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Abstract

We present a new Subset Simulation approach using Hamiltonian neural network-based Monte Carlo
sampling for reliability analysis. The proposed strategy combines the superior sampling of the Hamiltonian
Monte Carlo method with computationally efficient gradient evaluations using Hamiltonian neural networks.
This combination is especially advantageous because the neural network architecture conserves the Hamil-
tonian, which defines the acceptance criteria of the Hamiltonian Monte Carlo sampler. Hence, this strategy
achieves high acceptance rates at low computational cost. Our approach estimates small failure probabilities
using Subset Simulations. However, in low-probability sample regions, the gradient evaluation is particu-
larly challenging. The remarkable accuracy of the proposed strategy is demonstrated on different reliability
problems, and its efficiency is compared to the traditional Hamiltonian Monte Carlo method. We note
that this approach can reach its limitations for gradient estimations in low-probability regions of complex
and high-dimensional distributions. Thus, we propose techniques to improve gradient prediction in these
particular situations and enable accurate estimations of the probability of failure. The highlight of this
study is the reliability analysis of a system whose parameter distributions must be inferred with Bayesian
inference problems. In such a case, the Hamiltonian Monte Carlo method requires a full model evaluation
for each gradient evaluation and, therefore, comes at a very high cost. However, using Hamiltonian neural
networks in this framework replaces the expensive model evaluation, resulting in tremendous improvements
in computational efficiency.

Keywords: Subset Simulation; Hamiltonian Neural Networks; Hamiltonian Monte Carlo; Rare event
simulation; Bayesian inference

1. Introduction

Engineers are responsible for designing reliable structures, considering the cost and consequences of
structural damage/failure. To this end, methods such as the first-order reliability method (FORM) [I] and
second-order reliability method (SORM) [2] have become standard procedures to estimate the probability of
failure. However, structures require different thresholds for the probability of failure. Irreplaceable parts and
those whose failure will have dire consequences, i.e., components in space structures or nuclear power plants,
need to be constructed such that failure is extremely unlikely. Since structures generally behave nonlinearly
before they fail and distributions for uncertain variables may deviate significantly from Gaussian, evaluating
the failure probability is usually not straightforward. That is, the failure probability cannot be solved
analytically such that numerical and/or statistical reliability methods are required [3].

The Monte Carlo method is the benchmark statistical method since it provides an unbiased estimate of
the failure probability. However, it requires a huge number of model evaluations to provide a reasonable
estimate, especially if the probability of failure is very low. Therefore, it is necessary to significantly speed
up this method. Methods aimed at significantly decreasing computational cost generally fall into three
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major categories: (i) methods that speed up each sample evaluation, (ii) methods that improve sampling
efficiency and reduce the number of necessary model evaluations, and (iii) methods that combine categories
(i) and (ii). To speed up model evaluations, it is common to employ model order reduction strategies,
e.g., [@HI0] or construct a surrogate model that approximates the model response, e.g., [ITHI8]. Other
approaches combine these strategies in a multi-fidelity framework wherein data are fused from reduced order
models and high-fidelity simulations [T9H22]. To improve sampling efficiency, numerous strategies have been
developed. Established methods include importance sampling [23], Latin Hypercube sampling [24], and
Subset Simulation [25], among others. The highest computational benefits can be achieved by combining
the speed up of sample evaluation and reducing model evaluations. For example, model order reduction has
been combined with importance sampling and subset simulations [26], 27] and Kriging and neural network
surrogate models have been integrated with importance sampling [28] [29].

In this paper, we will focus on a specific aspect of the second strategy, namely efficient sampling. Our
approach is rooted in the widely-used Subset Simulation method, which has become a standard approach for
Monte Carlo-based reliability analysis [25] B0OH32]. Subset Simulation requires Markov Chain Monte Carlo
(MCMC) methods to sample from the conditional distributions at each level of the method. Initially, this
was done with a modification to the random walk-based Metropolis-Hastings sampler [33] [34] to perform
component-wise steps [25]. Since that time, numerous schemes have been proposed that use enhanced
MCMC methods to improve efficiency, including repeated generation of pre-candidate states [35], delayed
rejection [36], and conditional sampling [37]. Zuev et al. also proposed a Bayesian postprocessor for Subset
Simulation to further estimate the probability density function to quantify the uncertainty of the failure
probability [3§].

The aforementioned methods generally consider Subset Simulation formulated in the standard Gaussian
space. However, performing Subset Simulation in the original physical space is often desirable because an
isoprobabilistic transformation to standard Gaussian is not easily obtained. In the original space, however,
Subset Simulation can be complicated by strong nonlinear dependence among variables coupled with strong
non-Gaussianity and degeneracy of high-dimensional distributions. Two recent approaches have specifically
aimed to address this issue. Shields et al. [39] applied the random walk-based affine invariant ensemble
“Stretch” sampler in Subset Simulation for problems where sampling the conditional distributions may be
difficult. Meanwhile, Wang et al. [40] proposed algorithms that leverage Hamiltonian Monte Carlo (HMC)
to generate samples by simulating the evolution of time-reversible Hamiltonian dynamics using a symplectic
numerical integrator. This work was further extended to use Riemannian manifold HMC in [41].

The major disadvantage of HMC compared to Metropolis-Hastings and other random walk methods is
the computational cost. The proposal of a new state in HMC requires simulating the evolution of time-
reversible Hamiltonian dynamics numerically using symplectic integration. Therein, evaluating gradients of
the Hamiltonian causes the greatest computational effort. To improve the efficiency, Strathmann et al. [42]
proposed a gradient-free approach based on exponential kernels. Furthermore, Broccardo et al. combined the
HMC with Gaussian process modeling [43]. Li et al. [44] proposed to use neural networks to approximate the
numerical gradient in HMC, while Levy et al. [45] proposed to learn a neural network operator that serves
as an efficient kernel for the HMC method. These neural network methods, however, were not constrained
by the Hamiltonian dynamics. Greydanus et al. [46] proposed the Hamiltonian neural network (HNN), a
physics-informed neural network that conserves energy over long trajectories. Recently, Dhulipala et al. [47]
proposed to use HNNs for efficient HMC sampling for Bayesian inference and its integration with an advanced
version of HMC called the No-U-Turn Sampler (NUTS). Dhulipala et al. [47] also proposed a modified version
of HNNs called latent HNNs. This acceleration of HMC with HNNs has been further verified in [48].

In this paper, we propose to integrate pre-trained HNNs with HMC, termed Hamiltonian Neural Network
Monte Carlo (HyyMC), to accelerate Subset Simulations. The proposed method provides the same robust
probability of failure estimates using the standard HMC methods, earlier proposed by Wang et al. [40], while
reducing the cost of the Hamiltonian integration considerably. We achieve greater than 20 times speedup
in the propagation of the Hamiltonian trajectories, which makes conditional sampling in Subset Simulation
far more efficient than the standard HMC. Furthermore, we provide strategies to overcome the limitations
of pretraining the HNNs that make extensions of the proposed HyyMC algorithm possible for even more
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challenging problems such as those where Bayesian inference and reliability analysis are conducted together.
The final example of this paper explores this special case in which model evaluations are required at every
HMC step. However, the proposed HyyMC predicts the gradient directly, such that model evaluations are
not needed for Hamiltonian integration. In fact, model evaluation is only required once to accept or reject
the conditional state, as in the conventional standard Subset Simulation, resulting in a significant speed-up.

Section [2] briefly introduces Subset Simulations before the HynMC method is presented in Section
Using HynMC within Subset Simulations is proposed in Section [ followed by a proof of concept in Section [f]
Section [6] demonstrates the strategy on systems with uncertain parameters. Finally, Section [7] concludes the
results of the proposed strategy.

2. Subset Simulation for Reliability Analysis

To determine whether structural failure occurs, one must define a limit state based on engineering deci-
sions. The limit state function g(x) is defined as a function of the random vector x describing uncertainties
in the system and its inputs such that g(x) < 0 corresponds to failure of the system. The probability of
failure is then determined by the multi-dimensional integral of the probability density function fx(x) over
the failure domain [49):

Pe=P(F) = [ [ 10 dx, &

9(x)<0

where F' is the failure region corresponding to the event g(x) < 0. The equation can be reformulated using
an indicator function Ir(x), for which Ir(x) =1 if x € F and Ip(x) = 0 otherwise, as follows:

pF—/Z.../Z]IF(x)fX(x) dx . (2)

Using standard Monte Carlo methods, the probability of failure can be estimated by the expectation of
the indicator function, written as:

1
Pp — ~ = (k)y
r = Ellr(x)] ~ — > Te(x™) (3)
k=1
where x(*) are m independent samples drawn from fx(x). In general, this method gives accurate and

robust probability of failure estimates, but it converges slowly — requiring large numbers of samples in which
mo 5. For small Pr, this is clearly problematic.

F
Subset Simulation, proposed by Au and Beck [25], aims to reduce the number of samples by defining Pr
through a nested sequence of failure regions F} D Fy D --- D F,, = Fsothat F =nf_F;, k=1,...,n. The
probability of failure is then evaluated using conditional probabilities as follows:

n—1

P(F)=P(R) [ P(Fisa | i) - (4)

i=1

The conditional probabilities are set to be larger values, typically around 0.1, and are estimated using Monte
Carlo simulation by drawing samples from the conditional distributions at each level. These samples are
drawn using various MCMC algorithms to be constrained within the conditional subsets. As previously
mentioned, a great deal of research has focused on using different MCMC algorithms for this task. Of
particular interest in this work is the use of HMC, which we discuss next.
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3. Hamiltonian Neural Networks in Hamiltonian Markov Chain

In this section, we first provide a brief overview of the Hamiltonian Monte Carlo method. Next, we
introduce Hamiltonian Neural Networks (HNNs), a type of physics-informed neural network specifically
designed to learn Hamiltonian dynamics. We then show how HNNs can be integrated into HMC to accelerate
the sampling process.

3.1. Hamiltonian Monte Carlo

Hamiltonian Monte Carlo makes the analogy between sampling and a set of particles moving through a
probability distribution, 7(x), with no external forces (i.e., only conservative forces). Under these conditions,
the moving particles are governed by the following principles of Hamiltonian mechanics, wherein the state of
the particles can be fully described by the position vector q and the momentum vector p. Since the system
is conservative, its energy (Hamiltonian) is constant and composed of the kinetic and potential energy, K
and U, which depend only on the position and momentum. The Hamiltonian is written as follows:

H(q,p) =U(q) + K(p) - (5)

The state of the system evolves with time using Hamilton’s equations relating the position q and the
momentum p as:

da_om
dt op’
dp  OH
at - aq (6)

Solving this system of equations in time results in a constant energy (Hamiltonian) trajectory in the (p, q)
phase space. Importantly for HMC, these equations describe a system that is reversible and symplectic (i.e.,
conserves energy and preserves volume). The importance of these properties for HMC has been detailed in
other works [40], 50] and will not be discussed further here.

HMC leverages Hamiltonian dynamics by treating the sample x drawn from 7(x) as a set of particles
having positions q in the Hamiltonian trajectory (i.e., x = q). We then define the joint probability density
between the position q and momentum p to take the following form:

7(p,q) o e 1P — =U(@)—K(P) (7)
We then define the potential energy by:

U(q) = —logm(q), (8)

and the kinetic energy by:
1

K(p) = §pM‘1p : 9)

which results in the position following the target distribution 7(q) and the momentum independently fol-
lowing a Gaussian distribution with covariance M. Selecting M to be a non-diagonal, positive semi-definite
covariance matrix results in the Riemannian Manifold HMC, which has been demonstrated to improve the
acceptance rate for non-Gaussian distributions but requires determining the best M matrix for a given prob-
lem [41], [51]. However, in this work, as is often done, we select M = oI where I is the identity matrix, and
« is a scalar value, which corresponds to the momenta being independent Gaussian random variables.

To perform HMC, we then consider the current state of the Markov chain as the position q and assign
a Gaussian random momentum p, which completely defines a state in phase space such that Eq. @ defines
a reversible trajectory of constant energy (Hamiltonian). Hamilton’s equations (Eq. @) are then solved
numerically using a symplectic integrator. Here, we use the synchronized leapfrog scheme, which first
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updates the positions written as:

At At? At At? OH
at+ A1) = alt) + 5 p(0) + - B{E) = alt) + 1 plt) ~ i oo (10)
where At is the integration time step and p(t) = —a‘z—g). Then, the momenta are updated by:
At At ( OH OH
t+ At) =p(t — | p(t D(t+ At) ) =p(t) — — 11
b1+ 80 = p(0)+ 5 (b0 +p00+80) b~ 5 (ot + 5ot ) D
where again p(t) = TR

A new state (q*,p*) is determined by integrating forward L time steps for a total time of ¢y = LAt.
Because the integration is performed numerically, there is some error that causes a deviation in the Hamilto-
nian (i.e., H is not strictly conserved). Therefore, a Metropolis-Hastings type acceptance-rejection criterion
is introduced that accepts the new state with probability

o =min[l,exp(H(q,p) — H(q",p"))] - (12)

The HMC process is highly sensitive to both L and At such that large At can cause large integration
errors and thus high rejection rates. Meanwhile, small L can result in undesirable random-walk-type behavior,
while large L can result in unnecessarily high computation costs. To avoid the need to manually tune the
parameters, one may apply methods such as the No-U-Turns Sampler (NUTS) [52]. However, in the context
of Subset Simulation, Wang et al. [40] proposed methods for setting ¢, which will be discussed in Section
Here, we apply strategies similar to NUTS to generate the samples from the original distribution and rely
on methods of Wang et al. for sampling from conditional distributions at subsequent levels.

For completeness, the Hamiltonian Monte Carlo method is detailed in Algorithm [I]

Algorithm 1 Hamiltonian Monte Carlo

Initial state: q, Hamiltonian: H, Leapfrog steps: L, Step size: At
po < N(0,1)
do < ¢
PL < Po— %%%
for 1 <n< L do
q, < 4,1 + Alpy
pn+% — pnfé - At%%

end for

P -1~ 55
qQ* < qy,

p*x < —Pg,

a = min [1, exp (—H(q#, p¥) + H(qo, Po))]
if « > U(0,1) then

return (qx, px)
else

return (qy, py)
end if

3.2. Hamiltonian Neural Networks

HMC requires the computation of the gradient of the system (%—g) at each time step, which can be

computationally expensive, and each proposal of HMC requires many time steps. To reduce this cost, gradient
evaluation can be accelerated using a surrogate model. Li et al. [44] showed that standard feedforward neural
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networks, such as that shown in Fig. a), result in a high speed-up. However, recent enhancements in
physics-informed neural networks that conserve energy promise high accuracy in long-run time integration
of Hamiltonian systems. One example of particular interest is the Hamiltonian Neural Network (HNN) [46].
The idea of HNNs is to learn the Hamiltonian H(q,p) such that energy is conserved — that is, Hamilton’s
equations are satisfied. This is achieved by constructing a neural network that learns the parameters 6 by
solving

d 0H, 0H
argmln di(tl - —9 H + —0 ) (13)
where the gradients % ‘9H" and 8 ¢ are obtained directly from the neural network through automatic differ-

entiation as 111ustrated in Fig. [Ifb). Recently, a variation of HNNs, termed Latent HNNs (L-HNNs), was
proposed in which the network output is a set of d latent variables A = {A1, \a,..., g} where d is the
number of random variables such that 4

i=1

which has been shown to improve the expressivity of the network [47]. The L-HNN structure is shown in
Fig. c). Next, we will briefly discuss the nuances of training these different neural networks and their
implications for HMC.

The standard feedforward neural network approach takes as input the position and momentum (q, p) and
returns the gradients (i—;‘, i—‘t’) directly. Hence, training data consists of trajectories of Hamilton’s equations,
where each time step provides a training point. In HNNs, the training data are the same, but the network
is constructed to learn a function Hy intended to approximate the Hamiltonian. By establishing the loss
function in Eq. ., the network learns Hy such that energy is conserved by comparing the gradients of
88? and 81({19 with the gradients (d—?, i—?) in the training data. Finally, the L-HNN takes advantage of the
fact that the gradient is a linear operation and instead predicts a set of d latent variables from which Hy
can be computed by Eq. , thus improving expressivity, particularly for high-dimensional problems. We
therefore notice that, although the training data are identical, the HNNs and L-HNNs will have far superior

performance — especially for long trajectories — because they are designed to conserve energy.

3.3. The HyyMC Algorithm

Integration of HNNs into HMC is straightforward but can have significant computational benefits. This
method, which we refer to as HyyMC simply replaces the standard numerical gradient evaluation in the
leapfrog integration (Egs. and ) with HNN approximated gradients ag;()g and ngf. This way, the
Hamiltonian trajectories necessary for generating the next state of the Markov chain can be computed
without the expensive numerical gradients that would typically be required when performing the conventional
approach. The resulting algorithm is provided in Algorithm

Of course, the HNN requires sufficient training data, and in its application to HMC, this training data
is generated a priori. Consequently, the cost of the HyyMC is incurred up-front, and the subsequent chain
propagation comes at little cost. Generally, this up-front cost is far less than the cost of numerical integration
and it becomes increasingly efficient as the number of time steps and the number of samples increases.

3.4. HynMC Illustration

In this section, we briefly demonstrate the use of HNNs in HMC. To achieve good results, it is crucial to
accurately reproduce the Hamiltonian system. First, we show that the HNN accurately conserves the Hamil-
tonian for a 1D bimodal distribution. We then show that the HNN gradients produce accurate Hamiltonian
trajectories for a 2D distribution with correlations.

For the first demonstrative example, we choose a bimodal Gaussian with p = [0,3] and o = [1,1] as the
target distribution, where the second peak has a higher weight, having a pdf given by:

pg) = \/% (i exp (—0.5 (q;’“)2> + %exp (-0.5 (q_a“z>2>> : (15)
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(a) Standard feedforward architecture

dq

Neural network layers dt
with trainable parameters 6 dp
dt

(b) Hamiltonian Neural Network

Neural network layers
with trainable parameters 6

\ 4
OHy  OHy
op 0q

(c) Latent Hamiltonian Neural Network

Neural network layers
with trainable parameters 6

v !
Jp oq

Figure 1: Comparison of the neural network architectures: (a) Scheme of a standard feedforward neural network; (b) Hamiltonian
Neural Network architecture with an in-graph gradient, cf. [46]; (c) Scheme of latent Hamiltonian Neural Networks, cf. [47].

The training data are generated by simulating relatively long training trajectories from a few initial
samples. For this distribution, 40 trajectories are simulated with a trajectory length of 20 and a step
size of 0.05. Hence, the training set includes 1.6 x 10* gradients. This modest amount of data leads to
a sufficient coverage of the sample domain taking into account that the distribution is one-dimensional
and has a relatively simple density function. The HNN consists of two hidden layers with ten neurons in
each layer. This relatively simple architecture can achieve high training and test accuracy. For this one-
dimensional problem, the accurate prediction of the HNN can be seen in Figure (a) by comparing the
simulated trajectories with those using traditional gradient calculation in phase space. The Hamiltonian is
well preserved using the HNN, as the constant energy levels are simulated accurately. Figure b) shows the
distribution estimated from 5000 samples generated using the HyyMC matches the true probability density
with high accuracy.

For the second illustrative example, we apply Hyx\yMC for a two-dimensional correlated Gaussian dis-
1. 09

09 1 ], with pdf given by:

tribution that has the mean pu = [1,—1]7 and the covariance matrix ¥ = [

exp (<05 (a—w) = a—u)

ra) = B | 1o




Algorithm 2 Hamiltonian Neural Network Monte Carlo

Initial state: q, Hamiltonian: H, Leapfrog steps: L, Step size: At, Hamiltonian Neural Network prediction:
HNN(), Neural network input: x =q @ p
po < N(0,1)
qo < 1q
Py < Py — AL HNN(x)
for 1 <n< L do
qn — qnfl + Atpn
Prntl < PpoL — At HNN(x)
end for
Pr <~ Pr-1— % HNN(x)
q* < qp,
bx < =P
a = min [1, exp (—H(qx, px) + H(qg, po))]
if « >U(0,1) then
return (gx, px)

else
return (qo, Py)
end if
(a) (b)
I I I I I
0.3 H{ —— HNN-MC 5T N
B o === true pdf Ll
2 | " = 3
— al LY
0.2 h b f
T g .
— 0 1 = i o
. = ’ y
2 )
201 f
o .
-2 const. |
energy
| | ! | levels 0
-2 0 2 4 6 -2 0 2 4 6
a1 [-] a1 [-]

Figure 2: Application of HynyMC for a bimodal Gaussian mixture distribution. (a) Trajectories in phase space of constant
Hamiltonian. The trajectories are simulated using the gradients of the Hamiltonian (HMC) or the predicted values (HNN); (b)
The distribution of 5000 samples using the HynyMC compared with the true probability density function.

The generated samples of the correlated distribution using HynyMC are shown in Figure a). To compare
the gradient evaluations, one trajectory is simulated using the standard Hamiltonian gradients as well as the
predicted gradients using HNNs. To show the accuracy of long-run trajectories, the length is chosen larger
than the required trajectories during sampling. We observe that the HNN trajectory follows the original one
and conclude that the gradient prediction for this trajectory is accurate. For both variables, ¢; and g2, the
probability density functions are shown in Figure (b) Both match the true probability density function of
the Gaussian shifted to the respective mean.
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T T T T
—— HNN ¢4
04} |— HNN g - ::* i
20 1 — === pdfgige | 2004 W[,
| . AL Ly
: n. f /:Li ‘1
Zosf 2 i 1
=] ¥ LA .
Tof 14 gl
x > [ 2 .
= = 02| 0 [9772 L) |
z 3
o A7 .
_9l i % / 1
HNN samples 0.1 1
—— HNN trajectory .
=== HMC trajectory
_4 | | | | 0
-2 0 2 4 3 4 5
@[]

Figure 3: Two-dimensional correlated Gaussian distribution: (a) 5000 generated samples along with a long trajectory that
moves through the distribution using traditional and HNN predicted gradients. (b) Probability density of the variables using
5000 samples compared to the true probability density function.

4. HNynMC for Subset Simulation

In this section, we propose a methodology to integrate HynyMC into Subset Simulation. The framework
closely follows the method proposed by Wang et al. [40] for the use of HMC in Subset Simulation, so we
begin by discussing this approach.

4.1. HMC for Subset Simulation

Two primary considerations must be addressed when applying HMC for conditional sampling in Subset
Simulation. The first is the fundamental question of sampling from the conditional distribution. To account
for the truncation of the distribution that occurs when defining each conditional level, Wang et al. point out
that integrating the conditional distribution into the Hamiltonian as follows:

H(a,p) = U(a) + K(p) = ~log(r(a|F})) + ;oM 'p .

1
= —log(n(q)) + §pM_1p —log(Ir(q)) + const.

creates a potential barrier. That is, when Ir(q) = 0, the Hamiltonian has infinite potential energy.

To account for this energy barrier, they proposed two algorithms. The first approach effectively ignores
the barrier and applies a post hoc acceptence-rejection step. This scheme, referred to as Rejection Sampling
HMC, simply computes the Hamiltonian trajectory to generate the next state q* and then rejects this state
if Ip(gq*) = 0; that is if the new state does not lie in the current conditional level Fj.

The second, more complicated approach uses a novel algorithm to approximate the time at which the
trajectory crosses the limit surface (potential barrier), calculates the momentum at this “hitting time,” and
bounces the trajectory off the potential barrier, after which the trajectory continues, and a new state q* is
proposed. This state is then again rejected if Ip(q*) = 0. This method, referred to as the Barrier Bouncing
HMC, will not be discussed in detail here. In our applications, we apply a Rejection Sampling-based approach
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for simplicity, although there is no reason that the barrier-bouncing approach could not be applied in our
setting.

The second issue in applying HMC for Subset Simulation is the appropriate selection of the trajectory
length in the subsets. As stated previously, one could naively apply the HMC using Algorithm [3] However,
this may result in relatively long trajectories that wander out of the conditional level, yielding a high rejection
rate. On the other hand, selecting very short trajectories yields very high acceptance rates, causing a strong
correlation between samples. Wang et al. propose to aim for a relatively constant acceptance rate targeted
in the range between a;o,, = 0.3 and apiqn, = 0.5. To achieve this target acceptance rate, they proposed the
method in Algorithm [l The initial trajectory length is set based on Algorithm

Algorithm 3 Initialize trajectory length and set leapfrog steps

Step counter: j, Step size: At, Mean period: T, Factor for division: k
for i < 1, N do

q,p) + (4, p™)

1

d+,P+) < One leapfrog step(q, p)

q—,p-) < One leapfrog step(q, —p)

(
J
(
(

while pf(q; —q-) or p’(q- —q4) do
j+=1
(a+,P+) < One leapfrog step(q., p+)

(a-,p-) ¢ One leapfrog step(q—, p-)
end while

T; < 2jAt
end for

_ T
T<—Z !

N
ty < T/k

t
L+ fot} > Set leapfrog steps to nearest integer

return [T, L]

Algorithm 4 Adaptive rule for trajectory length

Subset number: j, Step size: At, Mean period: T
if ajow < a < anign then
return No update for leapfrog steps
else
if ajow < a then
ty % sin~? (sin <2ﬂ;f>) exp((a — ajow)/2))
else if apign > a then
T 27t
ty o sin~! (sin (Tf>> exp((a — anign)/2))
end if
end ift
L+ LKfﬂ > Set Leapfrog steps to nearest integer

10



259

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

291

292

293

294

295

296

297

298

299

4.2. Proposed Approach

The proposed approach to integrate HynMC into Subset Simulation proceeds as follows:

1. Pretrain an HNN by running some set of Hamiltonian trajectories.

2. Generate an initial set of samples according to the probability distribution 7 (x) using HyyMC.

3. For each conditional level, draw samples using either the Rejection Sampling HMC or the Barrier
Bouncing HMC. However, within the time integration for the Hamiltonian trajectories, compute the
gradients of the Hamiltonian using the pre-trained HNN.

These conceptually simple steps are implemented using the pieces described above and can be augmented
with certain optional enhancements as described next.

4.2.1. Online Error Monitoring

A general limitation of neural networks is that they interpolate well but often extrapolate inaccurately [53]
54]. Hence, circumstances arise where the HNN gradient predictions become inaccurate as a result of
insufficient training data. This is particularly true in the tails of the distribution whose states have not
previously been observed. For such cases, Dhulipala et al. [47] proposed an online error monitoring scheme
based on slice sampling, which was originally proposed to monitor integration errors during the standard
HMC. At the current state, a slice variable u is drawn from the Uniform distribution written as:

U~ Z/[(O,GXP(H (qu pO))) ) (18)

where H(qq, py) is the Hamiltonian at the current state. Defining a threshold Ae, if
H(q,,p,)) +In(u) > Ae, (19)

then the algorithm reverts to conventional numerical integration for the current time step. This increases
computational cost but improves robustness, particularly for strongly non-Gaussian and high-dimensional
distributions where exploration is difficult.

4.2.2. Neural network updates

Aside from the error monitoring scheme, the neural network parameters can be updated during the Subset
Simulations. For example, whenever a new subset level is reached, a share of the new samples can be used
to create new training data using the traditional gradient calculation. Afterward, the data can be used to
retrain the neural network. This procedure leads to higher accuracy in the region of interest and, therefore,
reduces the number of rejections.

Another possible approach is to use the online error monitoring scheme and neural network updates
together. In such cases, based on the history of online error monitoring, the scheme decides whether a neural
network update is necessary, e.g., when an error monitoring threshold has been exceeded several times, neural
network retraining may be triggered.

4.8. Benefits of HynMC' for Subset Simulation

The main benefit of using HynyMC is the computational savings compared to standard HMC. Our first
examples will show the significant speed-up of the sampling while the limit state function of the chosen
problems is rather cheap. In these examples, we demonstrate the performance of HyyMC on complex
distributions and show that the HNNs are able to estimate gradients for rare events.

In general, most computational expense comes from model evaluation, i.e., the evaluation of the limit
state function. To this end, Wang et al. state that “in practice, the main computational effort in Subset
Simulation is usually the evaluation of limit-state functions, and each leapfrog step (except the last step) does
not involve limit-state function evaluation, thus the additional cost introduced by using a relatively small At
is often negligible” [40)]. This is true for problems in which the probability density function is well-known a
priori, as in the traditional Subset Simulation methods where all computations are performed using standard
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normal random variables. However, this is not the case in the more general reliability problem in which the
probability density is known only implicitly (i.e. through the computational model), known only up to a
scale factor, or must be inferred from data. In such cases, for example in inference problems where the
system parameters are unknown, the model needs to be evaluated to obtain the gradients required for HMC.
Consequently, each leapfrog step becomes extremely expensive. HyxMC, on the other hand, is capable of
learning the Hamiltonian gradients that involve limit state function (model) evaluation. This way, model
evaluation is only required during HNN training and in the last (acceptance/rejection) step. This makes
HynMC-based Subset Simulation substantially faster computationally.

5. Proof of concept

In this section, we provide a rigorous proof of concept presenting several numerical examples of reliability
problems using the proposed method. For the chosen examples, we use the reliability index 8 = ®~1(Pr) and
compare the results for accuracy with the modified Metropolis-Hastings (MMH) sampler [25] and for compu-
tational performance with existing HMC methods [40]. Using the reliability index, instead of the probability
of failure itself, allows us to make meaningful comparisons of the coefficient of variation, which can break down
for Pr [39]. The problems are implemented in Python using the UQPy package [55, [56]. Parts of the code for
latent Hamiltonian Neural Networks have been adopted from the GitHub repository Bayesian inference with
Hamiltonian Neural Networks (BIhNNs) available at (https://github.com/IdahoLabResearch/BIhNNs). The
computational time of the examples was assessed on an Apple MacBook Pro equipped with an M1 chip and
16 GB of memory.

For all examples, we use 10® samples from the original distribution and 10® samples in each conditional
level within the rejection sampling Subset Simulation as proposed by Wang et al. [40]. The conditional
probability is fixed at 0.1. Unless otherwise specified, 4 x 10° gradient evaluations of the Hamiltonian are
used to generate the training data set for the HNN. However, complex and high-dimensional distributions
may require a larger training set for the HNN. The HNN is composed of three hidden layers and 100 neurons
in each layer. In all cases, these settings give reasonable results. However, we have not performed a more
rigorous network optimization on the HNN. Thus, performance may be improved through a better network
design aimed at optimizing the learning rate. This problem is beyond the scope of this paper since it is
independent of the approaches proposed here.

5.1. Linear Limit State with Degenerate Gaussian Distributions

The first numerical example aims to explore the performance of HyxMC-based Subset Simulation for
problems where the distribution form is simple, but sampling is difficult due to the degeneracy of the
distribution. That is, the distribution is defined in a space with dimension D, but its support lies primarily
on a space with dimension d < D. For this, we consider a random vector X with multivariate normal
distributions having mean vector and covariance matrix given by:

I »p p
Do 1 »p
p p 1

where the correlation p is modified to control the dependence between the random variables. Importantly,
as p — 1 the distribution degenerates and becomes effectively one-dimensional, sampling using standard
MCMC methods (e.g. Metropolis-Hastings) becomes a challenge. The linear limit state function is given by
9(x) = B\/Omaznt — Y iy T, where § = {3,4,5} is the reliability index, n is the problem dimension, and
Omaz is the largest eigenvalue of C. The reliability problem is illustrated for n = 2 in Figure @] which shows
the contours of the joint pdf and the limit state function for different values of 5 and correlation of (a) p = 0,
(b) p=10.75, and (c) p = 0.95.
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Figure 4: Illustration of the reliability problem for a bi-variate normal distribution with linear limit state function for different
correlations: (a) p = 0; (b) p = 0.75; (c¢) p = 0.95. (d) Illustration of the samples generated from Subset Simulation using the
proposed HNNMC for a two-dimensional uncorrelated standard normal random vector having linear limit state function with

B=5.

The generated samples for one Subset Simulation run using the proposed HyyMC with n = 2, § = 5,
and p = 0 are shown in Figure d). The acceptance rate of the samples within the conditional levels varies
between 0.96 and 0.99 for the HMC acceptance criteria and between 0.16 and 0.52 for the subset rejection
criteria. The predicted probability of failure is 3.12 x 10~® which corresponds to 3 = 5.41.

This example serves as a first demonstration that the proposed HyyMC can be used to estimate small
failure probabilities such that we can test it on more challenging cases where existing methods encounter dif-
ficulties. Considering different correlations p and dimensions n, we demonstrate its performance by repeating
each case 100 times to estimate the coefficient of variation.

The results of the Subset Simulations using MMH and HynyMC are summarized in Fig. 5] which shows the
mean value and coefficient of variation of beta for different values of p (plotted in log scale in terms of 1 — p)
for low (n = 2), medium (n = 10), and high-dimensional (n = 100) cases. As expected, the MMH gives good
estimates for the failure probability for uncorrelated random variables, regardless of the dimension. However,
as the correlation increases the MMH quickly loses accuracy, especially in high dimensions. In contrast, the
HnnMC sampling strategy gives very good results in almost all problems and only starts to lose accuracy
when n = 100 and 8 > 4. For the two and ten-dimensional correlated distributions, the HyyMC sampler
gives very accurate results such that solid lines in the upper plots of Figure |4| (mean values) are almost flat at
the correct S value. Furthermore, the coefficients of variation of the estimators from HynyMC are relatively
low and only increase mildly with dimension. Meanwhile, for the 100-dimensional distribution, the CoV
from MMH drops to zero as the correlation increases meaning that the method gives the wrong answer with
little to no variability.

Notably, for this example, the primary objective is to demonstrate that the HyxnMC can be used to
achieve accurate reliability estimates. Computational efficiency is not the primary concern. Nonetheless,
the computational efficiency of using the proposed HyyMC method in Subset Simulations is compared with

standard HMC in

5.2. Two-dimensional Rosenbrock distribution

For this example, we study a problem with two random variables following a Rosenbrock distribution
having the unscaled probability density function written as:

k (mg — x%)Q +(1- x1)2
20

p(x) (21)
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Figure 5: Results of 100 Subset Simulations using MMH and HxynMC for correlated Gaussian distributions: the mean reliability
indices are compared in the upper plots while the lower plots show the coefficient of variation for (a) 8 = 3, (b) 8 =4, and (c)

B=5.

The distribution has a banana or boomerang shape, and depending on the factor k, the distribution can be
wide or very thin. We define a linear limit state function given by g(x) = 120 — x5 — 3z1. For this problem,
the MMH algorithm can give reliable failure probabilities only for £ < 1 [39].

We first consider the Rosenbrock distribution with & = 1 having “true” reliability index of g = 2.706
(Pr = 3.4 x 1073) obtained from Monte Carlo simulations. Samples from one Subset Simulation using
HynMC are shown in Figure @(a) yielding very accurate results with 8 = 2.808 (Pr = 2.48 x 1073). Using
the same architecture for 100 Subset Simulations trials yields the mean reliability index 3 = 2.953 and
coefficient of variation CV(8) = 0.0932. To further test the approach, we increase k to 10, where the
MMH algorithm fails to adequately sample from the failure region, and, therefore, the Subset Simulation
with MMH breaks down. Figure @(b) shows one subset using the HyyMC approach yielding 5 = 3.039
(Pr = 1.18 x 1073), while the “true” value is 8 = 2.6755 (Pr = 3.73 x 1073). The mean reliability index
from 100 trials is 8 = 3.435 and the coefficient of variation is C'V(8) = 0.127, which compare favorably to
state-of-the-art methods such as the affine invariant stretch sampler, which gives § = 3.466, CV(B) =0.138
[39]. However, using the standard HMC achieves better results for k¥ = 10, implying the limitations of the
HxynMC for complex distributions, e.g., for the Rosenbrock distribution with k& = 100, discussed in the next
section. Some additional remarks on computational cost for this example are provided in
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5.8. Limitations of the HyyMC' in Subset Simulations for multi-dimensional Gauss and Rosenbrock distri-
butions

The proposed HynMC algorithm reaches its limitations for strong correlation with high dimension and
low probability of failure, e.g., the 100-dimensional problem with a correlation of p = 0.999 and g = 5.
The same applies to Rosenbrock distributions with high k. While the HMC method still gives reasonable
results, the proposed HynyMC faces higher rejection rates in the rare event space since it is particularly
challenging to learn the steep gradients of the Hamiltonian correctly. In Section [£.2.1] and [£:2:2] we propose
two strategies to mitigate this issue: (i) updating the neural network parameters in each subset and (ii) an
online error monitoring scheme that deploys conventional HMC as needed. The limitations and strategies
are demonstrated in where both approaches are applied to the two-dimensional Rosenbrock
distribution with k& = 100.

5.4. Additional examples for proof of concept

Additional examples related to structural dynamics are provided in the appendix. The reliability problems
focus on system parameters, following different distributions in and uncertainty introduced
within the load with high dimensional problems in[Appendix D] As shown in these appendices, the proposed
HynMC Subset Simulation provides accurate estimations of the failure probability in both examples.

6. Subset Simulations for systems with uncertain parameters

The major advantage of the proposed method arises when model evaluations are necessary for Hamiltonian
gradient evaluation. As highlighted by Wang et al. [40], this is not generally the case for reliability problems
on deterministic systems having uncertain inputs with well-known distributions. However, when performing
reliability analysis on a system whose parameters must be inferred from data, we cannot avoid performing
model evaluations at each step of HMC. That is, model evaluation is necessary for gradient evaluation.

Furthermore, we cannot use automatic differentiation tools since model evaluation is required. Therefore,
we use a central difference scheme to calculate the numerical gradients. Hence, the evaluation requires multi-
ple model evaluations for each gradient computation, which becomes computationally excessively expensive
for high dimensional problems.

To illustrate this case, we apply the proposed HynMC-based Subset Simulation approach to assess the
reliability of a single-degree-of-freedom system having a Bouc-Wen hysteretic material model (illustrated in
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Figure ) whose parameters must be inferred from data. The equation of motion of the highly nonlinear
system is written as [55]:

mii(t) + cu(t) + kr(t) = —miiy(t), with (22)
P(t) = i — Bla] [r) "~ r(t) = yae)rd)]" . (23)

where k is the spring stiffness and n 8 and - are the hysteresis parameters of the Bouc-Wen model. Alter-

1
natively, we parameterize the system equivalently by n, rg and §, where rg = ¢ and § = L
VB+y B+~
(a) Single-degree-of-freedom system (b) System response
ilg u T T T

Bouc-Wen
7 ]

A

Figure 7: Bouc-Wen model for Bayesian Inference

The parameters of the spring and the Bouc-Wen material model are assumed to be unknown and must be
learned from data. These data are generated by creating an artificial measurement of the system response
to the scaled El Centro ground motion record [57] shown in Figure (b) with parameters k = 13X 7y =
2.5 cm, 6 = 1,, and n = 2. The original system uses small viscous damping, which introduces a small error
since the inference model assumes no damping. The simulated noisy response measurement, including 5%
root mean squared noise, is shown in Figure c).

Using the observed data, we first employ traditional HMC to infer the joint distribution of the material
parameters. This HMC comes at a significant computational cost since each leapfrog step requires evaluation
of the model. We draw a total of 5000 samples by employing 50 leapfrog steps for each proposal, gathering
250000 gradient evaluation in total. We then use these gradient evaluations to train the HNN — hence
the HMC cost is not wasted. For reference, the HyxMC is tested on the Bayesian inference problem first,
where we again generate 5000 samples from the posterior parameter distribution. These samples, which are
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Figure 8: Subset Simulations for Bayesian inference; Bottom left: Drawn samples using HynMC in Bayesian inference sampling;
Diagonal: Histograms of 5000 samples using HynMC; Top right: Subset Simulations using HynyMC with 1000 samples.

«2a generated extremely fast because they do not require model evaluation for the Hamiltonian gradients, are
w5 shown in the bottom left plots of Figure |8] and histograms for each variable are shown on the diagonal.
26 The observed results show that the HynyMC distributions are consistent with those observed from previous
a7 studies m

228 Next, we conduct reliability analysis using the inferred joint parameter distribution. The limit state
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function corresponds to the exceedance of a displacement limit, w;,, = 5, in the time range t € [0, 40] sec
under the same El Centro excitation and is expressed as:

9(%) = Upim e lu(x,t)] . (24)
where x is the vector of uncertain system parameters. We apply the HyyMC sampling strategy within
Subset Simulation using 1000 samples per subset. Repeating the analysis for 100 trials, we observe a mean
reliability index of § = 4.35 with coefficient of variation CV(3) = 0.048. A representative sample set from
Subset Simulation with samples colored by subset is shown in the upper off-diagonal plots in Figure

The HynyMC results are in agreement with Subset Simulations performed with HMC using the traditional
gradient updates, which produced a mean reliability index of 5 = 4.44 with coefficient of variation CV (5) =
0.039 from ten independent trials. However, the cost of Subset Simulation with HyyMC is dramatically
lower. Traditional HMC requires that the system response be evaluated at every time step of the Hamiltonian
trajectory. Therefore, one Subset Simulation takes tpycss = 579549 sec (> 6 days). As a result, we could
only afford 10 independent trials with standard HMC. Because the trained HNN automatically computes the
gradients, and no model evaluation is needed, The HynyMC method takes only tgvess = 4509 sec (= 1.25
hours) per Subset Simulation — an improvement of more than 100x.

7. Conclusion

In this paper, we developed Hamiltonian Neural Network Markov Chain sampling for reliability analysis
using Subset Simulations. The proposed strategy reveals high efficiency and accurate estimates for the
probability of failure.

Hamiltonian Neural Networks are particularly powerful for gradient predictions of long trajectories [46],
so marriage with Hamiltonian Monte Carlo is highly beneficial. As a result of this, the acceptance rate of
the non-random walk proposals remains high.

The main benefit of using this approach is to decrease the computational efforts for the gradient calcula-
tion during the sampling. For the examples in this paper, the new approach is at least 20 times faster when
performing Subset Simulations. However, a fair metric for the speed-up of the approach also considers the
training procedure of the Hamiltonian Neural Network, which includes the traditional gradient calculation
during the generation of the training set. The gradient evaluations required for the Subset Simulations are —
dependent on the settings — far more than the number of samples for the training set. Notably, the strategy
becomes increasingly beneficial if the same distribution is used for several simulations since the training
procedure is only required once.

In the case of very complex and high-dimensional distributions, such as the Rosenbrock and the highly
correlated 100-dimensional Gaussian distribution, the approach reaches its limitations in higher subset levels.
The most reliable solution for this problem is to include an online error monitoring scheme. Although
this extension weakens the computational efficiency of the HyyMC subset method proposed, online error
monitoring enables comparable results to the standard HMC method, even in the most unfavorable situations,
i.e., for very complex distributions. However, for most updates, the online error scheme is not required.

The HynMC proposed in this paper is particularly valuable when applied to problems where the un-
derlying distribution is a priori unknown. For such Bayesian inference problems, the numerical gradient
calculation becomes extremely expensive when applying the traditional HMC method since the underlying
model has to be evaluated. These gradient evaluations are done by the Hamiltonian Neural Network in
a fractional amount of time, enabling outstandingly fast and efficient sampling. Thus, the algorithm pro-
posed in this paper reveals the highest speed up in the Bayesian inference framework since it decreases the
computational effort to 1% compared to the time necessary using the traditional HMC sampler.
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Appendix A. Computational efficiency of HN\nyMC compared on proof of concept examples

Appendiz A.1. Degenerate Gaussian

The computational cost of HynMC for Subset Simulation is compared with standard HMC based on the
number of Hamiltonian gradient evaluations for cases with n = 100, p = 0, and § = 3,5 in Table[A.I] Clearly,
both HyyMC and HMC are capable of drawing quality samples in this uncorrelated high-dimensional case.
The HxyMC only requires traditional gradient evaluations for the training data. Here, we used 4 x 10°
gradient evaluations. It can then be directly deployed for all problems based on this distribution without
any additional computations. Meanwhile, the traditional gradient updates using HMC highly depend on the
settings of the algorithm. Using as few as possible gradient evaluations, i.e., one chain with 100 burn-in steps,
results in the number of gradient evaluations presented in Figure Hence, the proposed method only
leads to a speed-up if the probability of failure becomes low. Of course, the HyyMC sampler is significantly
more efficient when used for several trials since the HNN does not need to be retrained for each trial.

Regarding computational time, the HNN prediction and the Hamiltonian gradient evaluation are com-
pared for the uncorrelated Gaussian distribution (p = 0) with 100 variables. The numerical evaluation of
103 gradients takes 2 896 ms, whereas the HNN performs this task in 16 ms which is a reduction in cost by a
factor of more than 180. Assuming the HNN is already trained for this distribution, full Subset Simulations
using the HyyMC run in 489 sec on average, while the traditional HMC takes 30543 sec on average.
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Table A.1: Comparison of the required Hamiltonian gradient evaluations for Subset Simulations using HMC and HynyMC for
correlated Gaussian random variables with a linear limit state having n = 100, p = 0, and 8 = 3, 5.

Hamiltonian number average
gradient training | initial | subset of for one
evaluations data set subsets | simulation
HynMC 4 x 10° 0 0 2.8/7.5 | 4x10°
HMC (8 = 3) 0 91516 | 79856 2.8 315113
HMC (8 =5) 0 91075 | 78282 7.5 678190

Appendix A.2. Rosenbrock

The speed-up of the method for this example in terms of traditional gradient calculations depends on
the number of samples used for the neural network training. For this distribution, using 8 - 10° gradients for
training led to good accuracy during the supervised learning procedure. The traditional approach depends
on the settings for the Hamiltonian Monte Carlo, especially since the initial set requires a relatively high
burn length for this distribution to find adequate initial samples. The number of leapfrog steps is calculated
using Algorithm [3| with a fixed step length At = 0.01. Starting with 20 independent samples from the
Gaussian distribution and using a burn length of 500 results in 881619 traditional gradient calculations.
The number of gradient evaluations could be further reduced if only one single chain is used, reducing the
number of gradients required for the initial set to 120 220. However, within each subset, the chains operate
independently, meaning that the number of required gradients is solely influenced by the trajectory and
the step length. For the chosen example, the algorithm evaluated seven levels with the following gradient
evaluations [205 200, 410 364, 407 220, 483 184, 471 440, 539 776, 550 668], which is 3067 852 evaluations for all
subset levels. Thus, the number of required conventional gradient evaluations is dependent on the number
of chains chosen for the evaluation of the initial subset, but at least 4 times higher compared to the HNN
approach.

To compare the computational time of the two approaches, we used 10% samples in each subset, and
the initial set of these examples requires the update of the 10% samples in each run. The classic gradient
evaluation takes 226.8 ms, while the neural network requires only 10.9 ms. Thus, the neural network approach
is approximately 20 times faster for gradient evaluations. The evaluation of a whole Subset Simulation takes
15872 sec on average for HMC and 735 sec on average using HyxyMC. Increasing the number of samples
for the new strategy achieves better accuracy than using the HMC. Even though sampling is still faster —
using 10 times more samples, 10* instead of 10% takes 5393 sec on average — the evaluation of the limit state
function is in general the most expensive part of the simulation.

Appendix B. Limitations for Rosenbrock distribution with k& = 100

This part of the appendix focuses on the proposed strategies to deal with the limitations of the approach
based on the Rosenbrock distribution with k& = 100. First, we observe that using the same training procedure
as in previous cases (4 x 10° initial gradient evaluations) results in very few samples in the tails of this very
thin distribution. As a result, the HNN is likely to produce poor gradient predictions in this area — which
is critical for reliability analysis. Hence, we use long trajectories (800 leapfrog steps with a step size of
0.05) during the creation of training data assembled using 10? initial samples without using an acceptance-
rejection criterion. Figure a) shows the results of one Subset Simulation using HyyMC. The
pre-trained HNN on 8 x 10° gradient evaluations gives accurate predictions within the first three sets; the
acceptance rate is above 90%. However, the rate drops rapidly due to the poor training in the tails (e.g.,
the acceptance rate is 0.05 in subset 8 and does not exceed 0.25 in any subset after the third). Hence, the
samples reach the failure region only after 15 subsets, which significantly underestimates the probability of
failure. However, these observations represent only one trial. For further analysis, we used 10 independently
trained architectures to create 100 Subset Simulations, i.e., ten trials with each trained architecture. The
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70 results of these runs are summarized in Table The standard HNN approach gives a mean beta value of
m [ = 8.014, which is not accurate relative the reference value g = 2.715 [39].
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Figure Appendix B.1: Subset results for the Rosenbrock distribution k& = 100 using Hamiltonian Neural Network sampling (a)
with a Hamiltonian Neural Network, (b) with a latent Hamiltonian Neural Network, (c) with a Hamiltonian Neural Network
and retraining in each set, (d) with a Hamiltonian Neural Network and online error monitoring, (¢) Hamiltonian Monte Carlo
sampling, and (f) Hamiltonian Neural Network with 10000 samples.
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Table B.2: Subset Simulation results for different HynMC approaches. Summary from 100 trials using ten different HNN
architectures and ten repeated trials for each approach.

Approach B Var(g8) | CV(p)
Standard HNN 8.014 | 3.985 0.249
Latent HNN 6.519 0.841 0.140
HNN with retraining 5.615 | 1.658 0.229
HNN with online error 4.983 | 0.885 0.189
HMC (10 runs) 2.997 | 0.0932 0.032
HNN (10 runs, 10* samples/subset) | 2.781 | 0.0313 | 0.064

To improve performance, we explore three strategies:

1. Using an enhanced HNN architecture, i.e., the latent variable HNN [47].

2. Updating the HNN parameters in each subset evaluation to achieve higher acceptance rates cf. Sec-
tion

3. Using an online error monitoring scheme to ensure good proposals for the new states, cf. Section f.2:1]

All three approaches improve the estimation of the probability of failure, as shown in Figure
[B.1[b)-(d) and Table

First, the enhancement of the architecture from HNN to latent HNN improves the prediction accuracy
of the network [47]. Even though the latent HNN provides better gradient estimates, the results vary
significantly with each simulation. The gradients are often overestimated in regions that are not trained
well, as can be observed from Figure b). In the lower region around (0, 0), we observe outliers
stuck outside the high probability area. One interesting observation is the vast area covered by the second
subset in orange. This approach slightly improves the mean value of beta but significantly reduces the
variance (Table [B.2)).

The results can be further improved if more training data is used, particularly in the tails of the dis-
tribution. This leads us to the second approach: retraining the HNN after each subset. The results for a
single Subset Simulation are shown in Figure c). Although the probability of failure esti-
mate is a little lower compared to the latent HNN prediction in this particular illustration, we observe that
the outcome is better on average. Also, we observe higher acceptance rates within the subsets, gradually
evolving toward the failure region. Table shows that the mean beta value decreases to § = 5.615, which
(while not particularly accurate) is comparable to estimates from other state-of-the-art samplers, such as
the stretch sampling method [39]. However, this approach requires the evaluation of samples using the tra-
ditional approach within each subset. Thus, the computational cost increases with the number of training
samples chosen for each subset.

The best results of the proposed approaches are achieved by using online error monitoring. Here, the
trajectory is corrected using traditional gradient calculations if a threshold is exceeded. Therefore, we
observe that no samples get stuck outside of the distribution, see Figure d). However, using
this scheme diminishes the computational savings of the approach as it requires expensive computational
gradient calculations when Hamiltonian conservation is violated. From Table the mean beta value is
B = 4.983, which is an improvement over other methods (except traditional HMC) for only 1000 samples
per subset [39]. Furthermore, the variance of the approach is also reduced. This approach delivers the most
reliable results for very complex distribution and low-probability regions. However, the threshold has to be
chosen carefully. If chosen too large, the proposals may still be inaccurate. If chosen too small, for most of
the samples, numerical gradient calculations will be used such that the approach ends up in the traditional
HMC.

Meanwhile, the traditional HMC approach produces accurate results with an average of 8 = 2.997 and
a coefficient of variation of CV () = 0.032 for ten Subset Simulations. Therefore, while the proposed im-
provements show better performance for this very difficult problem, they are still not capable of reproducing
the accuracy of the full HMC approach.
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Another possibility for increasing the accuracy of Subset Simulations is to evaluate more samples in the
subsets. Using 10* samples in HynyMC results in a crucial improvement of the estimate. From 10 runs, the
HanMC results in an average estimate of 5 = 2.781 with a coefficient of variation of CV(8) = 0.063. The
HynMC with increased subset samples outperforms the traditional method regarding speed and accuracy.
However, if the limit state functions become computationally more expensive, the sample increase will lead
to significantly higher costs. Thus, to keep a balance between sampling efficiency and the number of samples
required online error monitoring is likely to be preferred.

Appendix C. Spring damper system

, In this example, the two-degree-of-freedom (dof) spring-mass-damper system shown in Figure [Appendix
is considered. The primary-secondary system is characterized by the masses m,, and ms, spring stiffnesses
kp and ks, and damping coefficients ¢, and c,, where the subscripts p and s refer to the primary and secondary
oscillators, respectively. These six uncertain parameters follow independent log-normal distributions with

kp kS
O PWWA
P s
S
Cp @) @) Cs O @)

Figure Appendix C.1: A two-dof system with uncertain parameters, cf [14].

mean values and coefficients of variation provided in Table [C.3]

Table C.3: Mean values and coefficient of variation of the parameters of the two degrees of freedom system. All random variables
of this example follow log-normal distributions.

Parameter | Mean | CV
My 1.5kg | 0.1
Mg 0.01kg | 0.1
ky LY 102
ks 0.013 | 0.2
Cp 0.05 0.4
(s 0.02 0.5
F, 15N 0.1
So 100N | 0.1

The reliability of the system is based on the spring capacity F of the secondary oscillator, where the
highly nonlinear limit state function is given by [58]:

S0 CaCs (G + Csw3) wy
463 | GGy (42 + 62) + 12 ALyt ’

g9(x) = Fs — 3k, (C.1)

where w, = /kp/m, and ws = \/ks/ms denote the natural frequencies and v = ms/m, the mass ratio.
Furthermore, w, = (wp + ws)/2 and {, = (¢, + {s)/2 denote the average values for the eigenfrequency
and damping parameters, and the factor © is defined as © = w, — w;s/w,. The probability of failure is
Pp =4.79 x 1073 (8 = 2.59) determined from Monte Carlo simulation [14] 58].

We performed 100 Subset Simulations using the proposed HyxMC sampling. The resulting mean relia-
bility index is 3 = 2.680, and the coefficient of variation is CV () = 0.0433, which is very close to the correct
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value from MCS. We noticed that the acceptance rate of the subset drops below 0.3, which would lead to an
update of the leapfrog steps. The acceptance rate of the HNN proposals remains above 0.9, indicating that
the previously discussed online error monitoring and/or retraining are unnecessary. The traditional HMC
sampling for ten Subset Simulations results in a similar estimate with mean reliability index 5 = 2.663 and
the coefficient of variation CV(5) = 0.025.

Appendix D. White noise excitation

This example considers a high-dimensional problem with 200 variables. A single-degree-of-freedom os-
cillator, shown in Figure [Appendix D.1|a), is excited with a seismic loading [40]. The properties of the
oscillator are fixed with mass m = 6 x 10* kg, stiffness k = 2 x 107 N/m and damping ¢ = 2m(+/k/m using
a viscous damping ratio of ( = 0.1. The equation of motion is written as:

mii(t) + cu(t) + ku(t) = —miiy(t) . (D.1)

Here, u(t) is the displacement of the oscillator, and @ and 4 are the velocity and acceleration of the mass,
respectively. The randomness of this example is introduced by the ground acceleration ii,. The acceleration
is simulated by a white noise process discretized in the frequency domain as [59]:

n/2
iy = AZ (asj cos wjt + 4y /2 sin wjt) , (D.2)
j=1

. where A = v25Aw to account for the intensity of the white noise, chosen as S = 0.01m?/s3. Figure
(b) shows one white noise sample.

The random vector q consists of n = 200 independent standard Gaussian random variables. The fre-
quency points are given by w; = jAw using n/2 = 100 points with a cut-off frequency of we,s = 157, which
leads to Aw = 0.157.

We use the same first-passage probability problems in the following, as demonstrated for the standard
Hamiltonian Monte Carlo Subset Simulation [40]. The limit state function of the problem is written as:

900) = s = max. u(x.) (.3)

The results of 100 Subset Simulations for u;,;, = 0.02 m, u;;, = 0.025 m and wu,, = 0.03 m in terms of
the reliability index § are shown in Table [D.4] In the last column, the results from the original proposal of
Hamiltonian Monte Carlo for Subset Simulations are shown to compare the new method.

Table D.4: Subset Simulation results of 100 runs of the Hamiltonian Neural Network approach for the white noise excitation
subjected to a single-degree-of-freedom system.

Threshold | B | Var(8) | CV(B) | HMC [0]
0.020m 2.355 | 0.0074 | 0.0365 2.471
0.025m 3.802 | 0.0661 | 0.0676 3.786
0.030m 5.165 | 0.0775 | 0.0539 4.997
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(a) Single-degree-of-freedom system
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Figure Appendix D.1: White noise excitation problem; (a) single-degree-of-freedom oscillator; (b) exemplary created white
noise; (c) examplary response of the oscillator.
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