
the u n i f o r m c u r r e n t , depend ing s o l e l y on the p r o d u c t of the l a t e r a l and 
v e r t i c a l d i f fu s iv i t i e s . 

The a r e a s wi th in s u r f a c e i s o t h e r m s a r e c a l c u l a t e d a s b e f o r e . 
The equa t ion of the i s o t h e r m s = s^ on the s u r f a c e z = 0 h a s the f o r m 

(6.31) 

a s d e r i v e d f r o m E q . 6 .28 . The a r e a wi th in tha t i s o t h e r m is g iven by 

ni/2 
/ ^ / s _ x „ \ 

y dx = 2 , / ^ ,1/2 In ^P "= d x . (6.32) 

^ Xg > /Xs 

w h e r e x^. i s found f r o m E q . 6.28 for y = 0. z = 0, to be 

(6.33) 

Changing v a r i a b l e s f rom x to T) = ( s c / s p ) ( x / x s ) in Eq . 6.32 y i e l d s 

\-V2 ^1 

= p / " S c / S p 

w h e r e A i s the s c a l i n g a r e a def ined by , 

-^ -i^Y'f '̂'̂ [m (i/n)]''̂  dn, 
-^n \ S p / -^Sc/Sj, 

An = Z./^y' = —^ 
Qi 

_u(DyD3.) 1/2 

1/2 

(6.34) 

(6.35) 

The f r a c t i o n a l e x c e s s t e m p e r a t u r e S( . /sp is p lo t ted a s a function 
of the a r e a r a t i o A / A n i " F i g . 6 .4 . The t w o - d i m e n s i o n a l c o n s e r v a t i v e c a s e 

Fig. 6.4 
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Two- and Three-dimensional Cases-'̂  



184 

POSITION OF 
VIRTUAL HEAT /^ 
SOURCE 

UNIFORM CROSSCURRENT 

is also shown in Fig. 6.4. A comparison of Eqs. 6.21 and 6.34 show that 
the area increases inversely with the 3/2 power of the fractional excess -
temperature ratio as compared with the cubic power for the two-dimensional 
case. Moreover, the three-dimensional scaling area An increases with the 

3/2 power of the plant pumping rate 
as compared to the cubic power for 
the two-dimensional case. Figure 6.4 
indicates the expected resul t that for 
a given fractional excess tempera ture , 
more area is enclosed within that iso
therm in two-dimensional mixing and 
dispersion than for three-dimensional 
mixing. Surface isotherms as p r e 
dicted by the model a re again i l lus
trated in Fig. 6.1. Vertical i sotherms 
are depicted in Fig. 6.5a. 

SURFACE ISOTHERMS 

SHORELINE 

LAKE REGION OF INTEREST; (2) Application of Theory 
to Surface Discharge into Uniform 
Currents . The applicability of the 

E^ 
Edinger-Polk procedure for three-

'1 dimensional dispersion is again not 
limited to shoreline discharges into 

VERTICAL ISOTHERMS s h o r e - p a r a l l e l c u r r e n t s . Fo l lowing 
the p r o c e d u r e e s t a b l i s h e d in Sec . c(2) 
above , a t h r e e - d i m e n s i o n a l ( c o n s e r v 
a t ive ) t e m p e r a t u r e d i s t r i b u t i o n m a y 
be d e r i v e d wi th a r e a s wi th in s u r f a c e 
i s o t h e r m s for the p r o b l e m of an off

s h o r e d i s c h a r g e into a un i fo rm c u r r e n t . Again , the i n t e g r a l s of E q . 6.29 
would s t a r t at - » . Sur face and v e r t i c a l i s o t h e r m s a r e p r e d i c t e d in F i g . 6.5. 

e. G e n e r a l C o m m e n t s about the E d i n g e r - P o l k M o d e l s 

Fig. 6.5. Three-dimensional Case 

S e v e r a l g e n e r a l c o m m e n t s need to be m a d e c o n c e r n i n g the two m o d e l s 
p r o p o s e d by the a u t h o r s . F i r s t , the t i t l e of t h e i r w o r k i s s o m e w h a t m i s l e a d 
ing, s ta t ing that it c o n c e r n s the in i t ia l mix ing of t h e r m a l d i s c h a r g e s into a 
un i fo rm c u r r e n t . In r ea l i t y , both m o d e l s a r e f a r - f i e ld a n a l y s e s in which the 
d i s p e r s i o n of the hea ted effluent within the r e c e i v i n g - w a t e r body is gove rned 
by ambien t t u r b u l e n c e in c o n t r a s t to the n e a r - f i e l d p r o b l e m , which is u s u a l l y 
d ic ta ted by je t mix ing . Addi t ional ly , both m o d e l s i g n o r e the p o s s i b l e effects 
of buoyancy, s t r a t i f i ca t ion , and bo t tom s lope and a s s u m e c o n s t a n t a m b i e n t 
t h e r m a l d i f fus iv i t ies . Thus f rom a p r a c t i c a l point of v iew, both m o d e l s have 
some s e v e r e l i m i t a t i o n s . One should not , h o w e v e r , l o s e s ight of the m o t i v a 
tion for t h e i r work . The a u t h o r s d e l i b e r a t e l y c h o s e t h e i r m o d e l s to p r o v i d e 
a des ign eng inee r with p r e l i m i n a r y s c a l i n g r e l a t i o n s h i p s to a s s e s s , for e x 
a m p l e , the effects of doubling the v o l u m e t r i c d i s c h a r g e r a t e of the p o w e r p l a n t 
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or to a s sess the relative size of a power plant in relation to a water body. 
A recent publication by Asbury and Frigo^ at tests to the usefulness of 
Edinger and Polk 's methodology. 

The Edinger-Polk models a re applicable for the far field and may 
be applied when turbulent diffusion is the dominating factor in the distribu
tion of tempera ture . Such a situation occurs when the initial densimetric 
Froude number exceeds 1.0 by a significant amount and the discharge ve
locity does not have a large vector difference from the ambient velocity. 
Any jet interaction with the ambient s t ream should then be minimized, and 
consequently the authors expect their analytical diffusion models to yield 
satisfactory resul t s . The authors have compared their models to r iver and 
coastal plume data, but only in a curve-fitting sense; i.e., diffusivities were 
determined by matching as close as possible the theoretical curves of 
Figs . 6.2 and 6.4 to the field data on isotherm a reas . 

f. Field Verification of Models, and Discussion of Verification 

The authors attempted to verify their two-dimensional model by 
fitting a theoretical curve to the field data taken during surveys of the 
Tennessee Valley Authority's John Sevier Steam Plant on the Holston River 
near Rogersville, Tennessee. This 800-MW plant operated at 75% capacity 
throughout the survey. The heated effluent was discharged into a relatively 
shallow wide portion of the Holston River with average depth 4.5 ft and av
erage width 500 ft. The initial excess temperature (above ambient) of the 
effluent was 13.7°F; the initial discharge velocity was about twice that of 
the ambient s t ream. Lateral and vertical temperature measurements were 
taken at seven cross sections downcurrent from the power plant. F rom 
those data, tempera ture contours were draw^ for the surface and for var i 
ous cross sections. Figure 6.6 i l lustrates the surface isotherms and typical 
cross-sect ional temperature contours. From meteorological data, the decay 
coefficient g was determined to be 0.0032, indicating that atmospheric cool
ing played an insignificant role in mixing during the field survey. Thus the 
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Fig. 6.6 

Surface and Typical Cross-section Tem
perature Contours, Holston River below 
John Sevier Steam Plant. October 16, 19693 
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two-dimensional conservative solution was used as a theoretical compari
son with the surface area data. The river velocity in Eq. 6.2 3 was de ter 
mined from 

OR 
W d ' 

(6.36) 

where Q R is the total river flow and W the width. Figure 6.7 compares 
the theoretical solution with the measured surface area within each tem
perature contour. From the graph, the scaling area An was determined 
from which the lateral diffusion coefficient Dy = 3.7 f t ^ sec was evaluated. 
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Fig. 6.7 

Variation in Surface Area with 
Temperature-rise Ratio, Holston 
River below John Sevier Steam 
Plant, October 16, 1969^ 

SURFACE AREA, A, 10' FT' 

The a u t h o r s a t t emp ted to ver i fy t h e i r t h r e e - d i m e n s i o n a l diffusion 
mode l with da ta taken at the TVA' s 1750-MW Widows C r e e k S t e a m P l a n t 
n e a r S tevenson, A l a b a m a . The p lan t d i s c h a r g e s into the T e n n e s s e e R i v e r 
w h e r e the a v e r a g e width of the s t r e a m is 1200 ft and the a v e r a g e dep th i s 
about 20 ft. The hea ted effluent i s d i s c h a r g e d f r o m a 6 - f t - d e e p e m b a y m e n t 
a t one bank. F i g u r e 6.8 i l l u s t r a t e s s u r f a c e i s o t h e r m s , and F i g s . 6.9 and 
6.10 ske tch typ ica l c r o s s - s e c t i o n a l t e m p e r a t u r e c o n t o u r s ob ta ined f r o m the 
v e r t i c a l and l a t e r a l t e m p e r a t u r e s m e a s u r e m e n t s of N o v e m b e r 20 , 1968 at 
seven d o w n s t r e a m c r o s s s e c t i o n s . The m e a s u r e m e n t s w e r e t a k e n o v e r a 
d i s t a n c e of s l ight ly g r e a t e r than 1 m i l e d o w n c u r r e n t f r o m the d i s c h a r g e . 
F i g u r e 6.11 i l l u s t r a t e s the fitting of the da ta t aken in the V a n d e r b i l t s u r v e y s 
of N o v e m b e r 20 and 2 1 , 1968, to the two- and t h r e e - d i m e n s i o n a l t h e o r e t i c a l 

Fig. 6.8 

Temperature Contours at Surface, 
Tennessee River below Widows Creek 
Steam Plant, November 20, 1968'' 
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Temperature Contours in the Cross Section, 
Tennessee River, 200 ft below Widows Creek 
Steam Plant, November 20, 1968'̂  
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Temperature Contours in the Cross Section, ? 
Tennessee River. 1525 ft below Widows Creek g 
Steam Plant, November 20, ISeS'^ 
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Fig. 6.11 

Surface Area within a Temperature-rise 
Contour vs Temperature-rise Ratio with 
Two- and Three-dimensional Curves 
Superimposed, Widows Creek, Novem
ber 20-21, 1968^ 

SURFACE AREA, Ac. I O * f l ^ 

c u r v e s . The d i f fus iv i t i e s w e r e d e t e r m i n e d f rom the s u p e r p o s i t i o n of t h e s e 
c u r v e s to the da t a p o i n t s . The t h r e e - d i m e n s i o n a l c u r v e g ives the b e s t o v e r 
al l fit to the d a t a , a l though the t w o - d i m e n s i o n a l c u r v e ( c o n s e r v a t i o n c a s e ) 
m a t c h e s the f i r s t few po in t s m o r e a c c u r a t e l y . P o l k et al.^ a s s e r t tha t in i t i a l 
buoyant effects t ended to p r e v e n t v e r t i c a l m i x i n g , a f te r which c o m p l e t e m i x 
ing wi th t he a m b i e n t s t r e a m w a s a c h i e v e d s o m e d i s t a n c e d o w n s t r e a m . Thus 
d i f fe ren t p o r t i o n s of the e x p e r i m e n t a l t e m p e r a t u r e d i s t r i b u t i o n could be con
s i d e r e d to c o n f o r m to the t w o - o r t h r e e - d i m e n s i o n a l m o d e l s . 
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E d i n g e r and P o l k ' s a n a l y t i c a l m e t h o d s for the d e s c r i p t i o n of the t w o -
and t h r e e - d i m e n s i o n a l diffusion p l u m e c o m p a r e r e a s o n a b l y we l l wi th f ield 
da t a when the t h e o r e t i c a l m o d e l i s f i t ted to the o b s e r v e d d a t a . One p r o b l e m 
wi th u s ing the m o d e l s a s p r e d i c t i v e d e v i c e s i s tha t the d i f fus iv i t i e s Dy and 
Dz r e q u i r e d to eva lua te the v a r i o u s f o r m u l a s a r e g e n e r a l l y unknown for con 
d i t ions n e a r p o w e r - p l a n t d i s c h a r g e s . They a r e often d e t e r m i n e d e m p i r i c a l l y 
f r o m field da ta . E m p i r i c a l l y d e r i v e d d i s p e r s i o n coef f i c ien t s a r e af fec ted by 
such c o n s i d e r a t i o n s as in i t ia l j e t m o m e n t u m , r e f l e c t i o n at b a n k s and b o t t o m , 
and angle of p l u m e ax i s wi th s h o r e . T h e s e i t e m s a r e not g e n e r a l l y i n c o r p o 
r a t e d in any f a r - f i e ld t h e o r e t i c a l m o d e l . A l s o , p a r a m e t e r s (e .g . , l a t e r a l 
diffusivi ty) eva lua ted f rom fi t t ing a t w o - d i m e n s i o n a l m o d e l wi th da t a wi l l 
differ f rom the iden t i ca l p a r a m e t e r s eva lua t ed f r o m a t h r e e - d i m e n s i o n a l 
mode l and m o r e o v e r wil l r e f l e c t any de fec t s t h e s e m o d e l s m a y h a v e . The 
a u t h o r s have shown' '^ that l a t e r a l - d i f f u s i o n coe f f i c i en t s , a s p r e d i c t e d f r o m 
g e n e r a l l y a ccep t ed f o r m u l a s for mix ing of d i s c h a r g e s hav ing d e n s i t i e s equal 
to that of the r e c e i v i n g w a t e r , have y ie lded s m a l l e r l a t e r a l - d i f f u s i o n coeff i 
c i en t s and g r e a t e r v e r t i c a l - d i f f u s i o n coeff ic ients than d e t e r m i n e d f r o m the 
E d i n g e r - P o l k m o d e l s . Th i s d i s c r e p a n c y m a y be due to buoyancy effects of 
the hea ted d i s c h a r g e , if not to the i napp l i cab i l i t y of the m o d e l s t h e m s e l v e s . 
Th i s p r o b l e m of a p r o p e r eva lua t ion of the d i f fus iv i t i es i s s t i l l a s e v e r e 
d r a w b a c k in the app l i cab i l i t y of the E d i n g e r - P o l k m o d e l s a s p r e d i c t i v e d e 
v i c e s . T h e s e coeff ic ients can v a r y g r e a t l y , depending upon e n v i r o n m e n t a l 
cond i t ions , and yie ld widely di f fer ing t e m p e r a t u r e d i s t r i b u t i o n s depend ing 
upon t he i r v a l u e s . 
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7. Offshore Outfall and Shoreline Surface Discharge 
Models for the Prediction of Thermal-
plume Dispersion in the Great Lakes 

G. T. Csanady 
(University of Waterloo) 

January 1970 

L i s t of Symbo l s 

Ag C r o s s - s e c t i o n a l a r e a of ou t le t 

b Leng th of l ine s o u r c e 

B Bowen r a t i o def ined by Eq. 7.4 

c , C-jvv Specif ic h e a t of w a t e r 

c 3̂  Specif ic hea t of a i r 

Cio D r a g coeff ic ient a t r e f e r e n c e he igh t of 10 m 

h Depth of p l u m e 

K Sur face h e a t - t r a n s f e r coeff ic ient 

Ky L a t e r a l eddy dif fus ivi ty 

m y S t a n d a r d dev i a t i on of m e a n d e r i n g 

p R e l a t i v e i n t e n s i t y of h o r i z o n t a l lake t u r b u l e n c e 

q Magni tude of point s o u r c e of equ iva len t s t r e n g t h to the l ine 

s o u r c e of l eng th b in c u r r e n t U 

Qg U p w a r d h e a t flux f r o m the ^ l u m e s u r f a c e 

Q A v e r a g e h e a t - f l u x c o m p o n e n t in the y d i r e c t i o n 

U Un i fo rm s t e a d y - c u r r e n t v e l o c i t y 

Uio Wind s p e e d a t r e f e r e n c e he igh t of 10 m 

v ' F l u c t u a t i n g t u r b u l e n t v e l o c i t y in the y d i r e c t i o n 

Vg Exi t v e l o c i t y of d i s c h a r g e 

W Width of p l u m e 

X L o n g i t u d i n a l d i s t a n c e m e a s u r e d a long p l u m e c e n t e r l i n e 

x_ L o n g i t u d i n a l d i s t a n c e a t which s u r f a c e cool ing fac to r in 9 
so lu t ion d r o p s off to half i t s i n i t i a l va lue 

X L o n g i t u d i n a l d i s t a n c e a t which t u r b u l e n t m i x i n g fac to r 
(Shore l ine Sur face D i s c h a r g e Model) r e d u c e s to half i t s 
i n i t i a l va lue 

y L a t e r a l d i s t a n c e m e a s u r e d p e r p e n d i c u l a r to p lume c e n t e r l i n e 
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a Heat-loss parameter related to K by Eq. 7.14 

9 Excess temperature of plume above ambient 

Excess temperature of plume at line source 

Initial excess temperature at outlet position 

Shoreline temperature-decay formula for Shoreline Surface 

Discharge Model 

p, p^ Density of water 

p^ Density of air 

a Standard deviation of relative diffusion for the continuous-
point-source solution 

X Two-dimensional, conservative temperature field solution 
(i.e., turbulent mixing solution) 

Y Centerline temperature decay of v 
''max '̂  I r. 

X„ Value of x ^t the l ine s o u r c e (= SQ) 

X X solu t ion to a cont inuous point s o u r c e def ined by Eq. 7.19 

Xg Shoreline temperature decay of x 

b. Introduction 

In the past 10 years, G. T. Csanady of the University of Waterloo, 
Ontario, Canada, has investigated the disposalof pollutants inthe Great Lakes, 
mainly Lakes Huron and Erie, by experimental methods. Data obtained from 
aerial photography, drogue, and dye-plume studies plus the acquisition of 
lake-temperature and current-structure data have led the author to specific 
conclusions concerning the parameters governing small- and large-scale 
mixing processes involved in plume dissipation. In his most recent works, ' 
the author has used his experimental results in the development of two far-
field predictive models for thermal-plume dispersion in large lakes. 

The first mathematical model analyzes the situation of plume dis
persion resulting from an offshore outfall or diffuser after the plume has 
attained a moderately large size and is drifting at the surface with the 
prevailing current. The second model considers the situation resulting 
when a warm-water effluent is discharged at the shoreline into a uniform 
transverse current. Both models apply only after the initial momentum of 
the discharging jet has been dissipated and the plume is convected along by 
the shore-parallel current; each involves a two-dimensional steady-state 
situation. The models will now be considered in more detail. 
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c. Offshore Outfall Model 

(l) Model Development. Csanady has developed a two-dimensional 
mathematical model to t reat the problem of dispersion of a heated effluent 
discharged from an outfall, perhaps 2-3 miles offshore. Any method of 
effluent introduction can be considered as long as it results in an initial 
plume of considerable size, fully mixed throughout the available depth of 
discharge and retaining no initial momentum. A prototype situation could 
easily be the discharge through a submerged multiport diffuser. It is a s 
sumed that the effluent plume remains thoroughly mixed at its initial depth 
and drifts along with the prevailing lake currents (generally shore-paral lel) 
while it d isperses horizontally. No bottom effects are considered, and any 
possible interference with any remote bank is ignored. The lake current 
is assumed uniform spatially over the depth and distance range involved. 
A steady-state situation is examined. As is done in Brooks, the author 
t rea ts the problem as diffusion into a steady current from a l ine-source of 
finite length b. The situation is il lustrated in Fig. 7.1. 

CONSERVATIVE TEMPEHATURE-
CONCENTRATKiN PROFILES 

Fig. 7.1 

Effluent Plume Released from Line 
Source of Length, b, into Uniform 
Lake Current of Velocity, U (Ref. 1) 

C s a n a d y c o n s i d e r s the t w o - d i m e n s i o n a l e n e r g y equa t ion 

36 Qs 1 3Qy 
ox PCph pcp ay 

(7.1) 

to be appropriate to the nonconservative temperature field produced by the 
line source where 

X = longitudinal distance downstream, 

y = la teral distance measured normal to x, 

9 = excess temperature above ambient, 

h = depth of plume, 

U = constant ambient velocity, 
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and 

p = speci f ic weight of w a t e r , 

Cp = spec i f ic hea t at cons t an t p r e s s u r e , 

Qg = upward hea t flux f r o m the f r ee s u r f a c e , 

Qy = a v e r a g e hea t flux componen t in y d i r e c t i o n . 

The s u r f a c e hea t flux Q a r i s i n g f r o m convec t i on , e v a p o r a t i o n , 
and conduct ion m a y be w r i t t e n , neg lec t ing the a s s u m e d s m a l l c o n t r i b u t i o n 
of back r ad i a t i on , a s 

w h e r e 

and 

and 

K9, (7.2) 

, 1 \ Pa Cpa 

p^ = dens i t y of ove r ly ing a i r , 

p ^ = dens i t y of p l u m e , 

c = speci f ic hea t of a i r , 

c = spec i f ic hea t of w a t e r , 

CIO - d r a g coefficient at a r e f e r e n c e he igh t of 10 m , 

Ujo = wind speed a t a r e f e r e n c e he igh t of 10 m , 

9 = e x c e s s t e m p e r a t u r e of p lume o v e r a m b i e n t l ake , 

B = Bowen r a t i o defined by 

B = 0 . 6 6 , I-, A\ 

whe 

APv - vapor pressure difference between the plume surface and air 
at 1 0 m above. 

For a water-air temperature difference of 8°C, B « 0.8. 



E q u a t i o n 7.1 can now be w r i t t e n 

36 K 1 ^Qy 
u ^ = i; e T^- ( V . 5 ) 

dx pCph pc Oy i ' - - ' / 

If 

then X s a t i s f i e s 

ax 1 ^Qy 
ox pc oy * ' 

Equa t ion 7.7 m a y be i n t e r p r e t e d a s a t w o - d i m e n s i o n a l diffusion 
equa t ion for X(x, y) in a t u r b u l e n t f ield. P r e d i c t i n g the t e m p e r a t u r e o r con
c e n t r a t i o n d i s t r i b u t i o n of s o m e c o n s e r v a t i v e effluent is equ iva len t to p r e 
d ic t ing the X f ield. In t roduc ing the " d e c a y f a c t o r " given in Eq. 7.6, the 
n o n c o n s e r v a t i v e t e m p e r a t u r e field is a l s o d e s c r i b e d . 

While a c c e p t i n g the l i n e - s o u r c e m o d e l for the t e m p e r a t u r e 
field a s in B r o o k s , the a u t h o r d i v e r g e s f r o m the B r o o k s a n a l y s i s by a s 
s u m i n g a c o n s t a n t h o r i z o n t a l d i f fus ivi ty i n s t e a d of one i n c r e a s i n g wi th 
p l u m e s i z e . The a u t h o r ' s e m p i r i c a l i n v e s t i g a t i o n s have y ie lded the r e s u l t 
tha t for m o d e r a t e l y s i z e d p l u m e s on the G r e a t L a k e s , the a s s u m p t i o n of a 
c o n s t a n t d i f fus iv i ty g ives a m o r e a c c u r a t e a p p r o x i m a t i o n than the R i c h a r d 
son 4 / 3 - p o w e r law u s e d by B r o o k s . 

• 
If l ong i tud ina l diffusion is neg l ec t ed , the t w o - d i m e n s i o n a l h e a t -

c o n s e r v a t i o n equa t ion b e c o m e s the s i m p l e diffusion equa t ion for the con
s e r v a t i v e t e m p e r a t u r e f ield X, 

ax 32X , ^ 
U — = K^ — . (7.8) 

dy 3 x y :>..2 • 

The t e c h n i q u e of so lu t ion is to c o n s i d e r e a c h e l e m e n t of the l ine s o u r c e as 
a " c o n t i n u o u s point s o u r c e " which g e n e r a t e s a G a u s s i a n p l u m e . 

A con t inuous point s o u r c e in a u n i f o r m s t e a d y c u r r e n t y ie lds a 
" s l e n d e r " p l u m e in. wh ich long i tud ina l diffusion is n e g l i g i b l e . Due to the 
u n i m p o r t a n c e of diffusion a long x, the p l u m e d i m e n s i o n in t h i s d i r e c t i o n i s 
i r r e l e v a n t to t he p r o b l e m so lu t ion , thus jus t i fy ing an i d e a l i z e d l ine s o u r c e 
of l eng th b to be p l aced p e r p e n d i c u l a r to the c u r r e n t and equa l to the 
i n i t i a l p l u m e wid th . 
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If X is r e p l a c e d by 

l/2 
2K. 'uj 

(7 .9 ) 

the s t a n d a r d dev ia t ion of the p o i n t - s o u r c e so lu t ion , the a p p r o p r i a t e s o l u t i o n 

to Eq. 7.8 is 

X(x, y) = ° / 
,b/2 

v/2TTay ''-b/z 
exp 

( y - y ' ) M 2 

2CT^ J 

dy' 

\ l , b / 2 + y , „ , , b / 2 - y 
= — erf + ert 

\ v^ ay y <^y 

• , (7.10) 

•where 

erf \ 

and X(, = 9o 

^/^^o 
dt (7.11) 

The c o m p l e t e so lu t ion for 6 is t hen e a s i l y ob ta ined f r o m Eq. 7.6. 
Along the c e n t e r l i n e , th i s y ie lds 

(7.12) 
^max = ^ ( - . 0 ) - P l p c p h u - y 

T h e s e r e l a t i o n s h i p s show that at any d o w n s t r e a m d i s t a n c e x, the e x c e s s 
t e m p e r a t u r e 9 (or 9j^3^^ for c e n t e r l i n e p o s i t i o n s ) i s e q u a l to 9o m u l t i p l i e d 
by two decay f a c t o r s , one r e s u l t i n g f r o m s u r f a c e hea t l o s s , the o t h e r due to 
mix ing . 

exp 

The f o r m of the s u r f a c e - h e a t - l o s s f ac to r 

Kx 
pCphU 

(7.13) 

i nd i ca t e s that it is neg l ig ib le for d i s t a n c e s n e a r the s o u r c e and h a s s ign i f i 
cance only for f a r - d o w n s t r e a m d i s t a n c e s . Th i s i s due to the fact t ha t a 
typ ica l value of the p a r a m e t e r 

K 
pCphU 

(7.14) 

i s 1.16 X 10"^ for K = 150 B t u / f t 2 - d a y - ° F , h = 5 ft, U = 0.5 f t / s e c . 
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Analyzing the turbulent mixing factor, i.e., the function X(x, y), 
requires deeper analysis. This factor is of part icular interest when: 

(1) y = 0, which yields the conservative centerline temperature-
decay formula; 

(2) X is large, allowing an asymptotic form for X to be 
developed; 

(3) x is small , which gives information on dilution close 
to the source. 

Setting y = 0 in Eq. 7.10 gives the decay of the maximum tem
perature at each cross section x. 

ix(x) = Xo erf (7.15) 

be written 

2y2ay 

For large x, the exponential in the integrand of Eq. 7.11 may 

exp 
( y - y r 

2av — exp 
y yy 

2ay Oy 
( y ' « a y ) (7.16) 

w h e r e b y 

X(x, y) = Xo 
y2TTCTy \ 2a^ 

2t^y by 
—— sinh — -

by 2a^j 
( b « a y ) (7.17) 

T h u s , if y / a i s not l a r g e c o m p a r e d to 1, the b r a c k e t e d t e r m in Eq. 7.17 is 
s e e n us ing T a y l o r ' s expans ion to be a p p r o x i m a t e l y uni ty , which g ives the 
following a s y m p t o t i c f o r m u l a for X^^^^^: 

ix(x) X „ -
v^2TTav 

(x ^ " ) . (7.18) 

This last form is the identical formula for the centerline tem
perature r i se resulting from a point source of strength q = bXgU (per unit 
depth) placed at the center position of the line source. Csanady considers 
the point-source formula 

^p(x, y) = Xo 
y / ^ O . 

exp 
2a 

(7.19) 

to be a sufficiently good approximation when 
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a y > 3 b (^-20) 

because the bracketed te rm in Eq. 7.17 is close to unity. 

For small x, both e r ro r functions in Eq. 7.13 tend to unity i.e., 
X — Xo at y = 0. From Eq. 7.13, the centerline temperature r i se is 1% of 
the initial temperature r ise when 

2 2 (7.21) 
2,y2ay 

or, approximately, 

a y ^ b / 6 . (7.22) 

In te rms of longitudinal distance downstream, X » Xo iip to a 

distance 

64Ky-
(7 .23) 

Csanady s u b s t i t u t e s " typ ica l " va lue s of the p a r a m e t e r s involved 
to e s t i m a t e the expec ted di lu t ion at d o w n s t r e a m d i s t a n c e s . When U = 20 c m / 
sec , b = l O O m a n d K y = 500 c m y s e c . Equa t ion 7.23 y i e ld s x = 625 m , i m 
plying tha t the m o d e l p r e d i c t s negl ig ib le d i lu t ion for d i s t a n c e s even up to 
1 km. This i s due to the fact that the in i t i a l p lume width i s l a r g e , r e q u i r i n g 
s o m e d i s t a n c e before the a m b i e n t fluid can p e n e t r a t e i t s way to the c e n t e r -
l ine . The d i s t a n c e x to which th i s holds i s given by Eq. 7.23 and i s p r o 
p o r t i o n a l to b , which can be r a t h e r l a r g e for in i t i a l ly b r o a d p l u m e s . The 
"point s o u r c e " fo rmu la , Eq. 7.20, wil l hold for x > 11.25 k m for the above 
s i tua t ion; however , by the t i m e the effluent r e a c h e s tha t d i s t a n c e , the va l id 
ity of the fo rmula is ques t ionab le due to r e l a t i v e l y f r equen t c u r r e n t r e v e r 
s a l s . I s o t h e r m s for the "Offshore Outfal l Model" a r e s k e t c h e d in F i g . 7.2. 

Fig. 7.2 

Isotherms as Predicted by 
the Offshore Outfall Model 

(2) D i s c u s s i o n of the Cons t an t -d i f fu s iv i ty Model . At t h i s point a 
few c o m m e n t s need to be m a d e c o n c e r n i n g the a u t h o r ' s cho ice of a c o n s t a n t -
diffusivity mode l . F i r s t , the h o r i z o n t a l eddy diffusivi ty i s g e n e r a l l y def ined 
a s 

d(W^) 
K„ = cons t U ' ', (7 24) 

' dx 
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where W is the observable width (under any reasonable definition) of a 
steady plume. If a constant Ky is assumed, then, from Eq. 7.24, 

W = const x'^^ (7.25) 

For the 4/3-power law, 

Ky = const W^/^ (7.26) 

and consequently, from Eq. 7.24, 

Ky = const x'^^ (7.27) 

implying that the plume grows faster than linearly and much faster than a 
constant-Ky model. 

F r o m Csanady's experiments in Lakes Huron and Erie with drift 
bottles and point discharges of fluorescent dye, it was concluded that a rapid 
phase of la tera l plume growth indeed exists. However, this occurs at down
s t ream distances x of 300-500 m from the point source producing a typical 
plume width of 20-50 m. Also, at distances of order 1 mile and beyond, a 
constant diffusivity was encountered. Csanady found that an appropriately 
chosen constant Ky would predict the growth of the plume width quite 
satisfactorily for W > 50 m or so. Consequently, Csanady concludes that 
for downstream distances of order 1-2 miles , a constant-K,, model is pref
erable to a more elaborate model. E r r o r s may occur, but these are not 
usually significant in pract ice, according to Csanady. 

How the plume sizes and longitudinal distances quoted above 
apply to a la rge-sca le plume emitted by a power plant is still not clear. 
Csanady recommends a constant K for la rge-scale plumes only after the 
plume has reached a moderate size (roughly 100 m wide) and up to several 
ki lometers in downstream distance. These a re rough es t imates , considering 
the kinds of complexities involved and the present s ta te-of- the-ar t . Some 
investigators have recently collected field data that suggest that the plume 
width grows greater than a rate suggested by a constant Ky for larger 
downstream distances than several ki lometers . Due to the present uncer
tainty involved, Csanady employs a constant-diffusivity model for extended 
longitudinal distances x. 

The 4/3-power law used by Brooks is basically a theoretical 
result . If the turbulence field is homogeneous in the horizontal, the theo
ret ical resul ts of Batchelor a re applicable; in part icular , during some 
stage of horizontal plume growth the Richardson's "4/3-power law" for 
diffusivity is approximately valid. The 4/3-power law can also be deduced 
theoretically from the Weizsacher-Heisenberg or Kolmogoroff theories.^ 
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The derivation is based on the similari ty of the diffusion of mass and mo
mentum. The law does-seem to compare well with field data on ocean 
diffusion. Many least -squares fittings have indicated that the "4/3-power 
law" is a good description of lateral plume growth with an associated in
crease in the scale of diffusion. In fact, the resul ts of over 40 independent 
studies of turbulent dispersion seem to support the "4/3-power law" for 
the ranges (10 m to 100 km) applicable to oceanic turbulence. 

A good deal of recent experimental evidence by Csanady, Okubo, 
and others does not really support the 4/3-power law for large lakes. It 
appears that a constant diffusivity is satisfactory as long as the flow is 
homogeneous. Trouble can occur at dye patches or in la rge-sca le dif
fusion where some kind of discontinuity in the flow field, such as a sudden 
change in current, occurs; this type of phenomenon would destroy the simple 
diffusivity model, where now the size of the plume becomes a cr i t ical 
factor. Much research is still necessary to determine which of these laws 
or perhaps some other law is most accurate in representing la tera l 
diffusivities. 

(3) General Comments about the Offshore Model. In addition to the 
uncertainty in specifying the precise functional form for the eddy thermal 
diffusivity, the model has other limitations. F i r s t , buoyant la tera l spreading 
due to density differences within the plume and between the plume and am
bient water is not considered. The flow field is defined to be ambient and 
unaffected by any temperature differences. Consequently, the model may 
be used only for a relatively small temperature differential between the 
plume and receiving water. This may not be a s t r ict limitation, since any 
initial jet mixing has been assumed to occur before the applicability of this 
model. 

Second, the plume depth is generally unknown, yet has to be 
specified in this model as a known constant. 

Third, the constant diffusivity used in the model can vary up to 
several orders of magnitude with different sites and environmental condi
tions. Previous field measurements would be required to best analyze the 
variation in different circumstances. Such a requisite adversely affects 
the predictive nature of the model. At present, the model has not been 
verified with actual field data. 

d. Shoreline Surface-discharge Model 

(1) Model Development. Csanady employs the energy conservation 
equation to model a power station cooling water outfall located on a shore
line and discharging to the surface of a large lake. Empirical information 
on the surface heat flux and turbulent diffusion is included in the model, 
which was obtained during the author 's investigations of the Great Lakes. 
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The s i t u a t i o n i s i l l u s t r a t e d in F i g . 7 .3 . The c o n d e n s e r cool ing 
w a t e r e n t e r s the lake at the s h o r e l i n e into a t r a n s v e r s e c u r r e n t . Any in i t i a l 
m o m e n t u m is a s s u m e d to be qu ick ly d i s s i p a t e d in an a d j u s t m e n t zone loca ted 
b e t w e e n the ou t l e t and a s h o r t d i s t a n c e d o w n c u r r e n t . At tha t point , the p lume 

i s a s s u m e d to d r i f t a long wi th the 

CURRENT SPEED U 

EFFECTIVE 

LINE-SOURCE 
LENGTH b 

\ i I n ! 
VELOCITY V-

Fig. 7.3. Effluent-source Model̂  

c u r r e n t and s p r e a d l a t e r a l l y by t u r 
bu len t m i x i n g . The au tho r n e g l e c t s 
b o t t o m effec ts and a s s u m e s tha t the 
p l u m e d o e s not change in v e r t i c a l 
s i z e a s i t s wid th g r o w s . Diffusion 
a long the c u r r e n t d i r e c t i o n is once 
aga in i g n o r e d , and the p l u m e is r e 
g a r d e d a s if it had b e e n d i s c h a r g e d 
f r o m a l ine s o u r c e of length b p e r 
p e n d i c u l a r to s h o r e . 

The width of the l ine s o u r c e b m a y be c r u d e l y e s t i m a t e d f r o m 
a s i m p l e h e a t b a l a n c e b e t w e e n the a c t u a l ou t le t and the l ine s o u r c e : 

whe i 

and 

VgAgBo = bUhOo, (7.28) 
* 

Vg = ex i t v e l o c i t y of the d i s c h a r g e , 

Ag = c r o s s - s e c t i o n a l a r e a of the ou t le t , 

U = c u r r e n t ve loc i ty , 

h = dep th of the p l u m e , 
% 

9o = i n i t i a l e x c e s s t e m p e r a t u r e , 

9o = t e m p e r a t u r e e x c e s s at t he l ine s o u r c e ( a s s u m e d c o n s t a n t ) . 

C s a n a d y r e c o m m e n d s u s e of the e m p i r i c a l r e l a t i o n s h i p 

6o = 39o (7.29) 

a s a c r u d e e s t i m a t e of the d i lu t ion f ac to r e n c o u n t e r e d a s a r e s u l t of the 
i n i t i a l m i x i n g . In p r a c t i c e , t h i s f ac to r i s c l e a r l y a c o m p l i c a t e d function of 
the r a t i o b e t w e e n exi t and c u r r e n t ve loc i ty , d i s c h a r g e g e o m e t r y , and l a k e -
b o t t o m c o n t o u r s . E q u a t i o n 7.29 i s b a s e d on the a u t h o r ' s e x p e r i m e n t a l 
i n v e s t i g a t i o n s on the G r e a t L a k e s and p a r t i c u l a r l y on h i s s t u d i e s of the 
Doug la s Po in t N u c l e a r P o w e r S ta t ion on Lake H u r o n . Subs t i tu t ing Eq. 7.29 
in to Eq. 7.28 y i e l d s 

b = Uh 
(7.30) 
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as a rough approximation for b. The line source may be placed directly at 

the outlet or perhaps up to 100 yards downcurrent, as illustrated in Fig. 7.4. 

Estimates on the length, b, the constant temperature excess at the line 
source, and its proper position are 

y CONSERVATIVE TEMPERATURE- Quite difficult and may be determined 
CONCENTRATION PROFILES ^ , . , ^ i , „ 

only crudely without a much more 

elaborate analysis of a jet bending in 

a crosscurrent. 

An analysis identical to the 

one presented in the Offshore Outfall 

Model concerning the relationship 

between the two-dimensional noncon

servative 9 field and conservative 

X field implies that 

777777777T77T777 

Fig. 7.4. Effluent Plume Released from Line Source 
of Length, b, Located at Shore, into Uni
form Lake Current of Velocity, U (Ref. 1) 

y) = X ( x , y ) e x p -
K 

PCp ,hU 
(7.6) 

X(x, y) as before satisfies 

SX ^ a o y 

pcp 3y 
(7.7) 

w i t h t h e s a m e n o t a t i o n a s u s e d a b o v e . A t t e n t i o n w i l l t h u s b e f o c u s e d , a s 

b e f o r e , u p o n c o n s t r u c t i n g a s o l u t i o n f o r t h e X f i e l d f o r t h e p r e s e n t p h y s i c a l 

p r o b l e m . 

Of p r i m e i m p o r t a n c e i n t h i s p r o b l e m , a c c o r d i n g t o C s a n a d y , i s 

t h e c a l c u l a t i o n of n o n c o n s e r v a t i v e t e m p e r a t u r e s a t f i x e d p o i n t s a l o n g t h e 

s h o r e . T h i s i n t e r e s t i s d u e t o t h e " c o a s t a l - e n t r a p m e n t " p h e n o m e n o n o b 

s e r v e d b y C s a n a d y f o r l a r g e - s c a l e e f f l u e n t p l u m e s d i s c h a r g e d a t o r n e a r 

t h e s h o r e of l a k e s i n w h i c h t h e p l u m e c l o s e l y h u g s t h e s h o r e f o r c o n s i d e r 

a b l e d i s t a n c e s . T h i s w a s o b s e r v e d , f o r i n s t a n c e , a t D o u g l a s P o i n t b y t a g g i n g 

t h e e n t i r e p l a n t f l o w w i t h a f l u o r e s c e n t t r a c e r . V i s u a l a n d p h o t o g r a p h i c 

e v i d e n c e a v a i l a b l e f r o m o t h e r d i s c h a r g e s o n t h e G r e a t L a k e s c o n f i r m s t h i s 

t o b e a f a i r l y u n i v e r s a l p h e n o m e n o n . S i n c e t e m p e r a t u r e s a t s p e c i f i c s h o r e 

l i n e d i s t a n c e s a r e d e s i r e d , a b s o l u t e d i f f u s i o n of t h e p l u m e m u s t b e c o n s i d e r e d . 

F r o m C s a n a d y ' s e x p e r i m e n t a l a n a l y s e s , t h e s t a n d a r d d e v i a t i o n 
f o r a p o i n t - s o u r c e p l u m e l o c a t e d n e a r s h o r e g r o w s m o r e r a p i d l y t h a n w o u l d 
f o l l o w f r o m a c o n s t a n t - d i f f u s i v i t y m o d e l . E d d i e s g e n e r a t e d b y t h e s h o r e 
b o u n d a r y a r e m o r e e f f i c i e n t m i x e r s t h a n t h o s e 2 - 3 m i l e s o f f s h o r e . A s a 
c r u d e a p p r o x i m a t i o n , C s a n a d y u s e s 

Sy = p x . ( 7 . 3 1 ) 
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w h e r e p i s the n o n d i m e n s i o n a l r e l a t i v e i n t e n s i t y of h o r i z o n t a l lake t u r b u 
l e n c e . T h i s f o r m for S„ wi l l be d i s c u s s e d in g r e a t e r d e t a i l l a t e r . 

A r r a n g i n g p o i n t - s o u r c e p l u m e s , e a c h wi th a G a u s s i a n f o r m a t , 
a t a l l po in t s of - b < y < b (the s e g m e n t -b < y < 0 a l lows for s h o r e l i n e r e 
f l ec t ion of the p l u m e s ) , the c o n s e r v a t i v e t e m p e r a t u r e d i s t r i b u t i o n b e c o m e s 

X(x,y) = 
V ^ S , / exp 

2Sv 
dy ' 

_Ko_/ b - y b-^y 

2 \ V 2 S „ v ^ S ^ 

(7 .32) 

w h e r e XQ (= 6o) i s the t e m p e r a t u r e a t the l ine s o u r c e . T h i s r e s u l t m a y a l so 
be ob ta ined by so lv ing the diffusion equa t ion wi th a v a r i a b l e diffusivi ty. 
Equa t ion 7.32 g ives the so lu t i on for the X field in t e r m s of two n o n d i m e n 
s i o n a l n u m b e r s ; i . e . . 

^ ^ " ( ^ • T ) -px 

The t o t a l so lu t ion g iven for the 9 field is 

K 9 (x ,y ) = X ( x , y ) e x p , ^^^^^ 

I s o t h e r m s for 6(x, y) a r e s k e t c h e d in F i g . 7 .5. 

Along the ax i s of the p l u m e , i . e . , at the s h o r e l i n e . 

(7 .33) 

(7 .34) 

IIFORM -71 " - ^ ^ ^ - ^ ^ ^ 
iRRENT . 1 I | N E \ ^ \ ^ ^ \ 

U . 5 SOURCE \ \ lS0THERMS\ 
y, , , ,M,, l t t , , , , ?> , , , , , , , , , , , ' * , , , , , , ,> • , , , , I',,,,,,,,?' 

9s (x) = 9o exp V pCphU ^ ) 
er f 

• / 2 p x 

(7.35) 

Fig. 7.5. Isotherms as Predicted by the Shore
line Surface-discharge Model 

T h i s r e l a t i o n s h i p shows , a s 
b e f o r e , tha t a t any d o w n s t r e a m d i s 
t a n c e , X, the e x c e s s t e m p e r a t u r e 9g 

is e q u a l to 9o m u l t i p l i e d by two d e c a y f a c t o r s , one r e s u l t i n g f r o m s u r f a c e 
hea t l o s s , the o t h e r due to m i x i n g . The d e c a y of the m i x i n g fac to r a long the 
p l u m e c e n t e r l i n e i s p lo t ted in F i g . 7 .6 . 

As exp la ined in the Offshore Outfa l l Model , the h e a t - l o s s f ac to r 
i s n e g l i g i b l e for d i s t a n c e s n e a r the s h o r e and h a s s ign i f i cance only for f a r -
d o w n c u r r e n t d i s t a n c e s . 
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V o 

^ p x / b 

Fig. 7.6. Decay of Maximum Temperature 
due to Mixing Alone^ 

Ana lyz ing the t u r b u l e n t -
mix ing fac to r i s a g a i n m o r e c o m p l i 
c a t e d . F o r l a r g e long i tud ina l d i s 
t a n c e s a long s h o r e , the e r r o r funct ion 
m a y be a p p r o x i m a t e d by a l i n e a r t e r m . 
Consequen t ly , 

Xs/xo=^y?7. ( - - ) (̂ -̂ 6) 

This is equ iva len t to p l ac ing a point 
s o u r c e of s t r e n g t h q = UbXo at the 
c e n t e r of the l ine s o u r c e . F o r s m a l l 
X, X„ = 0.99 Xo when 

and 

ŷ  
2 2 

px 

(7 .37 ) 

X S 

2 ^ 2 ] 
3b, (7.38) 

w h e r e a t yp i ca l value of p (= 0.1) was used above . T h i s r e l a t i v e l y l a r g e 
d i s t a n c e , 3b, i m p l i e s that it t a k e s a while for a m b i e n t e n t r a i n m e n t to 
p e n e t r a t e to the c e n t e r l i n e . Csanady no tes tha t a t 3-4 t i m e s th i s x, the 
p o i n t - s o u r c e fo rmula (Eq. 7.36) m a y be u s e d wi th m i n i m a l e r r o r . F o r 
p = 0 .1 , 

Xg/xo i== 8 b / x ( x ^ », p = 0.1). (7 .39) 

F o r typ ica l cond i t ions , say b = 100 m , neg l i g ib l e d i lu t ion r e s u l t s 
up to d i s t a n c e s of about 1 km, and only a d i lu t ion of 30 for x = 25 k m . Th i s 
l a t t e r d i s t a n c e m a y wel l r e p r e s e n t the inf luence l i m i t of the effluent s i nce 
by then a c u r r e n t r e v e r s a l g e n e r a l l y p r o d u c e s a m a s s i v e m a s s exchange 
be tween the s h o r e zone and the m a i n lake m a s s . 

Csanady p r o v i d e s a f inal ins igh t into h i s s u r f a c e - h e a t - l o s s and 
t u r b u l e n t - m i x i n g f a c t o r s in the c e n t e r l i n e t e m p e r a t u r e - d e c a y f o r m u l a by 
c o m p a r i n g the longi tudinal d i s t a n c e s r e q u i r e d for e a c h f ac to r to d r o p to 
half i ts in i t i a l va lue . The d i s t a n c e at which 9 d r o p s off to 7 9o is 

and 

1.47b/p (mixing only) 

0.694 — (cooling only) . 

(7.40) 

(7.41) 
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For typical input pa ramete r s B = 0.8, p^ /pa = 800, c - ^ / 
'^pa = 4, C = 0.002, and U/UJQ = 0.02, 

Xc = 10* h. (7.42) 

Note that Xj^ and x ,̂ a re directly proportional to b and h, respectively. 
For h = 10 m and b = 100 m, Xj, and x^^ a re calculated to be 100 and 
1.5 km, respectively. This implies negligible surface cooling within the 
region of the plume of greates t interest . The author concludes that his 
model predicts that turbulent mixing predominates over any surface cool
ing that may occur to a good degree of approximation over the entire plume. 
This is expected to be true for moderately deep plumes with a more or less 
steady current of moderate to high velocity (10-50 cm/sec ) . Csanady also 
states that the total dilution predicted by his model is insufficient for most 
pract ical applications. 

The tempera ture field 9 represents mean values of that quantity 
amidst turbulent fluctuations superimposed upon it, as generally occurs in 
turbulent diffusion. However, two methods present themselves for the 
measurement of such mean tempera tures : 

(1) A fixed-point mean, implying that tempera tures a re aver
aged at a fixed position over a suitably long period of t ime. 

(2) A mean tempera ture , defined in a frame of reference 
moving with the center of gravity of a plume. 

The second method of measurement ignores any meandering of 
a plume and considers only diffusion about tlje center of gravity. The dif
ference lies in that a fixed-point mean may be including zero excess tem
pera tures for periods of time due to the i r regular meandering that may 
occur within the neighborhood of the plume's average path. Temperature 
profiles measured by either method for a plume following a shoreline turn 
out quite s imi lar since meandering perpendicular to the shore is less im
portant. However, the period of averaging should be chosen long enough to 
include severa l cycles of large eddies contributing to the meandering; in 
pract ice, this requires severa l hours . 

(2) The Functional F o r m Sy. A brief discussion (based on Refs. 1 
and 2) will now attempt to describe Csanady's thinking in his use and choice 
of the functional form for Sy for the present problem of a large-scale 
plume dispers ion from a shoreline outfall in the presence of shore-paral le l 
cu r ren t s . This discussion will be followed by some general comments on 
the model itself and its use. 

For a fixed frame of reference, horizontal plume dispersion 
is produced by both relat ive diffusion and meandering. If Sy is the standard 
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deviation at a downstream distance x from a continuous point source, then 

S may, in general, be written 

(7.43) 

are the standard deviations of relative diffusion and 

!Ct 

is approximately m 

Oy + m^ 

where a„ and m c^^ ^ . ^ ,^.„.. tv, t c: 
meandering, respectively. For 0 < x < 6 km or so, my » Oy so tnat Sy 

From pilot plume data taken by the author (see 

Fig. 7.7), m is approximately linear 

^suxusfi7 with a range 

0.03X s my i 0,25x. (7.44) 

(The experimental data shown in Fig. 7.7 

were obtained by aerial photography of 

apparently steady currents.) Conse

quently, Sy may be written 

coo 
DISTANCE FROM SOURCE . 

p x , (7.45) 

Fig. 7.7. Observed Standard Deviation 
of Meandering vs Distance 
(1966 and 1967)̂  

w h e r e p i s expec t ed to r a n g e f r o m 0.03 
to 0.25 ( f rom F i g . 7.7). The p a r a m e t e r 
p i s defined a s the l a t e r a l t u r b u l e n t 

i n t ens i ty in the c u r r e n t r e g i m e and m a y be d e t e r m i n e d f r o m 

(7.46) 

w h e r e 

a n d 

v' = the f luctuating tu rbu len t ve loc i ty in the l a t e r a l d i r e c t i o n y 

U = m e a n c u r r e n t speed . 

A typ ica l value of p is about 0 . 1 . 

To p r o p e r l y d e t e r m i n e p, d i r e c t t u r b u l e n c e m e a s u r e m e n t s need 
be m a d e for each s i tua t ion . M o r e o v e r , c e r t a i n p a r t s of the s p e c t r u m of 
ve loc i ty f luctuat ions a r e i r r e l e v a n t for the diffusion p r o c e s s at our con 
s i d e r e d sca l e of i n t e r e s t . To ca l cu l a t e roy, the l o w - f r e q u e n c y end of the 
s p e c t r u m is r e q u i r e d s ince the c o r r e s p o n d i n g e d d i e s c o n t r i b u t e to the 
p lume m e a n d e r i n g r a t h e r than r e l a t i v e diffusion o r f l u i d - p a r t i c l e s h a p e 
d i s t o r t i o n s , which a r e e s s e n t i a l l y n o n v o r t i c a l (Ref. 1, pp. 84 -85 ) . 

Equat ion 7.45 is a c c u r a t e wi th a c o n s t a n t p only in the i n i t i a l 
phase as the p lume f rom a point s o u r c e (or equ iva l en t l y f r o m an i n f i n i t e s i m a l 
e l emen t of a line s o u r c e , a s i s used h e r e in the Sho re l i ne Sur face D i s c h a r g e 
Model) g rows in e s s e n t i a l l y a c o n i c a l s h a p e . Equa t ion 7.45 i s rough ly va l id 



when Sy is less than about 2 km. For p = 0.1, this gives a region of 
validity of Eq. 7.45 for x < 20 km. For distances beyond this a diffusivity 
may be defined or the same Eq. 7.45 used with p allowed to decrease 
slowly with x to take into account the fact that the linear relationship 
no longer applies. 

In atmospheric diffusion problems, an empirically determined 
form for S is generally introduced. In certain specific cases , Sy grows 
as x" with n = 0.85-0,90. To date, lake-diffusion data a re inadequate to 
distinguish between n = 0.85 or 1.0. In lake situations, there have been 
only scant data available to properly define p for different situations. 
For this reason, the author uses only a "typical" value of p in his analysis. 
The parameter p depends on such qualitative phenomena as la rge-scale 
lake-flow regimes , shoreline i r regula r i t i es , and the supply and magnitude 
of large eddies. At present , the scant experimental resul ts that do exist 
predict that a l inear growth Sy = const.x is acceptable as a very rough 
approximation where the above proportionality constant may be taken as 0.1 
and may vary by a factor of two above or below that value, depending upon 
the influencing factors previously described. 

In addition to the experimental support for Eq. 7.45, there a re 
also possible theoret ical justifications. The Taylor theory of turbulence 
for homogeneous fluids predicts the variation of width by Eq. 7.45 along 
the initial stages of spreading for an effluent from a continuous point source. 
Although the existence of a lake plume precludes a completely homogeneous 
medium, the assumptions of Taylor ' s theory may be applied as an approxi
mate means is generally supported by empir ical data. 

Due to the above uncertainties in the formula for Sy = O.lx, 
Csanady suggests that field data be taken at different downstream distances 
to more accurately determine p. If p changes downstream, this should be 
included in the model solution. If no experimental data on Sy can be ob
tained, fitting the model to the p lume-temperature data is the only a l te r 
native to the roughly approximate assumption of Sy = O.lx. 

(3) General Comments about the Surface-discharge Model. The 
simplifications and limitations of the present model a re several . F i r s t , 
buoyant convective motions a re not considered, implying that the model 
should be applied only when relatively small temperature differences exist. 
Second, variable bottom effects are not included. A shallow bottom gen
erally crea tes additional ver t ical turbulence and smal le r - sca le eddies, 
which is an additional aid to mixing and heat dissipation. Csanady's 
chosen form for S at tempts, in a rough approximate manner, to account 
for additional eddies generated by the shore boundary. Third, the validity 
of the Sy functional form itself has not really been verified for water sys
t ems . The variation of p with distance needs a great deal of further study. 
The measurements for p and, consequently, Sy with distance are difficult 
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and considerably complicate model verification. This uncertainty with the 
plume's lateral-diffusion character is t ics adversely affects the model 's p r e 
dictive capability. Fourth, the rule of thumb handling the jet mixing is ex
tremely crude, as is Csanady's advice on the proper placement of the Ime 
source One should understand that these crude approximations a re real ly 
secondary in the model development and that they represent an uncomplicated 
method to initiate the far-field analysis. Finally, the plume depth is gener
ally unknown, yet required as input to the far-field model. Csanady's Shore
line Surface Discharge Model as well as his Offshore Outfall Model a re 
presently untested with field data. 

(4) Csanady's Conclusions Based upon His Models. Each of the 
two models discussed above predicts a small dilution, even at large d is 
tances from the line source. Csanady proposes that the best way to dilute 
the initial discharge is to mix it before it goes out into the lake or mix at 
very close to the discharge. For large initial t empera tures , an efficiently 
designed diffuser with a number of high-velocity jets may well be sat isfac
tory, since it produces its own turbulence in addition to using the natural 
lake turbulence for mixing Also, discharging effluents at lake bottom and 
beyond the influence of the coastal iets at distances of about 5 miles off
shore may also prevent a shoreward return of the heated effluent. 

For shoreline discharges, Csanady suggests that large rocks or 
even sunken wrecks in the path of the effluent jet will cause additional a r t i 
ficial turbulence to increase the dilution. 

(5) Final Comment. Keep in mind, in applying Csanady's models, 
that phenomena such as stagnation periods of the ambient current where 
U « 0, density stratification which inhibits plume spreading, and rec i rcu
lation affecting the flow field, cause these models to be oversimplified and 
should be supplemented by other considerations. 
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8. T O P L Y R - I I , A T w o - d i m e n s i o n a l T h e r m a l - e n e r g y T r a n s p o r t Code ' 
D. C. K o l e s a r and J . C. S o n n i c h s e n , J r . 

Hanford E n g i n e e r i n g D e v e l o p m e n t L a b o r a t o r y 
O c t o b e r 1971 

L i s t of S y m b o l s 

BR 6.1 X 1 0 - * P ( T a - T w ) / ( e o - e a ) 

c W a t e r - h e a t c a p a c i t y a t c o n s t a n t p r e s s u r e 

E E r r o r v e c t o r 

e^ P a r t i a l vapo r p r e s s u r e of a i r 

6(1 Vapor p r e s s u r e of w a t e r 

h Dep th of r i v e r 

L L o n g i t u d i n a l l eng th of flow field 

Lo L a t e n t h e a t of v a p o r i z a t i o n of w a t e r 

tf,t,^ F i n i t e - d i f f e r e n c e i n c r e m e n t s 

N C o n v e r s i o n f ac to r = 1.164 x 1 0 " ' m / h r - m b a r 

P A v e r a g e a t m o s p h e r i c p r e s s u r e on w a t e r s u r f a c e 

q Ef fec t ive a i r - w a t e r s u r f a c e e n e r g y flux 

Q 2.t-^q/pcph 

Qi^ Back r a d i a t i o n 

Qg E v a p o r a t i v e h e a t exchange • 

Qh BRQg 

Q R e f l e c t e d r a d i a t i o n f r o m the w a t e r s u r f a c e 

Q S h o r t - w a v e r a d i a t i o n m e a s u r e d by a r a d i o m e t e r 

qz I ( Q s - Q r ) - Q b - Q e ±Qh 

r^ , r y ^t/^x' *^V^y 

Sx. Sy 't ' t/ '^x' ^t/^y 

t T i m e v a r i a b l e 

T T e m p e r a t u r e 

T* T e m p e r a t u r e at end of half t i m e - s t e p 

X M e a n a b s o l u t e a i r t e m p e r a t u r e 

T A b s o l u t e t e m p e r a t u r e of w a t e r s u r f a c e 

u L o n g i t u d i n a l v e l o c i t y 
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U Wind ve loc i ty ( m e t e r s / h r ) 

V L a t e r a l ve loc i ty 

w L a t e r a l width of flow field 

X Longi tud ina l d i s t a n c e , independen t v a r i a b l e 

L a t e r a l d i s t a n c e , independen t v a r i a b l e 
y 
cv ,01 Longi tud ina l and l a t e r a l t h e r m a l d i f fus iv i t i es 

. Y 

y 

F i n i t e - d i f f e r e n c e sp l i t t ing p a r a m e t e r s 

PJ A t m o s p h e r i c r a d i a t i o n fac tor d e r i v e d f r o m the c loud cove r 
6 C e n t r a l - d i f f e r e n c e o p e r a t o r 

p Dens i ty of p lume w a t e r 

CT S te f an -Bo l t zmann r a d i a t i o n cons t an t 

S u b s c r i p t s and s u p e r s c r i p t s 

A Ident i f ica t ion on p u r e l y convec t ive t e m p e r a t u r e d i s t r i b u 
t ion, which spec i f i e s that a second law l ike c o r r e c t i o n h a s 
been m a d e 

C Ident i f ica t ion on p u r e l y convec t ive t e m p e r a t u r e d i s t r i b u t i o n 

I Value of i at exi t sec t ion 

i, j , k Row, column, and t i m e m e s h - p o i n t iden t i f i ca t ion 

j Value of j along p l u m e c e n t e r l i n e 

t, X, y T i m e and d i s t a n c e ( longi tudinal and l a t e r a l ) a s s o c i a t i o n 

b . In t roduc t ion 

The nunner ica l model developed by K o l e s a r and Sonn ichsen t r e a t s 
the p r o b l e m of the fa r - f i e ld d i s p e r s i o n of a hea t ed effluent in b o d i e s of w a t e r 
in which the in i t ia l m o m e n t u m of the s o u r c e and the p l u m e buoyancy no 
longer affect the flow. Th i s f a r - f i e ld m o d e l y i e ld s a t w o - d i m e n s i o n a l t r a n 
s ient t e m p e r a t u r e d i s t r i bu t i on upon input of the t w o - d i m e n s i o n a l , t i m e -
independent ve loc i ty d i s t r i b u t i o n and h o r i z o n t a l eddy t h e r m a l d i f fu s iv i t i e s . 
Model computa t ions begin at a f a r - f i e ld c r o s s s ec t ion , at wh ich the t e m 
p e r a t u r e d i s t r i bu t ion i s speci f ied a s a function of t i m e , and ex tend to a 
fu r the r d o w n s t r e a m c r o s s sec t ion , at which only the in i t i a l t e m p e r a t u r e 
d i s t r i bu t ion is given. The m o d e l h a n d l e s a v a r i a b l e b o t t o m con tou r , but 
a s s u m e s no v e r t i c a l v a r i a t i o n in ve loc i ty and t e m p e r a t u r e be low the s u r 
face . A t m o s p h e r i c heat l o s s f rom the p l u m e is a l s o inc luded . An a l t e r n a t i n g -
d i r e c t i o n impl ic i t a l g o r i t h m is u s e d to so lve the f i n i t e - d i f f e r e n c e r e l a t i o n 
ships w r i t t e n for the e n e r g y - c o n s e r v a t i o n equa t ion . The H E D L n u m e r i c a l 
mode l i s coded for a r i v e r s i tua t ion , yet h a s b u i l t - i n op t ions to h a n d l e a 
given l a k e - p l u m e p r o b l e m . 
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TOPLYR-II is a modification of the TOPLYR* code^ in which second-
order accurate difference equations a re used rather than f i rs t -order re la
tionships to reduce the numerical e r r o r s resulting from the TOPLYR finite-
difference scheme. The ultimate goal of the HEDL investigators is to 
develop a complete numerical plume model which is valid for the jet, t ran
sition, and far-field regions. An accurate numerical simulation of such 
phenomena as the momentum interaction of the jet and ambient current, 
buoyant spreading, and drift-zone dispersion involves numerous complex
i t ies . The authors, consequently, embarked on a stepwise procedure in the 
development of their total-model concept. TOPLYR-I and -II t reat the far-
field region in which buoyancy effects and initial jet momentum are assumed 
negligible. The next step in their p rogram will be the development of 
TOPLYR-III, which will handle the buoyancy mechanism that will involve 
the t reatment of the transit ion zone between the jet and far-field regimes. 
This anticipated pseudo three-dimensional model would incorporate mo
mentum balances in the horizontal and vertical directions, maintaining 
essentially the same principles as in TOPLYR-II for the horizontal axial 
direction. This new model would still exclude other effects that would be 
important in the jet reg ime. When TOPLYR-III is completed, a jet model 
would be developed to t reat the initial jet interaction with the receiving 
water. 

The advantages of this model development procedure (far field to 
near field) a re several . F i r s t , each improvement can be added to the basic 
model with much of the previous code being salvaged. Second, most of the 
field data present ly available for model verification was obtained in the far 
field, which encourages model development from that end. Third, the far-
field or drift zone is simplest to model since lateral density gradients are 
generally small . It is typical in that region to neglect the interaction be
tween buoyancy and flow and thus analyze the hydraulic problem separate 
from the heat diffusion. Velocity distributions then calculated from hy
draulic analyses or estimated from field measurements may then be used 
as known input to compute the convective t e rms in the heat - t ranspor t equa
tion. This lat ter procedure was used in TOPLYR-I and -II. 

The major disadvantage of this approach, at least in the develop
ment of TOPLYR-II, is the severely limited applicability of the resulting 
far-field code as a predictive device. The input conditions required for 
TOPLYR-II a re : 

(1) Prob lem geometry. 

(2) Time-dependent meteorological pa r ame te r s . 

(3) H o r i z o n t a l e d d y - t h e r m a l d i f fu s iv i t i e s . 

'*The original TOPLYR code^ will be denoted TOPLYR-I in the present discussion. 
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(4) Initial temperature distribution at the inlet and outlet far-field 
cross sections bounding the lake or r iver region of interest . 

(5) Inlet and outlet axial velocity distributions. 

(6) Time-dependent inlet temperature distribution. 

(7) Convergence cri ter ia . 

(8) A l t e r n a t i n g - d i r e c t i o n i m p l i c i t (A.D.I .) sp l i t t ing p a r a m e t e r s p 

and Y (to be d i s c u s s e d l a t e r ) . 

I t e m s 3-6 a r e not u s u a l l y known in a d v a n c e , r e q u i r i n g e s t i m a t e s 
f rom field da ta p r e v i o u s l y taken at the s i te in ques t ion , if a v a i l a b l e . E v e n 
wi th e s t i m a t e s on the d i f fus iv i t ies , the t i m e - d e p e n d e n t t e m p e r a t u r e d i s t r i b u 
t ion at the f a r - f i e ld s o u r c e c r o s s sec t ion and the f a r - f i e ld ax ia l v e l o c i t y 
d i s t r i b u t i o n a r e g e n e r a l l y unknown for lake s i t u a t i o n s . In sp i t e of t h i s l i m i 
ta t ion on the p r e s e n t v e r s i o n of T O P L Y R , the a u t h o r s c o n s i d e r the code a s 
a f i r s t s tep toward a useful and comple t e p r e d i c t i v e n u m e r i c a l m o d e l . The 
a u t h o r s point out that t h e i r p r e s e n t code w a s o r i g i n a l l y d e s i g n e d to t e s t 
c e r t a i n ex i s t ing e x p e r i m e n t a l da ta and it could have t aken a d i f f e r en t and 

a p p a r e n t l y m o r e useful f o r m had the 
o r ig ina l p u r p o s e for the d e v e l o p m e n t 
of the mode l been m o r e g e n e r a l . 

c. Model D e s c r i p t i o n 

(1) The P h y s i c a l S y s t e m and 
Main A s s u m p t i o n s . The p h y s i c a l s y s 
t e m be ing ana lyzed is r e p r e s e n t e d in 
F i g . 8 . 1 . One s h o r e l i n e i s a s s u m e d 
s t r a i g h t (denoted "left b a n k " ) ; the 
oppos i t e s h o r e l i n e c h a n g e s depend ing 
upon the r i v e r wid th or l ake b r e a d t h . 
The t h e r m a l p l u m e is a s s u m e d to be 
wel l within t h e s e s h o r e b o u n d a r i e s . 

In a lake s i tuat ion, a code option p e r m i t s the t r a n s f o r m a t i o n of the left bank 
into a l ine of s y m m e t r y when a s y m m e t r i c a l p l u m e is e x p e c t e d wi th in s o m e 
infinite m e d i u m . The reg ion be tween two p l u m e c r o s s s e c t i o n s in the far 
field is ana lyzed , t he se sec t ions denoted s o u r c e ( inlet) and exi t (out le t ) . 
The bot tom depth and a t i m e - i n d e p e n d e n t m e a n axia l ve loc i t y i s a s s u m e d 
to be specif ied at each of t h e s e t\vo c r o s s s e c t i o n s . 

Fig. 8.1. Elemental (Nodal) Approximation 
to River Contourŝ ^ 

The s o u r c e c r o s s sec t ion is a s s u m e d to be suff ic ient ly down-
c u r r e n t so that the in i t ia l m o m e n t u m of the d i s c h a r g e and any r e s i d u a l 
buoyant sp read ing of the ac tua l hea t s o u r c e is n e g l i g i b l e . The p l u m e is 
a s s u m e d to be fully mixed v e r t i c a l l y wi th no v a r i a t i o n in p l u m e p r o p e r t i e s 
below the wa t e r s u r f a c e . T O P L Y R - I I would h e n c e be a p p l i c a b l e to r e l a t i v e l y 
shal low r i v e r s or l akes when no s t r a t i f i c a t i o n e x i s t s and w h e r e the p l u m e 
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extends down to the entire receiving-body depth. For deeper bodies of 
water with or without stratification, the bottom contours should be replaced 
by the bottom of the thermal plume or the bottom of the epilimnetic region, 
depending upon which is more applicable in a given situation. If no field 
data a re available to provide an est imate of plume depth, the authors r ec 
ommend the choice of a constant depth of 10 ft, based mainly upon the ob
servations of a wide variety of lake-plume data made by Pritchard.^ 

The actual heat source is introduced as a time-dependent bound
ary condition on the source cross section. If a thermal plume exists in the 
r iver or lake initially, the tempera ture distribution over the inlet (as a 
function of t ime) and outlet (initial time only) sections must be specified. 
Optionally, the inlet tempera ture may be given as a function of time, with 
the outlet section being equated initially to ambient temperature . 

The computer code superimposes a given model mesh on the 
r iver (or lake region) and approximates the r ive r ' s (or plume's) inter
mediate bottom contour, initial temperature , and axial speed by linear 
interpolation carr ied out by a subroutine applied on the initial data. The 
"right side" of the nodal mesh is terminated in the river or lake, thereby 
maintaining rectangular cel ls . The numerical simulation assumes that the 
region beyond the neighborhood of the plume does not affect the analysis 
and may be removed from the problem domain and replaced by a zero-heat-
flux condition at those grid edges. This will be valid for a large river or a 
large lake or in situations with two straight shoreline boundaries. 

A subroutine (CHANL) computes lateral velocities based upon 
continuity requirements at each grid cell, thereby establishing mass t rans
port across each longitudinal c ross section determined by the grid. Due to 
inaccuracies in data collection, it may occur that the net mass entering the 
inlet section is not equal to the net mass as measured exiting the outlet sec
tion. A 15% discrepancy in net mass through these sections is permitted by 
the code. If discrepancies exist, it is a rb i t rar i ly assumed that the axial 
velocities inputted in the source section are accurate; the outlet axial ve
locities a re each adjusted by the ratio of net outlet mass to net inlet mass 
to maintain mass conservation. 

The main assumptions in the model are : 

(1) Steady-state situation with regard to turbulent fluctuations. 

(2) Two-dimensional flow and energy transfer . 

(3) No buoyant spread included in diffusion mechanism. 

(4) Depth, velocity, and initial temperature profiles varying 
l inearly between inlet and outlet sections. 

(5) Incompressible plume water . 
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(6) Straight shoreline or line of symmetry. 

(7) Z e r o h e a t f l u x a t s h o r e a n d r i g h t g r i d b o u n d a r y . 

V a r i a t i o n i n r i v e r d e p t h c a u s e s a r e l o c a t i o n of t h e t h e r m a l 

p l u m e d u e t o t h e r e s u l t i n g t r a n s v e r s e f l o w . T h e c h a n g i n g c r o s s - s e c t i o n a l 

a r e a a t e a c h s t a t i o n y i e l d s a v a r i a t i o n in t h e t h e r m a l - e n e r g y f l u x . T h e 

v a r i a b l e v o l u m e of f l u i d b e t w e e n c r o s s s e c t i o n s a f f e c t s t h e h e a t c o n t a i n e d 

a n d c o n s e q u e n t l y a l t e r s t h e a t m o s p h e r i c - h e a t - l o s s t e r m . E n e r g y i s t r a n s 

p o r t e d s o l e l y b y a d v e c t i o n d u e t o t h e m e a n c u r r e n t , t u r b u l e n t d i f f u s i o n , a n d 

a t m o s p h e r i c h e a t l o s s . ( T h e i n c l u s i o n of b u o y a n c y e f f e c t s w o u l d n e c e s s a r i l y 

i n v o l v e a t h r e e - d i m e n s i o n a l s t r u c t u r e , w h i c h w o u l d r e q u i r e a d e s c r i p t i o n of 

t h e a d d i t i o n a l l a t e r a l - c o n v e c t i v e m o t i o n e x p e c t e d . ) 

(2) D e r i v a t i o n of E q u a t i o n s a n d B o u n d a r y C o n d i t i o n s . T h e a u t h o r s 

d e r i v e t h e e q u a t i o n s t o b e s o l v e d b y m a k i n g a n e n e r g y a n d m a s s b a l a n c e o n 

a t y p i c a l c e l l of t h e g r i d . D e p t h s a n d t e m p e r a t u r e s a r e s p e c i f i e d in t h e 

c e n t e r of e a c h c e l l w i t h l o n g i t u d i n a l a n d l a t e r a l v e l o c i t i e s s p e c i f i e d o n t h e 

e d g e s of t h e c e l l . 

A n e n e r g y b a l a n c e c a r r i e d o u t o n t h e c e n t r a l c e l l i s s h o w n i n 
F i g . 8 . 2 , w h e r e 

Cp = s p e c i f i c h e a t ( c o n s t a n t ) , 

p = d e n s i t y ( a s s u m e d c o n s t a n t ) , 

X = d i s t a n c e m e a s u r e d l o n g i t u d i n a l l y d o w n c u r r e n t , 

y = l a t e r a l d i s t a n c e , 

q^ = heat loss to the atmosphere, 

9x' ly = ^e^t fl'^ in X, y directions given by the Fourier law of 
energy transport, 

'""p"-^' 

a n d 

ST 
3x 

3T 
'^y = P'^p^'y s 7 • 

o-x.cyy = eddy thermal diffusivities (assumed constant) in x, y 
directions. 

T = temperature at (x, y). 

Equation A m Fig. 8.2 represents this energy balance, and if that expression 
IS divided by (AxAyhi_jpcp) and the limit is taken as Ax, Ay - 0, Eq. B results, 
where the following approximations were used: 



a n d 

2 1 3 

^i.j = i ^ j H + y)-\) 

Ki - i ( h i . i , j + >^i+i,j)_ 

>. (8.1) 

ixAyhjj is the approximate volume 
in the Eulerian coordinate system. 

Energy Balance 

^^t^vKj ^(p^p'^)Ji,j = ^yN-i,j(p' ' '=p^Vi,j • ^y''i+i.j'P"'=p'^)i-fi,j 

+ Axhi_j.i(pvc T) , - Axhi,3+i(pvCpT) , 
c. r , j - 2 ' ' • ' J ' 2 

- ' i yh i - i j (qx ) i I : + ^yhi-^ij(qx)i^.i •. 

- Axhi_j.i(qy) + Axhi,j+i(q^) 
* »J 2 ' J 2 

+ AxAy(q2). . 

Dividing by pCpAxAyhj ; and using E q s . 8.1-8.4 when Ax, Ay — 0 yields 

3T 1 3 , , . , ^ , 1 3 ,1. -T•̂  "'x ^ / U 3 T \ "y 3 /, a T \ ^ - = - - ^ huT) - r T- (hvT) \ -r- 5 - h^— + T r - r - P ^ — 3t h 3x h Oy* h dxy S x / h 3 y \ 3 y / 

Fig. 8.2. Derivation of Energy Equation 

pCph' 

(A) 

(B) 

A m a s s b a l a n c e i s c a r r i e d out in F i g . 8 .3 . The r e s u l t i n g r e l a 
t i o n s h i p (Eq. C) i s u s e d to e v a l u a t e t he l a t e r a l v e l o c i t i e s v a t e a c h c e l l . 
T h i s i s done ce l l by c e l l , s t a r t i n g f r o m the s o u r c e c e l l s u s i n g the b o u n d a r y 



214 

conditions on u and v (to be described later) . For each cell, U i . | , j , v j + i j , 
and v; ; i are known, whereby v^ ;+i can be calculated. 

IjJ 2 *J 2 

4xAyhi,j is the a p p r o x i m a t e vo lume 
I the Eulerian c o o r d i n a t e s y s t e m . 

Vi,j+l/2 

i - l /2, j+l /2 » i / ; i -H /2 , j+ l /2 

^ i - l / 2 , j - • ' 

i - l /2 , j - l /2 Jt 

® 

Vi,jt l /2 

T 
-». Ay 
Ui+l/2,j I 

i + l / 2 . j - l / 2 j L _ 

SECTION AA 

l i i + l / 2 , j - l / 2 
^ + l / 2 , j + l /2 

NOTE: u: 1 ,, u. , i ;, v. ; i ARE KNOWN 

Mass Balance 

-^vlbi-ij-i + y-i.,H - W-i,j-i)] u , . , , j + ' x [h , . l , j . i + i(h, + i , j . i - h , . i ,3 . i ) ] v,,j_i = 

Dividing by AxAy and using Eqs. 8.3 and 8 4 as Ax, Ay — 0 yields 

3(hu) 8(hv) 

(C) 

(D) 

Fig. 8.3. Derivation of Continuity Equation 

F i g u r e 8.4 i l l u s t r a t e s the bounda ry cond i t ions s p e c i a l i z e d to a 
n o n s y m m e t r i c a l r i v e r or lake s i tua t ion . The s i tua t ion of a c o m p l e t e l y s y m -
nnet r ica l p lume in e s s e n t i a l l y an infinite m e d i u m wil l be d i s c u s s e d s h o r t l y . 
The s h o r e l i n e and bo t tom a r e a s s u m e d to m a i n t a i n z e r o hea t flux in the 
n o r m a l d i r e c t i o n . The " r igh t s i d e " of the t w o - d i m e n s i o n a l m e s h is a s s u m e d 
to be suff icient ly far r e m o v e d f rom the p l u m e to be unaffec ted by i t ; t he 
a u t h o r s a s s u m e z e r o hea t flux a c r o s s that f i c t i t ious b o u n d a r y t h e r e a l s o . 
Longi tudina l ve loc i t i e s at that gr id b o u n d a r y a r e d e t e r m i n e d f rom l i n e a r 
in t e rpo la t ion of the inlet and out le t v e l o c i t i e s u. The l a t e r a l v e l o c i t i e s v 
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are derived from the mass balance. The shoreline is regarded as a no-slip 
surface in which the depth is assumed to be uniform. For the line-of-
symmetry option, when a plume is flowing with the ambient current unre
str icted by boundaries, the zero-heat-flux condition still holds at the center-
line due to symmetry, yet the u must be specified as a function of longitudinal 
distance (v = 0 by symmetry) in order to apply the code. At present , the 
code interpolates linearly using the values of u at the input and outlet bound
ar ies measured at the end points of the line of symmetry. For this option, 
the bottom depth at the line of symmetry may vary arbi t rar i ly . The method 
of applying these boundary conditions to the finite-difference scheme will 
be discussed la ter . 

INLET BOUNDARY 

h, T, u SPECIFIED 

V CALCULATED 

A. 
SHORE BOUflDARY 

d T / d y = 0 
h UNIFORM 
u, v = 0 

A y -

STREAH BOUNDARY 

..-\— dT/dy = 0 
/ h, u SPECIFIED 
V ^ 1/ CALCULATED 

OUTLET BOUNDARY 

Fig. 8.4 

Geometry and Boundary Con
ditions of TOPLYR-II Model^^ 

s T EXTRAPOLATED 
h, u UNIFORM 
V CALCULATED 

Table 8.1 descr ibes the quantities and equations used to cal
culate the heat exchange at the surface. The determination of q^ follows 
pr imar i ly the Lake Hefner heat-budget calculations* as employed by 
Sonnichsen and Oster , except that the convective loss was based upon the 
Bowen rat io. According to the authors, their heat-exchange model is ap
plied to r iver situations, even though the r ivers and lakes have different 
internal motions and will consequently have different heat-exchange ra tes . 
They a s se r t that at present , no suitable surface exchange model for r ivers 
exists . Moreover, the Lake Hefner resul ts apply to a lake in an arid r e 
gion; applying it to a lake in a humid area might yield a significant e r ro r . 
This potential difficulty should be realized in any model application. 

(3) Complexities of the Numerical Solution. The solution of Eq. B 
by finite differences must handle a number of difficulties that ar ise in the 
numerical simulation of convective diffusion equations. Equation B will 
behave like a parabolic equation when diffusion dominates, and like a hyper
bolic problem when convection predominates. In the general situation, hy
perbolic and parabolic effects will both be present . Due to the convective 
t e r m s in Eq. B, any numerical scheme will yield some "numerical d is
pers ion." This is defined as the discrepancy that results between the exact 
solution to the differential equations and that of the finite-difference numer
ical scheme. Since hyperbolic equations involve the propagation of waves, 
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TABLE 8 . 1 . E n e r g y - e x c h a n g e P r o c e s s at 'Water S u r f a c e 

qz = I ( Q s - Q r ) - Qb - Qe ± Qh' 

w h e r e 

Qg = shor t - \vave r a d i a t i o n m e a s u e d by a r a d i o m e t e r . 

Q T = r e f l ec t ed r a d i a t i o n f r o m w a t e r s u r f a c e . 

a n d 

Qj^ = back r a d i a t i o n . 

Qfc = 0 .970a(T^-T*^p„) , 

w h e r e 

a = S t e f an -Bo l t zmann r a d i a t i o n cons t an t , 

Po = a t m o s p h e r i c r a d i a t i o n fac tor d e r i v e d f r o m the cloud c o v e r , 

T ^ = abso lu t e t e m p e r a t u r e of w a t e r s u r f a c e , 

and 

T^ = m e a n abso lu te a i r t e m p e r a t u r e . 

Qe = e v a p o r a t i v e hea t exchange 

= pLoNU(eo-ea ) , 

w h e r e 

p = dens i ty of w a t e r , 

L(, = l a ten t hea t of v a p o r i z a t i o n of w a t e r , 

N = c o n v e r s i o n fac to r = 1.164 x 1 0 " ' m / h r - m b a r , 

U = wind ve loc i ty ( m e t e r s / h r ) , 

eo = vapor p r e s s u r e of w a t e r ( m b a r s ) , 

and 

ea = p a r t i a l vapor p r e s s u r e of a i r ( m b a r s ) . 

Qh - conduc t ion / convec t ion hea t l o s s 

= BRQe, 

w h e r e 

BR = 6 . 1 x l O - p ( T , - T ^ ) / ( e „ - e a ) . 

(P = a v e r a g e a t m o s p h e r i c p r e s s u r e on w a t e r s u r f a c e . ) 
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such numerical e r r o r s m the finite-difference approximation will propagate 
at a different speed than the theoretical solution and may be amplified, de
pending upon the nature of the numerical scheme. The numerical method 
used by Kolesar and Sonnichsen uses a time centering with a th ree- t ime-
level approximation for the tempera ture at a given node for the convective 
and diffusive t e r m s . This technique greatly diminishes numerical disper
sion, but does not completely eliminate it. Only in higher-order-differences 
approximations would one achieve more satisfactory success . 

A second effect, known as "numerical diffusion," occurs due to 
the accumulation of truncation e r r o r in the numerical approximation. This 
phenomenon depends str ict ly on the numerical scheme. The e r ro r s thereby 
incurred may be thought of as possessing their own "diffusivity," causing an 
additional plume spread. This produces a second discrepancy between the 
computed and exact solutions. The authors reduce numerical diffusion by 
their specification that the two a rb i t ra ry splitting paramete rs p and y de
fined in their al ternating-direction implicit (A.D.I.) technique satisfy 
p -(- Y = 1. When g and y are so chosen, the principal part of the trunca
tion e r ro r for Eq. B yields a better than second-order correction. 

For Eq. B, further reduction of numerical diffusion and dis
persion could be attained by employing h igher -order -accuracy difference 
equations or be eliminated by the method of character is t ics . Numerical 
dispersion and numerical diffusion will occur in some form for all numer
ical methods for every differential equation. Although never completely 
eliminated, these e r r o r s may be reduced depending upon the scheme used 
and the differential equation involved. Moreover, one cannot, in general, 
distinguish between the contributions of each in the total numerical d is 
crepancy between computed and exact values. The authors disagree with 
statements made by other investigators of hyperbolic and convective-
diffusion problems that time centering and the use of three time levels, as 
accomplished in TOPLYR-II. completely eliminate numerical diffusion. 

A third complexity handled in TOPLYR-II is the problem of 
"nonphysical values." This occurs when the temperature at a given node 
is calculated as being higher than the values used to compute it, clearly 
violating the second law of thermodynamics. There is not nnuch l i terature 
on this subject. The investigations previously made indicate that nonphysical 
values are potentially possible in all purely hyperbolic problems. Also, r e 
marks made by some investigators seem to indicate that nonphysical values 
may also be found in convective-diffusion problem's. Indeed, certain prob
lems not solely involving convection but including some diffusion, i.e., 
problems in which heat is readily diffused, have been known to produce non-
physical values in certain numerical routines. For a purely hyperbolic 
problem or a purely convective situation in Eq. B, these nonphysical values 
tend to be periodic in character . If these periodic oscillations superimposed 
on the solution grew in an unbounded way, the solution would be unstable. 
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There have been problems in which bounded nonphysical value oscillations 
do occur. This follows from the hyperbolic nature of the problems since, 
for a hyperbolic equation, the solution may be broken down into a sum of 
wave modes. 'When diffusion is also present , these ripples in the solution 
become damped out with time. Potential nonphysical values that may occur 
are handled in TOPLYR-II by an implementation of the Hain scheme. This 
method requires that any newly computed value of the dependent variable 
will be within the range of the values of the dependent variable used to com
pute it. In applications of TOPLYR-II to actual r iver situations, no actual 
nonphysical values have yet occurred; only in a contrived one-dimensional 
problem were they observed, requiring the utilization of the Hain method. 

(4) The TOPLYR-II Numerical Scheme. The actual numerical 
scheme used in TOPLYR-II will now be described. If 6x, 6y refer to central 
difference operators in the x, y directions, respectively, Eq. B in difference 
form becomes 

+ ^ « x h i , j 6 x T l : j + j 6yh i , j 6 yT^ , j + ^ , (8.2) 'li.J 

where l^, Ky, and ly are the finite-difference increments in x, y, and t, and 
i, j , and k refer to row x, column y, and t ime-mesh identification, respec
tively. Multiplying Eq. 8.2 by 2 i ^ / h i j , and replacing T\- on the right-hand 
side of Eq. 8.2 by the t ime-centered, three- t ime-level approximation 

yields 

Xfj . I iL , ^ ^ i , I IV. .^,^„,K. . I ^ ._̂ _̂  (,_̂ ,̂,,J 

T-yry 

^y-'yyytyifiiy^:^^:^, (8.4) 
whe r e 

^x = •f'tAx. i-y = tt / t^y, and Sx = ly/l^, Sy = i^/^y 

This may be written in operator notation as 
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(1+Ax + A y - B x - B y ) T i j ' = ( -Ax-Ay-fBx+By) T^_j' -H QI ' J 

k-
+ ( 1 - A x - A y + Bx+By) Ti/ j ' , (8.5) 

k-l-i where the operators 1, Ax, A , -Bx, and -By applied to T i j are given by 

the first five t e rms of Eq. 8.4. The operator Of • is given by 

k l h 
Q • = ^ ^ 

'•' P C p -

Following the usual technique when handling convective-diffusion 
problems, the authors complete the square on the left-hand side of Eq. 8.5 
and introduce two a rb i t r a ry pa ramete r s g and y: 

k-l-i 
( l - ^ A x - B x ) ( l + A y - B y ) T i J = 

[-Ax - Ay -I- Bx + By -I- (AxAy - AxBy - AyBx + BxBy) p ] T^ j + Q^j 

+ [1 -Ax-Ay-I-Bx+By-F (AxAy-AxBy-AyBx + BxBy) Y] T^^j'- (8.6) 

These pa r ame te r s define the character of the A.D.I, splitting and affect the 
stability of the solution. F r o m Eq. 8.6, temperatures at t imes k and k -I- 1 
are operated on to yield the system of temperatures at time k -f 1. In the 
A.D.I, method, one works with two time stepS as one unit. In the authors ' 
application, information is known at t imes k - 1 and k, whereby difference 
equations a re defined for t imes k -I- 1* and k + 1 . Each of the two sets of 
equations is in tridiagonal form and may be readily solved; the first 
set is solved row by row, the second column by column. In operator nota
tion, the authors divide Eq. 8.6 into 

(l-^Ax-Bx)T|'_•J' = [-Ax-Ay-FBx + By+(-Ay-(-By)pJ T^j 

+ [-Ax-Ay-TBx + By-F(-Ay + By) y] T j j ' + Q j^ (8.7) 

and 

( 1 + A y - B y ) Tf+' = T^f + (Ay-By) (pT^+yTi^ ; j ' ) . (8.8) 

Equation 8.6 involves variation in time k -I- 1* only within rows; 
Eq. 8.7 has variation at time k + 1 only within columns. The method of 
splitting up Eq. 8.6 is not unique. The choice made was based upon the 
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experience of other investigators and simple intuition. The authors wanted 
their most difficult te rms in the first half-time step; the expression involving 
the second time step would then alleviate the difficulties built up on the first 
half-time step. In nodal notation, Eqs. 8.7 and 8.8 become 

' ' i - n , j ^a^'-^ >'i4.A 

3 " i + ' . j h j j 
- hllA] jk+'* + A + ̂ l2iIjL ' 'i^ii ^ "i- i i ] ^k+i* 

hi,j / i-'-'.J V 3 h i j j i.j 

/ s x hj-i,j 20x'"x ^ i - i , i \ k-H* / Sx N-H,i 

^OxJ-x h i + i , j \ ^ . j . k ^ , j .k- i 

^ '^ i . j / \ '+'••) '"^'-J » i . j 

^O'vl 'v hi i . i + hi ; i 
T;- . -F ^ 

j \ 3 I M . J h i . j 
J ^ ffV[x V i j 

3 h i j / \ i - l , j i - i , j y 

s , , h ; ; , , ZQT r h- • . 1 

f C . P ) v ^ _ . , . - ^ . - ^ ( l . „ - i ^ 
' •J I . j 

1,J+I 3 * "̂ ^ i . J - i hi 
h i . j 

+ — p (1 + p) 4^^-^ 
^ ^ i , j I .J -1 

Z a ^ r , . hi . i • -f h i JL , 

h i . 

^^i:y(,,.,) yn^y-i . ^ k - i 
T . , -F 

I.J T<'-'-o.i:f7^ 

Zo'^r hi i . i 
- ^ ( l - F Y ) - 4 i i i i 

" i . j 
T. . + 

i , j+ i 
'-l(l.y}., "^htl 

' • ^ - ' hL, j 

^OyTy 
( 1 + Y ) 

' . J - I 

^i .J 
i . j - i i . j (8.9) 
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a n d 

hi,j+i 2o-yry h i j + | \ k+i , A , ^O-y^y Kj+j + ^.j-j 

' "•̂ '̂ ^ " ^ " "^y -̂̂ - ^ v ^ ~ — y r ~ j ' S ' 

'•^-y, '-^y^l\) =^i '[—"-^''yy 

2 p a y r y h i , j + l \ ^ 1 , / 2pOyry hj^j^l + h j^ j - l \ i, 

3 h,,j y i,j+i 1̂  3 h i j y i,j 

^v yy, ^!^iizhyi\y J'^y^ '̂ .J+' 

f ! V X ^Mo+i\ ^k-t /^Yoy^ l n ^ j + i ^ h i ^ \ k-1 
3 h,,j ) i.J+i 1̂  3 h,,j y i,J 

!ly„ Ki-^ ^y^y^vKy]^^-! ^ (3^oj 
3 i 'J-1 h i j 3 h i , j J i , j - i 

« 
u s i n g the l i n e a r a p p r o x i m a t i o n s given by E q . 8 . 1 . Equa t ion 8.9 l i m i t s t r a n s 
p o r t to an x - d i r e c t i o n m o d e , and Eq . 8.10 l i m i t s t r a n s p o r t to a y - d i r e c t i o n 
m o d e . 

A m o n g the v a r i e t y of a l g o r i t h m s a v a i l a b l e , K o l e s a r and 
S o n n i c h s e n u s e a G a u s s i a n e l i m i n a t i o n ( imp l i c i t t echn ique to solve the t r i 
d i agona l s y s t e m of l i n e a r equa t i ons g e n e r a t e d by the sp l i t t i ng . The solut ion 
t e c h n i q u e p r o c e e d s a s fol lows: F i r s t , s i nce the t e m p e r a t u r e s a r e a s s u m e d 
known at al l nodal po in t s at t i m e s k - 1 and k, the r i g h t - h a n d s ide of Eq . 8.9 
for all po in t s i s e a s i l y c a l c u l a t e d . Hence , for any given row j in the p l a n a r 
grid, a s i m u l t a n e o u s t r i d i a g o n a l s y s t e m of l i n e a r equa t ions e x i s t s wi th un -

k-Fi * k+1 * knowns T- , T- T h i s s y s t e m is r e a d i l v so lved , s i nce each equat ion 
1) l 2 

i s coupled only to i t s two ad jacen t n e i g h b o r s (one if it i s the f i r s t or l a s t 

e q u a t i o n ) . E a c h c o l u m n i s so lved in s u c c e s s i o n . Once T- ; i s obta ined for 

al l g r id p o i n t s , E q . 8.10 is u s e d to yie ld t e m p e r a t u r e s at t i m e k + 1. The 

p r o c e d u r e i s i d e n t i c a l , excep t tha t the t e m p e r a t u r e s T- ' , T. a r e ob-

t a i n e d for e a c h row i. The e n t i r e p r o c e s s i s r e p e a t e d for e a c h f u l l - t i m e 
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increment until maximum-time or steady-state conditions a re reached. The 
method is simply an alternate solution for temperature by columns and then 
a solution by ro\vs. 

Generally, the above A.D.I, method has advantages over the two 
more classical numerical schemes. Explicit difference methods lead to 
equations which are simple to solve, but which require an uneconomically 
large number of time steps of limited size. Stability questions must gen
erally be handled. For implicit difference schemes, there is no limit on 
the time step used, but each step requires the solution by iteration of large 
sets of simultaneous equations. Instability seldom affects implicit methods. 
The A.D.I, method usually requires a relatively small increase in computer 
storage capacity over most implicit techniques, but reduces considerably 
the number of total calculations required. The above A.D.I, numerical ap
proximation appears stable from the results of its applications to date, but 
no proof of general stability of the code has been given. The standard con
clusion reached for problems with an implicit numerical method is that 
there may be possible inaccuracies in the solution due to the finite-difference 
approximations; yet no instability, as defined in the classical sense by the 
usual stability parameters , occurs. 

Restrictions on the size of the time increment in convective-
diffusion equations to minimize possible accuracy losses are represented 
in TOPLYR-II by a convection and a diffusion criterion. The usual explicit 
stability parameter is satisfied in TOPLYR-II with a relationship between 
-̂x and -t̂  such that a fluid particle can pass only into an adjacent cell in one 

time step. If these cr i ter ia are not satisfied, a loss of accuracy resul t s . 

In the applications of TOPLYR-II to one-dimensional problems 
and various two-dimensional river situations, the solution has been found 
to be relatively insensitive to the choice of the A.D.I, splitting pa ramete r s 
p and Y-

(5) The "Initial" Old-temperature Distribution. To star t the prob
lem, the initial temperature and "initial" old-temperature distribution 
(k - 1 step, k = 1) must be specified. This is equivalent to specifying an 
initial value and initial time derivative for the temperature distribution. 
The initial temperature (k step, k = 1) is part of the initial data. The pro
gram code provides several options, including the separate input of the 
"initial" old temperatures . According to the authors, the choice of an 
initial old-temperature distribution is not crit ical and its importance di
minishes with time. However, the choice of a sufficiently large nonphysical 
initial time derivative (i.e., T^ - T^-i large, for k = 1) can lead to i r regu
lari t ies in the solution. Figure 8.5 i l lustrates the effect of the choice of 
two possible, yet widely different, initial "old" t empera tures . The first 
choice assumes that the temperature for t < 0 is equal to the distribution 
at t = 0. The second assumes that for t < 0, the temperature at all nodes 
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w a s equa l to a m b i e n t t e m p e r a t u r e . Cond i t ions for the p r o b l e m i l l u s t r a t e d 
in F i g . 8.5 a r e : 

u = 0.018 m / s e c ( a s s u m e d c o n s t a n t and equal to r i v e r speed ) , 

V = 0, 

O'x = 7.0 m / s e c , 

Oy = 0, 

m e a n a i r t e m p e r a t u r e = 15.6°C, 

dewpoin t t e m p e r a t u r e = 10°C, 

wind speed = 10 m p h , 

a m o u n t of s o l a r r a d i a t i o n = 2 30 l a n g l e y s / d a y , 

c o n s t a n t p l u m e dep th , 

a m b i e n t r i v e r t e m p e r a t u r e = 16°C, 

and 

i n i t i a l p l u m e t e m p e r a t u r e at in le t s e c t i o n = 27.1°C. 

2b.a 

2i.O 

22.0 

ZO.O 

18.0 

16.0 

V. \ \ 

CD \ 

TOLD 

TOLD 

® D A Y , 

'̂ —^ 

= 1 6 . 0 . ALL I , 

• T i l . J l . A L L I 

NOTES-

1. River speed, a018 tnii 

2. Ana l dif fusion coefricien 

3. One-dimeni ional model 

Fig. 8.5 

TOPLYR-II Results fot Various 
"Old" Temperatures Used for 
Initial Conditions 

NODE N U M B E R 

The a u t h o r s se t up an a r t i f i c i a l b o u n d a r y condi t ion at the out le t 
s e c t i o n to p e r m i t l a t e r t i m e i t e r a t i o n s . Fo l lowing F r o m m , the a u t h o r s 
c a l c u l a t e t e m p e r a t u r e s out to the exi t s ec t i on \vhere i = I. T'wo f ic t i t ious 
n o d e s a r e def ined a t I + 1 and 1 + 2. Axia l ve loc i t y and depth a r e a s s u m e d 
c o n s t a n t and equa l to the va lue at node I. Tj , • i s c a l cu l a t ed f rom the z e r o -
h e a t - f l u x cond i t ion . 

L T , • - J- T • 

I+i.J I.J ^I.j ^ l - i . j -

T h i s v a l u e , c a l c u l a t e d a s an e x t r a p o l a t i o n of cond i t ions p r e v a i l i n g a t the 

end code , i s u s e d in p l a c e of T- • a t l a t e r t i m e s t e p s . 

One p r o b l e m a r i s e s in the ac tua l f o r m and pos i t i on of the da ta 
when p r o v i d e d a s input . A c c o r d i n g to the n u m e r i c a l s c h e m e , v e l o c i t i e s a r e 

file:///vhere
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to be p r o v i d e d on the cel l e d g e s , wh i l e the dep th and p l u m e t e m p e r a t u r e a r e 
to be speci f ied at the cel l c e n t e r s . F i e l d d a t a a r e s e l d o m m e a s u r e d a t the 
p r e c i s e p o s i t i o n s r e q u i r e d by the g r id ; e x p e r i m e n t a l d a t a of ve loc i t y , t e m 
p e r a t u r e , and depth a r e given t y p i c a l l y at c o m m o n l o c a t i o n s . The p r e s e n t 
v e r s i o n of T O P L Y R - I I a s s i g n s in le t and out le t e x p e r i m e n t a l d a t a to t he e l e 
m e n t s u r f a c e o r e l e m e n t c e n t e r as r e q u i r e d by the g r id , wi thout i n t e r p o l a 
t ion . T h e r e wi l l obvious ly be an e r r o r i n c u r r e d in the final t e m p e r a t u r e 
so lu t ion . T h i s e r r o r wi l l d e c r e a s e e i t h e r a s the g r id b e c o m e s f ine r o r 
m o r e da ta po in t s a r e t aken for c r o s s s e c t i o n s at , and in the v i c in i ty of, the 
in le t and out le t s t a t i o n s , a l lowing a s a t i s f a c t o r y i n t e r p o l a t i o n be tween d a t a 
po in t s t aken at d i f ferent p o s i t i o n s and t i m e . The e r r o r i n t r o d u c e d in the 
T O P L Y R - I I p r o c e d u r e a p p r o a c h e s z e r o as the n u m b e r of e l e m e n t s in the 
axia l and t r a n s v e r s e d i r e c t i o n s b e c o m e s l a r g e . 

(6) Nonphys ica l "Values. The p o s s i b i l i t y of n o n p h y s i c a l v a l u e s o c 
c u r r i n g in the f in i t e -d i f f e rence a p p r o x i m a t i o n of Eq . B w a s d i s c u s s e d 
e a r l i e r . To handle th i s po ten t i a l diff iculty, the a u t h o r s u s e a s p e c i a l i m 
p l e m e n t a t i o n of the Hain p r i n c i p l e as d e s c r i b e d below: 

F i r s t a p u r e l y convec t ive so lu t ion T -̂ . is c a l c u l a t e d . Then a 

solut ion that s a t i s f i e s the second law of t h e r m o d y n a m i c s T^.\ i s d e t e r 

m ined f rom 
I.J 

, k - i 
m a x = ' " ^ ^ F i j , T i ^ , _ j , T i . i , j ' '^ i , j+i ' T i , j 

m in T 

..), 

k - 1 

i , j ' - " i+ i . j - - ^ i - ^ j ' - ^ i . j+ i ' -^ i , j - i 

( 8 . 1 1 ) 

( 8 . 1 2 ) 

a n d 

pk+i 

^ l . J 
min T y (8.13) 

An e r r o r vec to r E-^" '̂ i s then defined f rom 

„k+i -k+i 
+ E 

k+1 
(8.14) 

and r e p r e s e n t s the i n c r e m e n t a l t e m p e r a t u r e tha t one m u s t r e m o v e f r o m a 
p u r e l y convect ive solut ion to have it j u s t s a t i s fy the Hain p r i n c i p l e . Next 
the comple t e Eq . B is ana lyzed , inc luding the diffusion and s o u r c e t e r m s . 
The e r r o r function defined f r o m E q . 8.14 is i n t r o d u c e d t h e r e a s an add i t iona l 
p s e u d o m e c h a n i s m for the t r a n s f e r of hea t e n e r g y , which , when s u b t r a c t e d 
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k+i from Ti i (all convective, diffusive, and source te rms included), results in 
a tempera ture that will satisfy the Hain principle for Eq. B. Essentially, 
one is thereby computing a pseudomechanism of energy transfer , which, 
when applied to the purely convective problem, gives a solution that just 
does satisfy the Hain principle. This mechanism is simply retained when 
the full equation is solved. This is done for each half-step in t ime. It is 
physically plausible for a system with a large source te rm to have an energy 
buildup. For example, if the whole system experienced a compression, the 
second law would permit an energy buildup and the Hain convective principle 
(a statement of the thermodynamics of the problem) must not exclude such 
a phenomenon. As implemented in TOPLYR-II, this Hain principle would 
allow that heat buildup. 

The method of preventing nonphysical values by the Hain prin
ciple is not unique. Moreover, the l i tera ture in this area does not disclose 
any explicit statements about how nonphysical values or the Hain principle 
should be handled in general. As stated by the authors, the Hain principle 
is str ictly valid only when pure convection occurs . Other investigators have 
used it, as done here , to yield a solution when all mechanisms are present. 
No method present ly available is completely satisfactory. The authors ' ap
proach, for instance, yields a correction that serves only to place limits on 
the computed temperature . Physically improbable variations within those 
l imits a re not excluded. 

Figures 8.6 and 8.7 compare results before and after the 
nonphysical-value correction is made. The identical one-dimensional prob
lem described for Fig. 8.5 is used. As the contribution of the diffusion te rms 
in the differential equation is increased, the nonphysical-value correction 
dec reases . The diffusion contribution acts a*s a viscous te rm, which dampens 
these spurious nonphysical oscillations. Again one may envision the solution 
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Fig. 8.6. TOPLYR-II Results with and without 
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of 7.0 m^/sec (from preliminary 
draft of Ref. la) 

Fig. 8.7. TOPLYR-II Results with and without 
Nonphysical-value Correction with 
Axial-diffusion-coefficient Value 
of 1.0 m^/secl^ 
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a s being a s u m of w a v e s in which s o m e of t h e m a r e c a u s i n g t h e s e non-
p h y s i c a l d i f f i cu l t i e s . I n t roduc t ion of v i s c o u s d i s s i p a t i o n (diffusion t e r m s ) 
o v e r p o w e r s and d e p r e s s e s t h e s e s p u r i o u s w a v e s , which a r e due so l e ly to 
the a p p r o x i m a t e n a t u r e of the m a t h e m a t i c s . In fact , in the o n e - d i m e n s i o n a l 
app l i ca t i ons of T O P L Y R - I I ( see F i g s . 8.6 and 8.7), n o n p h y s i c a l v a l u e s , when 
o c c u r r i n g , build up with t i m e , then r e a c h e q u i l i b r i u m , and then d e c r e a s e 
due to the d i s s i pa t i on p r e s e n t . Even for a p u r e l y convec t i ve p r o b l e m , the 
pseudodif fus ion due to the a p p r o x i m a t i o n s m a d e in the d i f f e r e n c e e q u a t i o n s 
yield a f ic t i t ious diffusion to help d a m p e n the n o n p h y s i c a l - v a l u e r i p p l e s o r 
o s c i l l a t i o n s . F i g u r e 8.7 i n d i c a t e s that the t e m p e r a t u r e m a y l o c a l l y (in the 
domain behind the wavef ron t ) exceed the b o u n d a r y v a l u e . The h u m p a p p e a r s 
r ight at the wavefront , g rows a l i t t l e bit r igh t at the s t a r t , and then r e m a i n s 
a p p r o x i m a t e l y cons tan t while r id ing in back of the t h e r m a l wave a s it m o v e s 
d o w n s t r e a m . The a u t h o r s a s s e r t tha t , for p r o b l e m s wi th a suf f ic ien t ly l a r g e 
ax ia l -d i f fus ion coeff icient or m o d e r a t e t e m p e r a t u r e g r a d i e n t s , no H a i n - t y p e 
c o r r e c t i o n is r e q u i r e d . 

(7) The A.D.I . Spl i t t ing P a r a m e t e r s . C o n c e r n i n g the A.D. I , sp l i t t ing 
p a r a m e t e r s , the a u t h o r s d e r i v e the fact that for dep th and v e l o c i t y cons t an t , 
the t r u n c a t i o n e r r o r a s s o c i a t e d to E q s . 8.4 and 8 .5 , when P + y = 1, i s p r o 
po r t i ona l to the s q u a r e s of the i n c r e m e n t s i j , i^, and ly. F o r a r b i t r a r y 
depths and ve loc i t i e s with P + y / 1, the a u t h o r s expec t the t r u n c a t i o n e r r o r 
to be p r o p o r t i o n a l to ^t- In the one - and t w o - d i m e n s i o n a l a p p l i c a t i o n s of 
T O P L Y R - I I to da t e , the so lu t ions s e e m e d r e l a t i v e l y i n s e n s i t i v e to d i f fe ren t 
cho ices of p and y, inc luding s i tua t ions when P + y / 1. 

o r , 
inc 

To halt the c o m p u t a t i o n s , e i t he r a spec i f ic va lue of t i s input ted 
for s t eady s t a t e , c o n v e r g e n c e c r i t e r i a a r e spec i f ied in the f o r m of an 

r e m e n t a l t e m p e r a t u r e . The compu ta t i ons c e a s e in the code when 
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resul t . The initial pa ramete r s are identical to those used for Fig. 8.5, 
except that only the convection mechanism is operational. The thermal 
pulse resul ts from a continuous source and travels at constant speed, main
taining all points it reaches at 27.1°C. This is the simplest one-dimensional 
problem that one may analyze. Also included are the predicted results from 
TOPLYR-I, an ear l ie r version of the model. TOPLYR-I involved only first-
order accurate difference approximations and led to significant inaccuracies 
for certain applications. As can be seen from Fig. 8.8, TOPLYR-I leads to 
significant numerical dispersion. (For this problem, both TOPLYR codes 
solve a hyperbolic system of equations.) The thermal pulse extends beyond 
the theoretical limit for both sets of TOPLYR resul ts , and for TOPLYR-I 
the tempera ture is nonzero, even for early t imes . TOPLYR-II here exhibits 
reduced numerical dispersion. Straight-line interpolation was used between 
nodes in TOPLYR-I and -II in Fig. 8.8, Figures 8.9 and 8.10 il lustrate both 
TOPLYR codes when convection and diffusion is operational. The equations 
involved possess proper t ies of hyperbolic and parabolic differential equa
tions. Due to the significant improvement of TOPLYR-II over TOPLYR-I 
in one-dimensional problems and two-dimensional r iver problems, the 
authors recommend the exclusive use of TOPLYR-II in t e rms of improved 
accuracies . It is of interest to note that TOPLYR-1 did not produce any 
nonphysical values due to the Lelevier approximation made to the convective 
t e rms , yet at a sacrifice in accuracy. 
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The a u t h o r s a s s u m e c o n s t a n t d i f fus iv i t i es for r i v e r and l ake a p p l i c a 
t i o n s of t h e i r m o d e l . F o r a l ake s i t ua t i on they r e c o m m e n d no me thod at th i s 
po in t for the c a l c u l a t i o n of the long i tud ina l and l a t e r a l d i f fus iv i t i es for the 
f a r - f i e l d r e g i o n of the l ake to e m p l o y in t h e i r m o d e l . Yet they sugges t that , 
in the a b s e n c e of s e c o n d a r y c u r r e n t s due to buoyancy , s o m e of the w o r k of 
C s a n a d y " m i g h t be helpful in l ake m o d e l i n g . F o r r i v e r s , the l a t e r a l diffu
s i v i t y i s e s t i m a t e d f r o m the in i t i a l da t a on in le t and ou t le t s e c t i o n s . Us ing 
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the t a b l e s in the U.S. Geo log ica l S u r v e y , ' they e s t i m a t e a f r i c t i o n f ac to r for 
the r i v e r u n d e r c o n s i d e r a t i o n . They then e m p l o y a s t a n d a r d t e c h n i q u e to 
compute the l a t e r a l diffusivi ty . They m a k e a g u e s s a s to the va lue of the 
longi tud ina l diffusivi ty . F o r the r i v e r s so far c o n s i d e r e d , ax ia l diffusion 
h a s been neg l ig ib le and the so lu t ion i n s e n s i t i v e to the va lue of l ong i tud ina l 
diffusivi ty h a s been chosen . So fa r , the m e t h o d of choos ing the l a t e r a l dif
fusivi ty has y ie lded s a t i s f a c t o r y r e s u l t s when the m o d e l i s f i t ted wi th r i v e r 

d a t a . ' " Us ing di f fus iv i ty v a l u e s f r o m 
z e r o to four t i m e s the c a l c u l a t e d 
t r a n s v e r s e diffusivi ty h a s y i e lded an 
enve lope wi thin which the e x p e r i m e n t a l 
d a t a w e r e wel l con ta ined . The code 
h a s , h o w e v e r , been s e n s i t i v e to v a l u e s 
of t r a n s v e r s e d i f fus ivi ty . The p r o b 
l e m s ana lyzed so far have y i e lded 
so lu t ions tha t w e r e r e l a t i v e l y i n s e n 
s i t ive to a t m o s p h e r i c c o n d i t i o n s . 

F i g u r e s 8 . 1 1 - 8 . 1 3 r e p r e s e n t 
c o m p a r i s o n s of T O P L Y R - I I to d a t a 
t aken at the N o r t h P l a t t e R i v e r in 
Wyoming by the U.S. G e o l o g i c a l 
Su rvey ' " on J a n u a r y 2 8 - 2 9 , 1970. The 
in i t i a l s ec t i on w a s 0.2 k m d o w n s t r e a m 
f r o m a 420-MWt p o w e r p l a n t . The 

out le t sec t ion was 3.1 km d o w n s t r e a m f rom the d i s c h a r g e po in t . The m e s h 
cel l s i ze was 414 x 7 m , and the p r o b l e m was s t a r t e d a t 2200 h r wi th 5 -min 
t i m e - i n c r e m e n t i n t eg ra t i on s t e p s . 
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The code was fit to the data in a semiempirical manner. Constant 
longitudinal and la teral r iver diffusivities and the relative magnitude of the 
atmospheric energy loss were taken as free pa rame te r s . (Meteorological 
pa r ame te r s were taken by the U.S.G.S., but not in as complete a form as 
needed by the authors; consequently, the Lake Hefner source-sink model 
was assumed to be functionally correct , but a multiplicative coefficient 
associated with the source t e rm was assumed sufficient to extend the 
Lake Hefner model to the local environmental conditions.) The authors 
calculated the lateral-diffusion coefficient of the North Platte River to be 
of the order of magnitude of 0.01 m y sec by the methods described above. 
The spread of resul ts of F igs . 8.11-8.13 indicates that lateral-diffusion 
coefficients between 0.01 and 0.02 m / s e c with an atmospheric loss factor 
of 0.2 simulate the field data satisfactorily. 'Variation in the longitudinal-
diffusion coefficient from 0.0 to 1.0 m y s e c did not yield significant changes 
in the tempera ture distribution. For any period of time in excess of several 
hours , the authors expect these values to yield satisfactory predictive r e 
sults for this r iver at those input-output stations. The authors hypothesize 
that the differences between numerical and field resul ts in that case might 
be due to the boundaries being nonadiabatic, the spatial variation of the 
lateral diffusion coefficient; and the nonexact placement of initial data to 
the mesh nodal points. 

A disadvantage of TOPLYR-II (at least for r iver situations) is the fact 
that previous field data have to be available for fitting purposes to obtain 
diffusivities and an atmospheric loss parameter before they can be rea
sonably applied as a predictive device. If a situation is analyzed in which 
significant buoyancy occurs, the t r ansverse diffusivity will have to be suf
ficiently increased to be able to predict the increased la teral spreading. 
In such cases , the model will have to be iit t a the data since the proper 
choice of an "effective diffusivity" will be unknown. 

The other r iver applications considered so far have also had neg
ligible buoyancy and negligible initial momentum remaining at the inlet 
section. For these cases , there was insensitivity to the axial diffusivity 
(values used were between 1 and 10 n n / s e c ) and a generally satisfactory 
fit with values of the t r ansverse diffusivity (values employed were about 
0.01 mYsec ) as calculated from Ref. 10. The only difficulties so far in the 
model application to r ive r s has occurred for deep r ivers with significant 
stratification (e.g., Potomac River data'"). The authors hypothesize that 
the choice of the bottom of the plume or epilimnion would have been a better 
choice for the hj ; values than the river bottom. At this point, it should be 
emphasized that the model adequacy for r iver situations is still being tested. 
Comparisons with lake data have not yet been attempted. 

e. Final Comments 

A disadvantage of the present version of TOPLYR-II is its use of 
absolute t empera tu res . TOPLYR-11 now must have input data on such 
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receiving-body temperature-independent phenomena as solar radiation, 
atmospheric radiation, and reflected solar and atmospheric radiation in 
addition to back radiation, conduction/convection losses , and evaporative 
t ransfers . If excess temperatures above ambient were used, surface-heat 
transfer from the plume (i.e., relative to the ambient lake) would only need 
be considered. This simplifies the data required to be taken from the field 
to be only ambient temperature, excess temperature , and wind speed. A third 
alternative, though not as advantageous as the lat ter method, involves using 
the difference between actual and equilibrium temperatures as the dependent 
variable in the thermal-energy balance. Use of this equilibrium temperature 
method would simplify the source term, base the source- te rm computation 
on the current temperature, and provide intermediate resul ts that would 
possess unique debugging propert ies , since the use of a differential would 
give indications of positive or negative trends in the resul ts . However, the 
use of a constant thermal-exchange coefficient is a generally employed ap
proximation that may limit the validity of the energy budget. Also, compu
tation of the equilibrium temperature, which requires the same input data 
as used in the absolute-temperature method, increases the running time of 
the problem by requiring a t r i a l - and-e r ro r calculation. The authors regret 
not using some type of temperature increment in their integration. 

A second disadvantage involves the treatment of the potential non-
physical values that may occur by using the Hain Scheme. As stated before, 
the correction made serves only to place limits on the computed tempera
ture, and physically improbable variations within those limits are not ex
cluded. Fur thermore , at the edges of the grid, a slight deflection in 
temperature is generally noted in model applications, perhaps attributed 
to the adiabatic assumptions. This difficulty is presently being investigated. 
Some small problems have also occurred at the corners of the grid when 
poor choices of input parameters are made. This lat ter difficulty is cur
rently being remedied. The main cri t icism that may be made of the present 
version of the code is the difficulty in its applicability for the majority of 
lake situations. As stated above, one generally does not know the input con
ditions necessary to apply it. On the other hand, one should recognize that 
this code is a first step in the development of a complete jet and far-field 
model. One may, however, use a suitable jet model to yield temperatures 
and velocities at some arbi t rary cross section downstream and then follow 
with this version of the TOPLYR ser ies . TOPLYR-II may be used to treat 
the transient effects involved with the starting up of a power plant or the 
effects of variable meteorological conditions on a thermal plume. A com
puter program for TOPLYR-II is presently available. 
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f. Addendum 

The s y n o p s i s and d i s c u s s i o n of the K o l e s a r - S o n n i c h s e n Mode l given 
above w e r e b a s e d upon a semif ina l d ra f t of t h e i r m o d e l . T h e add i t i ona l 
changes in the code which b e c a m e p a r t of the final d ra f t wil l now be 
d e s c r i b e d . 

F i r s t , hea t t r a n s f e r t h r o u g h the r i v e r s h o r e l i n e and b o t t o m w a s a d d i 
t iona l ly inc luded in the a n a l y s i s by a s s u m i n g tha t the r a t e of such hea t l o s s 
i s given by Newton ' s law of cool ing. The p r o p e r i nc lu s ion of t h i s e x t r a t e r m 
in the hea t ba l ance of a typ ica l ce l l i s i l l u s t r a t e d in F i g . 8 .14B for the s p e 
c ia l c a s e of a s h o r e l i n e nodal ce l l . Tha t spec i f ic c a s e is d e s c r i b e d h e r e 
s ince the new code e m p l o y s a second change , a t r i a n g u l a r ( r a t h e r than t r a p e 
zoidal ) cel l at the boundary , in the f igu re , H is the coeff ic ient of convec t ive 
hea t t r a n s f e r and T„ is the a m b i e n t (bot tom) t e m p e r a t u r e . The t e r m 
( i x A y / 2 ) ( l / c o s e)[H(T„ - T)] r e p r e s e n t s the r a t e of hea t t r a n s f e r through the 
r i v e r bo t tom. Both H and T» a r e e x p e r i m e n t a l l y d e t e r m i n e d c o n s t a n t s . The 
a u t h o r s have found that by in t roduc ing th i s e x t r a t e r m , the output r e s u l t s a r e 
i m p r o v e d n e a r the s h o r e l i n e . F i g u r e 8.14A d e s c r i b e s the p r e c i s e t r e a t m e n t 
of the bounda ry c e l l s . The a u t h o r s r e a s o n that s ince the a m b i e n t c u r r e n t 
speed is z e r o along the s h o r e l i n e , the t angen t i a l componen t of ve loc i t y i s 
z e r o on the bounda ry nodal c e l l s . The n o r m a l componen t of ve loc i t y i s 

STREAM BOUNDARY 

OUTLET BOUNDARY 

'•FICTITIOUS POINTS 

A. Geometry and Shorehne Boundary 
Condition of TOPLYR-II Model 

h,^St«l£CIl._iAi: 
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B, Derivation of Energy Equation 
for Shoreline Cell 

Fig. 8.14. Geometry and Shoreline Boundary Condition of TOPLYR-II Model 
with Derivation of Shoreline-cell Energy Equation 
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defined at a distance Ay/2 from the shoreline (see Fig. 8.14A). The authors 
approximate a zero value for that quantity in order to conserve mass over 
each boundary cell. 

A third change the authors made in their final version of TOPLYR-II 
involves the inclusion of a code option to reduce the longitudinal and lateral 
diffusivities from positive values in the flow field to zero at the boundary. 
The authors use nonzero diffusivities of l e s se r magnitude than the constant 
uniform s t ream values in order to compensate for reduced turbulent t r ans 
port at the shoreline. The code permi ts that option to alter the boundary 
mode only. The correct ion factor was estimated from the grid size and 
what was considered to be the cor rec t physical adjustment that equates dif
fusivity to local velocity and local depth. For the North Platte River data, 
the authors derived the factor of I /16 . 

The authors amplify on their method of calculating the lateral dif
fusivity in their final TOPLYR-II manuscript . F i r s t , the Manning roughness 
coefficient is estimated from the character of the r iver . Then the mean 
velocity calculated using the Manning formula is used to compute the friction 
velocity. Finally, the lateral diffusivity is computed, based on the em
pirical formula of Elder . This algorithm is used for river situations only. 
The authors ' experience has shown that their analysis is relatively insen
sitive to the longitudinal diffusivity. The authors follow Elder in calculating 
longitudinal and lateral diffusivities by having them proportional to the local 
mean velocity and r iver depth. 

F igures 8.15-8.18 i l lustrate the updated comparison of TOPLYR-II 
with the North Platte field data. The initial conditions of the numerical r e 
sults are also i l lustrated in the figures. The.field data are joined by the 
solid line. With the procedure described above, the lateral eddy diffusivity 
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Fig. 8.15. Comparison between Theoretical and Experimental 
Temperature Profiles at Output Station for Various 
Magnitudes of Lateral Thermal Eddy Diffusivity 
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was computed to be of order 100 c m / s e c (based on r iver geometry and 
flow conditions using the standard methods ' ^ and Ref. A3). Figure 8.15 
implies a good comparison with field data when the lateral eddy-thermal 
diffusivity is 150 c m y s e c . Again, the resul ts were relatively insensitive 
to longitudinal diffusivities as large as 1 m y s e c . What the authors r e 
garded as reasonable assumptions for H and T,^ were made in that com
parison. Figure 8.16 compares the relative importance of the Newton 
cooling and surface-heat - loss t e rms in the model. The average heat-
t ransfer coefficient,, H, used in the calculations was 1 Btu/ft^-hr-°F, which 
was in line with the recommendations of Dynatech, as used by the authors. 
Interpreting that reference led to an expected range of 0.5-2.5 in the coeffi
cient. Figure 8.16 shows only little changes in prediction upon such varia
tion in H. The resul ts a re , however, sensitive to Too. Est imates on 
"riverbed" tempera ture (not provided in the data) still left a 5-10°C un
certainty. As the authors note, the uncertainties in the weather data have 
a much greater impact on the solution than ground-loss uncertainties. The 
authors a s se r t that adjustment in T^i and the la teral diffusivity within their 
range of uncertainty is sufficient to yield nearly perfect agreement. The 
authors cannot say that introducing Newton's law of cooling improves the 
resul ts uniquely because there is at least one other phenomenon (gradation 
in diffusivities near the shore) that makes a correction in a similar way. 
F r o m the authors ' experience in comparing their model to the North Platte 
River data, they conclude that inclusion of the Newton law does affect the 
resul ts to some extent. However, juggling the weather conditions within a 
possible slight experimental e r r o r or introducing an altered or variable 
diffusivity could provide the same resul t s . If one does not allow for this 
uncertainty in the weather data or in Newton's law, the resul ts are still not 
al tered significantly for the North Plat te . 

Figure 8.17 i l lustrates the effect of choosing the code option that 
allows a reduction in diffusivity near the shoreline. The authors presume 
a reduced level of turbulence consistent with source-cel l average rather 
than the zero level expected at the shoreline mode position. Kolesar and 
Sonnichsen are basically following the work of Elder-^' here . It is not clear 
to us; a reduction in turbulence does actually occur in the proximity of the 
shore. Eddies generated by the shore boundary may well be more efficient 
mixers than those significantly offshore. The computer code can handle the 
reduced-turbulence option as well as the model having constant diffusivities. 
Figure 8.17 shows that variation in local diffusivity near the shore plays an 
important role in determining the proper shape of the temperature distribu
tion near the shore. 

Figure 8.18 i l lus t ra tes the effect of using a finer grid on the code 
resu l t s . Improvement by employing a finer grid is seen to be mostly at 
the shore boundary. 

In the authors ' study of the r iver data they analyzed, they noted 
consistent deficiencies in the determination of such quantities as weather 
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paramete r s , shoreline-slope considerations, environmental conditions (ice, 
snow, etc.), existence of thermal springs (in the immediate vicinity of m e a s 
urements) , and local ground temperature and heat-flux coefficient. This is 
in addition to the generally accurate determination of plume velocities, tem
pera tures , and depth at a particular c ross section. Note that in Fig. 8.16 a 
riverbed temperature of -5°C does not imply ice in the r iver . In that 
North Platte situation, the wet- and dry-bulb temperatures were about -10°C. 
The authors claim that, for a variety of reasonable c i rcumstances , the bot
tom temperature can be as low as the wet-bulb temperature , with the r iver 
current having temperatures above (generally slightly above) 0°C. 

The TOPLYR-II code as the option that allows the user to assign a 
nonzero value for boundary points and points at which the bottom depth is 
zero. The value 0.01 m was used for the North Platte River comparison. 
Some such number should be assigned considering the form of difference 
Eqs. 8.9 and 8.10. No attempt has yet been made to determine if that a s 
signment is in any way a critical one. 

The authors have added an additional option in handling the outlet 
boundary condition. Originally the conditions 

T^ = 2T'^ - T'' 
1+1,J i , j i - i , j 

and 

,j,k+i* ^ 2 T ' ' ' ^ ' * - T' '"^'* 
i+i.j i,j ' i-i,j 

were used to terminate the computation at a finite number of nodes by means 
of a simple extrapolation. Now the option to use 

^k+i* ^k 
T. . = T 

1+1,J i+i,j 

is provided whenever the original extrapolation fails to provide a plausible 
temperature based upon newly computed temperatures in the problem do
main. The authors expect this option to be useful only in problems with 
little real physical meaning. 

Kolesar and Sonnichsen feel that their model can be applied when 
bends of moderate curvature occur in the r iver . The model is applied as 
described, downstream distance along the shore being identified with down
stream centerline distance as used by the computer code. 

Our final comment involves the alteration of the final draft of 
TOPLYR-II to account for local changes in the eddy-thermal diffusivities. 
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This change is not included in Ref. la, but will be described in a future 
quar ter ly report of the Hanford Engineering Development Laboratory. 
The difficulty in including a variable diffusivity was only in writing 
the code, not a conceptual one involved in the character of the equations. 
Defining a variable depth as the authors have done has enabled them to 
introduce variable diffusivities into the model quite simply. Kolesar 
and Sonnichsen anticipate introducing buoyancy into the model next as an 
outgrowth of TOPLYR-II. Their goal is to develop equations that will hope
fully lead to success for lake applications. 
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9. M a t h e m a t i c a l Model for D i s p e r s i o n 
of Heat into a Lake 

W a l t e r Wnek 
(I l l inois Ins t i tu te of Techno logy R e s e a r c h Ins t i t u t e ) 

(to be pub l i shed) 

L i s t of Symbols 

f Func t ion r e l a t e d to in i t i a l t e m p e r a t u r e def ined by Eq . 9.8 

Gl , Gj , Gj G r e e n ' s function sa t i s fy ing cond i t ions of E q s . 9 .34, 9 .35, 
and 9.36, r e s p e c t i v e l y 

Gl, G2, G3 G r e e n ' s function sa t i s fy ing s a m e cond i t i ons a s G p G2, and 
G3, except that d i s t an t b o u n d a r y cond i t ions a r e app l i ed at 
infinity 

G G1G2G3 

G G1G2G3 

h H e a t - t r a n s f e r coeff icient 

kl P a r a m e t e r defined by Eq . 9.19 

kz P a r a m e t e r defined by Eq . 9.20 

Kjj, Ky, K2 T h e r m a l d i f fus ivi t ies in x, y, and z d i r e c t i o n s , 

r e s p e c t i v e l y 

L Length of cont inuous l ine s o u r c e 

M A r b i t r a r i l y l a r g e and fixed p o s i t i v e n u m b e r 

Ml, Mj , M3 L a r g e fixed pos i t ive n u m b e r s def ined by Eq . 9.16 

n O u t w a r d - d r a w n n o r m a l 

Qp V o l u m e t r i c d i s c h a r g e r a t e 

S D i s t r i b u t e d hea t s o u r c e or s ink 

So Bounding s u r f a c e to v o l u m e V 

t T i m e 

T V a r i a b l e t e m p e r a t u r e 

To In i t i a l t e m p e r a t u r e d i s t r i b u t i o n 

Tj j E q u i l i b r i u m t e i n p e r a t u r e function 

T T e m p e r a t u r e function r e l a t e d to T and def ined by E q . 9.9 

Vx. Vy, V2 Ve loc i t i e s in x, y, and z d i r e c t i o n s , r e s p e c t i v e l y 

X C o o r d i n a t e m e a s u r e d in d i r e c t i o n of the s h o r e 
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Xo x c o o r d i n a t e of outfa l l p o i n t - s o u r c e pos i t ion (or c e n t e r 
of l ine s o u r c e p a r a l l e l to s h o r e ) 

yo y c o o r d i n a t e of outfa l l p o i n t - s o u r c e pos i t i on (or l ine 

s o u r c e p a r a l l e l to s h o r e ) 

y C o o r d i n a t e m e a s u r e d a c r o s s the l ake 

z C o o r d i n a t e m e a s u r e d v e r t i c a l l y downward 

Zo z c o o r d i n a t e of outfa l l p o i n t - s o u r c e pos i t ion (or l ine 

s o u r c e p a r a l l e l to s h o r e ) 

x ' X c o o r d i n a t e of p o i n t - s o u r c e pos i t i on 

y ' y c o o r d i n a t e of p o i n t - s o u r c e pos i t i on 

z ' z c o o r d i n a t e of p o i n t - s o u r c e pos i t i on 
X y ••/^ 
y Y /TK; 

x ' X c o o r d i n a t e of p o i n t - s o u r c e pos i t i on 

y ' y c o o r d i n a t e of p o i n t - s o u r c e pos i t ion 

z ' z c o o r d i n a t e of p o i n t - s o u r c e pos i t i on 

$0 X O / - / K ^ 

YD yo/yyy 

Zo z o / v K ^ 

9o In i t i a l e x c e s s t e m p e r a t u r e 

b . The P h y s i c a l S i tua t ion and Its M a t h e m a t i c a l S i m u l a t i o n 

W a l t e r Wnek of the I l l ino i s In s t i t u t e of Techno logy R e s e a r c h Ins t i tu te 
h a s d e v e l o p e d a t h r e e - d i m e n s i o n a l m a t h e m a t i c a l m o d e l for the d i s p e r s i o n of 
hea t in the n e a r - s h o r e w a t e r s of a l a r g e l a k e . The m o d e l r e p r e s e n t s the 
o r i g i n of t he e x c e s s hea t by an a r b i t r a r y d i s t r i b u t e d s o u r c e in s p a c e and 
t i m e S(x, y , z , t ) . With th i s c o n s i d e r a t i o n , he deve lops a t i m e - d e p e n d e n t 
e x a c t a n a l y t i c a l so lu t i on to the hea t c o n s e r v a t i o n equa t ion wi th cons tan t 
coe f f i c i en t s us ing G r e e n ' s funct ion t e c h n i q u e s . L a t e r in th i s d i s c u s s i o n , t he 
s o l u t i o n wi l l be d e s c r i b e d when the s o u r c e S t a k e s on the two spec i f i c f o r m s : 

(1) A con t inuous point s o u r c e . 

(2) A con t inuous l ine s o u r c e . 

B o t t o m effec ts and any r e f l e c t i o n s due to any r e m o t e bank a r e n e g l e c t e d in 
the m o d e l . 
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The author 's analysis is based upon the three-dimensional convective/ 
diffusion conservation equation, 

3T 
St + vx(x, y, z, t) 

5T 
3x 

. t ) 
ST 

ax 
K x ( x , y . z , t ) g ] + | ^ [ K y ( x , y , z , t ) | ^ ] 

K2(x,y, z,t)-g^ + S ( x , y , z , t ) , (9 .1) 

where 

and 

T = temperature , 
X, y, z = coordinates measured in the direction along the shore, 

normal to the shore, and vertically downward, 
respectively, 

t = time, 

Vx, Vy, V2 = velocities in the x, y, and z directions, respectively, 

Kx, Ky, Kz = turbulent eddy diffusivities for the x, y, and z direc
tions, respectively, 

heat source or sink. 

Equation 9.1 is derived by making a heat balance on a differential 
element of volume in the lake. The first t e rm represents the local time 
rate of change of temperature within the volume element; the next three 
te rms account for changes due to advection; the first three t e rms on the 
right-hand side of the equation define turbulent dispersion of heat; the last 
t e rm represents a heat source or sink. 

For power-plant thermal discharges, S(x, y , z , t ) describes the rate 
of heat input to the lake system from the condenser cooling water. For a 
continous-point-source representation of the outfall, 

S(x, y , z , t ) = SoQp, X = X o 6 ( x - x o ) , y = y o 6 ( y - y o ) ' 

Z o 6 ( z - Z Q ) , t 2 t o , (9 .2) 

Qp is the volumetric flow rate of where 60 is the initial excess temperature 
discharge, and (xo,yo,zo) is the source position. If the outfall is to be given 
by a continuous line source of length L parallel to shore, then S may be 
taken as 
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S(x, y, z, t) 
eoQr 

| x - X o | £ L / 2 , y = yo6(y -yo) , 

s = Zo6(z - Zo), t 2 to, 

= 0, | x - xol > L / 2 , and t < to (9 .3) 

w h e r e QQ, Qp, and L a r e def ined above wi th (xo.yo. Zo) being the c e n t e r p o s i 
t ion of the l ine s o u r c e . A g a i n , t he a n a l y s i s to be d e s c r i b e d can t r e a t any 
a r b i t r a r y S(x, y, z , t ) . 

The so lu t i on to E q . 9.1 is d e r i v e d u n d e r the a s s u m p t i o n of cons tan t 
v e l o c i t i e s Vx. Vy, and Vz and c o n s t a n t d i f fus iv i t i es Kx, Ky, and Kz- R a t i o n a l e 
for t h e s e a s s u m p t i o n s fol lows l a t e r . 

I n i t i a l and b o u n d a r y cond i t i ons a s s o c i a t e d wi th Eq . 9.1 a r e : 

I n i t i a l Condi t ion : 

T ( x , y , z , 0 ) = To(x , y , z ) . (9 .4) 

B o u n d a r y Condi t ion 1: No hea t flux a c r o s s the s h o r e , 

5T(x , y, z, t) 
3y y=o 

(9.5) 

B o u n d a r y Condi t ion 2: Hea t t r a n s f e r f r o m the l a k e ' s s u r f a c e to 
the a t m o s p h e r e : 

5 T ( X , y, z . t ) h[T-TE(x,y , t ) ] , (9.6) 

w h e r e h i s the h e a t - t r a n s f e r coeff ic ient ( a s s u m e d cons tant ) and T j - is the 
e q u i l i b r i u m t e m p e r a t u r e . 

B o u n d a r y Condi t ion Set 3: No hea t flux in any c o o r d i n a t e d i r e c t i o n 
in f in i te ly f a r f r o m the hea t s o u r c e . 

a T ( x , y , z , t ) , . 3 T ( x , y , z , t ) 
l i m r '̂ = l i m ^̂ ^ 
x-*aj ox x-*-«> ox 

5 T ( x , y , z , t ) 
l i m ^ 
y-*oo oy 

0; 

5 T ( x , y , z , t ) _ 
l i m ^ = 0. 
z-»oo Oz 

(9 .7) 
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For most applications to plumes in large lakes, the above assumption 
of no reflection at remote shore boundaries is generally justified. The author 
also states that the more accurate boundary condition concerning the lake 
bottom boundary, 

ST(x,y, z, t) = 0, 
lake bottom 

can, in most cases , be replaced by the assumption of infinite lake depth with 
the concomitant specification, 

lim ^ i k l Z l l ^ = 0. 
Z-»co o z 

This assertion is based on the fact that when the plume is still quite warm 
it does not disperse greatly in the z direction due to stratification. Also, 
after stratification breaks down, the plume dissipates in deep water, r e 
sulting in a greatly decreased temperature, with little chance then of 
reaching the bottom. 

The use of the heat-conservation equation (Eq. 9.1) with an input of 
a constant dispersive and velocity field implies that the resulting solution 
is valid for a far-field region of the plume. F i rs t , the turbulent s tructure 
close to the discharge is jet-like and cannot be represented by Eq. 9.1 
by itself. An investigation of the jet regime requires analysis of both the 
momentum- and energy-conservation equations. Second, specific a s 
sumptions on the form of S may lead to a temperature-dis tr ibut ion e r ro r 
in a region close to the source. For example, if S represents a continuous 
point source, T(XO, yo, ZQ, to) must necessari ly be infinite. At distances suf
ficiently downstream from the discharge and for sufficiently later t imes, 
however, the temperature will be independent of the type of initial source 
distribution chosen and, consequently, the model is expected to yield more 
accurate predictions. Finally, constant velocity and dispersive fields may 
generally be found only at some distance from the source. Actually, this 
assumption was made here mainly to make the mathematics of the problem 
tractable. Wnek, however, has noted that from correlations of field data 
taken in Lake Michigan (Ref. 2, p. 281) that the horizontal dispersion coef
ficients do not vary much for radial and vertical distances from the heat 
source greater than about 1000 ft and that constant values for these param
eters may be taken as a first approximation. Also, from studies of the near-
shore currents of Lake Michigan, the author feels confident that Vx> Vy, Vz 
may also be assumed constant for a first approximation. Actually Vx will 
be much larger than Vy or Vz with Vy, Vz nearly zero. In Ref. 1, pp. 14-19, 
Wnek treats the variable velocity and dispersive field case by an iterative 
technique where the solution is obtained by perturbing a related constant-
coefficient case. The method is cumbersome to apply and will not be dis
cussed here. 



c . D e v e l o p m e n t of the A n a l y t i c a l Solut ion 

The m e t h o d of so lu t i on of E q . 9.1 wi th c o n s t a n t p a r a m e t e r s . 
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3 T S T B T , ST 
"^— r Vx':;— + VvT— + Vy T— 
3 t ^ 3 x y 3y ^ 3 z 

3^T 3^T 3^T 
^ 3x^ y 3y^ oz 

(9.8) 

with a u x i l i a r y cond i t ions g iven by E q s . 9 . 4 - 9 . 7 , w i l l now be s u m m a r i z e d . 
F i r s t , to f a c i l i t a t e l a t e r a n a l y s i s , the inf ini te l ake v o l u m e def ined in F i g . 9.1 
i s r e p l a c e d ( t e m p o r a r i l y ) by t he c l o s e d finite r e g i o n - M £ x s M, 0 s y s M, 
0 S z S M, w h e r e M i s any f ixed a r b i t r a r i l y l a r g e pos i t i ve n u m b e r . Bound
a r y Condi t ion Set 3 i s c o n s e q u e n t l y r e p l a c e d by 

3T , , 
r — ( x , y , z . t ) 
ox. x = M 

•r— (x , y , z , t ) 
ox x = - M 

3 T 
dy 

( x , y , z , t ) 
y = M 

3 T , , 
^ ( x , y , z , t ) 

z = M 
= 0. (9.7') 

This a d j u s t m e n t p e r m i t s a s u b s e q u e n t i n t e g r a t i o n ove r a f inite vo lume of 
f luid. 

(y 

^ 

> 
^ 

z 

NO BC TTOM 

LAKE VOLUME : 

- OO < X < <D 

0 < y <(D 

0 < Z <<D 

SHORELINE 

y=z = 0 

- eo< X < CD 

Fig. 9.1 

Coordinate System for 
Lal<e Plume Model 

E q u a t i o n 9 . 8 w i l l n o w b e s i m p l i f i e d b y r e m o v i n g t h e c o n v e c t i o n 

t e r m s . T h i s i s d o n e b y m a k i n g t h e t r a n s f o r m a t i o n 

T ( x , y , z , t ) = t ( x , y, z , t ) exp 
1 Vx 
2 ( K x ) " ' 

X + T 
2 (Ky) 

V >- I 1 

2 ( K J (9.9) 
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w h e r e 

V ^ ' ^ v^' 
I n s e r t i n g Eq. 9.9 into Eq . 9.8 and t r a n s f o r m i n g cond i t ions 9.4, 9.5 
9.7 ' y i e lds the i n i t i a l - v a l u e p r o b l e m in t defined by 

d i f fe ren t ia l equat ion: 

(9.10) 

9.6, and 

3T dT V 511 ,1^ ^ . ,. 
-^ = L Sx? ' • ( - • y - ^ ' t ) -

(9.11) 

in i t i a l condi t ion: 

t ( i ,9 ,£ ,0) = f(x,y,£), 

boundary condit ion 1: 

3T 
9̂ 

T"^ = k iT at y = 0, 
ov 

boundary condit ion 2: 

aT 
T ^ = kjT - t p (x ,y ,0 , t ) at z = 0, 

(9.12) 

(9.13) 

(9.14) 

boundary condit ion se t 3: 

r ^ = 0 at X = ±Mi, 
ox ' 

a n d 

a ^ = 0 at y = M, 

ST „ 
T ^ = 0 at z = M, , 
oz •* 

w h e r e 

M , 
M M 

~y= . M2 = ——= , 
-/Kx ^/ic: 

M , M 

V/KT 

( 9 . 1 5 ) 

( 9 . 1 6 ) 
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i|i = S exp 
^4v1?j x; + t A 4 K J 

.1=1 V 

f = T o e x p ( ^ - - X ^ - ^ x j 

(9.17) 

(9.18) 

a n d 

k, = -

k2 = hTic; 
2 v ^ 

(9.19) 

(9.20) 

= b./K'^T^ exp 
y i Q 

j= 
4 K , 

1 J. 

(9.21) 

The solution to the above linear parabolic problem for T is obtained 
by using the Green 's function for that problem. The Green's function 
G(X, y , z , t ; x ' , y ' , z ' , t ' ) is defined as the temperature due to an instantaneous 
point source of strength unity placed at the point (x ' , y ' , z ' ) at time t' sub
ject to zero initial temperature and boundary conditions to be determined 
la ter . Following the development of Carslaw and Jaeger (Ref. 3, pp. 353-
365), G and T satisfy 

3 t 
at ' = V'̂ T + i|i (9.22) 

and 

ac 
3t' 

= -V^G. (9.23) 

Multiplying Eq. 9.22 by G and Eq. 9.23 by T and subtracting yields 

a(GT) 
at ' 

GV^T - TV^G + Gilf. (9.24) 

Since G is discontinuous at t' = t, Eq. 9.24 is integrated in time 
from 0 to t - e, where e is an arb i t rar i ly small positive number and over 
the finite volume V of lake fluid defined by 
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V; -Ml s x s Mi; 

0 s y s M2; 

0 s z s M3. 

This i m p l i e s (using G r e e n ' s T h e o r e m ) 

dt 
a(GT) 

at' d V dt 
• / / / 

(GV^T - TV^G + G\|i) d V (9 .25) 

jj] GT|t,=t.edV -jjj Gf|t, = odV' 

f4//(=S-S)-
-'0 c 

0 V 

w h e r e 

a n d 

n = the ou tward drawn n o r m a l , 

SQ = the bounding s u r f a c e . 

Now if G is defined by 

SG , ^ 
^ - = V G, 
at 

in i t ia l condit ion: 

G ( x , y , £ , 0 ) = 0, 

boundary condit ion 1: 

SG , ^ -. „ 
T ^ = kiG at y = 0, 
Sy 

boundary condit ion 2 

ac 

(9 .26) 

kjG at z = 0, 

(9.27) 

(9 .28) 

(9.29) 

(9 .30) 
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b o u n d a r y cond i t ion s e t 3: 

3G 
r ^ = 0 at X = ±Mi; 
3x 

| § = 0 at y = Mz; 
Sy 

ac 0 at z = M, ; 

(9.31) 

for an i n s t a n t a n e o u s point s o u r c e , t hen 

f ..//(o||--.g)..|- d f I / Gtp dS. (9 .32) 

F i n a l l y , by t ak ing the l i m i t a s s -* 0 in Eq . 9 .28, and us ing the f i l 
t e r i n g p r o p e r t y of G r e e n ' s f unc t i ons , the so lu t ion for T b e c o m e s 

T(x,y,£,t) = JJJ G(fi,y,z,t;5i',5^',£',t') f(£',y', £') dV 
V 

/ - / / 
(GCp)|g dS 

^ . / / / + / ^*^' j I I G ( x , y , z , t ; x ' , y ' , z ' , t ' ) i | ( ( x ' , y ' , z ' , t ' ) d V . 

"" V (9.33) 

The f inal s t e p in the so lu t ion is the c o n s t r u c t i o n of G. Le t 
G i ( x , t ; x ' , t ' ) , G2(y, t j y ' , t ' ) , and G3(z, t; z ' , t ' ) be the i n s t a n t a n e o u s po in t -
s o u r c e so lu t i on to the a s s o c i a t e d p r o b l e m s : 

SGi S^Gi ,^, ,, 
Gi : -;:— = ^/i? for an i n s t a n t a n e o u s s o u r c e at ^x ' , t ' ^ , 

' at 3x 

SG 
ax 

ac 
x=Mi £=-Mi 

0; 

(9 .34) 

SGi 3^Gi ... , 
G^: ~5— = p̂ /vj for an i n s t a n t a n e o u s s o u r c e at ( y ' , t ' ) . 

BG; 

Sy 
= kiG2(0,t); I f 

;=o ^y 
= 0, 

y=M2 

(9 .35) 
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SG3 a^Gj ,^ , 
G3: ~r— = ^ ; for an i n s t a n t a n e o u s s o u r c e at ( z ' , t ' ) , at aS 

ac. = k2G3(0, t ) ; ^ 
2 = 0 

y (9.36) 

0. 
Z=M3 

It is e a s i l y seen then that G = G1G2G3 s a t i s f i e s d i f f e r en t i a l e q u a 
t ion 9.23 and a l l a u x i l i a r y condi t ions 9 .28-9 .31 on the G r e e n ' s funct ion . 
F u r t h e r m o r e , s i n c e Mi , Mj , and M3 a r e a r b i t r a r i l y l a r g e n u m b e r s , it m a y 
be shown that G p Gj , and Gj wi l l a p p r o a c h the c o r r e s p o n d i n g funct ions G] , 
G J , and G3 when bounda ry condi t ions a r e app l i ed at inf ini ty . F r o m Ref. 3, 
p . 358, 

G i ( x , t ; x ' , t ' 

G z ( y , t ; y ' , t ' ) = 

1 

2yTT( t - t ' ) e x p 
i^-k')' 
4 ( t - f ) 

(9.37) 

e x p 
( y - y ' ) ^ 
4 ( t - t ' ) + exp 

2 , /n ( t - t ' ) 

kj exp[(t - f j i f + k i ( y + y ' ) ] e r f c 

a n d 

G 3 ( z , t ; z ' , t ' ) 
2Vn(t-t')rP 

( z - £ ' ) ^ 
4 ( t - t ' ) + exp 

_z,yr^ 

{£ + £•)' 

+ k i V t - t ' . (9.38) 

4 ( t - t ' ) 

kj exp[(t - t ' ) k | + k2(£ + £ ' ) ] e r fc z + i ' 
z^/rn^ 

+ k ,Vt- t ' (9.39) 

Hence the final so lu t ion is Eq . 9.33 wi th G def ined by G1G2G3. F o r 
the p r e s e n t p r o b l e m , Eq. 9.29 b e c o m e s 

T(x, y ,£ , t ) = J jf ^ ^ f ( S ' , y ' , £ ' ) G ( x , y , £ , t ; 5 ' , y ' , £ ' , 0 ) dx' dy' d£' 

rt r " /•«> 

+ 1 df J^ j_^cp(x' ,y ' ,0) G ( J , y , £ , t ; X ' , y ' , 0 , t ' ) dx' dy' 

^ I ^'' I 1 £*(^''y''2',t')G(x.y,z^t;^',^'.£',t') 

• dx ' dy' d £ ' . (9.40) 

The o r i g i n a l t e m p e r a t u r e prof i le T ( x , y , z , t ) is ob ta ined f r o m E q . 9 .9 . 
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In Eq . 9 .40, the f i r s t i n t e g r a l i s the c o n t r i b u t i o n of the in i t i a l t e m 
p e r a t u r e d i s t r i b u t i o n , the s e c o n d i n t e g r a l a c c o u n t s for the effect of heat 
t r a n s f e r to the a t m o s p h e r e , and the t h i r d i n t e g r a l r e p r e s e n t s the c o n t r i 
but ion of the hea t s o u r c e . Th i s l a s t t e r m is e a s i l y e v a l u a t e d for m a n y c a s e s 
of i n t e r e s t . 

If a con t inuous point s o u r c e is a s s u m e d to r e p r e s e n t the outfal l , S 
i s g iven by E q . 9.2 and i|t b e c o m e s , f r o m Eq . 9.17 

1 ^x 1 
\lr(x, y , £ , t ) = 9oQp exp - - —;==^ - -^ V^^^ 2 V K ^ 

yo 

1 
3 V? 

0̂ + t X 4K 4K^ j = i J 2 V K ; 

for X = xo6(x-xo)' y = yoMy-yo). 

£ = £o6(£ - Zo), t 2 to. 

(9.41) 

F i n a l l y , i n t e g r a t i n g the p r o d u c t of i|i and the G r e e n ' s function G 
o v e r the l ake v o l u m e , the t h i r d i n t e g r a l in Eq . 9.40 r e d u c e s to 

9oQp I G ( X , y, z , t ; xo> YO'£o't ' ) 

1 ^x 
expl - - —== Xo Yo 2 T K ; ^ 2 y K - " 2 yiTz 

Zn + t' 7 ^ 
i-l 4K 

dt ' (9.42) 

F o r a con t inuous l ine s o u r c e , if S is d e s c r i b e d by Eq . 9 .3 , i|i 
b e c o m e s 

\l;(x, y, z , t) = 9oQp exp i J ^ " 1 ŷ . 
2 .j^y 2 ^ 

1 Vz . Y J 

for I x - Xo I ^ 
2 y K ^ 

£ = £o6(£ - £o), t a to, 

L 

y = yo6(y - yo). 

0 for I X - Xo I > 
2yK^ 

and t < tn 

(9.43) 
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Consequently, the third integral in Eq. 9.40 reduces to 

exp Z./^^ 
fii 
y 4K: 
j = ' • 

G(x,y ,£ , t ;x ' ,yo ,£o . t ' ) dx'. (9.44) 

Note that the first two integrals in Eq. 9.40 and the Green's function 
G = G1G2G3 are all independent of the choice of the source distribution. 

d. General Comments about the Model 

Several general observations are needed at this point. This model 
is only applicable in the far field, because jet-induced inertial mixing is 
neglected at the point of discharge. Bottom effects are not considered in 
the model; however, lake stratification can be accounted for in the initial 
condition, Eq. 9.4. From a practical point of view the inclusion of s t ra t i 
fication in Eq. 9.4, rather than assuming an initially uniform ambient 
temperature, is sure to greatly complicate later integrations. 

Wnek, as was noted earl ier , can treat a variable-velocity and 
dispersive-field case by iterative techniques, but the method is extremely 
cumbersome and only the constant-parameter situation, Eq. 9.8, was 
considered here. Using the constant-parameter case, the author has 
carr ied out all the volume integrations in Eq. 9.40 in closed form for a 
continuous point source assuming constant ambient and equilibrium tem
peratures . He was not, however, able to evaluate the time integrals in 
closed form. The integrations with time are currently being programmed. 
One difficulty that may ar ise in the evaluation of the steady-state tem
perature distribution is taking the limit as t -• " of solution equation 9.40. 
This raises the possibility of computer overflows with large t. From 
past experience, however, the author expects that with s imilar mathe
matical models a steady state should be reached within only 24 hr. 

The main advantage of this rnodel over other far-field models 
using a finite-difference approach lies, according to Wnek, in the expected 
reduction of computer t ime, since the various integrals involved in Eq. 9.40 
can hopefully be evaluated using available integration subroutines. In addi
tion, there is theoretically no conceptual difficulty in representing the heat 
source S(x, y, z, t) as three-dimensionaland t ime-var iant . Any outfall shape 
can be considered; only the integration capabilities a re limiting. 
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and 

In summary, once input pa ramete r s and input functions 

Kx, Ky, Kz = constant turbulent eddy diffusivities, 

Vx, Vy, Vz = constant velocity field, 

h = heat - t ransfer parameter , 

To(x,y,z) = initial tempera ture distribution, 

T-g.(x, y,t) = equilibrium tempera ture , 

S(x, y , z , t ) = source-distr ibution function 

are given for a par t icular problem, Eqs. 9.40 and 9.9 may then be used to 
yield the time-dependent tempera ture distribution T(x, y , z , t ) for the physi
cal situation described in Fig. 9.1. 
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C. C o m p l e t e M o d e l s 

10 . T h e W o r k of D o n a l d W. P r i t c h a r d 

( C h e s a p e a k e B a y I n s t i t u t e ) 

A u g u s t 1 9 6 9 

a . L i s t of S y m b o l s 

A g S u r f a c e a r e a w i t h e x c e s s t e m p e r a t u r e e q u a l t o o r g r e a t e r t h a n 9 

b L o c a l w i d t h of j e t d i s t r i b u t i o n of v e l o c i t y a n d t e m p e r a t u r e 

bo W i d t h of o u t f a l l 

b g M e a n w i d t h of a r e a w i t h i n 9 i s o t h e r m 

b g M a x i m u m w i d t h of a r e a w i t h i n 9 i s o t h e r m 

c S p e c i f i c h e a t a t c o n s t a n t p r e s s u r e 

D C h a r a c t e r i s t i c " c r i t i c a l " m i x i n g d e p t h of r e c e i v i n g b o d y of w a t e r 

Do E q u i v a l e n t d i a m e t e r of a r e c t a n g u l a r o u t f a l l 

D g T h i c k n e s s of p l u m e a t a d i s t a n c e | g w h e r e 5 Q < Tli ( w h e n v e r t i c a l 
m i x i n g o c c u r s ) 

ho O u t f a l l d e p t h 

K S u r f a c e - h e a t - t r a n s f e r c o e f f i c i e n t (a f u n c t i o n of e x c e s s 

t e m p e r a t u r e 6) 

n I n v e r s e - s p r e a d i n g r a t e 

n i 9 o / 6 i 

nz eo /92 

QjT E x c e s s h e a t - r e j e c t i o n r a t e of p o w e r p l a n t b a s e d on 

9o (= pCpUobohoeo) 

Qo V o l u m e t r i c f l o w r a t e of p o w e r p l a n t a t d i s c h a r g e 

R J L o c a l R i c h a r d s o n n u m b e r 

u C e n t e r l i n e v e l o c i t y , a f u n c t i o n of | 

u ^ V e l o c i t y of t r a n s v e r s e c r o s s c u r r e n t ( a s s u m e d c o n s t a n t ) 

Uo Initial velocity of the jet at discharge 

r(l°) Rate of heat loss from the area contained within the 1° isotherm 

AF^ Rate of heat loss from the area contained between the 9^. 9n-i 
isotherms 

AAp Incremental area between 6^ and 9^.1 isotherms 
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AAo.5 A r e a having m e a n e x c e s s t e m p e r a t u r e 0 .5°F 

Til Long i tud ina l d i s t a n c e a t wh ich v e r t i c a l e n t r a i n m e n t c e a s e s 

5 L o c a l e x c e s s t e m p e r a t u r e 

00 I n i t i a l e x c e s s t e m p e r a t u r e a t d i s c h a r g e 

6 L o c a l e x c e s s t e m p e r a t u r e c o r r e c t i o n of the h o r i z o n t a l t e m p e r 
a t u r e d i s t r i b u t i o n due to add i t i ona l d i lu t ion r e s u l t i n g f r o m 
v e r t i c a l e n t r a i n m e n t 

9(pi C o r r e c t e d e x c e s s t e m p e r a t u r e c o r r e s p o n d i n g to the d i s t a n c e ^9 

a long the p l u m e a x i s due to n o n z e r o b a c k g r o u n d t e m p e r a t u r e 

9jj M e a n e x c e s s t e m p e r a t u r e b e t w e e n the n th and ( n - l ) s t i s o t h e r m 

6i E x c e s s t e m p e r a t u r e a t a g iven p o s i t i o n r e s u l t i n g f r o m t h e r m a l 
p l u m e No. 1 

02 E x c e s s t e m p e r a t u r e a t a g iven p o s i t i o n r e s u l t i n g f r o m p l u m e 
No. 2 

6' S u p e r p o s e d e x c e s s t e m p e r a t u r e a t a g iven p o s i t i o n r e s u l t i n g 

f r o m p l u m e No. 1 and 2 

1 L o n g i t u d i n a l d i s t a n c e m e a s u r e d a long p l u m e c e n t e r l i n e 

I g C e n t e r l i n e d i s t a n c e out to a g iven e x c e s s t e m p e r a t u r e 9 

l y D i s t a n c e f r o m the v i r t u a l s o u r c e of the j e t to the end of the 

r e g i o n of flow e s t a b l i s h m e n t 

p D e n s i t y of p l u m e w a t e r ( a s s u m e d cons t an t ) 

tp B a c k g r o u n d e x c e s s t e m p e r a t u r e 

Nota t ion 

( ) D e n o t e s tha t the p a r a m e t e r i n s i d e the p a r e n t h e s e s h a s been d e 
t e r m i n e d a s s u m i n g d i lu t ion (mixing) a lone 

( ) D e n o t e s c o n d i t i o n s a f t e r c o r r e c t i o n of the e x c e s s t e m p e r a t u r e 
d i s t r i b u t i o n for s u r f a c e cool ing 
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b . I n t r o d u c t i o n 

T h e t h e r m a l - p l u m e m o d e l d e v e l o p e d b y P r i t c h a r d p r e d i c t s t h e d i s 

p e r s i o n of a h e a t e d d i s c h a r g e f r o m a r e c t a n g u l a r o u t f a l l a t t h e s u r f a c e of 

a l a r g e r e c e i v i n g b o d y of w a t e r . T h e m o d e l i s b a s i c a l l y a s y n t h e s i s of p r e 

v i o u s t h e o r e t i c a l a n d p h y s i c a l m o d e l i n g r e s u l t s f o r b u o y a n t a n d n o n b u o y a n t 

j e t s , c o m p l e m e n t e d w i t h r e s u l t s t h e a u t h o r h a s g l e a n e d f r o m f i e l d d a t a 

o b t a i n e d f r o m e x i s t i n g p o w e r p l a n t s s i t e d o n b a y s , e s t u a r i e s , a n d l a r g e 

l a k e s . 

T h e m o d e l i s s i m p l e a n d c o n s i d e r s p l u m e d i s p e r s i o n t o b e g o v e r n e d 

s o l e l y by m o m e n t u m - j e t e n t r a i n m e n t , t u r b u l e n t d i f f u s i o n , a n d s u r f a c e h e a t 

l o s s . A n i n t e g r a l t e c h n i q u e i s u s e d i n w h i c h t h e p l u m e v e l o c i t y a n d e x c e s s 

t e m p e r a t u r e ( a b o v e a m b i e n t ) a r e a s s u m e d t o h a v e a t e a c h l o n g i t u d i n a l p o s i 

t i o n a " t o p - h a t " d i s t r i b u t i o n l a t e r a l l y a n d v e r t i c a l l y . B u o y a n c y - i n d u c e d 

c o n v e c t i v e m o t i o n s a r e n o t c o n s i d e r e d . N o a m b i e n t c r o s s c u r r e n t i s a s 

s u m e d t o e x i s t in t h e t h e o r e t i c a l d e v e l o p m e n t ; y e t , t h e a u t h o r e x p e c t s t h a t 

t h e p r e d i c t e d c e n t e r l i n e t e m p e r a t u r e d e c a y a n d a r e a s w i t h i n i s o t h e r m s a r e 

s t i l l a c c u r a t e in t h e p r e s e n c e of a s h o r e - p a r a l l e l c u r r e n t l e s s t h a n 10% of 

t h e i n i t i a l d i s c h a r g e v e l o c i t y . I n t h e m o d e l , e n v i r o n m e n t a l c h a n g e s a r e r e 

f l e c t e d s o l e l y i n t h e s u r f a c e - h e a t - t r a n s f e r c o e f f i c i e n t K. E n t r a i n m e n t i s 

a c c o u n t e d f o r by t h e s p e c i f i c a t i o n of a f i x e d " i n v e r s e s p r e a d i n g r a t e " p a 

r a m e t e r n = 6. T h e l a k e b o t t o m i s a s s u m e d t o h a v e n o e f f e c t o t h e r t h a n 

u p o n t h e a u t h o r ' s c h o i c e of a p l u m e d e p t h a n d , w h e n n e c e s s a r y , u p o n t h e 

l e n g t h a n d d e p t h of a n i n i t i a l r e g i o n of v e r t i c a l e n t r a i n m e n t . 

T h e m o d e l h a n d l e s b o t h t h e j e t a n d f a r - f i e l d r e g i o n s ; i t p r e d i c t s a 
t w o - d i m e n s i o n a l t e m p e r a t u r e f i e l d a n d a r e a s w i t h i n i s o t h e r m s d o w n t o a 
1 ° F t e m p e r a t u r e e x c e s s . T h e p a r a m e t e r s r e q u i r e d f o r t h e a p p l i c a t i o n of 
t h i s m o d e l a r e : 

bo = w i d t h of r e c t a n g u l a r o u t f a l l , 

ho = d e p t h of r e c t a n g u l a r o u t f a l l , 

Q H * - e x c e s s h e a t - r e j e c t i o n r a t e of p o w e r p l a n t b a s e d on 9o, 

9o = i n i t i a l e x c e s s t e m p e r a t u r e of t h e j e t . 

a n d 

K = s u r f a c e - h e a t - l o s s c o e f f i c i e n t . 

In s p i t e of t h e s i m p l i f i c a t i o n s m a d e in t h e m o d e l d e v e l o p m e n t , t h e 
a u t h o r c l a i m s t h e m o d e l t o b e c o n s e r v a t i v e i n m a n y r e s p e c t s a n d s i m p l e t o 
a p p l y . 

• Q H would be identically equal to the total condenser heat-tejection rate if tiie condenser intake temperature 
were identically equal to the ambient temperature. 



The author 's theoretical development is carr ied out in four consec
utive stages: 

(1) Horizontal spreading is considered, neglecting vert ical diffusion 
and surface heat loss to the atmosphere. A two-dimensional temperature 
field is determined for the jet and far-field regions. 

(2) Vert ical entrainment is then considered independent of hori
zontal spreading and surface heat loss. The depth is assumed constant, 
except possibly for a small region in the vicinity of the outfall where the 
depth grows slowly in a linear fashion. When vert ical spreading is assumed 
to occur, a correct ion of the two-dimensional temperature field is made to 
account for the additional dilution. 

(3) A second correct ion of the temperature field may be needed, 
depending upon the temperature of the water entrained into the plume. Due 
to possible recirculat ion of condenser cooling water, the diluting water 
mixed into the plume may have an excess temperature above 0.0°F. Once 
this additional correct ion on the temperature field is made, the a reas with
in i sotherms are calculated for the condition of mixing alone. 

(4) Surface heat losses a re then included in the analysis as a cor
rection to the a reas derived in stage 3. This surface-heat- loss correction 
yields the final two-dimensional temperature field and the isotherm a reas . 

Separating dispersion into distinct vert ical and horizontal processes 
is common and facilitates the model development. Each of the four steps 
will be considered in some detail. F i r s t , a Iprief discussion of the domi
nant p rocesses involving plume dispersion will be given as conceptualized 
by the author. 

The author distinguishes between three pr imary processes , which 
lead to a decrease in excess temperature in a thermal plume. F i rs t , there 
is the initial dilution, which occurs through mechanical mixing of the heated 
water with the receiving water as a resul t of the excess momentum in the 
discharge s t ream. The second process involves natural mixing or turbu
lent diffusion of the heated effluent into the cooler ambient water. The third 
p rocess is a loss of heat with a consequent reduction in excess temperature 
from the water body to the atmosphere. 

According to the author, mechanical dilution is the pr imary process 
within the range between the plume's initial excess tempera ture 9o down to 
a value corresponding to about 0.29o. This value is based mainly upon 
flume experiments done at the Chesapeake Bay Institute, where it was found 
that, when the centerline temperature decays to about 0.29o, the tempera
ture distribution begins to act like the asymptotic temperature spread from 
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a point source in a stagnant medium. Thus the temperature reduction be
yond 0.29o would decay essentially inversely with distance. Pr i tchard 
found this relationship to be generally valid in the field when ambient tur 
bulence dominates the dispersion. 

Due to the large volume of the source, natural turbulent diffusion is 
a secondary process in the jet regime, initially acting only at the edges of 
the plume with only little cooling until the t ransverse distribution of tem
perature has been altered from an initial "top-hat" form to a bell-shaped 
form. Also in these initial regions, surface cooling contributed only a 
second-order correction to the distribution of excess temperature for 
temperatures greater than about 10% of the excess temperature at d i s 
charge. Surface heat loss seems to become increasingly more important 
compared to the other two processes when the excess temperature has de
creased considerably and becomes the dominant process for excess tem
peratures less than about 1°F due to the relatively large plume a reas 
involved at these low excess temperatures . The above conclusions con
cerning the loss of heat to the atmosphere were reached from comparisons 
of flume experimental data (no surface losses) and with actual field data 
obtained when surface heat exchange was significant. 

c. Model Derivation and Discussion 

(1) Horizontal Dispersion (no vertical spreading or surface heat 
loss). Pri tchard considers horizontal dispersion due to a mechanical di
lution and turbulent diffusion first. Vertical effects of this dilution are 
considered in Sec. d below as a correction. Surface heat loss is considered 
separately in Sec. f as a final correction. 

The geometry illustrating horizontal spreading is shown in 
Fig. 10.1. The author assumes the spreading of the jet to be given by 

5/n, ? > ?y nbo (10.1) 

w h e r e b is the width of the je t , ? is the d i s t a n c e m e a s u r e d along the j e t 
c e n t e r l i n e , n i s the i n v e r s e s p r e a d i n g r a t e of the j e t t aken a s 6, and 5 is 
the length of the f l o w - e s t a b l i s h m e n t r e g i o n in which no s p r e a d i n g is a s 

s u m e d to o c c u r and w h e r e the j e t 
m a i n t a i n s i t s i n i t i a l ly t o p - h a t p r o 
f i les of ve loc i t y and t e m p e r a t u r e . 
F o r 5 > 5y, the j e t b e g i n s to s p r e a d 
h o r i z o n t a l l y . The a u t h o r a s s u m e s 
for s i m p l i c i t y tha t the e x c e s s t e m 
p e r a t u r e h a s a t o p - h a t p ro f i l e l a t e r 
a l ly a t e a c h long i tud ina l p o s i t i o n 
d o w n s t r e a m with the r e a l i z a t i o n that 
in the e s t a b l i s h e d flow r e g i o n the 

Fig. 10.1. Horizontal Spreading of Jet (mixing 
but no surface cooling) 



profiles a re more bell-shaped. Integral equations of momentum and heat-
energy conservation a re 

b/2 

b/2 
p / u^ dy = pugbo, ? >5v , (10.2) 

and 

-b/2 

pCp / u9 dy = pCpUo9obo, 5 > 5^- (10.3) 

Since u = u{|), 9 = 9(|), for any position (5,y) within the jet, Eqs. 10.2 and 
10.3 may be solved to yield 

u(5) = "o( - r ) ' (10.4) 

and 

65 = 9(?) = QOIYJ • (l°-5) 

The equation of mass conservation is replaced essentially by 
Eq. 10.1, which gives the rate of spreading of the jet or, equivalently, the 
rate of ambient fluid entrainment. This is equivalent to a similarity a s 
sumption on entrainment. 

% 
The author 's choice of n = 6 as the inverse spreading rate is 

based upon values found in the l i terature for the spreading of two-dimensional 
jets and upon plume experiments carr ied out by the Chesapeake Bay Insti
tute. F rom the tank studies of Jen, Wiegel, and Mobarek, '̂  an inverse 
spreading rate of one on seven was obtained. Their study involved the hor
izontal discharge of a heated jet at the surface of a large body of water at 
uniform density with no bottom interferences. For that situation, the jet 
experienced three-dimensional entrainment. The slope of the vertical 
spreading was one on seven, as was the horizontal spreading coefficient. 
The relationship between excess temperature and distance along the plume 
axis was 

J . = 7 . 0 ^ , X / D O < 100, (10.6) 
9o X 

1 , 
where DQ = —vbolio for a rectangular slot orifice. Other papers (Refs. 3-5 
for example) have found inverse spreading ra tes ranging from five to seven 
for various submerged and surface buoyant and nonbuoyant je ts . The author 
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states that when a bottom inhibits vert ical mixing and/or when naturally 
existing thermal stratification is present , vert ical mixing and ver t ical en
trainment are generally inhibited to the point that entrainment appears to 
be pr imari ly horizontal. For this reason, Pr i tchard assumes a two-
dimensional jet. The number n = 6 was found in the l i terature to be most 
prevalent for two-dimensional nonbuoyant je t s . The spreading rate n = 6 
was also seen in flume experiments at the Chesapeake Bay Institute. It 
will be shown later that this two-dimensional assumption for plume disper
sion yields more conservative resul ts with respect to isotherm a reas and 
centerline temperature decay than the assumption of three-dimensional 
dispersion. 

The integral approach used above to derive the temperature 
distribution follows the technique first employed by Albertson et al. 
for submerged jets . Albertson et̂  al. used Gaussian, ra ther than top-hat, 
profiles and considered horizontal entrainment to occur right from the out
fall, rather than from the downstream longitudinal distance |y . 

The determination of | v = ^^o comes from the choice of the in
verse spreading rate n = 6 and from the author 's decision to allow the 
"virtual" source to coincide with the mouth of the orifice. In the l i terature, 
the point of intersection of the two diverging lines representing the spread 
of the jet defines the position of a "virtual" source. The length of the zone 
of flov,- establishment 5^ would then be the distance from that virtual source 
to the point where the two diverging lines become separated by a distance 
equal to the width of the actual orifice. At present there is no clear agree
ment among experimenters as to the actual location of the virtual source. 
If the virtual source is located inside the actual orifice, part of the region 
of flow establishment would be within the outfall; if the diverging lines 
intersect outside the orifice, then there would be a longer region of flow 
establishment entirely within the receiving body of water. As stated, 
Pr i tchard assumes the virtual source to be coincident with the mouth of the 
actual orifice. Since the spreading rate of the jet ^width is one on six, |.̂ , = 
6bo; thereby the region of flow establishment will initiate at the orifice and 
continue for six outfall ^vidths downstream. 

Clearly, the actual location of the virtual source is not cri t ical . 
However, upon comparison of his model with data, Pr i tchard has found that 
his model predicts higher temperatures than is generally observed near the 
outlet, indicating that there is entrainment closer to the source than he has 
allowed for in his model. The discrepancy may be due in part or, in total, 
to the meandering of the jet as it issues from the outfall, creating difficul
ties in measuring the centerline temperature excess accurately, especially 
for a narrow orifice. The choice of the actual position of the virtual source 
and the neglecting of any spreading or entrainment in the flow-establishment 
region are not expected to lead to significant differences for tempera tures 
at distances remote from the orifice. 
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The temperature distribution given by Eq. 10.5 is assumed to 
be valid for longitudinal distances | Q where 0.29o S 9 s 9o. From Eq. 10.5, 

?Q = (-y) nbo, 0.29o s 9 <. 9o. (10.7) 

Now, beyond the point where 9 = 0.29o, the author assumes that 
dilution of the excess heat in the plume is pr imar i ly the resul t of natural 
mixing p rocesses . In this region of the plume, the excess temperature 
along the centerline (uncorrected for surface cooling) would, as somewhat 
expected, decrease as the inverse first power of distance (natural diffusion 
from a continuous point source); thus, 

^ = 30bo ( Y ) , 9 fi 0.29o. (10.8) 

The choice of the constant 30bo (for n = 6) was made so that Eqs. 10.5 and 
10.8 would match for 9 = 0.29o. A top-hat la teral distribution for temper
ature is assumed again for simplicity with the plume width defined by 
Eq. 10,1. In t e rms of 9, the distance 5Q may be written from Eq. 10.8 as 

^ 9 ^ ^ - 00.9) 

Plume studies at Cape Kennedy' have shown that, in a truly 
three-dimensional situation, natural diffusion will cause an initial concen
tration to decay as 5 , for pseudo two-dimensional motion, the concentra
tion drops as |"^ .̂ Again the assumption of two-dimensional dispersion 
would yield conservative resul ts for his tertfperature field. 

Equations 10.1, 10.5, and 10.8 now represent the two-dimensional 
temperature distribution considering horizontal dilution alone (no vert ical 
mixing or surface cooling). 

(2) The Vert ical-spreading Correction. A major assumption made 
by the author is that for each body of water there is a "cri t ical depth of 
mixing" peculiar to the natural processes of dispersion for that body. If 
the depth of the shoreline discharge (initial depth of the thermal plume) is 
less than this mixing depth, Pr i tchard states that the plume will entrain 
vert ically from its initial depth to that mixing depth. The plume depth will 
then remain constant from that point on. The author assumes a linear 
growth of plume depth during vert ical entrainment. If the initial depth is 
equal to or grea ter than the cri t ical mixing depth, the plume thickness will 
remain constant from the discharge exit to the far-field position, where the 
plume is sufficiently diluted to mix into the deeper layers of the lake or bay. 
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This plume depth model was developed by the author upon ex
amining plume data from large water bodies in the midwest and east. The 
author recommends that the cri t ical depth be determined by examining 
data taken from existing thermal plumes on the lake or bay of interest . For 
Lake Michigan, Pr i tchard uses the value of 10 ft mainly surmised from the 
data taken at the Waukegan Power Station^ on that lake. By examination of 
plume data taken on Lake Michigan and similar water bodies, the author 
found that the excess heat is generally contained in a depth of between 10 
and 15 ft. The plume temperature changes slowly with depth down to a 
point where it begins to decrease sharply to a vert ical depth where the tem
peratures are not measurably larger than ambient temperature . 

The author chooses the cri t ical depth as the midpoint of that 
region of rapid temperature decline. A plume with a cr i t ical depth of 10 ft 
may well contain measurable heat down to 1 5 ft. In general, according to 
the author, natural stratification in a lake or bay combines with a sloping 
bottom to maintain a certain stability, which keeps the plume at its crit ical 
depth. Even lor cases void of a great deal of stratification, the author 
a s se r t s that his field evidence indicates only a small variation in vert ical 
thickness of the jet. If no evidence is available for a par t icular body of 
water, the author suggests the use of 10 ft for that cr i t ical depth. In the 
author 's model application to the Zion Nuclear Power Plant on Lake Michigan, 
the vertical thickness at the discharge was a sheet 3 ft thick, whereby ver
tical entrainment was assumed in the model iintil the jet occupied a layer 
10 ft thick. No further vertical entrainment was included. 

In the author s model for the Waukegan Power Station on 
Lake Michigan, a bar confined the initial jet thickness to about 5 ft out to a 
distance of approximately 500 ft offshore. As the bottom then dropped off 
at the end of the bar, the model allowed for an additional 5-ft growth of the 
jet to a total 10-ft thickness. For Lake Er ie , however, the author used 6 ft 
for the crit ical depth in modeling the Davis-Bessie Power Plant discharge 
because of previous plume studies on Lake Erie and because at the location 
of the plant the lake water is about 6 ft deep with a shelving bottom that 
does not increase in depth very rapidly. 

These examples should indicate that each lake and outfall sit
uation should be considered separately whenever possible. It will become 
apparent later that the value of the mixing depth chosen is not a cr i t ical 
parameter in the model, except for a small initial jet thickness requiring 
vertical entrainment for its depth to reach that cr i t ical value. 

Assuming an essentially constant depth plume and a two-
dimensional temperature field is a conservative approach. If a th ree-
dimensional or a quasi-two-dimensional distribution were assumed, a 
remarkably smaller area would be affected by the plume with a more rapid 
temperature decay with distance. This will be discussed in more detail later. 



O n c e t h e c r i t i c a l m i x i n g d e p t h h a s b e e n d e t e r m i n e d f o r a g i v e n 

o u t f a l l s i t u a t i o n , v e r t i c a l e n t r a i n m e n t w i l l t h e n o c c u r if ho < D, w h e r e D i s 

t h e c r i t i c a l d e p t h . W h e n ho s D , t h e p l u m e w i l l m a i n t a i n a c o n s t a n t d e p t h 

of ho, a c c o r d i n g t o t h e a u t h o r . 

T w o s i t u a t i o n s a r e d i s t i n g u i s h e d b y t h e a u t h o r . T h e f i r s t i s t h e 

c a s e , s u c h a s f o r W a u k e g a n ( b e y o n d t h e 5 0 0 - f t b a r ) a n d f o r s o m e s h o r e l i n e 

c o n d i t i o n s off t h e C a l i f o r n i a c o a s t , w h e r e t h e b o t t o m s l o p e s off q u i t e r a p 

i d l y . F r o m f i e l d e v i d e n c e , t h e a u t h o r s u g g e s t s t h e u s e of a l i n e a r g r o w t h 

r a t e f o r t h e v e r t i c a l p l u m e t h i c k n e s s of 0 . 2 ft f o r e v e r y 100 ft m e a s u r e d 

l o n g i t u d i n a l l y a l o n g t h e p l u m e c e n t e r l i n e . 

T h e o t h e r s i t u a t i o n of a s l o w l y s l o p i n g b o t t o m i s m o r e d i f f i c u l t 

t o h a n d l e a n d i s t r e a t e d t h e o r e t i c a l l y a s d e s c r i b e d b e l o w . A s b e f o r e , t h e 

p l u m e t h i c k n e s s i s a s s u m e d t o g r o w l i n e a r l y b u t a t a r a t e t o b e d e t e r m i n e d 

b y t h e m e t h o d of r e f l e c t i o n . T h e d i s t a n c e b e t w e e n t h e o u t f a l l of d e p t h ho a n d 

the f i r s t l o n g i t u d i n a l p o s i t i o n of t h e p l u m e a t w h i c h t h e p l u m e t h i c k n e s s i s 

the c r i t i c a l d e p t h D i s d e n o t e d Tli. T h e q u a n t i t y T|i i s c a l c u l a t e d f i r s t . B o t h 

t h e w a t e r s u r f a c e a n d t h e b o t t o m a c t a s r e f l e c t i n g b o u n d a r i e s f o r t h e v e r 

t i c a l s p r e a d of t h e j e t . F o r t h i s d e r i v a t i o n , P r i t c h a r d a s s u m e s a f a i r l y 

s m a l l s l o p e i n t h e l a k e b o t t o m w h i c h m a y b e a p p r o x i m a t e d t o b e c o n s t a n t . 

H e p l a c e s a p s e u d o s o u r c e of h e i g h t ho a b o v e t h e w a t e r s u r f a c e t o c a n c e l 

t h e f l u x t h e r e a n d a s e c o n d p s e u d o s o u r c e a t a n e q u a l d i s t a n c e b e l o w t h e 

l a k e b o t t o m t o c a n c e l t h e f l u x of t h e s u r f a c e s o u r c e s a t t h e b o t t o m . T h e 

g e o m e t r y of t h e s o u r c e p l a c e m e n t s 

i s i l l u s t r a t e d i n F i g . 1 0 . 2 . A s s u m i n g 

a s p r e a d i n g r a t e of o n e on s i x a s i n 

h o r i z o n t a l s p r e a d i n g , t h e a u t h o r c a l -

c u l a t f s t h e s u p e r p o s i t i o n of t h e t e m 

p e r a t u r e f i e l d s of t h e a c t u a l s o u r c e 

a n d t h e t w o p s e u d o s o u r c e s . T h e 

d i s t a n c e Tli i s c a l c u l a t e d a s t h a t d i s 

t a n c e a t w h i c h t h e s u p e r i m p o s e d 

t e m p e r a t u r e f i e l d s y i e l d a t e m p e r a 

t u r e e q u i v a l e n t t o c o m p l e t e l y m i x i n g 

Fig. 10.2. Reflection Method to ' ^ ^ ^ ' = ' " ^ 1 s o u r c e o v e r a l a y e r of 
Calculate T)j d e p t h D. 
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The a u t h o r s u p e r i m p o s e s h i s p l u m e s in a unique m a n n e r . In 
g e n e r a l , the d e r i v a t i o n is a s fo l lows: If 

a n d 

\ - e x c e s s t e m p e r a t u r e a t a g iven p o s i t i o n r e s u l t i n g f r o m one 
t h e r m a l p l u m e 

92 = e x c e s s t e m p e r a t u r e a t the s a m e p o s i t i o n r e s u l t i n g f r o m the 
o t h e r t h e r m a l p l u m e . 
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and if Gb is the initial temperature at each of the two sources , then 

3i = n,9o; 92 = nzE (10.10) 

where 

and 

Then 

and 

m = the fraction of the unit volume at the subject posi
tion which is heated water from the first source 

n2 = the fraction of the unit volume at the subject posi
tion which is heated water from the second plume. 

"I the fraction of the unit volume at the subject posi
tion that has zero excess heat under the conditions 
of the first source 

1 - n2 = the fraction of the unit volume at the subject posi
tion that has zero excess heat under the conditions 
of the second source. 

The product 

(1 -ni)(l - n2) = the fraction of the unit volume at subject position 
with zero excess temperature under the conditions 
of superposition of the two plumes. 

Thus, if the superposed excess temperature is 9', then 

9' = [ l - ( 1 - n , ) ( l -n2) ]eb 

9192 (10.11) 

F o r l a r g e d i s t a n c e s f rom each s o u r c e , the s u p e r p o s i t i o n f o r 
mula r e d u c e s a p p r o x i m a t e l y to the s i m p l e s u m of the two p l u m e t e m p e r a 
t u r e s , which is the c a s e for the s u p e r p o s e d p lume f rom point s o u r c e s . 
Using th is fo rmula and the t o p - h a t h o r i z o n t a l t e m p e r a t u r e field d e r i v e d in 
Sec. (1) above and applying it v e r t i c a l l y , the condi t ion on Tli is g iven by 

i^)' 6(2ho) 

L Til . 

1/2 
+ So 

6(2ho) 

L Tli J 

1/2 VU 

"6(2ho)" 

L \ J 
1/2 

Bo 

9o 

6(2h -y (10.12) 
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The so lu t ion of the above q u a d r a t i c equa t ion for TJi i s 

12ho 
"Hi ( i - y i - h o / D ) ^ -

(10.13) 

Now, a s s u m i n g tha t the j e t t h i c k e n s by v e r t i c a l e n t r a i n m e n t in 
a l i n e a r m a n n e r f r o m ho feet a t the s o u r c e to D feet a t a d i s t a n c e Tli, the 
v e r t i c a l t h i c k n e s s Dg of the p l u m e at a point w h e r e the e x c e s s t e m p e r a t u r e 
is 9 i s 

Dp, = ho + ° : ^° Ifi, l o fiTli, 

= D, ? e > ^ i -

(10.14) 

w h e r e | Q i s the d i s t a n c e a long the a x i s of the p l u m e to the e x c e s s t e m p e r a 
t u r e 9. If the p l u m e i s a s s u m e d to be u n i f o r m l y m i x e d a t e a c h c r o s s s e c 
t ion, the d i lu t ion r a t i o of the p l u m e , which i s a l s o s p r e a d i n g by h o r i z o n t a l 
e n t r a i n m e n t , i s a s s u m e d to be a u g m e n t e d by the f ac to r h / D Q . 

Once the d i lu t ion r a t i o h^/Dg i s d e t e r m i n e d , the t w o - d i m e n s i o n a l 
t e m p e r a t u r e d i s t r i b u t i o n ob ta ined for h o r i z o n t a l e n t r a i n m e n t and mix ing 
only 

l e = 6b( (I)" 
and 

30bo 

2 0 .2 f 

6 < 0.290 

(10.15) 

can now be c o r r e c t e d . F o r e a c h 9 u s e d to comp u t e I g , a c o r r e c t e d va lue 
9 i s foiond f r o m 

(10.16) 

The v a l u e s 9 v e r s u s | g a r e i n t e r p o l a t e d to find | g , the c o r r e c t e d d i s t a n c e 
a long the p l u m e a x i s to the e x c e s s t e m p e r a t u r e 9. The v a l u e s | g for e a c h 
9 now r e p r e s e n t the t w o - d i m e n s i o n a l t e m p e r a t u r e f ield due to h o r i z o n t a l 
and v e r t i c a l mix ing n e g l e c t i n g s u r f a c e cool ing . 

At th i s point , a few c o m m e n t s should be m a d e c o n c e r n i n g the 
c o r r e c t i o n for v e r t i c a l m i x i n g . F i r s t , the r e f l e c t i o n m e t h o d u s e d to c a l 
cu l a t e T|i r e m o v e s h e a t flux f r o m the bo t t om s u r f a c e by the p l a c e m e n t of the 
two p s e u d o s o u r c e s , but d o e s not r e m o v e the hea t flux a t the s u r f a c e f r o m 
the b o t t o m p s e u d o s o u r c e . The h e a t flux can be r e m o v e d f r o m the s u r f a c e 
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and the bottom only by the usual technique of positioning an infinite number 
of sources above the surface and below the lake bottom at equal distances 
from one another. It can only be surmised that the author assumed the con
tribution of these te rms to be of second order and therefore negligible. The 
use of the spreading rate of one on six for the vert ical spreading is an a s 
sumption here. For three-dimensional diffusion at the surface of a large 
body of water, Wiegel, Mobarek, and Jen^ found a vert ical spreading rate 
of one on seven with no bottom interference. Pr i tchard is thus assuming 
that his jet entrains vertically at the same rate it entrains laterally. Con
cerning his general method of superposition of overlapping thermal plumes, 
the method is purely analytical. It was not derived with any experimental 
data at hand, nor has it since been compared with any field or hydraulic 
data. Until that is done, the method must be considered unverified. The 
above superposition technique was employed by Pr i tchard in his analysis 
and prediction of the temperature distribution resulting from the Zion d is 
charge, where two offshore discharges have been constructed which yield 
intersecting plumes. 

The author 's model for vert ical diffusion is approximate at best. 
The author does not have a three-dimensional model that includes a dif
fusion term or a vertical entrainment te rm that resul ts in a solution for 
the vertical thickness. He a s se r t s , however, that no three-dimensional 
modeliiO'>,-available can predict vert icalplume thickness that matches his ob
servational data. 

Any accurate model of vert ical spreading should involve some 
assessment of the effects of vert ical shear in the velocity field and vertical 
density gradients which control vert ical entrainment. A well-known cr i 
terion for vert ical entrainment is the so-called Richardson number R-. 
Vertical spreading will be initiated when Rj is less than about 0.8 and will 
cease when Rj 2 0.8. The use of this cri terion would probably have led to 
a more accurate determination of Tli. 

(3) Background Temperature Correction. The model as previously 
discussed implicitly assumes that the receiving body of water is an infinite 
sink from the standpoint of dilution and surface cooling. In some practical 
situations, the lake or bay is not sufficiently large or the natural exchange 
mechanisms within the body do not adequately supply a sufficient quantity 
of "new" dilution water to the inshore region at which the plant is sited. 
Under such circumstances, the author determines a "background tempera
ture" and considers the entraining water to have some excess temperature 
rather than 0.0°F. This "background temperature" is estimated by calcu
lating the excess temperature that would exist if the heated effluent were 
completely mixed into the available rate of supply of diluting water to the 
inshore area where the heated effluent is being discharged. 



F o r a d i s c h a r g e in to a u n i d i r e c t i o n a l flowing s t r e a m such a s a 
l a r g e r i v e r , the a v a i l a b l e supply of d i lu t ion w a t e r would s i m p l y be the vo lu 
m e t r i c flow r a t e of the r i v e r . In a n e s t u a r y , the o c e a n and r i v e r inflow 
p r o v i d e two s o u r c e s of n e w w a t e r . F o r an e s t u a r y s y s t e m , the a u t h o r u s e s 
a m a t h e m a t i c a l m o d e l of c i r c u l a t i o n wi th the known d i s t r i b u t i o n of s a l i n i t y 
a s a c o n s e r v a t i v e t r a c e r to compu te how m u c h ne'w w a t e r i s a v a i l a b l e . The 
b a c k g r o u n d t e m p e r a t u r e t h e r e i s e s s e n t i a l l y the e x c e s s t e m p e r a t u r e that 
i s d e r i v e d f r o m a s s u m i n g tha t the t o t a l hea t flux of the p l an t i s m i x e d into 
the a v a i l a b l e new r i v e r and o c e a n w a t e r . The va lue ob ta ined i s then c o r 
r e c t e d for s u r f a c e cool ing . The a u t h o r h a s u s e d th i s p r o c e d u r e for the 
S u r r y P l a n t d i s c h a r g e on the J a m e s R i v e r ' and the C a l v e r t Cliffs N u c l e a r 
P o w e r P l a n t on the C h e s a p e a k e Bay . At C a l v e r t Cliffs , for e x a m p l e , the 
a u t h o r found tha t the t o t a l v o l u m e t r i c flow of ne'w w a t e r was about 90,000 cfs 
th roughou t the y e a r due to the r e l a t i v e ba l anc ing be tween the r i v e r outflow 
and sea w a t e r c o m i n g in u p s t r e a m a t d i f fe ren t t i m e s of the y e a r . F r o m 
that d i s c h a r g e , the e x c e s s t e m p e r a t u r e of the e n t r a i n i n g Avater was c a l c u 
la ted a s 0.6°F f r o m m i x i n g a lone and ad ju s t ed to 0 .4°F by a l lowing for s u r 
face cool ing o v e r the a r e a of the t i da l s e g m e n t . T h i s l a t t e r va lue w a s u s e d 
a s the backgro i ind t e m p e r a t u r e of the n e w w a t e r m i x e d into the p l u m e for 
that s i t e . 

F o r a lake or bay s i t ua t i on , the c a l c u l a t i o n is not so s t r a i g h t 
f o r w a r d . Shor t of bui ld ing a h y d r a u l i c m o d e l or u n d e r t a k i n g an e x t e n s i v e 
field p r o g r a m , the a u t h o r knows of no g e n e r a l m e t h o d for c a l c u l a t i n g or 
e s t i m a t i n g the backgro i ind t e m p e r a t u r e . At the D a v i s - B e s s i e N u c l e a r 
P o w e r Sta t ion on Lake E r i e , r e c i r c u l a t i o n of h e a t e d w a t e r was e x p e c t e d 
due to the p r e s e n c e of i s l a n d s and s h o a l s found in the r e l a t i v e l y s h e l t e r e d 
and l i m i t e d w e s t e r n b a s i n of Lake E r i e w h e r e the h e a t e d d i s c h a r g e would 
e n t e r . T h e r e , the a u t h o r e s t i m a t e d the b a c k g r o u n d t e m p e r a t u r e a s 0 .5°F, 
b a s e d upon what he conc luded to be the v o l u m e r a t e of flow of w a t e r t h r o u g h 
the e n t i r e w e s t e r n b a s i n of t ha t lake and the r a t e of h e a t d i s c h a r g e of the 
power p l an t . * F o r p o w e r p l a n t s on Lake Mich igan , the a u t h o r r e c o m m e n d s 
no b a c k g r o u n d t e m p e r a t u r e c o r r e c t i o n due to the open and f a i r l y s t r a i g h t 
s h o r e l i n e and the e x p e c t e d abundan t supply of d i lu t ion w a t e r p r e d i c t e d f r o m 
f lume t e s t s and f r o m the e x a m i n a t i o n of lake c i r c u l a t i o n and bo t tom topog
r a p h y da ta . Al though no m e t h o d for e s t i m a t i n g the b a c k g r o u n d t e m p e r a t u r e 
is s ing ly r e c o m m e n d e d by P r i t c h a r d , an e s t i m a t e should , h o w e v e r , be m a d e 
when r e q u i r e d . Once the b a c k g r o u n d t e m p e r a t u r e is d e t e r m i n e d , the two-
d i m e n s i o n a l t e m p e r a t u r e d i s t r i b u t i o n i s c o r r e c t e d a s fo l lows . F o r a g iven 
| _ , 9 i s r e p l a c e d by 

*The Davis-Bessie Plant design presently calls for the use of a natural-draft evaporative cooling tower in place 
of a once-through cooling system. 
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where 

cp = background temperature (above ambient), 

— = fraction of mixture that is condenser cooling water. 

1 = fraction of mixture that is diluting water 
60 

and 

°tp 
= corrected excess temperature corresponding to the dis

tance IQ along the plume axis. 

For a fixed 9, a corrected distance corresponding to 9, denoted ig , may 
be determined by interpolating values of | A . 

With corrections made for possible vert ical entrainment and 
background temperature, the a reas within isotherms (mixing alone, no cool
ing) may now be calculated. The theoretical width of the top-hat distr ibu
tion was assumed to have the form of Eq. 10.1. Because the actual lateral 
distribution of temperature is more bell-shaped, the author uses some em
pirical results in his calculation of a reas within isotherms. After examin
ing a great deal of experimental data, both from physical modeling and in 
the field (with K RiO), Pr i tchard developed an empirical formula for calcu
lating areas within isotherms and a ser ies of guidelines for the schematic 
representation of the horizontal distribution of excess temperature in the 
thermal plume. 

(a) The maximum width of the area having an excess tempera
ture equal to or greater than 9 is 

bg = HQ. (10.18) 

The area within the 9 isotherm, Ag, is 

^ e = O'S^^eSg = o.2i5|^^. (10.19) 

(b) The area within a given isotherm 9 increases smoothly in 
width from the outfall, attaining a maximum width, bg, at a distance along 
the plume axis equal to 0 . 3 3 | A . 

(c) The area defined by isotherm 9 has a constant width bg 
from longitudinal distance 0.33|g to the point 0.75|g. 

(d) The shape of the isotherm between longitudinal distance 
0.75|Qand the maximum distance | g is "tongue"- or "bullet"-shaped. 
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These approximate formulas and guidelines were developed from 
examination of the resul ts of flume studies at the Chesapeake Bay Institute, 
from model studies done for the Pi lgr im Nuclear Power Station on Cape Cod 
Bay, and from data taken at small existing plants in the Chesapeake Bay 
region such as the Chalk Point Plant and the Chesterfield Plant on the 
James River. The hydraulic modeling done at Vicksburg and the experi
mental data obtained from the Waukegan Plumes were also included. The 
author found that these plume relationships were approximately valid, even 
for the case of a nonnegligible cooling coefficient since the effect of surface 
heat t ransfer seemed to be a nearly uniform shrinking in plume dimensions 
and a r e a s . 

(4) The Sur face-cooling Correction. To correc t the a reas within 
isotherms calculated from mixing processes above, the author defines 

Ag^ = a rea of the plume inside isotherm 9n (i.e., a rea with excess 
temperature > 9n)-

Then 

AAg- = •'̂ Q - -̂ c) = a rea between two adjacent isotherms, 

where 

— ^ £i _L p. 

9jj = — = mean excess temperature for that incremental 
a rea 

The rate of loss of excess heat from the area between two 
isotherms is given by 

{''^nL = ™n(AAe-„)^ (10.20) 

or 

(ire;) = Ke,(AAe;) (10.21) 

where the subscript m refers to the value of the parameter determined 
from mixing only and m,c re fers to the parameter value after the co r rec 
tion for surface cooling has been made. The quantities (AFg" ) a re known 
and are used to derive (Ar5~) and IAAQ-) . "^ 

\ ^n/m,c \ Sn;m,c 

Pr i tchard considers the rate of excess heat loss to the a tmos
phere as a decrease in source strength of the heated effluent. Thus heated 
water distributed at a given isotherm responds as if the cooling process 
were equivalent to reducing the source strength by the amoiint of heat that 
has been lost between the source and that isoline of excess temperature . 
This is represented by 
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(AAg-J^ = (^Ag-J^ 
Qh - £(Are.) 

Qh 
(10.22) 

w h e r e the n u m e r a t o r of the b r a c k e t e d t e r m r e p r e s e n t s the effect ive s o u r c e 
s t r e n g t h app l i cab le to the 9j^ i s o t h e r m . The b r a c k e t e d c o r r e c t i o n f a c t o r s 
a r e i l l u s t r a t e d in F ig . 10.3 for the f i r s t four i s o t h e r m s . Us ing the r e l a t i o n 
ship 

/ V ( ' ^ e n ) ^ . 
(10.23) 

d e r i v e d f rom E q s . 10.20 and 10 .21 , the s i m u l t a n e o u s l i n e a r equa t ion 
se t 10.22 m a y be so lved to yie ld 

UA-] - yy ""'" tM'^^ 

ISOTHERMS 
{MIXING ONLY] 

(^*>)m,c ISOTHERMS 
(MIXING ANO COOLING) 

4 — Q h — J 

L 0,1 J 

L Qv -1 
" L Q h J 

( A r , ) , 
( * A i ) , 

I.C - ( i A i ) — ( ' ^ i ' m ' ' = ' *• 
m 

Fig. 10.3. Surface-area Correction due to Heat Loss to the Atmosphere 

( 1 0 . 2 4 ) 
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Equation 10.24 is applied in steps starting with n = 1. Here the 
summation te rm is zero and hence the corrected incremental area for n = 1 
is obtained immediately from Eq. 10.24 using (AFg",) computed from 
Eq. 10.20. The corrected rate of heat loss within tliat innermost isotherm 
is calculated from Eq. 10.23 setting n = 1. Now, for n = 2, the value of 
(AFQ") is used in the summation te rm of Eq. 10.22 to allow the compu
tation of the incremental area bounded between the first two isotherms. 
Equation 10.23 is again used to calculate (AFQ"JJYI C The first two co r rec 
ted heat- loss t e rms are used in Eq. 10.22 to yield (AAg-j from which 
the corresponding heat- loss te rm is calculated from Eq. 10.23. In this 
manner, all corrected incremental a reas and heat- loss t e rms are calcu
lated. Once this is accomplished, the total corrected a reas (Ag I may 
be calculated by summing the incremental a reas 

( M m , c = l e ^ e - r ) . 

Using Eqs. 10.18 and 10.19 for the surface-cooling corrected parameters 

W • (?9) • ^'^^ (^en) yields 

and 

(̂ Sn)̂  . = (?ej^ 

(^^n)^ . = (^"Bn). 

(10.25) 

(10.26) 

From these relationships the final a reas within isotherms and the final two-
dimensional top-hat temperature distribution has been determined. 

Reflecting upon the argument just presented for the surface-
cooling correction to the a reas within isotherms, it would seem that the 
correction between uncorrected and corrected isotherm areas would more 
accurately be written 

{'"^O-nl - h^L 
Qh - Y (̂ ^el) 

^ \ "^/m.c 
Qh 

rather than as postulated by the author in Eq. 10.22. The temperature ex
cess at a given distance is directly proportional to the source strength. 
Consequently, the area (length squared) within a given isotherm should be 
proportional to the square of the source strength. At this point, it would 
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seem that this may be a correction that should be applied to P r i t cha rd ' s 
model. This modification of the model increases the cooling correction; as 
it stands, the author 's model is conservative in this respect . 

In general, for lake situations the author ca r r i e s out his p i e -
dictions based upon the above model to excess temperatures equal to or 
above 1°F above ambient. This is due to the fact that one seldom can de
termine the ambient temperature to within 0.5°F. Consequently, any p r e 
dictions of the temperature distribution would be purely speculative and 
unverified. In fact, temperatures in the natural environment can vary on 
the order of several degrees in space and in time, and to select the ambient 
temperature within 0.5°F from the field data would be extremely difficult. 
A purely theoretical estimate of the area having a mean excess temperature 
of 0.5°F can be computed from 

(̂l°) = l K i ) ^ , = Z«S,(AAg.)^ 
' m,c 

i= i 1=1 

and 

where 

Q, - r(l°) = K(0.5''F)0.5 AAo.5°, 

and 

' h 

r(l°) = the total heat lost to the atmosphere from a reas having 
excess temperature equal to or greater than 1°F, 

Qh " F(1°) = amount of surface heat loss from a reas having excess 
temperatures less than 1°F, 

AAo.5° = the area having mean excess temperature of 0.5°F. 

The above analysis assumes that the flux of excess heat from 
the water to the atmosphere must ultimately be equal to the flux of heat r e 
jected to the lake in the heated discharge. In the above analysis , the heat 
beyond the 1°F isotherm is thought of as being lost entirely at the 0.5°F 
isotherm. The area beyond the 1°F isotherm is , in reality, infinite for a 
semi-infinite lake acting as heat sink. The quantity AA0.5 is thus only a 
fictional quantity, defined by the above equation, to a s se s s the relative size 
of the area influenced by the heated discharge beyond the 1°F isotherm. 

d. Model Predictions and Verifications 

The above-described model developed by Pr i tchard has been applied 
to various outfall and field situations; it lias been compared to several exist
ing thermal plumes and also has been used as a predictive model for the de
sign of a number of discharge s t ruc tures . Actual comparisons with field 
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da ta a r e e i t h e r p r e s e n t l y u n a v a i l a b l e , or the c o m p a r i s o n is m a d e with data 
that a r e r e a l l y not of the qua l i ty or quant i ty tha t can a c t u a l l y v a l i d a t e a 
m o d e l of tha t n a t u r e . 

T h r e e s a m p l e t h e o r e t i c a l c o m p u t a t i o n s c a r r i e d out by the a u t h o r " 
a r e g iven in T a b l e 10.1 wi th the p r e d i c t e d i s o t h e r m s p lo t t ed in F ig . 10.4. 
In e a c h c a s e it is a s s u m e d tha t the r a t e of hea t r e j e c t i o n f r o m a p o w e r 
p lan t i s 6.8 x 10 B t u / h r and tha t t h i s hea t i s r e j e c t e d a t the s u r f a c e of a 
l a r g e l ake f r o m a r e c t a n g u l a r outfal l . The in i t i a l t e m p e r a t u r e r i s e i s a s 
s u m e d to be 20°F, and h e n c e the r e q u i r e d v o l u m e t r i c flow r a t e i s 1520 ft / 
s e c . It i s a l s o a s s u m e d tha t outfal l he igh t i s 10 ft in a lake whose " c r i t i c a l 
dep th" i s a l s o 10 ft, r e q u i r i n g no in i t i a l v e r t i c a l m i x i n g . M o r e o v e r , the 
r e c e i v i n g body of w a t e r i s a s s u m e d to con t inua l ly p r o v i d e new di lu t ing w a t e r , 
so tha t the b a c k g r o u n d t e m p e r a t u r e is 0 .0°F. P r i t c h a r d a s s u m e s tha t no 
l o n g - s h o r e c u r r e n t s a r e p r e s e n t , or e l s e the d i s c h a r g e s t r u c t u r e i s l oca t ed 
suff ic ient ly far o f f shore s o tha t f r ee p a s s a g e of d i lu t ion w a t e r can occu r on 
both s i d e s of the p l u m e in the p r e s e n c e of a s m a l l l o n g - s h o r e c u r r e n t ( l e s s 
than 10% the i n i t i a l outfal l ve loc i ty , a c c o r d i n g to P r i t c h a r d ) . ( T h e s e a s 
s u m p t i o n s p r e v e n t the p o s s i b i l i t y of the p l u m e bending t o w a r d the s h o r e 
with a cutoff of e n t r a i n m e n t on the i n s h o r e s ide of the p l u m e . ) 

C a s e I ( s ee Tab le 10.1) r e p r e s e n t s a d i s c h a r g e s t r u c t u r e for which 
d i lu t ion of the h e a t e d effluent by the c o o l e r a m b i e n t w a t e r i s m i n i m i z e d . A 
wide d i s c h a r g e o r i f i ce w a s c h o s e n wi th a s m a l l in i t i a l j e t ve loc i t y . C a s e II 

Table 10.1. Sample Area within Isotherm Calculations 

The area , in ac res , contained within specified isotherms of excess tem
perature in the thermal plume resulting from the discharge of the conden
ser cooling water from a s team-electr ic generating plant, rejecting 6.8 x 
lO' Btu/hr of excess heat at the condensers,*for three different discharge 
structure designs as described in the text. (This rate of heat rejection 
corresponds to a nominal 1000-MWe nuclear power plant or to a nominal 
1700-MWe fossil fuel plant at present efficiency levels.) 

Case I Case II Case III 

20 
1520 

15 
10.1 

for: 

00: , °F 
Qc. ft' 

bo: 

" j ' 

9, 

0. 

, ft 

sec'* 

, ft sec ' 

°F 

14 

10 

5 

3 

2 

1 

20 
1520 
500 
0.30 

1.66 X 10^ 
5.42 X 10^ 
2.57 X 10' 

3.19 X 10' 
3.26 X 10' 
3.29 X 10' 

20 
1520 
50 
3.0 

Area, in acres 

1.9 
7.1 
1.11 X 10^ 
4.65 X 10^ 
1,00 X lO' 
3.47 X 10' 

0.2 
0.6 
10 
44 
99 

.91 X 10^ 
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r e p r e s e n t s a d i s c h a r g e s t r u c t u r e d e s i g n e d t o p r o m o t e r a p i d m i x i n g a n d d i 

l u t i o n . A s m a l l d i s c h a r g e w i d t h w a s c h o s e n w i t h a r e s u l t a n t h i g h i n i t i a l 

j e t v e l o c i t y . T h e a u t h o r s t a t e s t h a t a n u m b e r of p o w e r p l a n t s u n d e r c o n 

s t r u c t i o n o r i n t h e p l a n n i n g s t a g e o n l a k e s , b a y s , o r e s t u a r i e s a r e a d o p t i n g 

t h e d e s i g n p r i n c i p l e s of C a s e I I I . A m o n g t h e m a r e t h e S u r r y N u c l e a r P o w e r 

S t a t i o n o n t h e J a m e s R i v e r E s t u a r y , t h e M o r g a n t o w n P o w e r P l a n t o n t h e 

P o t o m a c R i v e r E s t u a r y , t h e C a l v e r t C l i f f s N u c l e a r P o w e r P l a n t o n C h e s a 

p e a k e B a y , t h e P i l g r i m N u c l e a r P o w e r S t a t i o n o n C a p e C o d B a y , a n d t h e 

Z i o n N u c l e a r P o w e r S t a t i o n on L a k e M i c h i g a n . T h e r e s u l t s of t h e m o d e l 

c o m p u t a t i o n s a r e i l l u s t r a t e d in t e r m s of a r e a s w i t h i n i s o t h e r m s a n d a p l o t 

of t h e s e c o n t o u r s in T a b l e 1 0 . 1 a n d F i g . 1 0 . 4 , r e s p e c t i v e l y . C l e a r l y , C a s e I I I 

r e p r e s e n t s t h e g r e a t e s t d i l u t i o n w i t h a r e a of t h e h e a t e d e f f l u e n t . 

P r i t c h a r d ' s m o d e l p r e d i c t s 

t h a t t h e h e a t l o s t t o t h e a t m o s p h e r e 

b e y o n d t h e 1 ° F i s o t h e r m , Q}, - F ( l ° ) , 

w i l l b e on t h e o r d e r of m a g n i t u d e of 

8 0 - 9 8 % of t h e i n i t i a l h e a t d i s c h a r g e d 

by t h e p o w e r p l a n t f o r t h e o u t f a l l c o n 

d i t i o n s d e s c r i b e d in C a s e s I - I I I a b o v e . 

T h i s r e s u l t i s i n d e e d r e a l i s t i c , e v e n 

t h o u g h d e r i v e d w i t h t h e c o n c e p t of a 

t w o - d i m e n s i o n a l m o d e l , 

e . G e n e r a l D i s c u s s i o n of t h e M o d e l 

P r i t c h a r d ' s m o d e l i m p l i c i t l y 

a s s u m e s z e r o a m b i e n t c u r r e n t . If, 

h o w e v e r , t h e s h o r e - p a r a l l e l c u r r e n t 

i s s u f f i c i e n t l y l a r g e c o m p a r e d t o t h e 

i n i t i a l j e t v e l o c i t y , a n u m b e r of c o m 

p l e x i t i e s a r i s e w h i c h c a n n o t b e h a n 

d l e d by t h e a u t h o r ' s m o d e l . F i r s t , 

t h e t r a j e c t o r y of t h e j e t w i l l b e b e n t 

o v e r i n t o a d i r e c t i o n p a r a l l e l t o t h e 

c u r r e n t . S e c o n d , t h e e n t r a i n m e n t 

a n d c o n s e q u e n t d i l u t i o n m a y b e s i g n i f i c a n t l y r e d u c e d o n t h e i n s h o r e s i d e of 

t h e p l u m e . A p p l i c a t i o n of t h e a u t h o r ' s m o d e l t o t h a t c a s e i s e x p e c t e d t o 

y i e l d s i g n i f i c a n t l y s m a l l e r a r e a s a n d c e n t e r l i n e t e m p e r a t u r e s t h a n w o u l d 

a c t u a l l y o c c u r . C a r t e r ' ^ a n d P r i t c h a r d h a v e c o n c l u d e d f r o m e x p e r i m e n t a l 

e v i d e n c e m t h e l a b o r a t o r y a n d i n t h e f i e l d t h a t , f o r a n a m b i e n t c u r r e n t 

v e l o c i t y g r e a t e r t h a n a p p r o x i m a t e l y 10% of t h e i n i t i a l j e t v e l o c i t y , t h e s e 

c o m p l e x i t i e s w i l l b e s i g n i f i c a n t e n o u g h t o r e q u i r e n e w a n a l y s i s . If t h e 

o u t f a l l s t r u c t u r e i s l o c a t e d a t t h e e n d of a l o n g d i s c h a r g e c a n a l f o r m e d b y 

j e t t i e s w h i c h e x t e n d a b o v e t h e w a t e r s u r f a c e b e t w e e n t h e s h o r e l i n e a n d t h e 

d i s c h a r g e o r i f i c e , t h e s a m e d i f f i c u l t i e s o c c u r i n t h e r e s t r i c t i o n of t h e s u p p l y 

of n e w d i l u t i o n w a t e r . I n s u c h c a s e s , P r i t c h a r d u s e s t h e t h e o r e t i c a l m o d e l 

of C a r t e r i n p r e d i c t i n g t h e t e m p e r a t u r e f i e l d a n d p l u m e a r e a l c h a r a c t e r 

i s t i c s ( s e e S e c . I I I . A . 2 ) . 

Fig. 10.4. Horizontal Distribution of Excess 
Temperature-,11 
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R e f e r e n c e 13 c o m p a r e s the C a r t e r m o d e l * wi th the P r i t c h a r d r e 
s u l t s for a " t y p i c a l ' s h o r e l i n e s i t ua t i on w h e r e the t r a n s v e r s e a m b i e n t c u r 
r e n t i s equa l to 20% of the i n i t i a l d i s c h a r g e v e l o c i t y of the j e t s and w h e r e 
l a t e r a l e n t r a i n m e n t i s s ign i f i can t ly d e c r e a s e d on the i n s h o r e s i de . C a r t e r ' s 
m o d e l p r e d i c t s a fourfold i n c r e a s e in p l u m e a r e a s and a twofold i n c r e a s e 
in c e n t e r l i n e t e m p e r a t u r e ove r P r i t c h a r d ' s r e s u l t s . F r o m an e x a m i n a t i o n 
of f ield and f lume da ta , P r i t c h a r d s u g g e s t s tha t for a c u r r e n t ve loc i t y u^ 
g r e a t e r than 10% of the i n i t i a l j e t v e l o c i t y uj . C a r t e r ' s m o d e l should be 
u sed . F o r u^ < 0 , 1 uo, the a u t h o r a s s e r t s f r o m the da ta he h a s s e e n that 
h i s m o d e l y i e l d s s a t i s f a c t o r y p r e d i c t i o n s for c e n t e r l i n e t e m p e r a t u r e s and 
i s o t h e r m a r e a s . (The a c t u a l p l u m e t r a j e c t o r y wi l l , h o w e v e r , be a l t e r e d by 
the c u r r e n t . ) H y d r a u l i c - m o d e l s t u d i e s c a r r i e d out for the P i l g r i m P o w e r 
Sta t ion on Cape Cod Bay s u p p o r t h i s c o n c l u s i o n . In sp i t e of the s m a l l l ong
s h o r e c u r r e n t p r e s e n t in tha t c a s e , the d i s c h a r g e t r a v e l e d far enough off
s h o r e to a l l o w new w a t e r to be b r o u g h t in a long the s h o r e on the d o w n s t r e a m 
s ide to con t inua l ly p r o v i d e new d i lu t ion w a t e r ; the p r e d i c t i o n s , the d i lu t ion 
and i s o t h e r m a r e a s w e r e c h a r a c t e r i s t i c of the P r i t c h a r d m o d e l , which a s 
s u m e s no l o n g - s h o r e c u r r e n t . 

The a d v e r s e ef fec ts of a s h o r e - p a r a l l e l c u r r e n t a r e r e d u c e d if the 
d i s c h a r g e s t r u c t u r e i s l o c a t e d o f f shore and if the e n c l o s e d d i s c h a r g e p i p e s 
a r e b u r i e d be low the b o t t o m of the l a k e , be tween the s h o r e l i n e and the d i s 
c h a r g e o r i f i c e , thus a l lowing a f r e e flow of the a m b i e n t c u r r e n t i n s h o r e of 
the d i s c h a r g e . P r e s e n t l y , s t u d i e s a r e being m a d e a t the C h e s a p e a k e Bay 
I n s t i t u t e to find a r e l a t i o n s h i p be tween the s t r e n g t h of a l o n g - s h o r e c u r r e n t 
and the d i s t a n c e of f shore tha t the j e t should be d i s c h a r g e d a t which the 
p l u m e b e h a v e s , i r r e s p e c t i v e of i t s bend ing , a s if t h e r e w e r e no l o n g - s h o r e 
c u r r e n t s . At p r e s e n t , due to p u r e l y a n a l y t i c a l a r g u m e n t s , the a u t h o r s u g 
g e s t s t ha t a s ign i f i can t r e d u c t i o n in the a d v e r s e ef fec ts of a t r a n s v e r s e c u r 
r e n t would r e s u l t if the outfa l l w e r e l o c a t e d of f shore a d i s t a n c e of 100 t i m e s 
the i n i t i a l d i s c h a r g e wid th . In any c a s e , even for the c r i t i c a l c a s e of a long
s h o r e c u r r e n t f r o m a s h o r e l i n e d i s c h a r g e cut t ing off i n s h o r e e n t r a i n m e n t , 
the i s o t h e r m a r e a s wi l l be m u c h s m a l l e r for a h i g h - s p e e d d i s c h a r g e than 
for a l o w - s p e e d d i s c h a r g e . ' ' 

A few a d d i t i o n a l r e m a r k s wi l l now be m a d e about P r i t c h a r d ' s two-
d i m e n s i o n a l i t y a s s u m p t i o n . F i r s t , a t r u e t h r e e - d i m e n s i o n a l (3D) j e t s e l 
d o m o c c u r s in n a t u r e . Only on a c o a s t l i n e w h o s e b o t t o m d r o p s off v e r y 
r a p i d l y wi th dep th wi th no n a t u r a l v e r t i c a l d e n s i t y g r a d i e n t p r e s e n t could 
t h r e e - d i m e n s i o n a l s p r e a d i n g o c c u r for a d i s c h a r g e d s u r f a c e j e t . In m o s t 
f ield c o n d i t i o n s , e i t h e r the n a t u r a l b o t t o m or the n a t u r a l t h e r m a l s t ab i l i t y 
p r e v e n t s t h r e e - d i m e n s i o n a l j e t e n t r a i n m e n t ove r the e n t i r e flow field. The 
a s s u m p t i o n of a t w o - d i m e n s i o n a l (2D) so lu t ion is s a f e r and p r o b a b l y m o r e 
c o n s e r v a t i v e wi th r e s p e c t to the t e m p e r a t u r e f ield and i s o t h e r m a r e a s . 

*As stated in the discussion ot Carter's work (Sec. III.A.l.), there is an algebraic error in Caiter's graphical 
solution fot the centerline trajectory Pritchard has compared his model with the uncorrected Carter model; 
the effect of any correction has not yet been determined. 
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T h r e e - d i m e n s i o n a l i t y y i e ld s m o r e r a p i d mix ing and m u c h s m a l l e r a r e a s 
and v o l u m e s af fec ted by the d i s c h a r g e . In Ref. 14, the a u t h o r c o m p a r e s his^ ^ 
m o d e l to the r e s u l t s of the l a b o r a t o r y s t u d i e s of J e n , Wiege l , and M o b a r e k . • 
The l a t t e r found Eq. 10.6 to r e p r e s e n t the t h r e e - d i m e n s i o n a l t e m p e r a t u r e 
d i s t r i b u t i o n due to a su r f ace d i s c h a r g e of hea t ed w a t e r into a u n i f o r m -
dens i ty , v e r y deep f lume ( c o m p a r e d to o r i f i ce d i m e n s i o n s ) . 

F o r input p a r a m e t e r s 

bo = 14 ft, 

ho = 10 ft, 

Qj^ = 7,5 X 10" B t u / h r , 

e„ = 20°F, 

and 

Qo = 1670 f t ' /sec (volumetric flow rate) 

the comparison between Pritchard^ s resul ts and that of Jen et_aT. with r e 
spect to areas within surface isotherms is given in the following table: 

Areas, acres 

Isotherm 

14° 
10° 

5° 
3° 
2° 
1° 

Pri tchard (2D) 

0.2 
0.6 

10.0 
44.0 
99.0 

339.1 

Jen, Wiegel, and 
Mobarek (3D) 

-
0.2 
0.7 
2.1 
4.6 

18,4 

Clearly, from this comparison, conditions that allow for vert ical 
mixing yield smaller isotherm areas and, consequently, a greater dilution 
with distance. However, for the same outfall conditions, a three-dimensional 
jet has a greater vertical spread of heat and temperatures than the co r r e 
sponding two-dimensional jet. Finite, though relatively small, temperatures 
can be found at larger subsurface depths when three-dimensional entrain
ment occurs. Consequently, Pr i tchard ' s model is conservative in these 
respects . This will also be true for a more likely pseudo two-dimensional-
type field situation with respect to vertical entrainment and dilution. 

The critical parameter in the determination of the size of the a reas 
within isotherms is not the depth of the discharge or the "cri t ical lake 
depth," but the width of the orifice bo. If the depth of the jet at discharge 
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were 5 ft and remained at 5 ft, the jet velocity would have to be twice as great 
as for a constant 10-ft plume depth with the same orifice width. Conse
quently, the resulting entrainment will be almost the same in both cases. 
The depth selection is not so cri t ical , except for an initial plume thickness 
smaller than 10 ft whereby the jet is assumed to entrain, where depth allows 
it, to 10 ft and from then on will not entrain. Pr i tchard states that differ
ences of the order of ±50% or even numbers twice as large as a chosen 
plume depth would not seriously change the predicted isotherm area resul ts 
of his model, due to the compensating effect of changing the velocity when 
the thickness is al tered. 

f. Final Remarks 

At this point a few general comments can be made about the Pr i tchard 
model. It is simple to apply, and it represents a limiting case in its con
servative t reatment of a few major phenomena; one such is vert ical mixing, 
which has already been discussed in great detail. It may or may not be 
conservative with respect to the background temperature , depending upon 
how it is handled in an individual case. If it is assumed to be zero, the 
inodel resu l t s may not be conservative but optimistic. Concerning t r ans 
verse currents , the model is not expected to be conservative if a portion 
of the inshore boundary is prevented from receiving new dilution water. 

Buoyancy effects are completely neglected. There is no dependence 
of the temperature distribution on the initial Froude number. If the initial 
discharge velocity is not high, the additional la teral spreading due to buoy
ant convective motions would be expected to distort the simple linear 
spread assumed in the model. Also, the la teral temperature distribution 
at a given longitudinal position is really not Itop-hat; it is more bell-shaped 
and vert ically probably somewhat J-shaped. The specific value of the bot
tom slope in inhibiting vert ical mixing of the plume in the lake or bay is 
not handled analytically. More complex models do handle some of these 
features in a reasonably satisfactory manner; yet these same models tend 
to have other deficiencies of their own. The main cr i t ic ism of the Pr i tchard 
model is that it is too simplistic to be al l-encompassing. There is no in
clusion of some of the major complications that may well be important in 
certain field cases . 

In short, the Pr i tchard analysis is by no means a complete model. 
As recognized by the author, there a re three main a reas in which addi
tional improvements would be useful. The first involves vert ical mixing, 
which hopefully would remove the a rb i t ra ry choice of a constant mixed 
layer. More conclusive information on the dependence of vert ical entrain
ment and ver t ical mixing on the Richardson number or on some measure 
of the ver t ica l stability, such as ver t ical shear in the velocity field and 
ver t ical density gradients, would be instructive as a way to predict vert ical 
spreading. Second, a better t reatment of the transit ion zone between the 
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region of dominance of momentum jet entrainment and natural mixing should 
be made. This zone is not fixed as is assumed in the model. A better under
standing of the changeover from the plume being controlled by its own veloc
ity field to the plume being controlled by the la rge-sca le natural mixing 
processes is needed. Third, more data are needed to be able to provide for 
an ambient temperature correction due to the lack of an infinite amount of 
new water available for dilution. This point, however, is weak in most mod
els . Finally, more information is needed to accurately assess the c r o s s 
current value at which t ransverse flow becomes sufficiently small to be 
unimportant. According to Pr i tchard ' s present understanding of the evidence, 
plume bending is not important with respect to areas and centerline t emper 
ature decay for small currents , yet is important to determine the prec ise jet 
shape and trajectory. Thus, aside from stagnant-lake situations, the 
Pri tchard model cannot be used to determine the precise location of the 
thermal plume, only its isotherm areas and centerline temperature decay. 
Again, Pri tchard uses the Carter model when Ua > O.luo. Also, the model 
should be applied only for larger Froude numbers (greater than about 2, say) 
due to the numerous assumptions in the model requiring a jet-l ike behavior 
of the discharge. 

Pr i tchard ' s model, in its present form, does not handle the question 
of the partition of heat between that lost to the atmosphere and that retained 
by the deeper layers of the lake. According to the Pr i tchard model, all the 
heat discharged by the power plant is lost to the atmosphere. This assump
tion in effect was probably made to yield a conservative estimate of the area 
within the low-temperature isotherms. In reality, some of the heat will a l 
ways be retained by the lake for eventual re lease to the atmosphere during 
other portions of the year. The model of Sundaram et al. (see Sec. III.C.11) 
has addressed this issue analytically. 

In summary, Pr i tchard 's model is basically an intuitive one based 
upon the observation of lake, r iver , and estuary plumes. He has forgotten 
about more field data than most r e sea rche r s have ever seen. His model, 
however, represents a culmination of experience which would have been lost 
if he had not taken the trouble to formulate it. It has the advantage of being 
one of the very few that can be used to predict the complete plume-temperature 
field, that is, from the point of effluent discharge all the way to nea r -
ambient conditions. As stated above, the model remains relatively unverified 
with quality lake field data; i.e., its application to surface-discharge situa
tions for a large range of initial Froude numbers is still unknown. The r ea 
son for this is simply that good quality field data are difficult to obtain and 
only recently are becoming available. 

The author is presently conducting studies to improve the model from 
the standpoint of shoreline interference in the presence of a c rosscur ren t and 
on the precise effect of a specific bottom slope on jet dispersion. When more 
precise data and information on the complex physical processes are avai l 
able, model improvements will be instituted. 
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1 1 . An I n v e s t i g a t i o n of the P h y s i c a l Ef fec t s of T h e r m a l 
D i s c h a r g e s in to Cayuga L a k e - -

T h e r m a l - p l u m e Mode l 
T. R. S u n d a r a m , C. C. E a s t e r b r o o k , K. R. P i e c h , and G. R u d i n g e r 

( C o r n e l l A e r o n a u t i c a l L a b o r a t o r y ) 
N o v e m b e r 1969 

L i s t of S y m b o l s 

A^, Aq E d d y coef f i c ien t s of m o m e n t u m and h e a t t r a n s f e r 

bo Width of outfal l ( v i r t ua l , u n l e s s o t h e r w i s e spec i f i ed ) 

b Width of p l u m e def ined by E q . 11.12 

bi/2 Ha l f -w id th of j e t a t h a l f - d e p t h of v e l o c i t y p rof i l e 

b Width of m i x i n g zone in j e t -d i f fu s ion r e g i o n 

B Bulk R i c h a r d s o n n u m b e r 

d Dep th of p l u m e 

g A c c e l e r a t i o n of g r a v i t y 

h T h i c k n e s s of a g e n e r a l p l u m e a v e r a g e d ove r dep th a t 
l ong i tud ina l d i s t a n c e x 

he Value of e f fec t ive s o u r c e he igh t a t any d o w n s t r e a m s h o r e 
l ine d i s t a n c e x in the B o s a n q u e t c e n t e r l i n e f o r m u l a 

h= M a x i m u m va lue of hp 
^ m a x ^ 

J M o m e n t u m p e r un i t l eng th of a t w o - d i m e n s i o n a l j e t 

kpj C o n s t a n t of p r o p o r t i o n a l i t y in the R i c h a r d s o n 4 / 3 - p o w e r 

l aw 

•^M- f Eddy dif fus ivi ty of s e l f - i n d u c e d j e t t u r b u l e n c e 

K Coeff ic ient of s u r f a c e h e a t l o s s 

Kl C o n s t a n t of p r o p o r t i o n a l i t y in f o r m u l a for je t eddy diffu
s iv i t y , i n E q . 11.31 

Ko j / p 

Kj j E d d y dif fus ivi ty of h e a t 

K j ^ E d d y dif fus ivi ty of m o m e n t u m for f a r - f i e l d r e g i o n 

4 L e n g t h s c a l e of lake diffusion 

m A r b i t r a r y c o n s t a n t in the g e n e r a l p o w e r law, Kf̂  = ^H^"^ 

P J P e c l e t n u m b e r 

P2 N o n d i m e n s i o n a l p a r a m e t e r r e l a t e d to s u r f a c e hea t l o s s 
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q To ta l r a t e of hea t l o s s f r o m the p l u m e to the a t m o s p h e r e 

q Ra te of hea t input to the lake by the p o w e r p l an t 

R Length of f a r - f i e l d r e g i o n c o n s i d e r e d in the m o d e l 

s F i x e d c h a r a c t e r i s t i c d i s t a n c e a t the outfa l l 

T T w o - d i m e n s i o n a l e x c e s s - t e m p e r a t u r e funct ion 

To In i t i a l t e m p e r a t u r e a t v i r t u a l outfal l 

u Veloc i ty in x d i r e c t i o n (above a m b i e n t ) 

Ua A m b i e n t c u r r e n t ve loc i t y 

Uo In i t i a l ve loc i ty a t v i r t u a l outfal l 

U C e n t e r l i n e ve loc i ty of j e t 

Ug C e n t e r l i n e ve loc i t y a t outfall 

V Veloc i ty in y d i r e c t i o n (above a m b i e n t ) 

X Di s t ance m e a s u r e d along the s h o r e f r o m the outfa l l in the 
app l i ca t ion of the Bosanque t et al.^ f o r m u l a s ( E q s . 11.25 
and 11.26 for the p lume c e n t e r l i n e , o r 

Di s t ance m e a s u r e d a long the c e n t e r l i n e f r o m the a c t u a l out
fall in the j e t r e g i m e , or 

Di s t ance m e a s u r e d a long the c e n t e r l i n e f r o m the v i r t u a l 
outfall in the f a r - f i e l d r e g i o n 

X Di s t ance along c e n t e r l i n e m e a s u r e d f r o m v i r t u a l outfal l in 
je t r eg ion 

XQ C e n t e r l i n e d i s t ance f r o m a c t u a l outfal l to the virtual outfall 

X] Downstream distance measured along centerline to the point 
where vertical entrainment ceases in a general surface plume 
(see Fig. 11.1) 

X2 Downstream distance along centerline where vertical entrain

ment reinitiates for a general surface plume (see Fig. 11.1) 

y Distance normal to the centerline 

a, p, Y Empirical constants in evaluation of jet centerline position 

Tl Nondimensional variable defined by Eq. 11.34 

6 Two-dimensional temperature function defined by Eq. 11.8 

p Density of fully mixed plume 

P^ Density of ambient receiving water 

O Empirical constant defined by Eq. 11.34 

T Turbulent shear stress 
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Superscript ~ denotes the quotient of that variable with bj 

Subscript oa denotes the value of a part icular variable at the actual 
outfall 

Subscript ov denotes the value of a particular variable at the virtual 
outfall 

Notation denotes evaluation at the orifice Is 

b . Introduction 

The thermal-plume model developed by Sundaram et al . t reats the 
problem of the dispersion of a heated effluent discharged from a rectangular 
open channel at the shoreline of a large stratified lake in the presence of a 
shore-para l le l c rosscur ren t . The model is two-dimensional in its analysis 
of both the initial jet phase and the subsequent phase where ambient lake 
turbulence is the controlling factor. The mathematical model is an extension 
of an ear l ie r one used by Brooks^ for the diffusion of sewage effluent in an 
ocean current . 

As suggested by the experimental work of Ellison and Turner, the 
plume is divided into three separate and distinct regions based upon its 
vert ical diffusion charac te r i s t ics . In general, the vert ical spread of the 
plume is dependent on the nature of the entrainment process at the inter
face of the plume and the underlying colder lake water. The rate of vert ical 
entrainment at any axial location x downstream is proportional to the bulk 
Richardson number B, defined as 

gh "a - P 
B = T7T . % 

where 

and 

g = accelerat ion of gravity, 

h = plume average thickness, 

p = depth-averaged value of the density at x, 

3 = ambient water density, 

V = jet velocity (relative to the ambient fluid) averaged over depth. 

Vertical entrainment and vert ical plume spreading will cease when 
B reaches a cr i t ical value of about 0.8. Using the Richardson number cr i 
terion, Sundaram et al̂ . divide the surface plume into three regions. The 
first lasts for a short distance downcurrent. Here the initial jet causes 
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rapid vertical entrainment until the decaying jet velocity and increased jet 
depth combine to cause B to attain its cri t ical value of about 0.8 at some 
downstream axial location, say Xi. This point marks the boundary between 
the first and second regions . Beyond this point, the value of B becomes grea ter 
than the critical value due to the decreasing relative velocity of the plume. 
The plume changes little in depth in this second region, since there is no 
vertical entrainment. As the velocity V approaches that of the ambient 
current, B begins to decrease due to the diminishing density difference 
(Pa - p)- At some further location downcurrent, Xj, the value of B will 
again attain its critical value. Beyond this point, B continues to fall and 
vertical entrainment again takes place. The plume now grows fairly rapidly 
in depth and will ultimately be mixed into the deeper layers of the lake. The 
division of a plume into three regions based upon vert ical diffusion is i l lus
trated in Fig. 11,1 for a hypothetical surface plume spreading in a stagnant 
lake. The phenomenon of heat being lost to the deeper layers of the lake 
beyond x̂  is illustrated in Fig. 11.2. 

If the value of the bulk Richardson number is calculated for the con
ditions at the outfall and found to be greater than the cri t ical value, the 
second region will s tart at the outfall and a constant-depth plume will result 
for all distances up to x^. Moreover, for many practical conditions, the 
effect of the first region on the temperatures at sufficiently large distances 
from the outfall are small and, according to the authors, can be neglected. 
From these facts, the authors assume in their analysis a constant-depth 
plume extending from the outfall to the far-field distance Xj, where the 
plume sinks to the deeper layers of the lake. In short, they assume an 
outflow that is "supercrit ical" right from the point of discharge, the 

E N T R A I M K N T 

CENTERLINE 

Fig. 11.1. Schematic View of Thermal Plume^^ 
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Fig. 11.2. Interaction of Thermal Plume with Lake Currently 

S t r a t i f i c a t i o n be ing so i n t e n s e tha t t h e r e i s no in i t i a l v e r t i c a l m i x i n g . F o r 
the outfal l cond i t ions a t the Be l l P o w e r Sta t ion for wh ich the a u t h o r s d e 
v e l o p e d th i s m o d e l , th i s w a s i n d e e d the s i t ua t i on and no a s s u m p t i o n was 
invo lved . This p e r m i t s a t w o - d i m e n s i o n a l i t y a s s u m p t i o n of a c o n s t a n t - d e p t h , 
c o m p l e t e l y v e r t i c a l l y m i x e d p l u m e . 

In add i t ion to the c l a s s i f i c a t i o n of v a r i o u s r e g i o n s of the p lume by 
t h e i r v e r t i c a l - d i f f u s i o n c h a r a c t e r i s t i c s , the a u t h o r s a l s o subdiv ide the 
h o r i z o n t a l - d i f f u s i o n c h a r a c t e r i s t i c s by s e p a r a t i n g an in i t i a l j e t -d i f fus ion 
p h a s e f r o m a l a t e r , m o r e e x t e n s i v e p h a s e w h e r e a m b i e n t lake t u r b u l e n c e 
is the c o n t r o l l i n g f e a t u r e . The in i t i a l p h a s e of h o r i z o n t a l p lume s p r e a d i n g 
is g o v e r n e d p r i m a r i l y by s e l f - i n d u c e d t u r b u l e n c e wi th in the j e t i t se l f and 
by the i n t e r a c t i o n of the j e t m o m e n t u m wi th the t r a n s v e r s e c r o s s f l o w . The 
j e t i s b e n t ove r by the c r o s s c u r r e n t un t i l the in i t i a l m o m e n t u m of the je t is 
n e a r l y d i s s i p a t e d . After the bending of the i e t i s n e a r l y c o m p l e t e , it a c t s 
a s a p a s s i v e p l u m e . In the s e c o n d r e g i o n of h o r i z o n t a l diffusion, the p lume 
is c o n v e c t e d in the d i r e c t i o n of the s t e a d y c u r r e n t and is d i s p e r s e d l a t e r a l l y 
by the t u r b u l e n t - d i f f u s i o n m e c h a n i s m s of the a m b i e n t l a k e . The b o u n d a r y 
b e t w e e n the j e t p h a s e and the a m b i e n t - t u r b u l e n c e - c o n t r o l l e d p h a s e cannot 
be c l e a r l y def ined . The a u t h o r s a r g u e tha t th i s b o u n d a r y can be a s s u m e d 
to be a t the p lume c e n t e r l i n e pos i t i on , w h e r e the eddy d i f fus iv i t ies due to 
j e t - i n d u c e d t u r b u l e n c e and a m b i e n t t u r b u l e n c e a r e e q u a l . As wi l l be s e e n 
l a t e r , th i s c r i t e r i o n is u s e d to c a l c u l a t e the p lume c e n t e r l i n e d i s t a n c e a t 
wh ich a j e t so lu t i on and a s e p a r a t e f a r - f i e l d so lu t ion a r e jo ined t o g e t h e r . 
This b o u n d a r y p o s i t i o n of the two h o r i z o n t a l p h a s e s of d i s p e r s i o n is c o m 
p l e t e l y i n d e p e n d e n t of Xj, def ined to be point of d e m a r c a t i o n of the f i r s t two 
v e r t i c a l - e n t r a i n m e n t r e g i o n s . 

At th i s point , the m a t h e m a t i c a l m o d e l for h o r i z o n t a l d i s p e r s i o n 
•within the j e t and f a r - f i e l d r e g i o n s wi l l be d e s c r i b e d . The a n a l y s i s of the 
a u t h o r s i s done in t h r e e p a r t s . The r e g i o n d o m i n a t e d by a m b i e n t t u r b u l e n c e 
is c o n s i d e r e d f i r s t , u s ing the d e v e l o p m e n t of B r o o k s . ^ To s impl i fy the 
p r o b l e m , the a u t h o r s a s s u m e tha t the in i t i a l cond i t ions for th i s s e c o n d 
r e g i o n a r e not t h o s e of the a c t u a l outfa l l , but t hose of a v i r t u a l out fa l l . The 
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position of this virtual origin and the conditions there are considered after 
the equations are solved. Once the temperature distribution in the second 
region is completely determined in te rms of the virtual outfall charac te r 
is t ics , the initial jet regime is investigated. That analysis determines the 
position of the jet centerline as well as the two-dimensional tempera ture 
distribution about that centerline. Finally, the virtual-outfall pa ramete r s 
and virtual-outfall position are determined by making a simple momentum 
and energy balance at the unknown boundary location and using the condition 
of the equality of jet and ambient turbulent diffusivities for the cross 
section. The far-field model, the turbulent-jet model, and the matching 
procedure will now be described in some detail. 

c The Model Derivation 

(1) The Far-field Model. The analysis given by the authors for the 
excess temperature T(x, y) above ambient closely follows that developed by 
Brooks.^ The coordinate system for the analysis is given in Fig. 11.1 where 
the bottom diagram has a new interpretation. The x axis is taken along the 
plume centerline and the y axis normal to it with the origin at the center of 
the virtual outfall. The ambient fluid is assumed to be moving in a steady 
current Ua parallel to the x axis. The plume is assumed to be issuing from 
a virtual outfall of width bo, representing a source at constant tempera ture 
To and velocity uo (bo, To, Uo will be determined later) . The plume is 
assumed to be moving along with the current, losing and t ransferr ing heat 
simultaneously by advection in the direction of the current , la tera l turbulent 
diffusion, and surface heat loss to the atmosphere. The plume depth is , as 
stated above, assumed constant, precluding any vert ical mixing, and is de
noted by d. Steady flow is assumed which, by its very nature, precludes 
meandering of the plume often seen in actual plume observations. (This 
limitation has been pointed out by the authors; indeed, meandering can be 
treated separately and then superimposed on the present solution. Accord
ing to the authors, meandering will alter the steady plume profile to be 
described below, but it is not likely to influence significantly the rate of 
temperature decay or areas enclosed within specific i so therms. ) 

Due to the long, thin nature of most plumes, the "boundary-layer" 
approximations usually made m analyses of plumes and jets are assumed, 
including: negligible pressure gradients, lateral velocities small compared 
to longitudinal ones, lateral derivatives much larger than longitudinal ones, 
and transport by advection predominating over turbulent mixing in the direc
tion of the current. With these assumptions, the incompressible-flow and 
energy-conservation equations reduce to 

du , 9\ 
3 - + T ~ = O- • (11-1) 
ox ov ^ ' 

/ , i9u Su 3 / SuN , , 
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a n d 

w h e r e 

and 

, , 3 T 3 T a / a T \ K ,^ ,, , ,v 
(u -hUa)T- + v^— = ^ - K „ ^ — - T , 11-3 
^ ^ ' 3 x 3y 5y \ " 3 y / pCpd ^ ' 

u = v e l o c i t y in x d i r e c t i o n (above a m b i e n t ) , 

V = v e l o c i t y in y d i r e c t i o n , 

Ua = a m b i e n t c u r r e n t v e l o c i t y ( a s s u m e d c o n s t a n t ) , 

T = e x c e s s t e m p e r a t u r e of p lume above a m b i e n t , 

K = coef f ic ien t of s u r f a c e hea t l o s s , 

p = d e n s i t y of the fully m i x e d p l u m e ('̂ P-, )> 

d = dep th of p l u m e , 

Kj^^ = eddy di f fus iv i ty of m o m e n t u m , 

Kpj = eddy di f fus iv i ty of h e a t . 

E q u a t i o n s 1 1 . 1 - 1 1 . 3 a r e v a l i d for a l l r e g i o n s of the p lume if i t 
can b e a s s u m e d t h a t the c u r v a t u r e of the p l u m e is s m a l l . They a r e v a l i d 
in a l l r e g i o n s for d i s c h a r g e s in to a co- f lowing or c o u n t e r - f l o w i n g c u r r e n t . 
The a s s o c i a t e d b o u n d a r y cond i t i ons to E q s . 11 .1 -11 .3 a r e ; 

u = Uo, T = To, a t X = 0, -bo /2 < .y < bo /2 ; 

u = 0, T = 0, a t X = 0, | y | > bo /2 ; 
(11.4) 

l i m u(x, y) = l i m v(x, y) = l i m T(x, y) = 0 for a l l y, (11-5) 
X-*-oo x - ^ " X-*-<» 

and 

l i m u(x, y) = l i m v(x, y) = l i m T(x, y) = 0 for a l l x . (11-6) 
y—*+oo y—^it* y—*'^^ 

Since u and v a r e v e r y s m a l l in the f a r - f i e l d r e g i o n ( j e t - i nduced 
e f fec t s on di f fus ion a r e n e g l e c t e d in t h i s r e g i o n ) , E q . 11.6 m a y be uncoup led 
f r o m E q s . 11.4 and 11.5 and \wri t ten a s 

3 T 3 (^ 3 T \ KT ,, , ,^ 

w i t h the s a m e b o u n d a r y cond i t i ons on T a s g iven a b o v e . Cond i t ions now 
r e f e r to the v i r t u a l o r i g i n , and x shou ld be m e a s u r e d f r o m th i s o r i g i n . 

file:///written
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Equa t ion 11.7 s t a t e s tha t the advec t ion of hea t in the d i r e c t i o n of the c u r r e n t 
i s b a l a n c e d by the hea t t r a n s f e r r e d due to l a t e r a l t u r b u l e n t diffusion and 
d i s s i p a t i o n f r o m the lake s u r f a c e (above a m b i e n t ) . One can r e m o v e the 
a t m o s p h e r i c - h e a t - l o s s t e r m f rom the equa t ion wi th the t r a n s f o r m a t i o n 

T = e e x p f - - ^ ^ ) , (11-8) 
\ PCpUady 

which y ie lds the following equat ion for 9 

39 ±(K„^) (11-9) 
3y V H g y ; -

The s igni f icance of 9 is that it is p r o p o r t i o n a l to the c o n c e n t r a 
t ion of any con taminan t that i s un i fo rmly s u s p e n d e d or d i s s o l v e d in the 
effluent. The p r o b l e m of finding the d i s t r i b u t i o n of s u c h c o n t a m i n a n t s in the 
lake is a u t o m a t i c a l l y so lved along wi th the p r o b l e m for the t e m p e r a t u r e d i s 
t r i bu t ion if one m a k e s the r e a s o n a b l e a s s u m p t i o n that the eddy d i f fus iv i t ies 
for hea t and m a t t e r a r e equa l . 

The difficulty in solving Eq . 11.9 l i e s in the fact t ha t Kfj i s not 
r e a l l y known. Fol lowing B r o o k s , the a u t h o r s a s s u m e R i c h a r d s o n ' s 4 / 3 -
power law as a mode l for the diffusivity K[.j, 

Kfj = k f^ t^ ' , (11-10) 

w h e r e I is an a p p r o p r i a t e - l e n g t h s ca l e and kj.j is a c o n s t a n t . The a u t h o r s 
suppor t the use of th is law by r e f e r r i n g to the a r r a y of ex i s t i ng da ta a v a i l 
able on ho r i zon ta l diffusion in the ocean tha t fit t ha t l aw. The a u t h o r s a l s o 
r e f e r to the d y e - d i s p e r s i o n s tud ies m a d e by Gunnerson^ in Santa Mon ica Bay, 
which a g r e e d well with Eq. 11.10. Also m e n t i o n e d w e r e e s t u a r y s t u d i e s 
m a d e by H a r l e m a n and I p p e n . ' The c o n s t a n t kj.j h a s , h o w e v e r , b e e n found to 
v a r y by up to t h r e e o r d e r s of m a g n i t u d e . It i s e x p e c t e d tha t k j j depends upon 
the p r e v a l e n t e n v i r o n m e n t a l condi t ions above the l a k e . B a s e d on the w o r k of 
Zi l t inkevich, ' ' the au tho r s a s s e r t tha t kj^ should a t l e a s t depend on the wind 
speed above the lake , the t h e r m a l s t ab i l i t y of the o v e r l y i n g a i r , and the fe tch 
and d i r e c t i o n of the wind. It is a l s o e x p e c t e d tha t kpj depends on the l eve l of 
ambien t t u r b u l e n t - e n e r g y d i s s i pa t i on . Due to the c o m p l e x i t i e s invo lved 
and the wide range of va lues of kp^ p o s s i b l e , s o m e kind of m e a s u r e m e n t 
has to be made to d e t e r m i n e kj^ for e a c h se t of m e t e o r o l o g i c a l cond i t i ons . 
This wil l be d i s c u s s e d in m o r e de ta i l l a t e r . T h u s , w i th the 4 / 3 - p o w e r law 
r e p r e s e n t i n g Kj^, the u n c e r t a i n t y in the diffusivi ty i s t r a n s f e r r e d to kp^, 
whose functional dependence on the e n v i r o n m e n t a l condi t ion is not known. 

Fol lowing Brooks aga in , I is c h o s e n to be b(x), the wid th of the 
p lume at x, w h e r e b y f rom Eq. 11.10, 

K H = kf^b^'- ( U . U ) 
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Recognizing that there are many ways to define plume width, the authors 
follow Brooks and define it as Z-Jl> t imes the standard derivation of the tem
perature solution. 

b(x) = Zjl-
^o9o J „ 

y^9(x, y) dy (11.12) 

The reason for using the factor 2.y3, instead of the more commonly used 
factor of 4, ^was to make b = bo at x = 0. Equation 11.9 can be solved 
analytically, in spite of the fact that kpj is in te rms of 9 itself. 

dx' 
dx 

If x' is defined by the ordinary differential equation 

b(x)^ 

Eq. U .9 reduces to 

• 3 x ' " ^ "H"o JgyZ-

This is the classical heat-conduction equation and if 

(11.13) 

(11.14) 

x = — , X' 
bo 

^ ~-y 

_9_ 
T = — 

To 

(11.15) 

(11.16) 

(11.17) 

and 

1 i , " 3 ' 
(11.18) 

the solution can be written 

2y -f 1 
e(x, y) = I f e r f - erf ^y - 1 

4yX'/Pi 4V5:'/P 
(11.19) 

Representing 9 in Eq. 11.12 by the derived result of Eq. 11.19, 
the ordinary differential equation defining x' may be solved to yield 
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24 1 + 
(11.20) 

If P2 is defined by 

K bo 
PCpUa d ' 

(11.21) 

then 

T(x,y) = - i -exp( -P2x)(er f - i l l=L 
2 \ 4yX'/Pi 

erf 2-Y - 1 
"4y5;'/Pi 

(11.22) 

The nondimensional parameter Pj is the Peclet number for the 
flow. It denotes the ratio of the inertia forces to the heat-conduction forces . 
The nondimensional parameter P^ is a measure of the rat io of the rate of 
heat loss to the atmosphere to the rate of loss to the colder lake water 
through the plume sides. The ratio can be shown^^ to be directly propor
tional to b/bo with P J as one proportionality factor. Since b increases with 
increasing longitudinal distance, the heat loss to the atmosphere becomes 
increasingly more important relative to heat loss to the colder ambient lake 
water. Introducing "typical" values of the basic parameters into the defini
tions of Pl and P J reveals a wide spread of numbers due to the large varia
tion or uncertainty in kj^. 

Two results of particular interest in the above solution are first 
the reduction of excess temperature with distance along the plume center-
line and the growth of the plumes width from its initial value. F rom 
Eq. 11.22, the centerline temperature decay is 

f (x, 0) = exp(-P2x) erf 1.5 

H - 8~V 
(11.23) 

which again indicates that the dilution factor is a separable function with 
distinct heat loss and turbulent mixing factors, as was shown in Eq. 11.8. 
Figure 11.3 il lustrates the temperature decay along the centerline of the 
plume for four sets of values of Pj and P j . The origin of coordinates in 
that figure is at the virtual outfall, unless the initial jet regime is unim
portant whereby bo, TQ, and Uo correspond to the actual outfall conditions. 

11.12 and is 

b(x) 
b„ 

The growth of the plume width is obtained from Eqs. 11.19 and 

1 -t-. 
\ 3 /2 

V • 
(11.24) 
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DIMENSIONLESS DISTANCE, x 

Fig. 11.3. Temperature Decay along Centerline of Plume^^ 

Th i s r e s u l t is i l l u s t r a t e d in F i g . 11.4 for two v a l u e s of the 
p a r a m e t e r P j . As no ted by the a u t h o r s , b i s independen t of the h e a t - l o s s 
p a r a m e t e r P^ t h a t r e s u l t e d f r o m the uncoupl ing of flow and e n e r g y e q u a t i o n s . 
The g r o w t h r a t e for the p l u m e shows a convex n o m i n a l b o u n d a r y , i nd ica t ing 
tha t the p l u m e s p r e a d s a t a n i n c r e a s i n g r a t e . 

\ i 1 

i i i 4 

i i i " : i j T !» j i/ \ j 

i i i ' i i i i i i iy' • i i i i 

; 1 i 

j 
\ 

;-V-4 

\ [ 

I i 

1 1 

DIMENSIONLESS DISTANCe, > 

Fig. 11.4. Width of the Plume as a Function of Distance from the Origin^^ 
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C o n s t a n t - t e m p e r a t u r e c o n t o u r s a r e p lo t t ed in F i g . 11.5 for a 
The G a u s s i a n - l i k e t e m p e r a t u r e p r o f i l e s p r e -

typ ica l s e t of p a r a m e t e r s 
d ie t ed by Eq. 11.22 a r e i l l u s t r a t e d for a s p e c i a l c a s e m F i g . l l . b . 

Fig. 11.5 

Temperature Profiles in the Surface Plumel^ 

Fig. 11.6 

Typical Plume Profile at a Fixed 
Distance from the Origin^^ 

Equat ion 11.9 can be e a s i l y so lved not only when Kjj = k ^ b 
but a l so for K H = k:Hf(b), w h e r e f is any su i t ab ly s m o o t h funct ion of b . A 
spec i a l c a s e of p a r t i c u l a r i n t e r e s t o c c u r s when Kpj = kp^b , w h e r e m is 
an a r b i t r a r y cons tan t . This l a t t e r p r o b l e m is so lved in de t a i l for m = 0 
and 1 by Brooks ,^ and the r e s u l t s a r e c o m p a r e d wi th the 4 / 3 - p o w e r law. 
In this way, one m a y e a s i l y check o ther "power l a w s " to ve r i fy t h e i r p r e 
c i s ion c o m p a r e d to the 4 / 3 law. 

(2) Model for the Ini t ia l Je t -d i f fus ion P h a s e . As p r e v i o u s l y s t a t e d , 
the a u t h o r s a s s u m e that the p lume depth for the e n t i r e r e g i o n up to Xj i s 
cons tan t and that this r e q u i r e s the outflow condi t ions to be " s u p e r c r i t i c a l . " 
Calcula t ing the c h a r a c t e r i s t i c s of a je t in a c r o s s f l o w invo lves the so lu t ion 
of a s ignif icant number of difficult p r o b l e m s . F i r s t , t h e r e i s a s h e l t e r i n g 
effect of the je t on the l e e w a r d s ide , which d i s t o r t s the j e t g e o m e t r y and 
leads to uneven e n t r a i n m e n t on f o r w a r d and l e e w a r d s i d e s . In fact , the 
e n t i r e p r o c e s s of e n t r a i n m e n t in the p r e s e n c e of c r o s s f l o w s m a y wel l be 
s ignif icant ly different f rom the s t agnan t lake s i t ua t i on . M o r e o v e r , the 
je t is g r o s s l y a s y m m e t r i c , with an expec t ed ly s ign i f i can t inf luence on the 
flow boundary when the je t hugs the s h o r e l i n e . The p r o t e c t i n g or s h e l t e r i n g 
of por t ions of an i r r e g u l a r s h o r e l e ads to m a n y c o m p l i c a t i o n s . Since no 
t h e o r e t i c a l mode l i s ava i l ab le to handle a l l the p r o b l e m s a r i s i n g wi th a j e t 
in a c ross f low, the au tho r s e m b a r k e d on a s imp l i f i ed a p p r o a c h . 
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T h e y a p p l i e d a m o d i f i c a t i o n of the t w o - s t e p p r o c e d u r e c o m m o n l y 
u s e d in p r e d i c t i n g the d i s p e r s i o n of g a s e o u s s t a c k e f f luen t s . F i r s t , they 
a p p l i e d a s e m i e m p i r i c a l f o r m u l a f r e q u e n t l y u s e d for c h i m n e y - s t a c k eff luents 
in a c r o s s w i n d to c a l c u l a t e the w a r m - w a t e r - j e t c e n t e r l i n e p o s i t i o n . Second, 
t h e y u s e d a c l a s s i c a l t w o - d i m e n s i o n a l t u r b u l e n t - j e t a n a l y s i s d e r i v e d for a 
h e a t e d j e t in a s t a g n a n t r e c e i v i n g fluid to spec i fy the l a t e r a l t e m p e r a t u r e 

and v e l o c i t y d i s t r i b u t i o n s about tha t 
c u r v e d c e n t e r l i n e ; th i s m e t h o d is 
i l l u s t r a t e d in F i g . 11 .7 . This c l e a r l y 
i s a h ighly s imp l i f i ed a n a l y s i s , but , 
a s s t a t e d by the a u t h o r s , it i s the 
b e s t tha t could be done a c c o r d i n g to 
the s t a t e - o f - t h e - a r t a t the t i m e of 
the m o d e l d e v e l o p m e n t . 

Fig. 11.7. Two-step Method of Plume Analysisl^ 

s t a c k eff luents in to the a t m o s p h e r e . 

hg(x) 
1 - a-

The c e n t e r l i n e f o r m u l a s 
c h o s e n by the a u t h o r s a r e the s e m i -
e m p i r i c a l r e l a t i o n s of B o s a n q u e t , 
C a r e y , and Halton^ f r e q u e n t l y u s e d 
to p r e d i c t the d i s p e r s i o n of c h i m n e y -
The f o r m u l a s a r e of the f o r m 

(11.25) 

and 

•^emax P Uoa 
1 + Y(ua/Uoa) Ua ' 

(11.26) 

w h e r e 

and 

x = d i s t a n c e m e a s u r e d f r o m the outfall a long the s h o r e , 

hg = va lue of the effect ive s o u r c e he igh t a t any point x, 

hg = m a x i m u m va lue of hg ( m a x i m u m p e n e t r a t i o n of the j e t 
c e n t e r l i n e in to the c r o s s f l o w ) , 

Uoa ~ i n i t i a l v e l o c i t y of the j e t a t the ou t le t , 

Ua = a m b i e n t c u r r e n t ve loc i t y , 

boa = a c t u a l outfal l width , 

a, p, Y = e m p i r i c a l c o n s t a n t s . 

The above f o r m u l a s t ake in to a c c o u n t the i n i t i a l m o m e n t u m of 
the eff luent , bu t not i t s i n i t i a l b u o y a n c y a t the s o u r c e p o s i t i o n . F o r a l a k e -
p l u m e s i t u a t i o n th i s i s a r e a s o n a b l e a s s u m p t i o n . A c c o r d i n g to the a u t h o r s . 
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the parameters a, g, and Y are not functions of environmental conditions, 
and therefore they are assumed to be independent of the charac ter is t ics of 
the ambient turbulence. These parameters are actually dependent on outfall 
geometry, shoreline and bottom topography, etc. The authors found this 
last assumption to be satisfactory and were able to determine the empir ical 
constants for the Milliken Station plume on Lake Cayuga by comparison of 
Eqs. 11.25 and 11.26 with surface-temperature measurements of several 
bent plumes. The parameter values a = 0.2, p = 9.0, and y = 0 appeared 
to fit the data best. For other si tes, these constants are expected to change 
and should be determined experimentally. 

Due to the singularity at x = 0, Eq. 11.25 will hold only from 
some distance downstream. That distance is dependent on a and can be 
determined satisfactorily by "eyeballing. " 

Once the jet centerline is determined, the second step involves 
the calculation of the lateral temperature and velocity distributions about 
that centerline. The authors apply a classical two-dimensional jet analys is ' 
for a free turbulent jet in a stagnant medium; this analysis of Schlicting is 
summarized below. 

The steady incompressible-flow equations for a free turbulent 
jet are 

3u 3^ 
3fi + 3^ = ° (11-27) 

and 

where 

3u 3u _ 1 3T 
"^^^^^^ = 7 3 ^ - (11.28) 

and 

X - distance along a straight plume centerline measured from some 
virtual jet outlet, 

y = lateral distance normal to x, 

u = actual velocity in x direction, 

V = actual velocity in y direction, 

T = turbulent shear s t ress , 

P = jet fluid density. 
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" B o u n d a r y - l a y e r " a p p r o x i m a t i o n s have b e e n u s e d in the d e r i v a 
t ion of E q s . 11.27 and 11.28. The p r e s s u r e r e m a i n s c o n s t a n t a t l e a s t to a 
f i r s t a p p r o x i m a t i o n , s o the p r e s s u r e g r a d i e n t t e r m h a s b e e n d r o p p e d . 
Us ing P r a n d t l ' s s e c o n d m i x i n g - l e n g t h h y p o t h e s i s 

3u 
^^'•jet oy 

Eq . 11.29 b e c o m e s 

(11.29) 

3u 3u „ 
" T X + V — = K 

ox oy Mjgt 3y2 • (11.30) 

O t h e r P r a n d t l h y p o t h e s e s y ie ld r e s u l t s that differ f r o m e a c h 
o t h e r only c o m p a r a t i v e l y l i t t l e . The v i r t u a l k i n e m a t i c v i s c o s i t y is g iven a s 

KMj^t = ^ ' ^ " ' 

•where 

(11.31) 

and 

Ki = c o n s t a n t to be d e t e r m i n e d , 

b = wid th of m i x i n g zone of the je t , 

U = c e n t e r l i n e v e l o c i t y . 

Using S c h l i c t i n g ' s no ta t ion , if s i s the fixed c h a r a c t e r i s t i c d i s 
t ance a t the o r i f i c e , and Ug and bg a r e the o r i f i ce c e n t e r l i n e ve loc i t y and j e t 
width , r e s p e c t i v e l y , t hen f r o m d i m e n s i o n a l a n a l y s i s and by a s s u m i n g b is 
p r o p o r t i o n a l to x, • 

U 
1/2 

. ( ! ) • 
(11.32) 

and 

K M = K M; j e t "^jet 

F u r t h e r , if 

1/2 
— 1 w i th K M j e t 

KibgUg. (11.33) 

y 
(11.34) 

w h e r e a i s an e x p e r i m e n t a l c o n s t a n t to be d e t e r m i n e d , E q s . 11.27 and 11.30 
m a y be s o l v e d to y ie ld 

(1 - tanh^ Tl) (11.35) 
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a n d 

f v f [2̂ (1 tanh^ Tl) - t anh T\], 

w h e r e Ko = j / p and 

/ > • 
dy = 

( 4 / 3 ) U | s p 

(11.36) 

(11.37) 

i s the cons tan t m o m e n t u m pe r uni t l ength . R e i c h a r d t d e t e r m i n e d a by 
e x p e r i m e n t to be 7.67. The l a t e r a l ve loc i ty d i s t r i b u t i o n is p lo t t ed m t e r m s 
of u / u i n a x v e r s u s y / b j / j in F i g . 11.8. Curve 1 r e f e r s to T o U m e i n ' s so lu t i on 
us ing P r a n d t l ' s f i r s t m i x i n g - l e n g t h h y p o t h e s i s ; C u r v e 2 u s e s the above 
solut ion, Eq . 11.35. The e x p e r i m e n t a l da ta p lo t ted a r e f r o m the r n e a s u r e -
m e n t s of E . F o e r t h m a n n . ' F r o m the above value of a, Kj, ' ' 
d e t e r m i n e d as 0.02445 and 0.174, r e s p e c t i v e l y . Consequen t ly , 

and b g / s m a y be 

a n d 

KMjgt = 0.02445bU 

b = 0.174x 

(11.38) 

(11.39) 

If bi/2(x) is defined as the l a t e r a l d i s t ance y such that u / u m a x = l / ^ . t hen 

KMjgt = 0.037bi/2U, 

w h e r e bi/j(x) m a y b e d e t e r m i n e d f rom Eq. 11.35 to be 

b,/2(x) = 0.1147X. 

(11.40) 

(11.41) 

Fig. 11.8. Velocity Distribution in a Two-dimensional. Turbulent Jet. 
Measurements due to Foerthmann.̂  Theory: Curve 1 due 
to Tollmien; Curve 2 from Eq. 11.35. 
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•j 

Due to the a n a l o g y o r s i m i l a r i t y b e t w e e n h e a t and m o m e n t u m t r a n s f e r for 
h o r i z o n t a l d i s p e r s i o n in a t u r b u l e n t m e d i u m , 

(11.42) 
^ m a x ' •max Tr 

w h e r e , for any long i tud ina l d i s t a n c e x, 

T = e x c e s s t e m p e r a t u r e of the j e t a t (x, y) 

and 

^ m a x ~ e x c e s s t e m p e r a t u r e of the c e n t e r l i n e d i s t a n c e x . 

If X is the long i tud ina l d i s t a n c e n n e a s u r e d f r o m the a c t u a l outfal l 
then , us ing Eq . 11.39, 

X = X - 5.75boa, (11-43) 

w h e r e boa (" I 's) ^^ the a c t u a l outfal l w id th . Equa t ion 11.42 follows f r o m 
P r a n d t l ' s m i x i n g - l e n g t h t h e o r y and f r o m Reynolds ana logy . 

The v e l o c i t y and t e m p e r a t u r e d i s t r i b u t i o n s d e t e r m i n e d above 
a r e i n d e p e n d e n t of the def in i t ion of the j e t wid th . By us ing E q s . 11.35 and 
11 .41 , bi/2 m a y be r e l a t e d to the B r o o k s def in i t ion of b , E q . 11.12. This 
y i e l d s 

b = boa •<• 0.2x (11.44) 

and • 

K M . . = O.OOSbU, (11.45) 
j e t 

•where 

b = wid th of j e t def ined by Eq . 11.12 

and 

U = c e n t e r l i n e v e l o c i t y . 

F r o m E q s . 11.32, 11.42, and 11.44, the c e n t e r l i n e t e m p e r a t u r e decay for 
the jet is 

^-(h^^^y\ (11.46) 
J-oa ^ °oa ' 

w h e r e Toa is the t e m p e r a t u r e e x c e s s a t the a c t u a l ou t fa l l . 
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Consequent ly , the ve loc i ty d i s t r i b u t i o n (in the x d i r e c t i o n ) , the 
p lume width, the t e m p e r a t u r e d i s t r i b u t i o n , and the eddy v i s c o s i t y for a 
t u rbu len t t w o - d i m e n s i o n a l j e t i s s u i n g into a s t agnan t m e d i u m a r e g iven by 
E q s . 11,35, 11.44, 11.46, and 11.45, r e s p e c t i v e l y . The c h a r a c t e r i s t i c s of a 
hea ted jet in a c ro s s f l ow a r e thus d e t e r m i n e d by applying t h e s e e q u a t i o n s , 
wi th X now ident if ied as the ac tua l a r c d i s t a n c e along the ben t c e n t e r l i n e . 

The me thod d e s c r i b e d above for ca l cu l a t ing the t e m p e r a t u r e and 
ve loc i ty d i s t r i bu t i ons for a je t in a c r o s s f l o w is e s s e n t i a l l y a pa tch ing of 
two s o l u t i o n s . The f i r s t s t ep in the so lu t ion invo lves the i n c o r p o r a t i o n of 
a l l the c r o s s c u r r e n t effects into the f o r m u l a for obta in ing the c e n t e r l i n e 
a x i s . The second s tep of the so lu t ion involves the d e r i v a t i o n of the t e m p e r a t u r e 
and ve loc i ty f ields with no c r o s s c u r r e n t i n t e r f e r e n c e . T h e s e two d i s t r i b u t i o n s 
a r e a s s u m e d to hold l a t e r a l l y about the ben t j e t c e n t e r l i n e and r e p r e s e n t 
d i s p e r s i o n about the c e n t e r l i n e . 

(3) Matching of the J e t and F a r - f i e l d So lu t ions . The s p a t i a l ex ten t 
of the in i t i a l ho r i zon ta l j e t -d i f fus ion phase is g o v e r n e d by the c r i t e r i o n tha t 
th is r eg ion has an eddy diffusivity a r i s i n g f r o m j e t - i n d u c e d t u r b u l e n c e 
g r e a t e r than or equal to the eddy diffusivity due to a m b i e n t t u r b u l e n c e . 
Since the eddy diffusivi t ies of hea t and m o m e n t u m a r e a s s u m e d equa l in 
ho r i zon ta l tu rbu len t flow, the r e l a t i o n s h i p 

^Mjg t = K H (11.47) 

m a r k s the end of the je t p h a s e . F r o m Eq. 1 1 ,4 5 and 11 .11 , th is is equ iva len t 
to 

0.008b„vUov = kHbJC^ (11.48) 

w h e r e the s u b s c r i p t ov denotes va lues a t the v i r t u a l outfa l l . Equa t ing 
m o m e n t a at the v i r t ua l and ac tua l outfal ls y ie lds 

l^ovUov - bnaUn (11.49) 

w h e r e the s u b s c r i p t oa denotes va lues at the a c t u a l outfa l l . Combin ing 
E q s . 11.48 and 11.49 leads to a r e l a t i o n s h i p of the v i r t u a l and a c t u a l outfal l 
widths 

The d i s t ance of the outer e x t r e m i t y of the j e t r e g i o n is d e t e r 
mined f rom Eq . 1 1 .44 as . 

^0 = 5(bov - boa). (U .51) 

w h e r e Xo is m e a s u r e d along the bent je t c e n t e r l i n e . 



To, the temperature at the virtual source, is calculated by con
servation of heat flux at the boundary of the jet and far-field regions. 

/ • 
u(xo, y)T(xo,y)b(xo) dy. (11.52) 

If the right-hand side of Eq. 11.49 is less than unity, the jet-
diffusion phase can be neglected. The virtual outfall then coincides with 
the actual outfall. For this situation, the mean path of the plume is f irst 
calculated, as before, using the Bosanquet formulas 11.25 and 11.26. The 
far-field solution is then applied from the outfall with bov = boa and 
To = Toai identifying x in that solution with the a rc distance along the bent 
centerl ine. 

d. Technique of Model Application 

As described above, three distinct aspects of the solution are 
specified in the model. The first involves the calculation of the mean path 
of the plume. This is done completely separate from the plume-diffusion 
cha rac te r i s t i c s . The plume path is bent and is solely a function of the 
ambient current or, more precisely, Uj/ua. Over this mean path is super
imposed two distinct regions: the jet-diffusion region and the ambient tur 
bulent region as previously described. The dividing line between the two 
is a rb i t r a ry and was chosen in the model to be at the point at which the 
eddy diffusion due to the jet itself is equal to the ambient turbulence. If the 
jet diffusion is sufficiently slow at the outlet, the eddy coefficient of ambient 
turbulence is equal to or grea ter than that for jet diffusion, and thereby the 
far-field solution will apply right from the outfall and be superimposed over 
the entire bent centerl ine. In the author 's application of the model to 
Lake Cayuga, the exit velocity was never low enough to cause the jet diffu
sion to be completely negligible. 

To apply the overall model for given parameters boa. ^oa. Toa. ^a-
K, and d, it is necessa ry to f irs t evaluate the empir ical constants a, p, Y. 
and kj^. Since a purely theoret ical analysis for a jet in a crossflow does 
not exist, it is not advisable to apply one set of parameter values to other 
field si tuations. Consequently, a, p, and Y must be measured by comparing 
Eqs . 11.25 and 11.26 to actual sur face- tempera ture data in the initial jet 
reg ime. The values of kj^ as a function of meteorological conditions above 
the lake can be determined by comparing actual observations of thermal 
plumes from the existing outfall with Eq. 11.22. This is done by matching 
the centerline of an observed plume •with Eq. 11.23. P j is calculated using 
the heat-exchange coefficient K and the measured value of the ambient 
current Ua. Pi is evaluated by matching the theoretical and observed plume 
center l ine, and kpj is then determined from Pj . The determination of the 
virtual-outfall pa ramete r s requires a value of kj_j. Thus this technique 
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would generally require some iteration; an initially guessed value of k ^ may 
need to be corrected if the fitting is not sufficiently accura te . As noted by 
the authors, plume character is t ics at large distances from the virtual out
fall are not very sensitive to the precision of evaluation of the vi r tual -
outfall character is t ics . 

In applying this to the Milliken Power Station on Lake Cayuga, the 
authors found a good correlation between experimental data for the plume 
centerline and the mathematical model. They calculated kp^ for six "typical" 
sets of environmental conditions and felt justified to use those values again 
in plume situations when similar environmental conditions prevailed. 

In the general case, with these parameters evaluated, Eqs . 11.25 and 
11.26 give the complete trajectory of the plume. Equations 11.35, 11.46, and 
11.42 yield the temperature and velocity distribution in the jet reg ime. 
Equation 11.22 specifies the temperature distribution in the far field. Each 
of these distributions is centered about the appropriate portion of the de
flected plume centerline. 

e. General Discussion of the Model 

At this point, some general comments about the model would be use
ful. Two major simplifications are knowingly employed by the authors . 
The first involves the assumption of a constant-depth, stably stratified 
plume from the outfall out to centerline distance Xj. Clearly, this puts 
limitations on the outfall conditions; if the Richardson number at the outfall 
is not greater than about 0.8, there will be vertical entrainment, which will 
increase the depth of the jet, in which case many new complications a r i s e . 
The authors could find no way a priori to incorporate initial vert ical entrain
ment into a model. The implied two-dimensionality assumption permitted 
the application of the Brooks model for the far-field region and the classical 
two-dimensional jet analysis for the initial horizontal-diffusion zone. The 
classical two-dimensional jet theory can be applied with confidence to an 
actual jet of depth d as long as it is assumed to be fully mixed in the vertical 
direction and thus two-dimensional. 

The second major assumption involved the very simplified model for 
the effect of the crossflow on the jet charac ter i s t ics . In the two-step tech
nique used, there is an idealization which is an obvious simplification con
sidering the complex phenomena involved, yet it is expected to lead to some 
useful approximate resul ts . Clearly, the effect of the crossflow is felt, not 
only with the bending of the centerline but also in the temperature and 
velocity distributions centered about it, and may be accurately determined 
only by careful consideration of the differential equations involved with an 
accurate representation of the entrainment phenomenon. Moreover, the 
fully mixed constant-depth-plume assumption precludes consideration of 
buoyant forces, which lead to convective motions that increase la teral 
entrainment of the jet while the plume touches the bottom and the expected 
increased lateral spreading due to the bottom constraints . 
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These deficiencies of the model were well recognized by the authors 
in Ref. 1. The model i s , however, a reasonable and plausible one within the 
state-of-the-art that existed at the time that model was developed (1968). 
Due to the increased knowledge and understanding recently gained in several 
important a reas (such as vert ical entrainment, the "bending-over" phenome
non, sheltering, and the t ransi t ionbetween nea r -and far-field regions), there 
is room for considerable improvement in the model. To date, there is no 
model to our knowledge that handles all these phenomena successfully. 

The supposed s imilar i ty between heat and momentum transfer for 
horizontal dispersion in a turbulent medium (with no horizontal stratification) 
as expressed by Eq. 11.42 i n t h e author 's jet analysis is not universally 
accepted (Ref. 9, pp. 703-705). According to the Prandtl mixing-length 
theory, the mechanisms of the transfer of momentum and heat in free tur 
bulent flows are identical, supporting the use of Eq. 11.42. However, the 
Taylor theory of turbulent mixing predicts a temperature profile at some 
developed axial position to be wider than the velocity profile satisfying. 

1/2 
(11.53) 

H. Reichardt derived the relationship 

IX \ ^ m a x / 

T / 11 N-^^TZ-^q 

^ - / " \ _̂ (11.54) 

using empir ica l relationships ra ther than hypotheses on turbulent flow. 
Here Aj and Aq a r e , respectively, coefficients of momentum and heat 
t ransfer defined from 

T = A . — - q = c A — (11-55) 

Reichardt ' s experimental resul ts for a two-dimensional jet showed good 
agreement with Eq. 11.53. Using A J / A Q = 1 ra ther than AT./Aq = l /2 
resul ts in flatter i so therms for the jet regime in the Sundaram et ai . model. 
Only further experimental studies into the relative ra tes of la teral spreading 
of momentum and energy will reveal which of Eqs . 11.42 and 11.53 is more 
adequate. 

Most invest igators consider a flow-establishment region in which 
the initially top-hat profiles for velocity and tempera ture become approxi
mately bel l -shaped in charac te r . This is done to reflect the influence of 
adjacent boundaries as well as the initially flat profiles of velocity and 
t empera tu re . The two-dimensional, free turbulent- jet analysis applied here 
considers s imi lar i ty profiles initiating from the actual orifice. The effect 
of the neglect of a f low-establishment region is expected to be insignificant 
for sufficiently large distances downstream. 
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The a u t h o r s in Ref. 1 e m p h a s i z e d tha t , a l t h o u g h g r o s s s i m p l i f i c a t i o n s 
a r e m a d e , the h y p o t h e s e s -were c h o s e n to be s e l f - c o n s i s t e n t , a t the s a m e 
l eve l of r i g o r , and, w h e r e v e r p o s s i b l e , in a g r e e m e n t •with the e x p e r i m e n t a l 
da ta tha t e x i s t e d a t the t i m e of m o d e l d e v e l o p m e n t . A p r i m e e x a m p l e is the 
cho ice of the 4/3-po^wer law to r e p r e s e n t the d i f fus iv i ty in w h i c h w e l l - v e r i f i e d 
ocean and e s t u a r y da ta w e r e u s e d . The a u t h o r s found s a t i s f a c t o r y a g r e e 
m e n t wi th th i s law in f i t t ing t h e i r m o d e l to Lake Cayuga d a t a . In add i t i on , 
the pa tch ing of j e t and f a r - f i e l d so lu t i ons was done wi th c o n s e r v a t i o n 
equa t ions to m i n i m i z e the i m p a c t of t ha t d i s c o n t i n u i t y a t l a r g e r d o w n s t r e a m 
d i s t a n c e s . Al though a " t o p - h a t " p rof i l e does e x i s t a t the v i r t u a l o r i g i n , th i s 
prof i le i m m e d i a t e l y b e c o m e s G a u s s i a n - l i k e beyond t h a t point w h e r e h e a t 
e n e r g y is c o n s e r v e d . 

f. Ca lcu la t ion of Heat Los t to the Lake beyond x^ 

F ina l l y , the a u t h o r s have i n v e s t i g a t e d hea t l o s s to the a t m o s p h e r e in 
o r d e r to d e t e r m i n e the hea t l o s t to the lake beyond Xj. Due to the s m a l l 
s p a t i a l ex ten t of the j e t r e g i m e and the e x p e c t e d p r e d o m i n a n c e of t u r b u l e n t 
mix ing in tha t r eg ion , hea t l o s s to the o v e r l y i n g a i r w a s n e g l e c t e d in t h e i r 
j e t m o d e l . This is a v e r y r e a s o n a b l e a s s u m p t i o n for m o d e r a t e l y s i z e d je t 
r e g i m e s . The to ta l hea t l o s s to the a t m o s p h e r e ( r e l a t i v e to the a m b i e n t 
lake) is thus 

=r r 2 " ^ 

KT(x, y ) d x d y , (11.56) 

w h e r e T is g iven by Eq . 11.22. If the hea t r e j e c t e d by the p o w e r p l an t is 

^K ' PCpToaUoaboad. (11.57) 

then 

•^L Ua ^ 
— [ l - e x p ( - P , R ) ] , ( J J 5 3 J 

• IR 

w h e r e 

R = ^2 - Xo 
bov • (11.59) 

^°l ^n e p i l i m n e t i c in take , q ^ = q p , w h e r e q p is the t o t a l r a t e of 
hea t r e j e c t e d by the power p lan t . T h u s , for an e p i l i m n e t i c i n t a k e , the hea t 

h r r ^ ° H r V""' y \ ' ° ' '^^^ '^^^^ ^^^^""'^ ^^ ^^ J - * ^ R - ^ L ^ a c c o r d i n g to 
the inode l . F o r a hypo l imne t i c in take , the to ta l hea t r e j e c t e d by the p o w e r 
plant does not p a r t i c i p a t e in s u r f a c e hea t t r a n s f e r a s far a s the p l u m e is 
conce rned , s ince pa r t of th is hea t is u s e d to i n c r e a s e the h y p o l i m n e t i c -
c o o l i n g - w a t e r t e m p e r a t u r e to an e p i l i m n e t i c v a l u e . Thus for a d e e p - w a t e r 
in take , the equiva len t hea t l o s s to the d e e p e r l a y e r s of the lake is 
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( q R - q L ) •̂  ( q p - q a ) = q p - qL- (11.60) 

F o r an e p i l i m n e t i c i n t a k e , the h e a t l o s s to the lake is a l s o q p - q , , s i n c e 
q p = q ^ ; h o w e v e r , the m a g n i t u d e of q , would be g r e a t e r than q j for a 
h y p o l i m n e t i c i n t a k e , b e c a u s e the e p i l i m n e t i c in take would r e s u l t in a h ighe r 
effluent d i s c h a r g e t e m p e r a t u r e r e l a t i v e to the a m b i e n t w a t e r . 

F i g u r e s 11.9 and 11.10 give m o d e l p r e d i c t i o n s for p l u m e s u r f a c e -
t e m p e r a t u r e d e c a y for " t y p i c a l " s u m m e r and w i n t e r cond i t ions on 
Cayuga L a k e . Outfal l p a r a m e t e r s a r e b a s e d on the p r o p o s e d Be l l S ta t ion 
outfal l g e o m e t r y , i . e . , for an outfal l w id th of 100 ft and dep th of 10 ft. 
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Fig. 11.9. Decay of Temperature along Plume Centerline for Bell Station 
Discharge for "Typical" Summer Conditions. Lake surface tem
perature ~ 10°?; discharge temperature - 75, 85, or 95''F.-'-^ 

Fig. 11.10 

Decay of Temperature along Plume 
Centerline for Bell Station Discharge 
for "Typical" Winter Conditions. 
Lake surface temperature = 36°F; 
discharge temperature - 5 1 ^ . ^ ^ 
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12. F a r - f i e l d Ef fec t s due to 
a M u l t i p l e - j e t Dif fuser 

Y. J . T s a i 
Consu l t an t , E n v i r o n m e n t a l E n g i n e e r i n g 

( s tone and W e b s t e r E n g i n e e r i n g C o r p o r a t i o n ) 
J a n u a r y 1970 

L i s t of S y m b o l s 

A A r e a of p l u m e c r o s s s e c t i o n , 300 ft in a l a k e w a r d d i r e c t i o n 

of the d i f fuser 

B C o n s t a n t d e t e r m i n e d by E q . 12.11 

d E q u i v a l e n t d i a m e t e r of h y p o t h e t i c a l j e t u s e d to p r e d i c t 
p l u m e c h a r a c t e r i s t i c s in the l a k e - c u r r e n t c a s e 

Dp E q u i v a l e n t d i a m e t e r of h y p o t h e t i c a l j e t before m i x i n g , u s e d 
to p r e d i c t p l u m e c h a r a c t e r i s t i c s in the z e r o - l a k e - c u r r e n t 
c a s e ; i n s i d e d i a m e t e r of n o z z l e (F ig . 12.5 only) 

Eg In i t i a l eddy diffusivi ty (at x = 0) 

Fo D e n s i m e t r i c F r o u d e n u m b e r def ined by E q . 12.3 

g A c c e l e r a t i o n of g r a v i t y 

Ahp H e a t - l o s s f a c t o r in ( B t u / s q f t ) / h r 

L Width of flow f ield at d i s t a n c e x d o w n s t r e a m 

Lo In i t i a l p l u m e wid th 

Qo V o l u m e t r i c d i s c h a r g e r a t e o:frpower plant 

RQ R e y n o l d s n u m b e r 

T m C e n t e r l i n e t e m p e r a t u r e of j e t (F ig . 12.5 only) 

Tw T e m p e r a t u r e of r e c e i v i n g w a t e r (F ig . 12.5 only) 

To T e m p e r a t u r e of j e t b e f o r e m i x i n g ( F i g . 12.5 only) 

AT T e m p e r a t u r e r i s e above a m b i e n t of s u r f a c e w a t e r i n m i x i n g j e t 

^ T a v e A v e r a g e t e m p e r a t u r e in a r e a A for the z e r o - l a k e -

c u r r e n t c a s e 

ATc In i t i a l e x c e s s t e m p e r a t u r e at the di f fuser 

ATj-n T e m p e r a t u r e r i s e above a m b i e n t a long ax i s of j e t 

ATo T e m p e r a t u r e r i s e above a m b i e n t of the j e t be fo re m i x i n g 

Uo Initial velocity of jet (Fig. 12.5 only) 

U Velocity of surface water in x direction (Eq. 12.1) or 
ambient velocity (Eq. 12.7) 
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x 

Uo I n i t i a l j e t v e l o c i t y ( z e r o - l a k e - c u r r e n t c a s e ) 

U m V e l o c i t y of j e t a l o n g a x i s 

Vo I n i t i a l j e t v e l o c i t y ( l a k e - c u r r e n t c a s e ) 

V h V a p o r p r e s s u r e of s a t u r a t e d a i r a t p l u m e t e m p e r a t u r e , i n . H g 

V n V a p o r p r e s s u r e of s a t u r a t e d a i r a t a m b i e n t l a k e t e m p e r a t u r e , 

i n . Hg 

W W i n d s p e e d , m p h 

H o r i z o n t a l c o o r d i n a t e a l o n g t h e j e t c e n t e r l i n e m e a s u r e d f r o m 

t h e o r i g i n of t h e h y p o t h e t i c a l s u r f a c e j e t ( z e r o - l a k e -

c u r r e n t c a s e ) ; 

D o w n c u r r e n t c o o r d i n a t e of c e n t e r l i n e m e a s u r e d f r o m t h e 

i n i t i a l p o s i t i o n of t h e h y p o t h e t i c a l j e t ( l a k e - c u r r e n t c a s e ) 

Xo D i s t a n c e f r o m t h e h y d r a u l i c a l l y m e a s u r e d p r o f i l e s b a c k t o t h e 

o r i g i n of t h e h y p o t h e t i c a l j e t ( z e r o - l a k e - c u r r e n t c a s e ) 

y H o r i z o n t a l c o o r d i n a t e n o r m a l t o t h e j e t a x i s , m e a s u r e d f r o m 

t h e c e n t e r l i n e ( z e r o - l a k e - c u r r e n t c a s e ) ; 

O f f s h o r e c o o r d i n a t e of c e n t e r l i n e m e a s u r e d n o r m a l t o x f r o m 

t h e i n i t i a l p o s i t i o n of t h e h y p o t h e t i c a l j e t ( l a k e - c u r r e n t c a s e ) 

a A n g l e b e t w e e n i n i t i a l j e t a x i s a n d c u r r e n t 

e E d d y t h e r m a l d i f f u s i v i t y 

p D e n s i t y of a m b i e n t f l u i d 

Po D e n s i t y of j e t 

p ( T a ) D e n s i t y e v a l u a t e d a t a m b i e n t l a k e t e m p e r a t u r e 

P ( T O ) P l u m e d e n s i t y a t e i t h e r e d g e of f l o w f i e l d , d e f i n e d 3 0 0 ft 

l a k e w a r d of t h e d i f f u s e r 

a Standard deviation of Gaussian distribution defined byEq. 12.12 

Introduction 

In the past, the major application of jet-induced dilution has been 

for sewage disposal in the ocean. The use of jet-diffuser structures for 

thermal power-plant discharges is a more recent application. The mathe

matical treatment to be described is part of a combined hydraulic and 

analytic modeling scheme used for predicting plume dispersion from the 

James A. FitzPatrick Nuclear Power Plant of the Power Authority of the 

State of New York, located seven miles east of Oswego, New York, on 

Lake Ontario, scheduled for completion in 1973. 
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Because of the New York State thermal cr i ter ion that requires no 
grea ter than a 3''F surface tempera ture r i se above ambient water conditions 
outside a 300-ft radius (or equivalent area) from the discharge, a multi-
port jet-diffuser system was selected to meet the requirements . The use 
of a multioutlet submerged jet discharge for the Fi tzPatr ick Plant is more 
effective than a single-orifice design since grea ter dilution can be achieved 
by using a se r ies of properly spaced orif ices. This is part icularly impor
tant in the Fi tzPat r ick Plant vicinity, because the lake currents are usually 
small and sometimes nonexistent, and hence greater reliance on dilution 
by jet entrainment must be sought. Hence, the basic concept of the Fi tzPatr ick 
discharge s t ruc ture is to achieve very rapid dilution of condenser water 
with the colder lake water and corresponding decrease in temperatures at 
the surface by means of a number of submerged high-velocity j e t s . 

Analytical and hydraulic model studies were used to develop the 
hydraulic design of the s t ructure and to ensure that the temperature pat
terns produced by the plant operation under widely varying environmental 
conditions •would comply with New York State thermal standards. Four 
basic discharge directions were investigated using a distorted-scale hy
draulic model. The design of the diffuser was complicated by the fact that 
the direction of the warm surface flow has to be determined in order to 
locate an intake in a region unaffected by the warm water . Also, the exist
ence of the Nine Mile Point Power Plant 3200 ft to the west was a factor, 
since the cumulative effects of both plants had to be considered. The most 
desirable scheme turned out to be a single line of submerged jets essen
tially paral lel to the shore with the jets discharging horizontally toward the 
lake. 

The tempera ture r i se through the coadenser and the circulating 
water flow used for design of the diffuser are 32.4°F and 785 cfs, r espec
tively. The diffuser design is i l lustrated in Fig. 12.1. Twelve jets are 
discharged in pairs from six diffuser heads at an initial velocity of 14 ft /sec 
at 5-6 ft above lake bottoin. The direction of discharge is lakeward and 
essentially normal to the local bottom contours. The diffuser heads are 
located on 150-ft centers on two tunnels branching off the main discharge 
tunnel at a point approximately 1100 ft offshore. The branch tunnels run 
almost paral lel to shore . The intake is located 270 ft shoreward of the 
branch tunnels in an a rea that is expected to be relatively uninfluenced by 
the warm water from the Fi tzPatr ick jets with its sector-shaped opening 
oriented toward the shore . Fur ther details concerning the discharge and 
intake s t ruc tures including the prel iminary lake studies and design modeling 
a re documented in Ref. 1. The hydrothermal analyses and design concepts 
were developed in the Environmental Engineering Division of The Stone 
and Webster Engineering Corporation, Boston, Mass. The hydraulic-model 
tes ts were conducted by the Alden Research Laborator ies , Holden, Mass. 



t DIFFUSER HEAD 
( N 6 " W ) (TYPICAL) 

Fig. 12.1. Intake and Discharge Arrangement^ 
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The combined hydraulic and analytical modeling scheme used for 
the Fi tzPatr ick discharge will now be discussed for the two situations in 
which shoreline currents a re and a re not present . 

c. Model Derivation for the Case of Zero Lake Currents 

Figure 12.2 represents a typical flow pattern and temperature dis
tribution resulting from the diffuser under hydraulic-model testing. The 
tests indicated that the diffuser jets induced sufficient ambient lake flow for 
dilution to the point where the maximum surface temperature r i se , 300 ft 
lakeward from the line of discharge, was approximately 2.5°F above ambient 
at its centerline position. The excess temperature 500 ft to either side of 
the centerline was found to be roughly 2°F. The corresponding centerline 
velocity 300 ft away from the line of discharge was 1.0 fps; the velocity 
500 ft on either side of the centerline was only 0.1 fps directed inward 
towards the diffuser, as is shown in Fig. 12.3. The surface-flow pattern 
and temperature profiles as determined from the hydraulic model tests 
a re i l lustrated in Fig. 12.4. 

&T . 1.0 1.3 2.5 

HORIZONTAL SCALE-FEET 

INTAKE DISCHARGE 
STRUCTURE STRUCTURE 

VERTICAL SCALE-rCET 
« AT • TEUPERATUNE RISE ABOVE AMBIENT ( • F ) 

Fig. 12.2. Typical Flow Pattern and Temperature Distribution^ 

rMoixL BovuMpy 

Fig. 12.3 

Cooling-water Studies, 1:81 Model, Meas
ured Velocity Distribution, 780-cfs Cooling 
Water, Zero Lake Current-^ 
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Fig. 12.4. Surface Flow Pattern and Temperature Profiles with No Natural Lake Current; Model Tests 
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From the resul ts of the hydraulic-model tests it was observed that 
at about 300 ft lakeward of the diffuser the flow field was well established 
and could be character ized as surface flow. Therefore, beyond 300 ft lake-
ward from the diffuser, the mathematical model discussed hereafter was 
used. F i r s t , it was assumed that the end-point velocities at 300 ft of 0.1 fps 
were directed lakeward rather than inward towards the diffuser. The tem
perature and the modified velocity profiles were then assumed to be Gaussian 
in form. The tempera ture and flow field established by the actual diffuser 
could now be envisioned to a r i se from a single hypothetical buoyant surface 
jet located some distance shoreward of the actual line of discharge. The 
work of Tamai, Wiegel, and Tornberg^ and Jen, Wiegel, and Mobarek^ were 
then used to obtain the charac ter is t ics of the hypothetical jet . F rom Ref. 2, 
the distribution of the horizontal component of velocity in the axial direction 
of a nonbuoyant jet, and assumed valid by Tsai for a buoyant jet as well, is 
given by 

i = ..za,4,<ij (12.1) 

where 

and 

X = horizontal coordinate along the jet axis, measured from the 
origin of the hypothetical surface jet, 

y = horizontal coordinate normal to the jet axis, measured from 
the origin of the hypothetical surface jet. 

Do = equivalent diameter of jet before mixing, 

U = velocity of surface water in x direction, 

Uo = initial velocity of the jet. 

The formula established by Ref. 3 for the tempera ture concentration 
at the surface for a jet discharging horizontally at the water surface is 

AT 
ATo 

V.oH^exp[-3F-gy (12.2) 

where 

a n d 

AT = tempera ture r i se above ambient of surface water in mixing jet, 

ATo = tempera ture r i se above ambient of the jet before mixing, 

Fo = densimetr ic Froude number, defined by 
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where 

p = mass density 

and 

g = a c c e l e r a t i o n of g r a v i t y . 

Along the c e n t e r l i n e , the ve loc i ty and t e m p e r a t u r e b e c o m e 

Um . D o 

Uo X 

(12.3 

12.4 

and 

Do 
7 . 0 — , (12.5) 

ATo X 

where 

Um = velocity of jet along axis 

and 

ATj^ = temperature r ise above ambient along axis of jet. 

The problem solution next required the calculation of Do, Fo, UQ, 
and Xo, the distance from the hydraulically measured profiles back to the 
origin of the hypothetical jet. A t r i a l - and-e r ro r process was set up to 
evaluate these parameters . F i rs t , dividing Eq. 12.4 by Eq. 12.5 yielded 
a relationship between ATo and Uo. Next, a table was generated matching 
corresponding likely values of ATo and Uo. For y = ±500 ft, DQ is calcu
lated from Eq. 12.1 and FQ is evaluated from Eq. 12.2. Next, FQ is checked 
from its definition 

Uo 
/P (Ta) - p(To) 

'• a 

where 

p(To) - density of hypothetical jet before mixing 

and 

p(Ta) = density evaluated at ambient lake tempera ture . 
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If Fo does not check, a new corrected pair of values Uo and ATo is chosen. 
A number of such iterations yielded the paramete rs DQ, UO, and FQ within 
sufficient accuracy. Then, Xo was calculated from Eq. 12.4 or 12.5. In the 
present case , the calculated values turned out to be UQ = 13 f t /sec , ATo -
28.9°F, Do = 38 ft, F = 6, and xo = 2870 ft. The resulting temperature 
distribution downstream was plotted using Eq. 12.2 when X/DQ ^ 100; the 
graph given in Fig. 12.5 (from Ref. 3) was used to derive the temperature 
distribution for X/DO > 100. Surface isotherms were then drawn. The 
results of the analysis a re given in Fig. 12.6 which includes the flow-field 
i so therms, the temperature decay along the plume centerline, and the area 
enclosed by consecutive i so therms. Some smoothing of the isotherms was 
done here to permit thena to close at the diffuser rather than at the position 
of the hypothetical surface jet. 

A separate analysis was made of the role of surface heat loss in 
calculating plume temperatures and areas within i sotherms, which proved 
that the heat- loss effect was negligible. The investigation is described 
more fully for the case of currents and zero currents in Sec. e below. 

d. Model Derivation for the Case of Lake Currents 

Lake currents affect the Fi tzPatr ick discharge by deflecting it in 
the direction of the prevailing current in an increased manner as the jet 
velocity decreases for increasing distances away from the line of discharge. 

Hydraulic modeling was again used to predict the temperature pro
files (velocity profiles were not measured) within 300 ft of the diffuser in 
the lakeward direction. As in the zero-current situation, the diffuser jets 
again produced an approximate line source it the 300-ft lakeward distance. 

Figure 12.7 shows the model flow pattern and surface- temperature 
r i ses produced with a current of 0.8 ft /sec to the east, and Fig. 12.8 shows 
the model flow pattern and surface- temperature r i ses for a current of 
0.7 ft /sec to the west. The maximum surface temperatures measured in 
the hydraulic model for the above current conditions are seen to be 3.2 and 
3.5°F, respectively. Figure 12.9 plots the excess temperature against 
eastward lake current 300 ft lakeward of the diffuser. Hydraulic modeling 
for eastward currents of 0.2, 0.5, and 0.8 and westward currents of 0.2, 0.5, 
and 0.7 f t /sec had shown the temperature profile for each set of conditions 
to be near Gaussian in form 300 ft lakeward of the diffuser. The profiles 
were s imilar to the zero-lake-current case, probably due to the large initial 
jet-diffuser velocities and the relatively small lake currents involved. 

With the temperature profile fully determined up to 300 ft by hydraulic 
modeling, an analytical procedure was then used to yield the overall tempera
ture distribution. As with the zero-cur ren t case, the flow field at 300 ft is 
again considered to be a line source and to have resulted from a single 
hypothetical jet placed upst ream. 
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of Lake Current: Cooling-water Studies: 1:81 Modell 

The f i r s t s t e p was to d e t e r m i n e the c e n t e r l i n e of the flow field for 
a fixed t r a n s v e r s e c u r r e n t . Th i s w a s done by us ing the Shandorov e m p i r i 
ca l equa t ion 

d P7V?U/ 

w h e r e 

+ ^ | 1 + 
PoV§ 

c o t Qf, (12.7) 

and 

X = downcurrent coordinate of the centerline, measured from 
the initial position of the hypothetical jet, 

y = offshore coordinate of the centerline, normal to x and 

measured from the initial position of the hypothetical jet, 

d = equivalent diameter of the jet, 

p, Po = density of the ambient fluid and jet, respectively, 

U, VQ = velocity of lake current and,initial jet velocity, respectively, 

Q" = angle between initial jet axis and the current . 

Since Eq. 12.7 applies to a completely submerged jet, it was assumed that 
the path of half a submerged jet (here, a surface jet) in half a flowing en
vironment is the same as the path of a fully subnnerged jet in an infinite 
flowing environment. 

For each of the above-mentioned six lake-current values, including 
the ze ro-cur ren t case, the flow field at the 300-ft distance was found to be 
1000 ft wide as expected and 25 ft thick. A distinct two-layer flow was 
observed. 

To calculate d, the equivalent jet diameter, the total jet encom
passing the actual surface jet and its m i r r o r image above the water surface 
was considered. The diameter d then became four times the hydraulic ra
dius of a slot jet of dimensions 1000 x 50 ft. 
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The initial jet velocity VQ is derived from the formula 

AT^ 

_ 0° ATave (12.8) 
° A 

where ATc is the initial excess temperature at the diffuser, Qo is the initial 
discharge rate, A is the area of the 1000 x 25-ft flow field 300 ft lakeward, 
and ATave is the average temperature in A for the zero-cur ren t case . The 
temperature ATave is a weighted average of the entire Gaussian curve ex
pressing temperature r ise with lateral distance. The tempera ture excess 
curve for zero current is used so as not to define the initial hypothetical 
jet velocity with numbers depending upon a given f ixed-crosscurrent value. 
The effect of the crosscurrent should only be felt at distances downstream 
of the initial hypothetical jet cross section. Consequently, Vo is determined 
as the average velocity at the 300-ft-distant flow-field cross section. 

The angle a between the initial jet axis and the deflecting flow is 
exactly 90°. Although the diffuser is oriented slightly eastward, the jets 
are directed due north, normal to any eastward or westward cur ren t s . 

Consequently, for each crosscurrent case, d = 95.2 ft, Vo = 
0.466 ft /sec, and a = n /2 . With these three parameters evaluated, the 
path of the deflected jet for any eastward or westward current velocity 
is completely determined. The initial position of the hypothetical jet is 
at the 300-ft lakeward distance mark. 

Now that the jet centerline position is specified, the second step 
involves the determination of the overall temperature distribution about 
that centerline. The lateral spread of the flow field was computed by con
sidering the dispersion of a continuous Une source in a flowing environment 
following the Brooks analysis. Following the same assumptions as in the 
Brooks model, where eddy diffusivity is a sole function of flow-field width, 
with lateral diffusion the only means of dispersion, and where steady-state 
conditions are assumed to prevail, application of the model predicts a 
centerline temperature decay of 

^Tm _ / 3/2 , , 
ATo ' " V [ l + (2/3)Bx/L„p - 1 ^'^•^' 

and lateral flow-field dimension of 

L / L O = [l + ( 2 / 3 ) B i ] , (12.10) 



where 

L, = width of flow field at distance x downstream, 

Lo = initial plume width, 

X = longitudinal distance measured along the plume 
centerl ine, 

ATjTQ, ATQ = tempera ture r i se along plume axis at distance x down
s t ream, and initial temperature excess , respectively, 

a n d 

12Eo 

where 

Eo = initial eddy diffusivity (at x = 0). 

The tempera ture r i se at distances perpendicular to the jet axis were 
assumed to be normally distributed with standard deviation defined as in 
Brooks by 

L(x) = 2V3a(x). (12.12) 

The initial eddy diffusivity was chosen as 10 it^/sec. This value 
was obtained from Ref. 6, p. 249, where measured values of eddy diffusiv
ity in the horizontal direction in the ocean a re plotted against the length 
scale of a thermal plume. The value Eo = 10 f ty sec corresponds to a 
plume length scale of 1000 ft using the plotted relationship e = 0.01 L 
representing the four-thirds-power law for eddy diffusivities. The above 
two-dimensional tempera ture analysis implies the prevalence of eddy dif
fusion in la tera l spreading and a distinct two-layer flow with no mixing 
below the depth of 25 ft. 

Flow patterns and constant- temperature contours are shown plotted 
for eastward currents of 0.2, 0.5, and 0.8 f t /sec in Figs . 12.10-12.12; r e 
sults of westward currents of 0.2, 0.5, and 0.7 f t /sec a re plotted in 
Figs . 12.13-12.15. It is generally concluded from the figures that as the 
current velocity inc reases , there appears to be less dilution at a given 
distance and more area within a fixed isotherm. Generally, higher current 
speeds produce a more elongated plume with more total a rea within the 
0.5°F isotherm, say, than is the case for lower cur ren t s . The only dif
ference that appears between westward and eastward currents occurs in 
the vicinity of the discharge s t ructure as was determined by the hydraulic-
model t e s t s . 



EASTWARD CURAEN' 

DISTANCE FROM DISCHARGE STRUCTURE ALONG CENTER LINE OF PLUME (FT) 

Fig. 12.10. Surface-temperature Pattern at Site; 0.2-ft/sec Eastward Lake Current-'' 



Fig. 12.11. Overall Surface-temperature Pattern in Lake. 0.5-ft/sec Eastward Lake Current 



Fig. 12.12. Overall Surface-temperature Pattern in Lake, 0.8-ft/sec Eastward Lake Current^ 



Fig. 12.13. Surface-temperature Pattern at Site; 0.2-ft/sec Westward Lake Current 



Fig. 12.14. Surface-temperature Pattern at Site; O.S-ft/sec Westward Lake Current-'-



Fig. 12.15. Surface-temperature Pattern at Site; 0.7-ft/sec Westward Lake Currentl 
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e. Calculation of Surface Heat Losses to the Atmosphere for the Models in 
Sees, c and d Above 

The third and final step in the analysis involved calculating heat 
losses to the overlying air . This was done also for zero cur ren t s . The 
relative heat loss from the plume was calculated using the relationship 

Ahp = I.IAT + 13.0W(Vh-Vn) + 0.132W AT, (12.13) 

where 

Ahp = heat-loss factor, (Btu/sq ft)/hr, 

AT = temperature excess in discharge plume above ambient lake 
temperature, 

W = wind speed, mph, 

Vjj = vapor pressure of saturated air at plume tempera ture , in. Hg 

and 

Vji - vapor pressure of saturated air at ambient lake tempera ture , 
in. Hg. 

The three terms on the right side of Eq. 12.13 represent heat loss 
due to radiation, evaporation, and conduction, respectively. The heat- loss 
factor Ahp was calculated for each isotherm in each previously described 
plume. In all cases, the calculated heat losses had a negligible effect on 
the isotherm locations due to the small temperature differences involved. 
Consequently, heat transfer to the atmosphere was completely neglected in 
predicting each temperature pattern. 

The above-plotted temperature contours were derived neglecting 
other factors that increase dilution, including variations in current di
rection, shear produced by the velocity distribution, wind and wave effects, 
etc. Consequently, the isotherms plotted in Figs. 12.8-12.13 are final r e 
sults of the analysis and, according to the author, represent conservative 
estimates on plume character is t ics . 

f. Some Comments about the Models 

At this point some comments can be made about the author 's dif
fuser models. Tsai used results from buoyant-jet theory for circular 
orifices to determine the olume centerline. f»or^-^„^-=„t , „ j . 

(zero-

orifices to determine the plume centerline (zero-current and 
crosscurrent cases) and the surface temperature distribution (zc-„ 
crosscurrent case only). An equivalent rectangular jet would have yielded 
a greater rate of temperature (and velocity) decay with centerline distance.' ' 
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Tsai chose to fit the hydraulic data taken 300 ft offshore from the diffuser 
to a c ross section of a circular jet mainly due to the abundant information 
available for such je ts . 

For the ze ro -c ros scu r r en t situation, the experimental results of 
Jen, Wiegel, and Mobarek^ as extended by Tamai, Wiegel, and Tornberg^ 
were used. These authors conducted hydraulic experiments in a long, deep 
flume in which a heated jet was discharged at the surface of a body of r e 
ceiving water . A fully three-dimensional jet resulted, which was found to 
satisfy the empir ical formula (Eq. 12.2) for surface- temperature distribu
tion and Eq. 12.5 for surface centerline decay. Jen et̂  al. found those 
relationships to be valid for initial Froude numbers between 18 and 180, 
initial Reynolds numbers between 8300 and 21,000, and downstream dis
tances less than 100 d iameters . The curve in Fig. 12.5 was determined 
to represent the measurements of the centerline temperature decay at 
grea ter distances downstream. Tamai et al . found that for initial Froude 
numbers between 3 and 11, the jet axia l - tempera ture decay agreed fairly 
well with the formula of Jen et aJ. within the range of Reynolds numbers 
tested (6600 £ Ro s 21,300) for X/DQ < 60. No measurements were taken 
for x/Do > 60, in order to ensure negligible wall effects. Tamai et al . 
found that the empirically determined curves describing the surface 
spreading of warm-water jets were a little different than reported by 
Jen et al. for 3 < Fo < 11 and 6600 < Ro < 21,300. The lateral dis
tribution of the surface tempera ture was found not to be described by the 
normal Gaussian distribution as measured by Jen e^ al. The initial Froude 
number derived by Tsai for the hypothetical jet was 6. Therefore, due to 
the lack of definite information on the la tera l distribution of temperature 
for Fo = 6 and the proper jet centerline decay beyond X/DQ = 60, Tsai de
cided to use the resul ts of Jen et al . , hoping that any discrepancies would 
be minor . 

Equation 12.1 is referenced in the work of Jen et a l . ' and originated 
in the submerged nonbuoyant a i r - je t theory of Albertson et al_.'' Equation 12.1 
is the velocity distribution at the surface if one considers a surface jet as 
half a completely submerged jet . The complete formula is 

U _ 1 Do 
Uo ~ 2C2 X ^''P \ 2Cl x^ )• 

in which r is the radius in an axisymmetr ic flow and C2 is a dimensionless 
constant to be determined empirically (C2 « 0.08). The application of this 
formula to a buoyant-jet situation is not c lear . Again, at the time of the 
model development, Tsai considered this formula the best one available. 

Tsai uses Eqs. 12.1 and 12.2 for a total distance of about 8000 ft or 
about 200 initial diameters from the hypothetical jet source. It is doubtful 
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tha t the effluent is s t i l l a j e t , even for 60-100 d i a m e t e r s , due to the i n 
c r e a s i n g i m p o r t a n c e of a m b i e n t t u r b u l e n c e wi th i n c r e a s i n g d o w n s t r e a m 
d i s t a n c e . This r e c e i v i n g - b o d y t u r b u l e n c e was not p h y s i c a l l y m o d e l e d in 
the e x p e r i m e n t s r e f e r r e d to above due to l ack of knowledge on the s c a l e of 
the eddies involved, the d e g r e e of lake t u r b u l e n c e , and the capab i l i t y of r e 
p roduc ing th i s t u r b u l e n c e in the l a b o r a t o r y . A n o t h e r a r e a of c o n c e r n in 
vo lves the use of the e x p e r i m e n t a l r e s u l t s of J e n et a l . and T a m a i et a l . in 
a g e n e r a l lake s i t ua t ion . The l a b o r a t o r y r e s u l t s app l i ed w e r e c a r r i e d out 
w i th no a m b i e n t - s t r a t i f i c a t i o n effects and no b o t t o m - b o u n d a r y i n f l u e n c e s . 
R a r e l y does a je t d i s c h a r g e s p r e a d i n g along the s u r f a c e ac t a s a fully t h r e e -
d i m e n s i o n a l j e t . The v e r t i c a l s p r e a d i n g , a s a l lowed for in the u s e of the 
r e s u l t s of J e n et a l . , T a m a i et a l . , and A l b e r t s o n et a l . wi l l even tua l l y be 
inhib i ted by the lake bo t tom. This fact is not c o n s i d e r e d in T s a i ' s a p p l i 
ca t ion of E q s . 12 .1 -12 .5 . The s m a l l e r extent of the i s o t h e r m s in the z e r o -
c u r r e n t c a s e , as c o m p a r e d to the c r o s s c u r r e n t p r o b l e m , is due to the 
t h r e e - d i m e n s i o n a l dilution a l lowed for by that m o d e l . 

T s a i ' s c r o s s c u r r e n t m o d e l , on the o the r hand, c o n s i d e r s a s t ab ly 
s t r a t i f i e d t w o - d i m e n s i o n a l p lume of cons tan t depth for the r eg i o n beyond 
300 ft of the d i f fuser . The t e m p e r a t u r e is a s s u m e d to be v e r t i c a l l y u n i f o r m 
f rom the s u r f a c e to a depth of 25 ft. 

T s a i u s e s the Shandorov e m p i r i c a l equat ion to d e t e r m i n e the pos i t ion 
of the def lec ted c e n t e r l i n e of the s p r e a d i n g hea ted d i s c h a r g e for d i s t a n c e s 
g r e a t e r than 300 ft f rom the d i f fuser . The f o r m u l a was deve loped f r o m ex 
p e r i m e n t s on a i r j e t s in c r o s s c u r r e n t s f rom a c i r c u l a r n o z z l e . The 
Shandorov f o r m u l a accoun t s for differing d e n s i t i e s of the j e t and a m b i e n t 
fluid. T s a i ve r i f i ed the Shandorov f o r m u l a for a l i m i t e d n u m b e r of e x p e r i 
m e n t s on high- and low-ve loc i ty s t ack r e l e a s e s (the r a t i o of exi t ve loc i t y 
to a m b i e n t ve loc i ty v a r i e d f rom 1 to 20) with r e s i d u a l buoyancy inc luded . 
T s a i found the fo rmula app l i cab le for t hose c a s e s . The B r o o k s a n a l y s i s of 
the d i s p e r s i o n of a hea ted effluent in a un i fo rm s t r e a m is used to give the 
t e m p e r a t u r e d i s t r i bu t ion about that c e n t e r l i n e . The phi losophy beh ind th i s 
pa tching technique has an i n h e r e n t c o n t r a d i c t i o n . The Shandorov r e l a t i o n 
sh ip is developed f rom d i s p e r s i o n of a hea ted j e t , in which the j e t ' s self-
induced t u r b u l e n c e p r e d o m i n a t e s in the je t mo t ion and t e m p e r a t u r e d e c a y . 
The Brooks f o r m u l a s a r e deve loped t h e o r e t i c a l l y unde r the a s s u m p t i o n 
that ambien t t u rbu lence domina te s in p lume d i s p e r s i o n . The B r o o k s m o d e l 
a l so a s s u m e s a un i fo rm line s o u r c e f rom which the effluent is d i s c h a r g e d 
into the far field. The d i r e c t i o n of the c u r r e n t is the s a m e as the d i r e c t i o n 
of the d i s c h a r g e . T s a i , however , u s e s B r o o k s ' r e s u l t s for an a s s u m e d l ine 
s o u r c e d i s cha rg ing n o r m a l l y into a flowing s t r e a m . He is t h e r e b y a s s u m i n g 
a negl ig ib le zone of ad jus tmen t on t e m p e r a t u r e , in which the a c t u a l diffuser 
effluent i n t e r a c t s with the a m b i e n t flow and d i s p e r s e s d o w n c u r r e n t . T s a i 
m a d e t h e s e a s s u m p t i o n s with the thought that they w e r e the bes t that could 
be done with the p r e s e n t s t a t e - o f - t h e - a r t and the t i m e he had a v a i l a b l e to 
develop a m o d e l . 
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As Brooks did, Tsai uses the "four-thirds-power law" as a form for 
the la tera l eddy thermal diffusivity. This form has been validated for dis
persion in the open sea. Tsai notes that for the larger currents considered, 
the plume is sufficiently far from the shore boundaries to allow a nearly 
unrest r ic ted eddy size in dispersing the plume. From this argument, Tsai 
justifies the use of the four-thirds-power law. However, for the lower am
bient velocit ies, the plume will approach or intersect the shoreline because 
of its wider spread. In that case, the four-thirds-power law will yield op
t imistic resu l t s . A different form for the diffusivity would need to be used 
to account for the res t r ic ted eddy sizes caused by a bottom and shoreline 
influence. 

Tsai uses Eo = 10 f t ^ sec to 
thirds-power law. This value corre 
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r e p r e s e n t the cons t an t in the four -
sponds to an eddy s i z e of 1000 ft (the 

in i t i a l width of the flow f ie ld) . F i g 
u r e 12.16, t aken f r o m B r o o k s , ' was 
u s e d in th i s c a l c u l a t i o n . Brooks found 
that a f o u r - t h i r d s - p o w e r - l a w a p p r o x i 
m a t i o n fit n u m e r o u s data on diffusiv
i t i e s in the ocean , the diffusivity 
being r e l a t e d to the f o u r - t h i r d s power 
of an a p p r o p r i a t e length s c a l e by e = 
0.01L^^^ The va lue of the cons tan t 
can , h o w e v e r , v a r y up to two o r d e r s 
of m a g n i t u d e . If a s m a l l e r va lue of 
EQ w e r e u s e d , the p lume would ex tend 
a g r e a t e r d i s t a n c e and the o r d e r of 
s p r e a d would be m u c h s m a l l e r . A 
h ighe r va lue would s h o r t e n the p l u m e ' s 
long i tud ina l e x p a n s e , but c a u s e it to 
s p r e a d w i d e r . T s a i ' s so lu t ions a r e 
c l e a r l y a function of EQ. NO s e n s i t i v 
i ty a n a l y s e s w e r e done to a s c e r t a i n 
the change in p lume c h a r a c t e r i s t i c s 
wi th the Eo c h o s e n . 

T h e r e is no a p p a r e n t r e a s o n for the p l u m e to be t h r e e - d i m e n s i o n a l 
when the l ake i s s t agnan t and t w o - d i m e n s i o n a l when c r o s s c u r r e n t s ex i s t . 
T s a i , h o w e v e r , c o n s i d e r s h is two diffuser m o d e l s the bes t that could be 
d e r i v e d wi th the l i m i t e d s t a t e - o f - t h e - a r t at the t i m e of the m o d e l deve lop 
m e n t and the r e l a t i v e l y s h o r t t i m e he had been a l l o t t e d to deve lop t h e m . 
Only a f t e r the F i t z P a t r i c k P l a n t i s c o n s t r u c t e d and field s u r v e y s a r e taken 
can t h e s e m o d e l s be fully e v a l u a t e d . 
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IV. MODEL SUMMARIES 

This chapter briefly highlights and compares the models reviewed 
on issues considered by us to be important for model development. Not 
all models within any one group, say, for instance, jet models, singly con
sider all the i ssues . The rationale for model- issue omissions has already 
been elaborated upon in the previous sections and therefore will not be re 
peated here . Suffice to say that model acceptance or indictment, based 
solely on whether the models do or do not consider various issues , is not 
founded because the true test of any model is whether it can reasonably 
predict real-world prototype situations within the specified limitations 
acclaimed for them. For the models reviewed within this report, it is our 
opinion that none of the models has been objectively and sufficiently vali
dated with prototype field data to enable them to be used "comfortably" in 
a predictive sense. This is a rather subjective comment on our behalf, and 
really the suitability of any model for a part icular need must in final anal
ysis be judged by the individual model user . 

At the end of each section within this chapter listings are presented 
specifying the input pa ramete rs needed for model utilization. In addition, 
figures a re presented in Appendix A yielding schematic representations 
of the model predictions. Appendix B presents a table summarizing the 
individual model charac ter i s t ics . 

A. Near-field Regime 

1. Method of Approach 

Except for the semiempirical methoSs of Sundaram et al. and Tsai 
(see Sees. III.C.11 and HI.C.12), each jet model reviewed t reats the initial 
dispersion of a heated effluent by integral (as opposed to differential-
numerical) approaches. In general, two basic approaches exist in the der
ivation of plume inodels--one based on a differential analysis, and the other 
on an integral analysis. The differential method involves solving the general 
part ial differential equations of motion and heat diffusion to ar r ive at velocity 
and tempera ture distributions. The problem of jet dispersion lies in gaining 
the solution to those equations once having established such requirements 
as boundary conditions, eddy-transport coefficients, etc. The equations are 
impossible to solve analytically while retaining all t e rms of the equations 
describing the motion and dilution of the heated jet. For the collective class 
of plume problems, the very few analytical solutions to the general set of 
governing equations that do exist have been derived by assuming gross sim
plifications of the physical phenomena. Differential-numerical modeling has 
an advantage in that many complexities associated with real physical phe
nomena do not have to be ignored as is required in the development of 
analytical solutions. 
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Numerically solving the problem of the dispersion of a heated jet 
involves the solution of the coupled flow and energy part ial differential 
equations. The usual assumption made in modeling the jet regime is that 
the often large initial Froude number indicates that inertial forces dominate 
the buoyancy forces within the jet and that, to a fair approximation, density-
induced p ressu re gradients can be neglected in the equations of flow. (In 
some instances, interaction between flow field and density distribution can 
be very important during initial jet dilution, generally requiring three space 
dimensions to be considered unless symmetry occurs in a space dimension.) 
This results in an uncoupling of the flow and energy equations, which clearly 
simplifies any numerical solution. However, uncertainty as to the proper 
form of the generally unknown eddy diffusion coefficients (momentum and 
energy) and the precise flow and p re s su re boundary conditions has led many 
investigators to seek a simpler approach. In addition, problems such as 
computation time and numerical stability have often negated the a t t ract ive
ness of a numerical method (at least for the jet regime). 

The integral analysis, on the other hand, involves a sacrifice of the 
microscopic character is t ics of the flow and temperature fields in favor of a 
solution for the macroscopic quantities. More specifically, the prec ise 
shape of the lateral and vertical temperature and velocity profiles must be 
assumed, based upon intuition, experiment, or (quite often) both. The in
tegral analysis involves several further simplifications and assumptions 
about the flow field for the purpose of disregarding a number of t e rms in 
the governing equations in addition to the main one uncoupling the flow and 
energy. Among the additional assumptions often used in the various models 
are : (1) steady flow, (2) hydrostatic p ressu re field, (3) a fully turbulent jet, 
(4) a density difference between jet and ambient fluid which is small com
pared to the density at any point in the field, (5) an eddy t ranspor t of heat 
which is only effective in the lateral direction (normal to jet axis), and 
(6) a negligible molecular heat conduction and viscosity. P rob lems such 
as the lack of a recognized general form for the eddy-transport proper t ies 
and the complexity of the boundary conditions in the nuirierical approach 
translate to similar uncertainties in the form of the entrainment function 
and pressure drag in the integral method. 

In short, then, the integral technique is a "whittling and fashioning" 
method in which small t e rms are dropped from the governing equations and 
the dependent variables are assumed to have a fixed general form. 

The assumptions made on the dependent variables also depend upon 
the model in question. Each model, however, must make assumptions on 
the lateral (also vertical) profiles, the entrainment function, and the p r e s 
sure drag. For the five jet models reviewed the assumptions a re : 

Hoopes et al. assume lateral velocity and temperature distributions 
to be similar and Gaussian in form. No vertical variation within the jet is 
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considered. The jet is assumed to grow linearly with centerline distance 
from the outfall for the variable-entrainment-coefficient case only. The 
ra te of la tera l entrainment through the edges of an orthogonal slice of the 
jet is defined to be proportional to the centerline velocity, with the constant 
of proportionality defined as the entrainment coefficient. No influence of 
the j e t - c ro s scu r r en t interaction on the p r e s s u r e distributions around the 
jet is considered. 

Car ter assumes an "equivalent" top-hat form for the lateral velocity 
and tempera ture distributions within the jet; no vert ical variations are con
sidered. Hydraulic-mod el studies a re used to acquire jet-centerl ine tem
pera tu re formulas, which are then inputted into the momentum equations to 
est imate the fraction of entrained ambient fluid at each longitudinal position 
along the jet. The p r e s s u r e distribution on the jet resulting from the jet 
interaction with the c rosscur ren t is assumed locally to be of the same form 
as the drag force on a solid body obstruction in a uniform st ream. The as 
sumption that the component of the centerline velocity in the direction of the 
shore-para l le l c rosscur ren t is equal to the ambient current replaces the 
need for using a continuity relationship within the model. 

For the no-bot tom-case situation, Stolzenbach and Harleman assume 
similar i ty forms for the la tera l , longitudinal, and vertical velocity and tenn
pera tu re profi les. For the velocity distribution, there is an additional te rm 
to handle the component of the ambient current along the jet axis. The dis^-
tributions a re assumed to be separable functions of the dimensional coordi
nates and are obtained or inferred from previous studies of plane, submerged, 
nonbuoyant je t s . The la tera l and vert ical profiles a re non-Gaussian in form. 
An additional component, the la teral spreading velocity, is added to the 
la tera l velocity obtained from nonbuoyant j ^ t theory to account for the in
creased spreading beyond a linear one due to buoyancy forces. This spread
ing velocity is assumed to be proportional to the axial velocity along the jet. 
Experimental relationships for la teral and vert ical spread from nonbuoyant 
jet theory are used to first determine the entrainment coefficients for non-
buoyant jet conditions using the model. The la teral -entra inment coefficients 
obtained in this manner a re then assumed to be applicable in the buoyant-jet 
case . A special form is assumed for the vert ical-entrainment coefficient 
based on the local Richardson number to account for jet buoyancy. The non-
constant ver t ical -entra inment coefficient is chosen in such a way that it will 
reduce to the calculated nonbuoyant value when no temperature differences 
occur. The actual normal inflow velocity of ambient fluid into the jet both 
la teral ly and vertically is then the product of the appropriate coefficient of 
entrainment and the surface axial velocity. The p r e s su re field established 
by ambient c rosscu r ren t interactions with the jet a re not considered. 

After accounting for a region of flow development, Motz and Benedict 
assume equal Gaussian forms for the la teral velocity and temperature d is 
tr ibutions. Vertical variations a re not considered. A lateral inflow velocity 
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is used to account for entrainment. The inflow velocity is assumed to be 
proportional to the excess of the jet axial velocity over the component of 
the ambient current in the direction of the centerline. The modification of 
the local p ressu re distribution about the jet due to the interaction of the jet 
with an ambient crossflow was accounted for by treating the jet as a solid 
obstruction in the crossflow. 

Pri tchard assumes "equivalent" top-hat lateral distributions for 
velocity and temperature within the jet regime of his model. A rate-of-
spread coefficient is assumed yielding the jet lateral width as a function of 
the centerline distance. Vertical spread of the jet is assumed to be linear 
until the jet reaches a "critical mixing depth" intrinsic to the par t icular 
receiving body of water. 

The model developed by Sundaram et al. determines the jet t rajectory 
by using semiempirical results from the theory of dispersion of chimney-
stack effluents into the atmosphere. The trajectory is determined from 
three empirical constants (fixed for a given site) and from the ratio of the 
initial jet velocity to the crossflow velocity. The velocity and tempera ture 
distribution about that centerline is determined from two-dimensional slot-
jet analysis in which the receiving fluid is assumed stagnant. The distr ibu
tions are then simply "bent" over to fit the deflected centerline. 

Tsai handles the problem of jet dispersion from a submerged diffuser 
system. Hydraulic modeling is employed within the first 300 ft of the line 
of orifices. For zero lake currents , three-dimensional empirical resul ts 
on surface jets are used for further predictions. When c rosscur ren t s a re 
significant, a semiempirical formula is used for the prediction of the center-
line trajectory further downstream than 300 ft and a far-field model is used 
to yield the temperature distribution about that centerline. 

2. Dimensionality and Buoyancy Considerations 

Most surface-jet models considered in this report are str ict ly two-
dimensional. Their authors, Hoopes et al. . Car ter , Motz and Benedict, and 
Sundaram et_al., freely recognize, however, that a region of vertical entrain
ment often exists near the orifice, due mainly to the large-velocity gradients 
between the jet and the ambient current . Vertical spreading is generally 
somewhat restricted due to the density difference between the warm jet and 
cooler underlying fluid. However, these investigators expect that this region 
of initial vertical entrainment is small and its neglect will not have signifi
cant effects on the jet trajectory or dilution. 

With this assumption made, Hoopes et al. and Motz and Benedict 
handle jet dispersion in approximately the same manner. They assume that 
the advection of the heated jet fluid in the longitudinal direction, combined 
with the interaction of the jet and ambient c rosscur ren t (resulting in an 
inflow of cooler ambient fluid laterally), a re balanced by la teral turbulent 
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diffusion and surface heat loss . Buoyant convective motions are not consid
ered, since the secondary currents they induce require a three-dimensional 
s t ructure . Longitudinal turbulent diffusion is ignored due to the predominance 
of advection in that direction. The jet is assumed to have a constant depth 
from the point of discharge with a vert ically uniform temperature distribu
tion from the surface to that depth. Although the temperature of the plume 
water var ies longitudinally and lateral ly, its density is taken to be essen
tially constant as a simplifying assumption. Conservation equations for 
mass , momentum, and heat a re then written (with the proper input of the 
entrainment function, p r e s s u r e drag, and la teral temperature and velocity 
profiles). A solution to these equations yields the lateral spread, jet de
flection, and longitudinal temperature and velocity decay. 

Car ter follows the same philosophy with some new twists. He de
rives two momentum-conservation equations and solves for the jet t ra jec
tory, using entrainment (dilution) curves as input from his hydraulic studies. 
He does not solve for the la teral spread and defines only "equivalent" top-
hat distributions for velocity and temperature , sidestepping the similarity 
question. (Carter did this mainly from his observation that inshore entrain
ment was part ial ly cut off in his associated physical modeling studies. This 
led to completely nonsimilar functions for velocity and temperature . Lateral 
tempera ture measurements revealed a bell-shaped or Gaussian-type dis
tribution from the centerline in the offshore direction; the la teral tempera
ture from the centerline toward the inshore boundary dropped off continuously 
to a near ly constant value. The velocity appeared to start at zero at the in
shore wall and increase in a bell-shaped pattern to the centerline; in the 
offshore direction from the centerline, the velocity was determined to be 
nearly constant. This m i r r o r - i m a g e identity precluded any similarity.) 
Heat loss and buoyancy were not considered*, which seemed justified in 
C a r t e r ' s problem. 

Hoopes et al. , with Motz and Benedict, use mass and momentum 
conservation to derive the trajectory and the velocity distribution. The 
velocity distribution in turn was used to solve for the temperature decay. 
Car ter , on the other hand, used his observed center l ine- temperature-decay 
formula to predict the jet t rajectory, and from that the veloc-ity distribution 
could be evaluated. 

Sundaram et al. derive the lateral spread of velocity and tempera
ture along the predetermined centerline trajectory using Prandt l ' s second 
mixing-length h-ypothesis. They employ classical two-dimensional slot-jet 
theory (for a stagnant receiving fluid) in which a mixing-length hypothesis 
IS used to relate turbulent shear s t r ess to the lateral velocity gradient. 
With the input of an experimental coefficient., the longitudinal-momentum 
equation is solved with the aid of the continuity equation to yield the lateral 
spread of velocity. Horizontal s imilari ty of the transfer of heat and mo
mentum was used to yield the la teral temperature profile. Here, advection 
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of jet fluid longitudinally and laterally is assumed to balance la teral turbu
lent diffusion. Sundaram et̂  al̂ . neglect surface heat loss m the jet regime. 

Pri tchard derives a pseudo two-dimensional model. A top-hat d is 
tribution is assumed for the lateral and vertical distributions of velocity 
and temperature with a total jet width growing symmetrically and l inearly 
with a slope of one on six. The vertical depth is also assumed to grow 
linearly from the initial jet depth to the "crit ical mixing depth," supposedly 
characterist ic of each body of water under consideration. The jet is a s 
sumed to remain at constant depth from that point, entraining new dilution 
water only laterally. If the initial plume depth is equal to or greater than 
the critical mixing depth, Pr i tchard assumes no vertical entrainment. 
Buoyant convective motions are not considered. Conservation equations 
of momentum and heat are solved (neglecting vertical spread) to yield the 
velocity and temperature decays. A linear correction is applied to account 
for the additional dilution resulting from any vertical spread. Finally, cor
rections are made to allow for possible reentrainment of old dilution water 
as well as a correction for surface heat loss . 

Stolzenbach and Harleman consider buoyancy and (hence) three-
dimensionality in their model. They begin their analysis from a set of 
partial differential equations representing mass , momentum, and energy 
conservation in three dimensions. They then simplify the equations some
what by dropping negligible t e rms . The resulting equations show the inter
action between the flow and heat transfer through the horizontal p re s su re 
t e rms , written in terms of the lateral and longitudinal temperature gra
dients. Pseudo similarity forms (which reduce to similari ty forms in the no-
crosscurrent case) are then assumed for the three-dimensional velocity 
and temperature, entrainment coefficients are postulated for the lateral and 
vertical directions (the vertical coefficient is based in part on the local 
Richardson number and is written to handle the self-induced stratification 
of the jet), and a lateral-spreading velocity is postulated to aid in predicting 
the additional spreading caused by the buoyancy. By integrating the reduced 
set of partial differential equations over four character is t ic prechosen r e 
gions of an arbi t rary jet cross section with the assumed forms for the de
pendent variables substituted, they obtain a system of ordinary differential 
equations which are then solved to yield the three-dimensional velocity and 
temperature distribution along with the je t ' s la te ra l - and vert ical-spreading 
character is t ics . No drag force is assumed (in the c rosscur ren t case). 
Surface heat loss is included. 

Tsai uses hydraulic modeling in his submerged jet diffuser problem 
for the first 300 ft. Velocity and temperature distributions a re measured at 
various cross sections normal to the floyv in the zero- and nonzero-
crosscurrent cases. For the zero- lake-cur ren t case, he then uses em
pirical results from flume studies of heated surface jets to predict the 
lateral and longitudinal temperature and velocity fields beyond 300 ft from 
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the diffuser. When crossflows exist, Tsai considers the region beyond 300 ft 
to be in the far field and uses the Brooks far-field temperature distribution 
there . This will be discussed in more detail in Sec. B of this summary 
chapter. 

3. Crosscur ren t and Entrainment Effects 

One of the main difficulties in modeling a heated discharge with or 
without the presence of a c rosscur ren t is an accurate mathematical simula
tion of the entrainment of ambient fluid. Very few investigators have looked, 
by experimental means , at the form of the entrainment function in the case 
of buoyant deflected je t s . Efforts are now being made to synthesize various 
effects such as buoyancy and ambient currents into one single function en
compassing the semiempir ical resul ts obtained from a variety of previous 
experiments on buoyant nondeflected jets , nonbuoyant deflected jets , etc. 
The danger of such forms, however, is in their adequacy for the combina
tion of effects not actually experimentally tested. 

Each jet model reviewed uses a form of entrainment generally de
fined for submerged nonbuoyant je t s . Considering a surface jet in a flowing 
environment as half a submerged jet in half a flowing environment seems 
legitimate only for a nonbuoyant problem. In addition, each investigator 
considers entrainment equal on the offshore and inshore sides of the jet. 
In reali ty, there is a sheltering effect on the lee side of the jet which r e 
duces entrainment there due to the smaller momentum of fluid in that 
protected region of the jet. Fur thermore , the entrainment coefficient as 
usually defined is not constant for larger crossflow velocities, as is gen
erally assumed. Recognizing these difficulties in the many present methods 
of defining entrainment, the methods of approach indicated in the models 
reviewed will now be summarized. 

Entrainment of la teral crossflow momentum is considered in these 
models to resul t in a force per unit length on the jet in the direction of the 
crossflow given by 

Fe = PVqg. 

where V is the crossflow velocity and q^ is the total entrainment per unit 
length of jet. 

Motz and Benedict handle entrainment by defining an inflow velocity 

Vi = E(U - Ua cos p). 

where 
U = jet centerline velocity at centerline position s, 

U cos p = the paral lel component of the ambient velocity Ua, at s. 
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a n d 

P = t h e a n g l e b e t w e e n t h e j e t c e n t e r l i n e a n d t h e a m b i e n t c u r r e n t 

a t s . 

E = t h e e n t r a i n m e n t c o e f f i c i e n t ( a s s u m e d c o n s t a n t ) . 

T h i s e n t r a i n m e n t v e l o c i t y i s a s s u m e d t o b e t h e s a m e o n b o t h s i d e s 

of t h e j e t . N o t e t h a t Vj i s p r o p o r t i o n a l t o t h e j e t v e l o c i t y r e l a t i v e t o t h e l a k e . 

R e l a t i v e v e l o c i t y i s u s e d s i n c e t h e s h e a r s t r e s s e s c a u s i n g t h e j e t t o i n c o r 

p o r a t e a m b i e n t f l u i d d e p e n d on t h e c h a n g e o r i n c r e m e n t i n v e l o c i t y . 

H o o p e s e t a l . a s s u m e e n t r a i n m e n t i s r e l a t e d o n l y t o t h e j e t v e l o c i t y , 

d Q = 2 ( u e z d s ) = 0 ' V g j „ ( 2 z d s ) , 

w h e r e 

d Q = r a t e of l a t e r a l e n t r a i n m e n t , 

" e = o v s m . 

Ug = l o c a l e n t r a i n m e n t v e l o c i t y , 

^ s m = c e n t e r l i n e v e l o c i t y , 

cy = lateral-entrainment coefficient, 

ds = element of length along the jet centerline. 

a n d 

ZQ = depth of plume. 

Hoopes et al. also define a vertical-entrainment coefficient, but 

discover its effect to be negligible in comparison with Lake Monona field 

data. 

Carter treats the force downcurrent induced by the entrainment of 

crossflow momentum as the rate of change of 

p^U^f[q(|)b(5)D], 

where 

p^ = density of the ambient water, 

Ua = ambient velocity, 

q(5)t>(l)D = volumetric discharge through a plume cross section 

at longitudinal centerline distance | , 

and 

f = fraction of a cross-sectional control voluine that is 
ambient fluid. 
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Car te r then measures the centerline temperature decay (entrainment 
curve) from which he determines f. The above entrainment t e rm is presently 
undergoing revision by Car te r . Car ter does not permit vertical entrainment 
by having a fixed horizontal bottom in his physical problem to which the 
plume is attached. 

Stolzenbach and Harleman use nonbuoyant jet theory to yield la tera l -
entrainment coefficients for their deflected buoyant-jet model. Solving the 
set of m a s s - and momentum-conservat ion equations for a nonbuoyant jet 
(turbulent shear-flow equations) with the well-known experimental relation
ships for the la teral and vertical spreads of nonbuoyant jets yielded la tera l -
and ver t ica l -entra inment coefficients. The values a re constants, yet the 
constants change in each of two regions of the jet. These coefficients are 
defined from 

Ve = a;y(x)U(,(x) 

and 
Wg = 0 2 ( x ) U c ( x ) , 

where 

V e. We = la tera l and vert ical velocities of the entrained flow at the 
jet boundary, 

UQ = surface centerline velocity, 

X = longitudinal distance. 

and 

(y (Vz = l a te ra l - and vertical-entraimment coefficients in non-
buoyant je t s . 

The la tera l coefficient is maintained in the cases of buoyancy and 
crossflow; the vert ical coefficient is altered in the case of buoyancy and is 
based upon the local Richardson number so that it will simulate to some 
degree the self-induced stratification (or buoyancy) of the jet discharge. 
The ver t ica l -entra inment coefficient (variable) was derived to be 

ff„„(x) = ^^(x) exp 
^ ^agh(x)AT(x) 

Pa-c(-) 

where 

X = longitudinal distance downcurrent, 

a = coefficient of thermal expansion, 

g = accelerat ion of gravity. 
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and 

h = v e r t i c a l he igh t of the t u r b u l e n t r e g i o n of the j e t , 

AT = e x c e s s t e m p e r a t u r e , 

p^ = dens i t y of a m b i e n t w a t e r , 

U(, = c e n t e r l i n e ve loc i ty . 

T h e s e e n t r a i n m e n t coeff ic ients a r e a s s u m e d to be the s a m e for c r o s s f l o w 
def lec t ion of a buoyant j e t . 

P r i t c h a r d inc ludes l a t e r a l e n t r a i n m e n t by def in ing an " i n v e r s e -
s p r e a d i n g r a t e " n = 6, by which the j e t width g r o w s at a r a t e of one on s ix . 
V e r t i c a l e n t r a i n m e n t is a s s u m e d to be l i n e a r a l s o f r o m the in i t i a l j e t dep th 
to the " c r i t i c a l mix ing dep th" of the body of w a t e r u n d e r c o n s i d e r a t i o n . If 
the in i t i a l dep th of the je t i s equal to or l a r g e r than the c r i t i c a l dep th , no 
v e r t i c a l e n t r a i n m e n t i s a s s u m e d to o c c u r . P r i t c h a r d does not c o n s i d e r 
a m b i e n t c r o s s c u r r e n t s in his m o d e l , yet he e x p e c t s that the p r e d i c t e d 
c e n t e r l i n e t e m p e r a t u r e d e c a y and a r e a s wi th in i s o t h e r m s a r e s t i l l a c c u r a t e 
in the p r e s e n c e of a s h o r e - p a r a l l e l c u r r e n t l e s s than 10% of t he in i t i a l d i s 
c h a r g e ve loc i ty . 

S u n d a r a m et a l . a s s u m e no v e r t i c a l e n t r a i n m e n t . H o r i z o n t a l d i s 
p e r s i o n of m o m e n t u m is defined us ing P r a n d t l ' s second m i x i n g - l e n g t h 
h y p o t h e s i s 

_Su 
^jet 3y ' 

w h e r e 

and 

w h e r e 

and 

T = t u rbu l en t s h e a r s t r e s s , 

p = j e t fluid dens i ty , 

^ m i e t ~ eddy diffusivi ty of m o m e n t u m , 

u = ve loc i ty in longi tud ina l d i r e c t i o n x. 

Kmjet ^^ d e t e r m i n e d f r o m 

Kmje t = 0.037b,/2U, 

U = c e n t e r l i n e ve loc i ty 

• bi/2 = j e t ha l f -wid th at h a l f - d e p t h . 
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The coefficient 0.037 was determined experimentally from the work of 
Reichardt. Tempera ture dispersion was defined from similari ty consider
ations to be 

where T refers to tempera ture and the subscript majc represents the 
centerline value. Sundaram £t al. uses this two-dimensional slot jet anal
ysis for a jet in a stagnant medium to determine dispersion lateral ly from 
a centerline bent due to ambient current effects. The centerline is eval
uated from semiempir ical relations often used to predict the dispersion of 
chimney-stack effluents into the atmosphere. 

Entrainment is implicitly handled by Tsai in the zero-cur ren t and 
c rosscur ren t cases by physical modeling within the first 300 ft of the dif
fuser. In the no-cur ren t case he uses an empirical jet model in the region 
beyond 300 ft. The c rosscur ren t case for distances greater than 300 ft 
from the diffuser will be discussed in the far field section (Sec. B) of this 
summary chapter. 

4. Discharge Configuration and Discharge Angle 

Each model considers a shoreline surface-canal discharge, except 
for Tsai who modeled a submerged diffuser system. Hoopes et al., Motz 
and Benedict, and Stolzenbach and Harleman can handle an a rb i t ra ry angle 
of discharge with respect to shore. Car ter , Sundaram et al., and Pr i tchard 
t reat only a s tr ict ly normal discharge (90° tcj the shore). Tsai, again as a 
special case, is working with a submerged diffuser design in which the jets 
are discharged at 90° with respect to the ambient current . 

5. Bottom Effects 

A bottom slope is generally known to inhibit vert ical entrainment 
and increase buoyant la teral spreading. The only jet model that attempts 
to simulate the effects of a bottom slope directly in the analysis is that of 
Stolzenbach and Harleman. They assume that as long as the jet hugged the 
bottom, all buoyant t e rms would have no effect on the jet. The vertical en
trainment would then be zero, and the bottom boundary of the jet would be 
confined by the lake-bottom geometry. This required the dropping of one 
of the governing equations, which the authors chose to be the y-momentum 
equation mainly due to the difficulty in determining the bottom-wall p r e s 
sures in that relationship. Adjusting the set of equations they derived for 
the no-bottom-slope case in the above manner, this new set was then ap
plied in the presepara t ion region as long as the jet hugged the bottom. The 
original set (no-bottom-slope equation) was used after the jet separated 
from the bottom. 
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Comparisons of their model with hydraulic data revealed an o rde r -
of-magnitude discrepancy between theoretical and experimental resul ts in 
the prediction of lateral spreading. The hydraulic data were found to be 
much closer to the calculated curve for no slope than for the very small 
spread the theory predicts when a slope is present . Centerline tempera ture 
is also better predicted with a no-slope assumption than with the sloping-
bottom analysis of the authors. Clearly, the difficulty resided in that the 
y-momentum equation should not have been dropped completely, in spite of 
the apparent impossibility to calculate the unknown bottom-wall p r e s s u r e . 

Carter has a flat bottom boundary in his theoretical model and plume 
studies and assumes complete two-dimensionality in his physical situation. 
Any initial region of vertical entrainment is not treated in C a r t e r ' s analysis. 
Consequently, his measured dilution curves cannot be extrapolated directly 
to the situation of a deep receiving basin or the problem of an actual sloping 
bottom. 

Hoopes et al. assume a constant-depth jet from the point of discharge 
in deriving their model for two Lake Monona outfalls. In their prototype, 
the average lake depth within 200 ft of the shore is 1 m or less which stimu
lates significant initial vertical mixing of the jet by bottom effects not con
sidered in the model. Consequently, the existence of the bottom is considered 
only indirectly by fitting the model to the data in nine of their Lake Monona 
field surveys. In this way, their initial jet velocity and constant-entrainment 
coefficient are correlated with wind speed; these correlat ions a re used to 
predict the jet characteris t ics in the rest of their 22 surveys. In this way, 
the vertical mixing induced by the bottom and, in fact, the lack of an inflow 
establishment region in their model can be considered indirectly. Still, 
using the specific correlations made in the model (designed specifically for 
the two Lake Monona outfalls) is a matter of some concern. 

Pr i tchard considers the effect of a bottom only indirectly. He claims 
that the slope and contours of the lake bottom affect the "crit ical mixing 
depth" for that body of water. This depth varies with the lake under con
sideration and is best determined from previous field studies. Bottom con
tours also affect the possible recirculation of new ambient dilution water 
and determine whether a background temperature correction need be made 
in the model for the temperature distribution derived from its consideration. 
Finally, Pr i tchard assumes an approximately level bottom in his rough cal
culations of the longitudinal distance from the orifice at which vertical en
trainment ceases. The calculation is quite crude and is made to estimate 
the influence and extent of vertical entrainment on dilution. 

The models of Sundaram et al. and Motz and Benedict do not consider 
the influence of a bottom and essentially consider a discharge into an infinite-
depth receiving basin. Tsai, in his hydraulic and mathematical modeling of 
the Fi tzPatr ick Power Plant diffuser discharge, considers the bottom contours 
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of the Lake to have significance only within the region modeled hydraulically, 
i .e. , within 300 ft of the diffuser in both the ze ro-cur ren t and crosscurrent 
cases . The bottom contours a re physically modeled in their proper relative 
dimensions to the res t of the geometry. Beyond the 300-ft distance from the 
diffuser, the flow field is found to be well established and characterized as 
surface flow. Two-dimensionality is assumed, and no lake-bottom effects 
a re considered. 

6. Shoreline Considerations 

Sundaram et al. , Pr i tchard , Stolzenbach and Harleman, and Hoopes 
£t al. , consider a straight shoreline boundary with no far-bank effects. 
Car ter with Motz and Benedict also develop their models on the basis of 
the existence of a straight shoreline; however, based upon hydraulic and 
field studies, they notice a change in jet character is t ics depending upon the 
position of the far bank. Car ter , for instance, notices a greater penetration 
of the jet into the ambient c rosscur ren t in addition to a near - shore return 
of the plume at greater downcurrent distance when a larger flume (i.e., 
grea ter far-bank distance) is used. Tsa i ' s submerged diffuser model 
handles a special discharge situation in which no near- or far-shore bound
ar ies a re considered significant to be included in the analysis. 

7. P r e s s u r e Dr ag 

A net p r e s su re force occurs across the jet and is caused by the 
separation and eddying of the ambient fluid in the near -shore side of the 
jet and by the distortion of the jet boundaries. The ambient flow is being 
retarded by the jet at its offshore edge, creating an increased p re s su re , 
while a rarefaction occurs at the r ea r side.* The p ressu re difference c re 
ates the centripetal force necessary to deform the jet. Because of the inflow 
of fluid to the jet, the increase in p r e s su re at its forward edge is somewhat 
less than it would be at the wall of a solid body of the same form as the 
curved jet. The main difficulty in modeling the p ressu re distribution across 
a jet in a crossflow is that no one to our knowledge has successfully been 
able to measure total p r e s su re hydraulically (or in the field) to the p rec i 
sion required. (Static p r e s su re , however, can be measured accurately.) 
The best direct p r e s su re measurements available have come from gas jets 
of fairly high velocity. Measuring both static and total p re s su re for high-
velocity air jets is fairly standard. P r e s s u r e has to be reflected in the 
elevation of the free surface. However, most often the elevations involve 
very small differences that cannot be measured with any precision in water, 
especially in the presence of surface waves. 

Of the models considered, only Car ter and Motz and Benedict con
sider p r e s s u r e drag m the mathematical analysis. The now-classical way 
of including it is to consider the jet s t ream as an obstruction in a uniform 
s t ream. The rationale for this assumption might be seen from hydraulic 
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experiments in which some of the ambient current is accepted by the jet 
while the rest of the oncoming s t ream is deflected around the jet, much the 
same as fluid reflected by a solid body. 

Carter , for instance, defines this force across the jet as 

PaCdAui 
drag force = x ds, 

where 

C^ = coefficient of drag, 

A = cross-sect ional area normal to the jet centerline, 

u^ = velocity of the flow, 

Pa = density of ambient current. 

and 

ds = element of arc length along the jet centerline. 

This form for the p ressu re force is analogous to the measure of 
total drag of solid bodies in a uniform crossflow, usually used in fluid 
mechanics or hydraulics. The usual drag coefficient C j measures the 
relative total resistance of solid bodies of the same cross-sect ional area 
under the same flow conditions. Employed in the liquid-jet case, the above 
form for the drag is assumed to act pointwise where C j is variable and de
fined locally. The precise value of Cd must be determined experimentally. 
Carter , for instance, evaluates Cj using Rouse's wind-tunnel p r e s su re 
measurements along the near -shore wall by balancing the integral of the 
p ressu re distribution there to the initial offshore momentum. Since Rouse's 
wal l -pressure distribution was approximately constant from the orifice to 
the wall position corresponding to the point of maximum penetration. Carter 
expected C^ to be approximately constant. This is a standard assumption. 
Evaluating C(j for a number of values of R in 

R = uo/ua, 

where 

Uo = initial jet velocity 

and 

Ua = ambient current velocity, 

determines a curve from which interpolated values of C(j can be evaluated 
for different R. 
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Motz and Benedict define their p r e s su re force from 

PaCoUiz sin P 
drag force = ds, 

where 

U^ = ambient velocity, 

z = jet depth, 

P = angle between the jet and ambient current . 

Pa = ambient density, 

and 

ds = element of arc along the jet centerline. 

The Motz formula differs from Ca r t e r ' s in that it uses the projected 
a rea normal to the flow in its basic definition adding the sin p te rm in the 
above expression. The force acts , like C a r t e r ' s , normal to the jet center-
line. The Motz choice is based on their argument that "pressure drag 
depends more on the form of the body and on separation at the rear of the 
body than on the conditions at the front of the body." Motz and Benedict 
determine their drag coefficient C Q from hydraulic experiments relating 
Cj) solely to the ratio of the initial jet velocity to the ambient velocity. 

To i l lus t ra te the diversi ty in definitions. Fan (see section on Motz 
and Benedict, Sec. III.A.3) uses the form 

PaCoU^ sin^ pkVl'r* 
p r e s s u r e drag = ds 

for the normal drag force on a submerged axisymmetric buoyant jet. The 
above form acts normal to the jet where r = radius of the axisymmetric 
jet (other symbols defined above). The te rm U^ sin^ p is the square of the 
ambient-velocity component normal to the projected area. 

The above forms for the drag force a re not equivalent. They actually 
a r e ar t i f icial i t ies set up to attempt to account for the total p r e s su re force 
ac ros s the jet. They represent only a crude approximation to the p r e s su re 
force ac ross the jet. 

As stated above, the other models neglect p r e s su re forces. (They 
appear in Tsa i ' s hydraulic modeling in the vicinity of the diffuser.) 
Stolzenbach and Harleman do not consider p r e s su re drag in their c r o s s -
flow model, stating that they feel it to be unimportant, at least for their 
assumed parabolic distribution (see section on Stolzenbach-Harleman model. 
Sec. HI.A.4), as long as the peak velocity divided by the initial jet velocity is 
less than about 0.4 or 0.5. 
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It i s a p p a r e n t to u s tha t p a r t of the p r o b l e m in m a t h e m a t i c a l l y 
m o d e l i n g a hea ted j e t in a c r o s s f l o w i s h id ing in the e n t r a i n m e n t d i f f i cu l t i e s 
and p a r t i s involved wi th p r e s s u r e d r a g . It i s s e l d o m c l e a r when a d i s c r e p 
ancy be tween t h e o r e t i c a l and e x p e r i m e n t a l d a t a m a y be due to an i m p r e c i s e 
def ini t ion of e n t r a i n m e n t or an i m p r e c i s e r e l a t i o n s h i p for p r e s s u r e d r a g . 

C a r t e r h a s found in his f lume e x p e r i m e n t s and f r o m the w i n d - t u n n e l 
e x p e r i m e n t s of R o u s e tha t a second p r e s s u r e d i s t r i b u t i o n i s s e t up due to 
the p r e s e n c e of a n o t - t o o - d i s t a n t f a r - s h o r e b o u n d a r y . T h i s p r e s s u r e d i s 
t r i b u t i o n d i s s i p a t e s the in i t i a l o f f shore m o m e n t u m and then r e m a i n s to c a u s e 
the j e t t r a j e c t o r y to c u r v e b a c k t o w a r d the n e a r s h o r e unt i l such t i m e a s the 
p r e s s u r e g r a d i e n t n o r m a l to the s h o r e b o u n d a r y is b a l a n c e d by w a t e r p i l ing 
up on the n e a r s h o r e . T h i s effect s e e m s to d i s a p p e a r a s the far s h o r e is 
p l aced fu r the r away. The p r e c i s e effect of a n o t - t o o - d i s t a n t f a r - s h o r e bound
a r y on the j e t p e n e t r a t i o n and the b e n d i n g - b a c k p h e n o m e n o n i s p r e s e n t l y 
be ing i n v e s t i g a t e d by C a r t e r and B e n e d i c t . No m o d e l s a s yet s i m u l a t e t h e s e 
l a t t e r e f fec ts . 

8. Wind S t r e s s 

The only mode l r e v i e w e d in th i s r e p o r t tha t c o n s i d e r s t he d i r e c t 
effects of wind s h e a r i s the j e t a n a l y s i s of Hoopes et a l . The a u t h o r s u s e d 
a c l a s s i c a l r e l a t i o n s h i p be tween wind speed and wind s h e a r s t r e s s e n c o m 
p a s s i n g the effects of ivind on sol id b o d i e s , 

Tw = P a ^ D W ' , 

w h e r e 

a n d 

T^ = wind s t r e s s , 

p^ = d e n s i t y of o v e r l y i n g a i r , 

C Q = d r a g coeff ic ient , 

W = wind speed . 

The jus t i f i ca t ion for the u s e of such a f o r m u l a in a w a t e r - p l u m e c a s e 
is qui te m e a g e r , e s p e c i a l l y s i nce the a u t h o r s could find no way to a c c u r a t e l y 
a s s e s s the magn i tude of Cj). They c h o s e t h r e e r e p r e s e n t a t i o n s f r o m the 
l i t e r a t u r e , which y ie lded high, m e d i u m , and low wind s t r e s s e s a t a g iven 
wind speed . Us ing t h e s e t h r e e d i f fe ren t f o r m u l a s for wind s t r e s s in t h e i r 
m o d e l , the a u t h o r s a s s e s s e d the r e l a t i v e effects a given wind speed would 
have on the j e t . They showed f r o m th i s c r u d e a n a l y s i s that t h e i r m e a s u r e d 
field da ta w e r e in r e a s o n a b l e agreemen- t wi th the t h e o r e t i c a l m o d e l w i th no 
wind s h e a r inc luded . Consequen t l y Hoopes et a l . conc luded tha t t he effecTs 
on the j e t c h a r a c t e r i s t i c s for the n e a r - s h o r e r eg i o n (for t h e i r L a k e Monona 
app l i ca t ion) a r e neg l ig ib l e . 



The entire method of approach carr ied out by Hoopes et al. ra ises 
some doubts. As stated by Sundaram, wind-induced shear s t r e s ses act not 
only on the plume but also on the ambient lake waters and therefore should 
provide no incremental momentum flux to the plume as assumed by Hoopes 
et al. Hoopes et al^., however, envisions the jet to be a layer approximately 
1 m thick with wind shear acting on the plume only over this thickness. 
Outside the jet, wind effects would be felt over a larger depth either to the 
lake bottom or at least down to the thermocline. Hoopes et al. reason that 
since the lake bottom or thermocline is generally many t imes the jet thick
ness , it would be expected that the wind would cause smaller changes in the 
ambient lake than on the jet itself. 

In reality, wind shear affects plume dispersion by the introduction 
of wind-induced currents and waves. The mechanisnn and the division of 
energy between these two phenomena is not yet understood. No methods are 
presently available that include these effects in a mathematical model. It is 
known, however, that these phenomena do occur in a different manner over 
the plume region and over the ambient lake water and really should be con
sidered in dispersion analyses. 

The complexity involved in modeling wind effects is considerable 
when one recognizes that the ambient-current structure will be generally 
nonuniform with depth. The top layers of the ambient receiving water 
typically travel at higher velocities and are strongly influenced by the wind 
and its variat ions. A sharp gradient in the current profile is often observed 
close to the surface. This makes plume dispersion essentially a three-
dimensional problem where three-dimensional boundary conditions have to 
be supplied. Wind may also be a factor in t^e distribution of interfacial 
s t r ess at the bottom of a stratified plume. This shear a r i ses from the fact 
that momentum transfer (affected to some degree by wind) is not inhibited 
to the same extent as heat t ransfer . Most models ignore this interfacial 
friction. 

9. Zone of Flow Establishment 

The zone of flow establishment refers to the mixing region in the 
vicinity of the orifice in which turbulent mixing changes the uniform tem
pera tu re and velocity profiles at the jet origin to fully developed turbulent 
profi les, which are bell-shaped at the beginning of the established-flow 
region. 

P r i t cha rd assumes a simple representation for this region where 
no change in the initially top-hat profiles for velocity and temperature oc
cur for a distance of six orifice widths downstream. Only beyond that point 
does la tera l spreading star t . Pr i tchard also assumes top-hat profiles for 
velocity and tempera ture in the established-flow region for convenience, yet 
adjusts one of his later equations for the more accurate bell-shaped la teral 



346 

profiles that actually occur there. In this region, vert ical spreading occurs 
in a linear fashion, provided the initial jet depth is less than the "cri t ical 
mixing depth" of the body of water under consideration. 

Stolzenbach and Harleman set up a specific s t ructure in their model 
to account for a region of flow establishment. Each core cross section at 
any longitudinal distance x has a half-width s and a depth r. Temperature 
and velocity maintain their initial top-hat values as long as either r or s 
is positive. Unlike Pr i tchard, the authors incorporate lateral spreading 
right from the orifice in a turbulent region surrounding the potential core 
just described. Half the width of that turbulent region of the jet is denoted 
b with its vertical height (located below the potential core) h. Both b and 
h are functions of x and, like r and s, are monotone-decreasing functions 
of X and all become zero as the advancing turbulent regions reach the jet 
centerline. These variables are illustrated in Fig. 4.3 for a nonbuoyant jet 
(in the chapter on the Stolzenbach-Harleman model). The solution for the 
variables r, s, b, and h as functions of x is derived from the equations of 
mass , momentum, and heat conservation as handled by the Stolzenbach-
Harleman integral approach. 

Carter assumes a zone of flow establishment as defined by the spread 
of heat as extending in the longitudinal direction 2^ times the initial width 
for situations in which the ratio of the initial velocity to the ambient velocity 
is between 1 and 10. This result was based on Car t e r ' s hydraulic experi
ments for R values of approximately 1 , 2 , 5 , and 10. The t rajectory of the 
centerline in the flow-establishment region is circular in Ca r t e r ' s model 
with no lateral spreading about that centerline. 

Actually, the length of the zone of flow establishment is not constant 
with R, as Carter assumes. Carter expects that more prec ise measure 
ments would shorten the length of the region of flow establishment as R in
c reases . His most recent (as yet unpublished) hydraulic experiments seem 
to bear out this statement. 

Hoopes et al. do not consider a region of flow establishment. Simi
larity forms for velocity and temperature a re assumed right from the outfall. 
The authors expect that theft wind--speed correlat ions for the entrainment 
constant tv and the initial jet velocity Vj do in some indirect way account for 
the neglect of flow establishment. 

Motz and Benedict account for the zone of How establishment by 
developing phenomenological relationships for the length, Sg, of the region 
of flow establishment and the angle, Po, between the jet and ambient current 
at the end of that zone. In the laboratory, experiments were carr ied out in 
which the ratio of the ambient velocity to initial jet velocity, A, was varied 
from 0.18 to 0.727 while the initial discharge angle. Pi, was fixed at one of 
three angles: 90, 60, and 45°. Straight-line curves (on log-log paper) were 
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fitted to the data for Sg/bo and Po/Po versus A, where bg is the width of the 
jet at the position where the jet becomes fully developed. The width bj is 
calculated by equating the heat fluxes at the immediate jet discharge and at 
the point Sg. The zones of momentum and heat development were assumed 
to be identical and determined from the values of the pa ramete r s s' Pj, 
and bj. No description of the prec ise form of the temperature (and velocity) 
profiles was given or deemed necessary for the development of the model 
in the established-flow regime. 

Sundaram et al. use classical two-dimensional slot-jet analysis (for 
a stagnant receiving body) in deriving the la teral dispersion of heat and mo
mentum about a deflected centerline resulting from a crosscurrent . Simi
lari ty assumptions defining the flow to be fully developed are made right 
from the orifice. Hence no flow-establishment zone is considered. 

Tsa i ' s hydraulic modeling experiments obviously include flow-
establishment considerations in the scaling of each jet in the diffuser. This 
is true for the ze ro -cur ren t and c rosscur ren t cases. 

10. Surface Heat Transfer 

Car ter , Tsai , and Sundaram et al. considered heat loss to the at
mosphere to be unimportant in the jet regime and hence neglected it in their 
analyses. Hoopes et al. , with Motz and Benedict, included surface heat 
t ransfer in their models, calculating it (i.e., surface loss above ambient) as 
a constant multiple of the excess temperature above ambient. 

Stolzenbach and Harleman use absolute temperatures in their model 
from which surface heat transfer to the atmbsphere is modeled as a constant 
multiple of the excess of the plume temperature above the equilibrium tem
pera tu re . They then assume that the equilibrium temperature can be ade
quately approximated by the ambient receiving-water temperature . 

The two-dimensional models of Hoopes et al. and Motz and Benedict 
include surface heat loss as a t e rm in the differential equation; the three-
dimensional analysis undertaken by Stolzenbach and Harleman includes 
surface heat loss as a boundary condition. Pr i tchard, however, includes 
surface heat losses only as a correction to the temperature distribution 
calculated without its consideration. He basically uses simple intuitive 
arguments in which the rate of excess heat loss to the atmosphere is con
sidered as a decrease in the initial source strength of the heated effluent. 

11. Ambient Stratification 

None of the jet models considered accounts for possible ambient 
lake stratification. The relative effects of stratification are seasonally var i 
able and depend on the stability of the existing lake- temperature s t ructure . 



348 

For a large lake in a temperate zone, temperature gradients can develop 
during certain portions of the year which can oppose the downward spread
ing of jet- or wind-induced turbulence. This is a boon to the two-dimensional 
models, since the region above the thermocline may be approximated as 
fully mixed (vertically uniform). Sundaram et al., for instance, assume 
their initial discharge to be "supercr i t ical" right from the outfall, the s t ra t 
ification being assumed to be so intense that there is no vertical mixing. 
The neglect of vertical spreading and the assumption of a fully mixed plume 
layer form the basis for the two-dimensionality plume assumption. 

The ambient stratified lake situation yields a negative effect for a 
three-dimensional model. The Stolzenbach-Harleman model accounts only 
for self-induced jet turbulence and assumes the receiving body to be at an 
initially uniform temperature. 

When no lake stratification exists, such as in winter in temperate 
zones, the lake is at approximately a uniform temperature . This situation 
benefits the three-dimensional Stolzenbach-Harleman model; yet the addi
tional vertical entrainment expected is not allowed for in the two-dimensional 
models. 

Pri tchard includes stratification only in that it combines, as he a s 
ser t s , with a sloping bottom to maintain a certain stability which keeps the 
plume at its constant "critical mixing depth." Pr i tchard states that, in 
cases void of a great deal of stratification, his evidence shows that the 
vertical thickness of the jet varies a small amount. 

12. Recirculation 

Except for Pri tchard, none of the investigators t reat the possible 
recirculation of dilution water in his model development. The complexity 
of such an analysis is handled only crudely by Pr i tchard himself. He cal
culates a "background temperature" by estimating the excess temperature 
that would exist if the heated effluent were completely mixed into the avail
able rate of supply of diluting water to the inshore area where the heated 
effluent is being discharged. Once this calculation is completed, Pr i tchard 
corrects his previously derived temperature distribution to account for the 
entrainment of water above 0.0°F excess temperature . 

Carter noticed in his hydraulic setup that inshore entrainment was 
being seriously inhibited by the continual reincorporation of warmer plume 
water into the jet from the large, slowly circulating eddy on the nea r - shore 
side. He did not include this fact in his model per se, yet estimated the 
effect of a partial cutoff of inshore entrainment on the centerline tempera
ture decay. 
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13. Field and Hydraulic Comparisons 

To date, none of the jet models has been objectively compared to 
good quality field data, mainly due to nonexistence or unavailability of good 
data for the jet regime. 

Hoopes et al. have taken 22 field surveys of two outfalls on 
Lake Monona. They used the data from nine of their best surveys in ob
taining formulas for the rate of entrainment, the ambient lake velocity, and 
the initial jet velocity based upon the measured wind speed. This was done 
in each case by fitting their mathematical model to the data. They then 
used these wind-speed correla t ions to predict the jet character is t ics for 
all 22 surveys. The authors considered this procedure necessary due to 
the a t -best mediocre quality of the data and the desire to account, in some 
way, for the neglect of the region of flow establishment and the neglect of 
bottom effects within the vicinity of the outfall. 

Sundaram et al. fit their model to data obtained at the Milliken Power 
Station on Lake Cayuga. They calculated the lateral eddy thermal diffusivity 
for six "typical" sets of environmental conditions. They then applied those 
resul ts predictively to neighboring Bell Station on Lake Ca-yuga in plume 
situations when similar environmental conditions prevailed. 

Stolzenbach and Harleman carr ied on 25 hydraulic experiments to 
compare the predictive resul ts of their three-dimensional model with some 
data. P a r a m e t e r s varied were; initial Froude number, aspect ratio, surface 
heat loss , bottom slope, and ambient c rosscurrent . Only jet centerline tem
pera tu re , jet half-depth, and jet half-width were measured. The authors are 
present ly accumulating field data with which*to verify their model. 

Motz and Benedict also carr ied on their own hydraulic modeling. 
However, they fit the data obtained (in addition to other accumulated field 
and hydraulic-modeling data) to determine curves for their drag and en
t ra inment coefficients. P a r a m e t e r s that were varied were: initial discharge 
angle, initial Froude number, ratio of initial jet velocity to ambient velocity, 
and rat io of distance from far bank to initial discharge width. The field data 
used were from both r iver and lake situations. The authors are presently 
collecting more field data with which to better determine the drag and en
t ra inment coefficients by model fitting. 

P r i t cha rd has developed a significant portion of his model using 
field and hydraulic data. This model has been compared to data taken at the 
Waukegan Power Plant on Lake Michigan. However, the field data were not 
of sufficiently good quality to verify the model. P r i t chard ' s own hydraulic 
studies and field data compilations were not available to the wr i te r . 

C a r t e r ' s pre l iminary report does contain some objective compari
sons of theory and hydraulic measurements for the jet-center l ine trajectory. 
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However, the comparisons need to be redone due to an algebraic error and 
are significant only for river-width to orifice-width ratios of about 12-60. 
Carter is presently carrying on additional experiments in a larger flume. 
Carter's measurements include only the centerline-temperature decay and 
the jet-centerline trajectory. 

Tsai used hydraulic modeling within 300 ft of his specially designed 
submerged diffuser structure for the FitzPatrick Power Plant on Lake Erie. 
This was a direct part of his model development. No field or hydraulic data 
have been obtained to verify the analytical portion of his predicted results. 
The model is unique to the power plant that is now presently under construction. 

14. Computer Programs 

Computer programs have been written and are available for the 
models of Hoopes et al. (IBM 1610), Stolzenbach and Harleman (IBM 360), 
and Motz and Benedict (the computer system used is presently unknown). 
No programs are available for the models of Sundaram et al.. Carter, 
Pritchard, and Tsai. 

15. Input Parameters for Jet Models 

a. Hoopes , Z e l l e r , and Roh l i ch 

bo outfall width 

K coeff icient of s u r f a c e hea t t r a n s f e r 

Qoa ac tua l outfall d i s c h a r g e ( p o w e r - p l a n t p u m p i n g r a t e ) 

T-^ a m b i e n t l ake t e m p e r a t u r e 

TQ outfall t e m p e r a t u r e 

VL a m b i e n t l ake ve loc i ty ( th rough w i n d - s p e e d c o r r e l a t i o n ) 

Vo initial jet velocity (through wind-speed correlation) 

W wind speed 

Zo jet thickness at the outfall 

a entrainment coefficient (through wind-speed correlation) 

b . C a r t e r 

bo o r i f i ce width 

C|-[ d r a g coeff ic ient 

Q in i t ia l v o l u m e t r i c flow r a t e 

q in i t ia l j e t ve loc i ty 
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TJI i n i t i a l o u t f a l l d i s c h a r g e t e m p e r a t u r e 

u ^ a m b i e n t v e l o c i t y 

9o e x c e s s t e m p e r a t u r e a c r o s s t h e c o n d e n s e r s 

c . M o t z a n d B e n e d i c t 

bo o r i f i c e w i d t h 

C Q d r a g c o e f f i c i e n t 

E e n t r a i n m e n t c o e f f i c i e n t 

To i n i t i a l o u t f a l l d i s c h a r g e t e m p e r a t u r e 

T Q i n i t i a l e x c e s s t e m p e r a t u r e of j e t 

U a a m b i e n t v e l o c i t y 

Uo i n i t i a l j e t v e l o c i t y 

z d e p t h of j e t 

Po a n g l e b e t w e e n j e t a n d a m b i e n t c u r r e n t 

d . S t o l z e n b a c h a n d H a r l e m a n 

2bo w i d t h of d i s c h a r g e c h a n n e l 

ho d e p t h of d i s c h a r g e c h a n n e l 

K s u r f a c e - h e a t - t r a n s f e r c o e f f i c i e n t 

Qo v o l u m e t r i c f l o w r a t e a t d i s c h a r g e 

S^ b o t t o m s l o p e 

T a u n i f o r m l a k e w a t e r t e m p e r a t u r e 

To i n i t i a l d i s c h a r g e t e m p e r a t u r e 

V d i s t r i b u t i o n of a m b i e n t c r o s s f l o w v e l o c i t y w i t h d i s t a n c e 
o f f s h o r e 

B . F a r - f i e l d R e g i m e 

1 . M e t h o d of A p p r o a c h 

T h e p h i l o s o p h y b e h i n d t h e d e v e l o p m e n t of f a r - f i e l d m o d e l s i s b a s e d 

o n t h e f a c t t h a t t h e p l u m e i s d r i f t i n g a l o n g w i t h t h e p r e v a i l i n g c u r r e n t s , 

n e a r l y a s if i t w e r e a p a r t of t h e a m b i e n t v e l o c i t y f i e l d . T h e t h r e e m e c h a 

n i s m s t h a t d i l u t e , d i s p e r s e , a n d d i s s i p a t e t h e e x c e s s h e a t a r e , f i r s t , t h e t u r 

b u l e n t t r a n s p o r t o r e d d y m i x i n g , s e c o n d , t h e d e n s i t y d i f f e r e n c e b e t w e e n t h e 

p l u m e t e m p e r a t u r e f i e l d a n d t h e a m b i e n t , a n d t h i r d , s u r f a c e h e a t t r a n s f e r 

b e t w e e n t h e p l u m e a n d t h e o v e r l y i n g a i r . T u r b u l e n t m i x i n g a n d s u r f a c e h e a t 

t r a n s f e r a l w a y s e x i s t ; d i s p e r s i o n b y t h e a c t i o n of g r a v i t y d u e t o a n y d e n s i t y 

d i s p a r i t y m a y n o t b e s i g n i f i c a n t , d e p e n d i n g on t h e r e l a t i v e d e n s i t y e x c e s s . 
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Significant density gradients, due generally to a large initial excess 
temperature , require the flow-energy interaction to be t reated. If, however, 
density gradients are small and the plume is essentially drifting with the 
ambient current, the energy equation may be uncoupled from the hydro-
dynamic equations with a measured or assumed flow distribution inputted 
into the heat (convective/diffusion) equation. These two cases provide a 
dichotomy from which each far-field model can be classified. Wada's 
Models No. 2 and 3 do not consider the plume to be simply floating with the 
prevailing current. Model No. 2 solves the coupled flow equations in two 
dimensions and uses the resultant velocity field to yield the two-dimensional 
temperature distribution from the energy equation. Model No. 3 considers 
the actual flow-energy interaction by solving the coupled hydrodynamic and 
heat equations with spatial variation only longitudinally and vertically. The 
other invest igators--Kolesar , Csanady, Edinger and Polk, Wnek, Sundaram 
et al.., Pr i tchard, and Tsai (also Wada in his first model)--negIect density 
differences and their effect on the flow and assume that the plume is d is
persing solely by ambient-current advection, turbulent diffusion, and 
surface heat loss . Their models are based solely on solving the convective-
diffusion equation. 

The far-field models considered are also divided in their mathe
matical approach: closed form or numerical . Wada's Models No. 2 and 
3 with the Kolesar-Sonnichsen treatment are numerical; the res t yield 
closed-form solutions. 

Two t-ypes of input must be handled in the general far-field model: 
first, a specification of the velocity field and, second, the specification of 
an expression for the eddy-transport coefficients. Each of these input data 
categories will be summarized in Sec. 14 below. Suffice it to say that the 
velocity field of the plume is generally considered to be the ambient flow 
field, whereas the functional form for the eddy-transport coefficients is 
not generally known, requiring assumptions to be made based upon semi-
empirical results obtained in the l i terature for each individual case. The 
only exception to the requirement of this set of input data is in Wada's 
Models No. 2 and 3. Model No. 2 solves for the flow field from the hydro-
d-ynamic equations, and that resultant velocity field is used as input for a 
numerical solution to the heat equation. Model No. 3 solves the coupled 
flow and energy equations. 

2. Dimensionality 

The strictly two-dimensional far-field models are those of Edinger 
and Polk, Csanady, Sundaram et al., Tsai , and Wada (Models No. 2 and 3). 
Variations laterally and longitudinally are analyzed in each model, except 
for Wada's Model No. 3, in which no variations are assumed lateral ly, but 
longitudinal and vertical changes are considered to be significant. 
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The models of Pr i tchard and Kolesar-Sonnichsen are pseudo-two-
dimensional. Pr i tchard allows for vert ical entrainment, which in certain 
cases can conceivably reach beyond the boundary between his near- and 
far-field regions. Kolesar and Sonnichsen permit a variable depth in 
their two-dimensional model; they assume no vertical variation in velocity 
or t empera ture with depth. 

The three-dimensional far-field models are those of Wnek, Edinger 
and Polk, and Wada (Model No. 1). Wnek and Wada (all models) start their 
analysis from the discharge, yet real ize their results apply only for dis
tances sufficiently far from the outfall that ambient turbulence will 
predominate. 

3. Diffusivities and Buoyancy 

The eddy-diffusion coefficients a re fundamental to the solution of 
the momentum- and heat-conservat ion equation. Unfortunately, there is 
present ly no general agreement as to the functional form of those coeffi
cients for large lakes. 

For homogeneous isotropic turbulence the eddy thermal diffusivi
t ies a re constant. However, three main factors tend to prevent this from 
occurring: 

a. Density stratification tends to inhibit vertical mixing, so that 
la tera l d ispers ion greatly dominates vertical dispersion. 

b. Wind s t r e s s e s cause lake turbulence, which decreases in in
tensity with increasing depth. • 

c. La rge r and larger scales of turbulence take part in the diffusion 
p rocess as the plume grows in size, increasing the rate of dispersion. 
Moreover , the lake surface as well as any solid boundaries such as a lake 
bottom or a shoreline, tend to limit the size of the eddies that cause the 
dispers ion. 

These factors complicate any attempt to define a functional form 
for these coefficients. 

Open-sea measurements seem to yield a consensus that the lateral 
eddy-diffusion coefficient follows the four-thirds-power law; i.e., diffusion 
is proportional to L*/\ where L is the scale size. (L is generally taken 
as the plume width.) However, in regions off a shoreline in the range of 
bottom effects, the very large scales of turbulence that exist would be 
limited by the boundaries. The dye studies of Orlob reveal that la teral 
d ispers ion does not grow according to the four-thirds-power law as long 
as the plume is smal ler than the la rges t eddies. Beyond a small transition 
zone, the eddy-diffusion coefficient is constant once the plume grows la rger 
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than the largest eddies. For shallow shoreline waters not too far from the 
outfall, the plume will grow to a size where the maximum possible sized 
eddies are affecting the diffusion. For such situations a constant-diffusivity 
model seems reasonable. Since each investigator solves for the t empera 
ture distribution using the heat-conservation equation, each defines a func
tional form for the eddy diffusivities that he feels is applicable for his physical 
situation. 

The consideration of buoyancy (as defined in Appendix B) necessar i ly 
involves the inclusion of the interaction of density gradients with the flow 
field. Only Wada's Model No. 3 solves for flow and tempera ture simulta
neously. Each model will now be summarized as to its t reatment of buoy
ancy and eddy-transport coefficients. 

a. Wada's Model No. 1 

Wada solves the three-dimensional convective-diffusion equation 
with constant eddy-thermal diffusivities in the longitudinal, la tera l , and 
vertical directions. No flow-energy interaction is considered. 

b. Wada's Model No. 2 

Wada solves the coupled horizontal-momentum equations neglect
ing the inertial t e rms . The author assumes that ambient turbulence p r e 
dominates over momentum interactions to permit this simplification. The 
resulting two-dimensional velocity field is then used as input into the 
convective-diffusion equation to yield temperature . Again, Wada assumes 
constant longitudinal and lateral eddy-thermal diffusivities. No buoyant 
interactions are considered. 

c. Wada's Model No. 3 

This is the only model that str ictly includes buoyancy. The 
method of inclusion is pr imari ly by the coupling of the flow and heat equa
tions through the pg te rm in the vert ical-momentum equation. 

The density p is assumed to vary l inearly with tempera ture . 
This variation of density with temperature provides the coupling mechanism 
in this model. Also, in Model No. 3, Wada used the Mamayev form for the 
vertical eddy coefficients of momentum and heat energy Az and Kz, 

A^ = Al + Ao exp(-mRi) 

and 

Kz = Kl + Ko exp(-nRi), 

where A,, AQ, KJ , KO, m, and n are empirical coefficients and Rj is the local 
Richardson number. Wada chooses Ai, Ao, Ki, Ko, m, and n to be constant 
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in space for the jet application of his model. (This simplifying assumption 
really implies however, that ambient turbulence controls the diffusion pro
cess from the orifice.) These eddy coefficients relate heat and momentum 
diffusion in the vertical direction to the velocity shear and the plume's self-
induced vertical density gradient. They represent the influence of stability 
due to buoyancy on the vertical mixing process caused by turbulence. The 
above general forms are semiempir ical and represent as good a first ap
proximation to these coefficients for the sea as may be found in the l i tera
ture . Wada states that these coefficients were obtained under a considerable 
amount of empir ic ism and cannot be expected to be valid for all physical 
frameworks. 

d. Edinger and Polk Two-dimensional Model 

Buoyancy is not considered in this model. A single lateral eddy-
thermal coefficient is chosen to represent turbulent diffusion. A constant 
value is assumed and is required as input to the model. 

e. Edinger and Polk Three-dimensional Model 

Here buoyancy is again neglected and constant values of lateral 
and vertical eddy-thermal diffusivities are assumed. The choice of a con
stant vert ical value implies that the plume's own self-induced stratification 
is not being modeled. 

f. Csanady Offshore Outfall Model 

Buoyancy is neglected, and a constant lateral diffusivity is 
assumed. * 

g. Csanady Shoreline Surface-discharge Model 

Buoyancy is ignored in this model, yet the form for plume dis
persion is patterned after methods often used for atmospheric dispersion. 
Csanady does not use a constant-diffusivity model here, since it is his ob
servation that eddies generated by the shore boundary are more efficient 
mixers than those 2-3 miles offshore. As an approximation, Csanady uses 

Sy = px, 

where Sy is the standard derivation at longitudinal position x of a plume 
ar is ing from a point source located near shore. Csanady derives his tem
pera tu re distribution by arranging point-source plumes, each with aGaussian 
format at all points of his line source (and allowing for shoreline reflection). 
This model of plume dispersion yields a faster-growing plume than from a 
constant-diffusivity model. 
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h. Kolesar and Sonnichsen 

No buoyancy is included since only the convective-diffusion 
equation is considered. Lateral and longitudinal eddy-thermal coefficients 
are assumed constant. 

i. Wnek 

No buoyancy is considered; longitudinal, la teral , and vertical 
eddy-thermal diffusivities are assumed and are chosen as constant. The 
constant vertical coefficient does not consider the plume's own self-induced 
stratification. 

J. Pr i tchard 

Pr i tchard ' s pseudo two-dimensional model neglects buoyancy 
and uses a linear rate of spread of the plume width as one on six. This 
lat ter assumption sidesteps the need for specifying diffusivities. 

k. Sundaram et al. 

The authors in their two-dimensional model neglect buoyancy, 
but consider a lateral diffusivity to vary according to the "Richardson 
four-thirds-power law" in which 

K H = kHb^/\ 

^vhere 

Kpj = eddy diffusivity of heat, 

kpj = constant of proportionality, 

and 
b = plume Width. 

The constant kpj depends upon the prevalent environmental con
ditions and must be determined empirically. The justification for this for
mulation of diffusivity res ts basically on studies in the open sea. 

1. Tsai 

Tsai also neglects buoyancy and, like Sundaram et al., uses the 
"Richardson four-thirds-power law" to handle lateral diffusivity. The pro
portionality constant was chosen as an average value kn = 0.01 ft^' 'ysec. 

4. Surface Heat Loss 

Tsai neglects surface heat loss in the far field based upon his est i 
mates of its effect upon the i so therms. Edinger and Polk neglect surface 
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heat loss in their three-dimensional model, due pr imar i ly to the difficulty 
in obtaining an analytical solution with surface transfer included. 

Wnek formulates his problem with respect to absolute temperatures 
where surface heat loss is equal to a constant t imes the difference between 
the local surface tempera ture and the equilibriunn temperature . Edinger 
and Polk (two-dimensional case), Csanady, Pr i tchard, and Sundaram et al. 
consider excess t empera tures above ambient from which the surface heat 
loss (above that lost by the ambient lake) is calculated. Kolesar and 
Sonnichsen with Wada also use absolute tempera tures , yet t reat the total 
surface heat loss to the atmosphere through an energy balance of incoming 
and outgoing heat flux. 

The "excess tempera ture above ambient" method is the simplest to 
use and requi res only the wind speed, excess temperature , and the natural 
tempera ture of the receiving body as input data. The "equilibrium-
tempera tu re" method, as well as the "energy-balance" method, requires 
information on such receiving-body temperature-independent phenomena 
as solar radiation, atmospheric radiation, and reflected solar and atmos
pheric radiation as well as the back radiation, conduction/convection losses , 
and evaporative t ransfers required by the "ambient- temperature" method. 

Each model that considers heat loss does so in the differential equa
tion if the model is two-dimensional and as a boundary condition if a three-
dimensional analysis is given. Pr i tchard, however, includes surface heat 
losses only as a correction to the temperature distribution calculated without 
its consideration. He does it based mainly upon intuitive arguments whereby 
the rate of excess heat loss to the atmosphere is considered as a decrease 
in the initial source strength of the heated effluent. 

5. P re sence of Ambient Currents 

Four of the investigations--namely those done by Edinger and Polk, 
Csanady, Sundaram e t £ l . , and Wada (Model No. l ) - - a s sume a uniform 
shore-para l le l current to be advecting the plume. The temperature dis
tribution used by Tsai in his c rosscur ren t case was also derived using a 
uniform shore-para l le l c rosscurrent , yet it was applied about a deflected 
centerl ine evaluated from Shandorov's empirical relationship for je ts . 
Tsa i ' s far-field analysis was applied for distances beyond 300 ft of the 
diffuser. 

Wnek's model allows for a constant three-dimensional velocity 
distribution to be transport ing the plume. Kolesar and Sonnichsen require 
a horizontal (two-dimensional) velocity distribution as input for their model. 

Wada's Models No. 2 and 3 solve for the velocity distribution. Model 
No. 2 uses the coupled hydrodynamic equations in the lateral and longitudinal 
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direct ions. Although not expressly stated, it is believed that Model No. 2 
can handle not only a stagnant-lake situation in which the dynamic behavior 
of the cooling water yields a coupling of the hydrodynamic equations, but 
also the case of a discharge into an ambient lake current . The details a re 
not discussed in Wada's papers . Model No. 3 solves for the velocity and 
temperature distribution using the coupled hydrodynamic and energy equa
tions, but allowing for variation in longitudinal and vertical direct ions only. 
Model No. 2 neglects the inertial t e rms in the flow equations; Model No. 3 
includes all t e r m s . 

Pr i tchard assumes no ambient current , yet considers his centerline 
temperature decay and isotherm areas to be a fair approximation as long 
as the ambient current is less than 10% of the initial jet velocity. 

6. Bottom Effects 

AU investigators consider there to be basically an infinite-depth r e 
ceiving basin in the far field, except for Wada, Kolesar, and Pr i t chard . 

Wada considers depth in Models No. 1 and 3. Model No. 1 envisions 
an infinitely wide and long receiving basin with a finite depth. The bottom 
is assumed to have the constant temperature of the lowest layers of the r e 
ceiving body. Model No. 3 also assumes a flat bottom with the same tem
perature boundary condition. The bottom and its boundary condition are 
handled numerically. 

Kolesar and Sonnichsen allow for a variable bottom in which bottom 
contours cause a relocation of the thermal plume due to the resulting t r ans 
verse flow. The resulting change in the cross-sect ional area at each longi
tudinal position yields a variation in the thermal-energy fliix. Variation m 
depth is incorporated into the heat-energy equation by deriving a new heat 
balance. Solution is by numerical means. 

Bottom effects are considered in P r i t cha rd ' s far-field development 
only as they prevent new dilution water from being available for plume en
trainment (see Sec. 11 below on Recirculation). 

7. Discharge Configuration and Angle of Discharge 

The models that consider the initial effluent to be discharged from 
a channel are those of Wada, Sundaram et al., and Pr i tchard . The width 
and height of the discharge are required pa rame te r s . Of these models, 
only Wada's Model No. 2 can handle an a rb i t ra ry angle of discharge from 
the shore. The others assume a strictly 90° initial angle of discharge. 

Csanady's Offshore Outfall Model uses a line source to simulate the 
plume configuration after it has attained a moderately large size and is 



drifting at the surface with the prevailing current . Csanady's Shoreline 
Surface-discharge Model also uses a line source to simulate the beginning 
of the far-field spreading as a warm-wate r effluent is discharged at the 
shoreline into a uniform t r ansve r se current . The length of the line source 
is determined from a heat balance between the actual outlet and the line 
source. Csanady recommends the use of a rough empirical relationship 
that he has observed in his field work to yield dilution factors from outfall 
to virtual source. 

Edinger and Polk do not consider the actual geometry of the outfall 
situation since they simulate the orifice structure with a point source. In 
their formulation, the initial t empera ture excess and initial discharge rate 
are used, however, to evaluate unknown constants. 

Wnek can handle an a rb i t r a ry discharge configuration in his source 
t e r m S(x, y, z, t). More complicated simulations than a point or line source 
can lead to integration difficulties in his closed-form solution. However, 
his far-field solution is independent of the initial angle of discharge as it 
is with the models of Edinger and Polk. 

Kolesar and Sonnichsen t reat the dispersion of a heated effluent 
between two a rb i t r a ry far-field cross sections. The precise nature of the 
initial discharge and outfall configuration is irrelevant, once the initial 
t empera ture and velocity data a re given at the two chosen cross sections. 

The angle of discharge is i rrelevant to the models of Wnek, Edinger 
and Polk, Csanady, and Kolesar and Sonnichsen, 

The Tsai model is a special case in Uhat it was developed for a spe
cific submerged diffuser design. The diffuser jets were placed normal to 
the t r ansve r se current . The flow within 300 ft was modeled hydraulically. 
A line source was placed at the 300-ft mark from which a deflected center-
line was calculated from the Shandorov empirical formula for nonbuoyant 
deflected je t s . The Brooks analysis for the temperature field resulting 
from a line source in a uniform environment was used to yield the tempera
ture distribution about that centerline. The temperature and velocity dis
tribution measured at 300 ft from the zero-current case was used to give 
the input pa rame te r s for this analysis as well as the ambient crosscurrent 
velocity. 

8. Shoreline Considerations 

The models of Wnek, Sundaram et al., Pr i tchard, Edinger and Polk, 
and Wada (Model No. 1) assume a straight shoreline with a discharge off
shore into an infinitely wide and deep receiving basin. Wada's Model No. 2 
can t reat an i r regula r shoreline by numerical means. The integration 
ca r r ied out in Wada's Model No. 3 was done in a vertical section through 
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the outlet revealing no details of the adjoining shoreline. Csanady's Shoreline 
Surface-discharge Model assumes a straight shoreline with the plume attached 
to it as its centerline. Csanady's Offshore Outfall Model predicts dispersion 
by a uniform current without the presence of any near- or fa r - shore bound
a r i e s . The Kolesar-Sonnichsen code is written for a plume in the environs 
of a shoreline; however, an option within the code permits a completely off
shore plume to be modeled. 

9. Wind Stress 

Each investigator has assumed wind interaction with the plume to 
be small and hence negligible. Wind induces relative motions and/or addi
tional mixing between the plume and ambient water. Moreover, vert ical 
dispersion will be influenced by wind effects which will be reflected in the 
vertical eddy diffusivities of momentum and heat. The comments made in 
the discussion of wind s t ress for the near-field models (see Sec. A.8 above) 
also applies here . 

10. Ambient Lake Stratification 

Only Wnek and Wada can handle lake-strat if ied situations. Wnek 
does it in his initial condition whereby the lake can have an a rb i t ra ry tem
perature distribution initially. Wada's Model No. 1 considers a vert ically 
stratified lake situation as a boundary condition "infinitely far" from the 
actual outlet. 

Ambient lake stratification may well be important at certain portions 
of the year in inhibiting vertical turbulence and dispersion. A stratified 
receiving body will require more complicated assumptions for heat t r ans 
fer and buoyant spreading. 

11. Recirculation 

No models account for possible recirculation of dilution water ex
cept that of Pr i tchard . Due to the complexity of the analysis, Pr i tchard 
can only estimate the temperature excess above ambient of new entraining 
water into the plume from evidence as to the natural volumetric flow rate 
into the basin containing the heated discharge and the rate of heat rejection 
of the power plant. This new background temperature excess (above 0.0°F) 
is assumed to be constant and is used to develop a set of correct ions to the 
derived temperature distribution. 

12. Previous Comparisons with Field and Hydraulic Data 

The models of Wnek, Csanady, and Tsai have not been compared 
with either field or hydraulic data. The Edinger-Polk models have been 
curve-fitted to some experimental data. These comparisons were made 



with tempera ture fields resulting from selected power-plant discharges into 
r ive r s and discharges into open coastal waters . The Kolesar-Sonnichsen 
code has only been fitted to r iver data recently obtained by the U.S. Geological 
Survey. The Sundaram et ^ . model has been fitted by data taken at Milliken 
Power Station on Lake Cayuga and the fitted pa ramete r s used to predict the 
tempera ture distribution from the nearby Bell Station. To date, the model 
has yet to be used as a predictive device and simultaneously compared with 
actual field data taken from the site of interest . 

P r i t cha rd ' s model has often been used to predict the temperature 
distribution and isotherm areas for proposed power-plant s i tes . However, 
the model has not been compared with field data of sufficient quality to 
verify the model. 

Except for Wada's Model No. 1, it is presently unknown whether his 
t-wo other models have been compared with field data. His papers mention 
no comparisons. 

The only hydraulic modeling connected with these far-field models 
was done by Pr i tchard at the Chesapeake Bay Institute to verify his center-
line t empera ture -drop formula (temperature inverse with centerllne dis
tance) and to aid him in developing empirical formulas for the areas within 
i so therms under conditions of no surface heat transfer. The details of these 
hydraulic studies and any comparisons between general hydraulic measure
ments made at the Chesapeake Bay Institute were unavailable to us. 

13. Computer P r o g r a m s 

No computer programs are availabla from the following authors for 
the application of their models: Wnek (presently being written), Edinger 
and Polk, Csanady, Sundaram et al. , Tsai , and Pr i tchard. Kolesar and 
Sonnichsen have a program available for their code on the UNIVAC 1108. 
Wada's papers do not mention computer programs available for any of his 
three diffusion models . However, Wada does state that the numerical equa
tions derived in Models No. 1 and 2 were solved on the IBM System 7090 
while the work on Model No. 3 was carr ied out on the IBM System 360. 

14. Input Pa r ame te r s for Far-f ield Models 

a. Wada 

(1 ) Model No. 1 

2B breadth of the outlet 

H height of the outlet 

14 depth of the plume, or the depth to the thermocline 
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c o n s t a n t b o t t o m - w a t e r t e m p e r a t u r e 

in i t i a l t e m p e r a t u r e of the d i s c h a r g e w a t e r 

K , Kz long i tud ina l , l a t e r a l , and v e r t i c a l e d d y -

diffusion coef f ic ien t s 

a m b i e n t v e l o c i t y ( s h o r e - p a r a l l e l ) 

i n i t i a l of fshore d i s c h a r g e v e l o c i t y 

depth to lake bo t t om 

S t ra t i f i ed a m b i e n t t e m p e r a t u r e d i s t r i b u t i o n " inf in i te ly f a r " 
f r o m the out le t 

^b 

To 

Kx 

U 

Uo 

^b 

(2) Model No. 2 

Ax-

2B 

H 

Kx-

To 

Uo, 

Ay 

^ y 

Vo 

(3) Model No. 3 

Ao, Al, m 

Ko, Kl, n 

2B 

H 

Tb 

To 

Uo 

cons t an t e d d y - m o m e n t u m d i f fus iv i t i e s (in 
the long i tud ina l and l a t e r a l d i r e c t i o n s ) 

b r e a d t h of the out le t 

he ight of the out le t 

cons t an t e d d y - t h e r m a l d i f fus iv i t i es (in the 
long i tud ina l and l a t e r a l d i r e c t i o n s ) 

in i t i a l t e m p e r a t u r e of the d i s c h a r g e w a t e r 

in i t i a l of fshore and s h o r e - p a r a l l e l d i s c h a r g e 
ve loc i t y 

e m p i r i c a l coef f ic ien ts in the M a m a y e v f o r m 
for the v e r t i c a l e d d y - m o m e n t u m diffusivi ty 

e m p i r i c a l coef f ic ien t s in the M a m a y e v f o r m 
for the v e r t i c a l e d d y - t h e r m a l diffusivi ty 

b r e a d t h of the out le t 

he ight of the out le t 

w a t e r t e m p e r a t u r e in the b o t t o m l a y e r 

in i t i a l t e m p e r a t u r e of the d i s c h a r g e w a t e r 

in i t i a l d i s c h a r g e v e l o c i t y d i r e c t e d of f shore 



In add i t i on to the a b o v e , the fol lowing p a r a m e t e r s a r e r e q u i r e d for each of 
W a d a ' s m o d e l s to e v a l u a t e QQ, the ne t r a t e of s u r f a c e hea t t r a n s f e r to the 
a t m o s p h e r e : 

Q s r a d i a t i o n e n e r g y f r o m sun and sky 

r a v e r a g e r e f l e c t a n c e ove r the i n t e g r a t i o n p e r i o d 

e ( T a ) the s a t u r a t i o n vapo r p r e s s u r e at the r e c e i v i n g -
body s u r f a c e 

K coeff ic ien t depend ing on the cloud height 

n c l o u d i n e s s on the s c a l e 1-10 

Tj^ a t m o s p h e r i c t e m p e r a t u r e 

V wind speed 

k m a s s - t r a n s f e r coeff ic ient 

Q i i n t ake d i s c h a r g e of cool ing w a t e r 

A s u r f a c e a r e a of the bay (or a m b i e n t body r eg ion 

in f luenced) ' 

r m i x i n g r a t i o f rom the uppe r l a y e r 

TQ r i s e of w a t e r t e m p e r a t u r e added by c o n d e n s e r 
of p o w e r p lan t 

TTJ \va te r t e m p e r a t u r e in the bo t tom l a y e r 

b . E d i n g e r and P o l k 
% 

(1) T w o - d i m e n s i o n a l Model 

d dep th of p l u m e 

D l a t e r a l t h e r m a l diffusivi ty (cons tan t ) 

K coeff ic ient of s u r f a c e hea t t r a n s f e r 

TQ in i t i a l a b s o l u t e t e m p e r a t u r e of d i s c h a r g e 

u a m b i e n t c u r r e n t ve loc i ty 

Q v o l u m e t r i c d i s c h a r g e r a t e 

e in i t i a l e x c e s s t e m p e r a t u r e 

(2) T h r e e - d i m e n s i o n a l Mode l 

l a t e r a l t h e r m a l d 

v e r t i c a l t h e r m a l diffusivi ty (cons tan t ) 

D l a t e r a l t h e r m a l diffusivi ty (cons tan t ) 

file:///vater
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K c o e f f i c i e n t of s u r f a c e h e a t t r a n s f e r 

Q p v o l u m e t r i c d i s c h a r g e r a t e 

s i n i t i a l e x c e s s t e m p e r a t u r e 

To i n i t i a l a b s o l u t e t e m p e r a t u r e of d i s c h a r g e 

u a m b i e n t c u r r e n t v e l o c i t y 

c . C s a n a d y 

(1) O f f s h o r e O u t f a l l M o d e l 

U a m b i e n t c r o s s f l o w v e l o c i t y 

K c o e f f i c i e n t of s u r f a c e h e a t l o s s 

K l a t e r a l c o e f f i c i e n t of e d d y - t h e r m a l d i f f u s i v i t y 

To t e m p e r a t u r e of t h e i n i t i a l d i s c h a r g e ( i . e . , a t t h e 

U n e s o u r c e ) 

h d e p t h of t h e p l u m e 

b w i d t h of t h e i n i t i a l l i n e s o u r c e 

9o i n i t i a l e x c e s s t e m p e r a t u r e a t t h e l i n e s o u r c e 

(2 ) S h o r e l i n e S u r f a c e - d i s c h a r g e M o d e l 

p r e l a t i v e i n t e n s i t y of h o r i z o n t a l l a k e t u r b u l e n c e 

Vg i n i t i a l d i s c h a r g e v e l o c i t y 

Ag c r o s s - s e c t i o n a l a r e a of t h e o u t f a l l 

U a m b i e n t c u r r e n t v e l o c i t y 

h d e p t h of t h e p l u m e 

K c o e f f i c i e n t of s u r f a c e h e a t l o s s 

To t e m p e r a t u r e of t h e i n i t i a l d i s c h a r g e ( i . e . , a t t h e 
o u t f a l l ) 

9o i n i t i a l e x c e s s t e m p e r a t u r e a t d i s c h a r g e 

d . K o l e s a r a n d S o n n i c h s e n 

c^x, Oy h o r i z o n t a l e d d y t h e r m a l d i f f u s i v i t i e s 

I n i t i a l t e m p e r a t u r e d i s t r i b u t i o n a t s o u r c e a n d e x i t c r o s s s e c t i o n s 

in t h e f a r - f i e l d ( to b e t r a n s l a t e d i n t o n o d a l t e m p e r a t u r e s ) 

T i m e - d e p e n d e n t i n l e t t e m p e r a t u r e d i s t r i b u t i o n ( to b e t r a n s l a t e d 
i n t o n o d a l t e m p e r a t u r e s ) 
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Time-independent, two-dimensional velocity distribution at 
source and at exit c ross sections (to be translated into nodal 
tempera tures) 

Bottom profiles (to be translated into nodal depth positions) 

To evaluate the net ra te of surface heat transfer to the atmosphere, the 
following additional pa rame te r s a re required: 

Qg short-wave radiation 

Qj. reflected radiation from the water surface 

T^ mean absolute air temperature 

V wind velocity 

ea part ia l vapor p ressu re of the overlying air 

P average atmospheric p ressure on the water 
surface 

P atmospheric-radiat ion factor derived from the 
cloud cover 

e. Wnek 

Kx. Ky, Kz constant eddy-thermal diffusivities 

v^, Vy, Vz constant velocity field 

h coefficient of surface heat exchange 

To(x, y, z) initial ambient fluid temperature distribution 

T E ( X , y, t) equilibrium temperature 

S(x, y, z, t) source distribution function 

where x, y, z refer to longitudinal (shore-parallel) , la teral , and vertical 
direct ions, and t refers to t ime. 

C. Complete Models 

1. Discussion 

The complete near-field, far-Ueld models reviewed were those of 
Pr i t chard , Sundaram et al., and Tsai. The development of each was split 
into jet and far-field analyses, each component of which was discussed m 
Sees. A and B of this summary. 

Their method of linking near- and far-field solutions was not d is 
cussed, yet is quite interesting. Pr i tchard simply assumes that the 
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long i tud ina l d i s t a n c e at which the c e n t e r l i n e t e m p e r a t u r e e x c e s s d e c a y s to 
20% of i t s in i t i a l va lue is the d iv id ing l ine be tween j e t and far f ield. T h u s , 
at tha t pos i t i on , both so lu t ions m u s t m a t c h . S u n d a r a m et̂  a l . , on the o t h e r 
hand, a s s u m e that the d e m a r c a t i o n be tween j e t and far field o c c u r s when 
the eddy diffusivi ty a r i s i n g f rom j e t - i n d u c e d t u r b u l e n c e is equal to the 
e d d y - t h e r m a l diffusivi ty due to a m b i e n t t u r b u l e n c e . (The a u t h o r s a s s u m e d 
that heat and m o m e n t u m s p r e a d h o r i z o n t a l l y at the s a m e r a t e . ) T s a i , in 
h i s s u b m e r g e d diffuser a n a l y s e s , found f rom h y d r a u l i c s t u d i e s tha t , a t about 
300 ft l a k e w a r d , the flow field was wel l e s t a b l i s h e d and could be c h a r a c t e r 
ized a s s u r f a c e flow. The t e m p e r a t u r e and ve loc i t y p r o f i l e s m e a s u r e d at 
tha t pos i t ion w e r e used to yield in i t i a l cond i t ions for the f a r - f i e l d p r e d i c t i o n s . 

C l e a r l y , t h e r e is a t r a n s i t i o n be tween the n e a r - and f a r - f i e l d r e g i o n s 
in which buoyancy, r e s i d u a l je t t u r b u l e n c e , and a m b i e n t t u r b u l e n c e g e n e r a l l y 
need be ana lyzed . Much w o r k s t i l l r e m a i n s to be done in i n v e s t i g a t i n g the 
p r o p e r t i e s of the t r a n s i t i o n flow and t e m p e r a t u r e f i e ld s . 

2 . Input P a r a m e t e r s for C o m p l e t e Mode l s 

a . P r i t c h a r d 

bo o u t f a l l w i d t h 

ho d e p t h of o u t f a l l 

K c o e f f i c i e n t of s u r f a c e h e a t t r a n s f e r 

Qpj e x c e s s h e a t - r e j e c t i o n r a t e of p o w e r p l a n t b a s e d 
o n 00 

9o i n i t i a l e x c e s s t e m p e r a t u r e a b o v e a m b i e n t 

b . S u n d a r a m e t a l . 

boa w i d t h of o u t f a l l 

d d e p t h of p l u m e 

K c o e f f i c i e n t of s u r f a c e l o s s 

k]_] e d d y - t h e r m a l d i f f u s i v i t y ( c o n s t a n t of p r o p o r t i o n a l i t y 

in t h e R i c h a r d s o n 4 / 3 - p o w e r l a w ) 

Toa i n i t i a l e x c e s s t e m p e r a t u r e 

Ua a m b i e n t c u r r e n t v e l o c i t y 

Uoa i n i t i a l j e t v e l o c i t y 

cy, P , Y e m p i r i c a l c o n s t a n t s r e q u i r e d f o r t h e e v a l u a t i o n of 
t h e j e t c e n t e r l i n e p o s i t i o n 
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c. Tsai 

This model cannot be used in its present form for general p re 
dictive purposes . It was included in this s tate-of- the-ar t summary as a 
unique method to model a submerged diffuser discharge. 
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APPENDIX A 

Typical Isotherm Sketches as 
Predicted by Models Reviewed 
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1. Jet Models 

UNIFORM 
CROSS CURRENT 

M i l l 

UNIFORM 
CROSS CURRENT 

I I I I I 

- \ 

Fig. A.l. Hoopes, Zeller, and Rohlich Model Fig. A.2. Carter Model 

UNIFORM 
CROSS CURRENT 

I I I I I 

y 
Fig. A.3. Motz and Benedict Model Fig. A.4. Stolzenbach and Harleman Model 
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UNIFORM 
CROSS CURRENT 
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SHOWN FOR JET SITUATION 

u_ 

NO. 2 

WADA F A R - F I E L D MODELS 

UNIFORM 
CROSS CURRENT 

HEAT— I 
SOURCE-

2-D 

Pf-^T-
Fig. A.5. Wada Models Fig. A.6. Edinger and Polk Models 

UNIFORM 
CROSS CURRENT 

UNIFORM 
CROSS CURRENT 

(OFF SHORE) (SHORE LINE) 

Fig. A.7. Csanady Models 

UNIFORM 
CROSS CURRENT 

UNIFORM 
CROSS CURRENT 

CONTINUOUS POINT 
SOURCE CASE 

Fig. A.8. Kolesar and SonnichsenModel Fig. A.9. Wnek Model 
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3. Complete Models 

Fig. A.10. Pritchard Model 

UNIFORM 
CROSS CURRENT 

^ -

Fig. A. l l . Sundaram et al. 
Model 

UNIFORM 
CROSS CURRENT 

^ fJ ?'/ / ^'^y 7 J ^ > J / T^ 

Fig. A.12. Tsai Model 
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Summary of Model Character is t ics 
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FOOTNOTtI: 

(11 THE T W m O E l HAS BEEN DtVELOPED FOR A UNIQUE SUWEREtO DIFFUSER SITUATION BECAUSE OF THIS THE CENERAL APPLICABILITY OF THE UOOtL IS UMITEO. THE TABLE DESCRIPTION UNDER TSAI APPLIES ONLY TO THE ANALYTICAL PORTION OF HIS HOOEL SYNTHESIS. HYOMULIC MODELING H S USED IN THE INITIAL REGIME OF FLOl 

(J| A CONSTANT VERTICAL EDDY THERMAL DIFFUSIVITY t « USED IN THE MOCEL BUOYACY IS DEFINED HERE AS MING CONSIDEREO IF THE COUPLING Of FLOt ANO ENERGY HAS BEEN TREATED 

m A CLOSED FORM SCLUTION HAI BttN DERIVED FDR THE CAIE DF ZERO UNO STRESS 

(«) URFACf HEAT LOSS IAS ONLY CONSIDERED IN THE FAR FIELD RECK 

(Si FLOi DEVELOPMENT AMD BOTTOM EFFECTS lERE C0«IOERE0 INDIRECTLY VIA UNO SPEED CORRELATIONS 

(d THE CROSS CURRENT HOOEL IS STRICTLY TtO-DIMEIISnWL.THE NO CURRENT CASE USES THREE D1HENSIDML TANK STUDIES FOR HEATED SURFACE JETS. HWEVER. ONLY THE SURFACE TEMPERATURE PREDICTIONS lERE UTIL inD IN THE TSAI MODEL 

17) THERE IS A POSSIBILITY THAT THIS HOOEL MAYBE ABLE TO HANDLE THE EFFECTS OF AMBIENT CROSS CURRENTS. THS IS NOT CLEAR FROM fADA'S PAPERS. 

( I I MODEL CAN ALSO BE USED FOR NEAR FIELD OR COMPLETE FIEIO APPLICATIONS. 
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