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Abstract

Fundamental streamwise pressure distributions were measured at Idaho State University
to address a primary objective of obtaining insight into the apparent evolution of air flow
regimes at moderate Reynolds numbers in thin, wide rectangular ducts with converging inlets.
Ducts of 3.030 and 4.077 mm spacings s (called three and four mm), having non-dimensional
lengths of (L/s) = 500.8 and 372.2 and widths (W/s) = 114.6 and 83.2, respectively, were
compared. Flow rates ranged from Reynolds numbers based on hydraulic diameter (Reph) of
about 980 to 10,000 and corresponding non-dimensional downstream pressure gradient
parameters (—Kp) covered the range 0.038 to 0.0061, respectively. At low ReDh, downstream
results for apparent friction factors fds from both test sections agreed with the laminar fully-

developed predictions and for the high Reph they showed approximate agreement with the

correlation of Beavers, Sparrow and Lloyd [J.Basic.Eng 1971] for fully-developed turbulent flow



in comparable ducts. For three mm, apparently transition started within the test section length
for Reph greater than about 2700 and for the four mm test section at Repp = 3000. The
downstream pressure gradient parameter data indicated that the flow would remain laminar if (-
Kp.ds) is 0.022 or greater for the three mm test section or 0.021 or greater for the four mm one.
The hydraulic entry behavior of the local apparent friction factor fapp {x} of the constant cross-
section duct downstream of the end of the inlet bevel showed apparently laminar flow initially
for all experiments. These entry data followed (above) the numerical predictions of Schade and
McEligot [IJHMT 1971] for laminar flow in the entry of an infinitely-wide parallel plate duct
with a uniform entry velocity. Examining the data with the streamwise Reynolds number as the

ordinate demonstrated that, for Reph = 4000 or greater, transition onset (chosen at the minimum

fapp) is near constant around Rex to = 1.7 x105. Asa consequence, in laminar coordinates the
location xto*{ReDh} = (Xto - Xbevel) /(SReDh) systematically decreases as Repp, increases. A
secondary objective --- to assess design-style computational fluid dynamics (CFD) predictions
from a popular "standard k-¢ two-layer turbulence model" --- was also pursued. The turbulent k-
¢ CFD predictions over-predict the entry fapp{x}, by as much as a factor of two, because it is

treated as a turbulent flow rather than the laminar entry flow implied by the experiments. The k-
¢ calculations predict a turbulent entry length of about forty spacings but the experiments
indicated it can be much longer. It appears that --- for Reph > ~ 4000 --- transition would have
occurred in the growing near-wall boundary layer. We can obtain further insight into the
developing flow phenomena in the hydraulic entry region at these higher Reph by considering
the transition as "bypass transition," i.e., transition primarily induced by freestream turbulence,
and by employing available direct numerical simulations (DNS) of representative bypass
transition boundary layers such as those of Zaki and colleagues [JFM 2013, 2016]. For the most
part, the present data for flow in the hydraulic entry of a wide rectangular duct show the same
flow friction features as the DNS of bypass transition, possibly indicating the presence of the

same phenomena / structures.

Keywords Wide rectangular ducts, converging inlets, apparent friction factor
measurements, laminar, transitional and turbulent flow, non-dimensional pressure gradient

parameter, direct numerical simulation, bypass transition



Nomenclature

1)
A

APG
ASL

X,y
PG

function of

cross sectional flow area

adverse pressure gradient

above sea level

diameter

hydraulic diameter, 4A/p

favorable pressure gradient
cross-sectional average mass flux, m/A
turbulence kinetic energy, ( W+ F)/ 2
length, test section length (between bevels); L, , hydraulic entry length based on
fn (X}

mass flow rate; slope

exponent

pressure

wetted perimeter

gas constant
unit Reynolds number, Vp/v with units of 1/meter

Sutherland constant [White 2 text, sec. 1-3.7, 1991]

gap spacing

temperature

streamwise mean velocity; Ueo, freestream velocity

specific volume

bulk velocity

velocity fluctuations about means in streamwise, wall-normal and spanwise
directions, respectively

friction velocity, (tw/p) 172

duct width

coordinates in streamwise and wall-normal directions, respectively

zero (negligible) pressure gradient



Non-dimensional quantities

C
Ct

product of f; and Rep, for laminar flow

skin friction coefficient, 2 'cw/(onoz)

duct friction factor; fapp, local or pointwise apparent friction factor, (- 2p/G?)
(D,/4) d(P + (G*/p))/dx; fg,based on wall shear stress, 2 TW/(pVbz); ffq, friction
factor in fully-developed flow; fds, downstream friction factor

streamwise pressure gradient parameter, (v/ (pu~|;3))dp/dx

acceleration parameter, (V/Vbz)(dVb/dx)

length, (XL - xbevel)/(s ReDh)

Reynolds number; Rep,, based on hydraulic diameter, VpD,/v; Rex, based on
streamwise distance, UcoX/V or Vp(X - Xpevel)/V; Reg, based on momentum
thickness, UooO/v

root-mean-squared value of streamwise velocity fluctuations in wall coordinates
streamwise distance from origin, (X - Xpevel)/(s ReDh)

wall-normal coordinate, yuy/v

compressibility factor, PV/(RT)

streamwise acceleration parameter, (62/v) dUeo{x}/dx

Greek symbols

a© <2 T D

Subscripts

intermittency

boundary layer thickness

"homogeneous" dissipation of turbulence kinetic energy used in turbulence
models

momentum thickness

absolute viscosity

kinematic viscosity, w/ p

density

shear stress; Ty, wall shear stress; Tw ,app» local apparent wall shear stress,

(-Dy/4) d(P + (G*/p))/dx

origin at start of parallel-plate gap; inlet condition



app apparent

bevel at end of inlet bevel

BL boundary layer

BSL Beavers, Sparrow and Lloyd [J.BasicEng. 1971]
cl centerplane

D based on tube diameter; Dh, based on hydraulic diameter
do developed onset

ds downstream

duct duct

fd fully-developed

in, inlet inlet condition

L at end of parallel-plate gap, beginning of exit bevel
lam laminar

max maximum

min minimum

pipe circular pipe

TL transverse leg

TS test section

to transition onset

tr transition

w wall

e freestream

1. Introduction

Two classical geometric idealizations for internal duct flow are the circular tube and
parallel flat plates, infinitely wide [Schlichting 6 text, 1968; White 2 text, 1991]. The tubular
geometry can be approximated closely in practice. On the other hand, infinitely-wide parallel
flat plates do not exist; for experiments, wide rectangular ducts are used as approximations. In
both cases wide variations of entry geometries are used [Beavers, Sparrow and Magnusson,
IJHMT 1970b; Kakac, Shah and Aung handbook 1987; Idelchik handbook 1994]. As seen
from the measurements of Beavers, Sparrow and Magnuson [[JHMT 1970b] transitional

Reynolds numbers and turbulence development for parallel-plate channels are sensitive to entry



configurations. For the present study. fundamental pressure distribution measurements were
obtained for wide rectangular ducts with beveled inlets, simulating the flow channel found
between adjacent fuel element blocks in some prismatic gas-cooled nuclear reactors [Melese and
Katz, 1984; Johnson and Sato, HTR2010; McEligot and Johnson, NERS 2017] for which such
data were not readily available. This simple geometry generates interesting streamwise

behaviors, particularly for transitional and turbulent flow regimes.

The beveled entrance forms a convergence which causes the inlet flow to accelerate as it
approaches the wide rectangular duct of constant cross section. A boundary layer develops along
the surface of the bevel. In his Sc.D. thesis, Launder [p. 45, Mech. Eng., MIT 1964] showed that

such boundary layers, if turbulent, will revert to laminar if an associated acceleration parameter
Ky = (v/Ux?2) dUco/dx persists at greater than about 2 x 10-6. So the flow entering the duct can

be expected to be partially developed and may be laminar, transitional or turbulent, depending on

the generated parameters and the flow quantities.

Downstream of the edge at the intersection of the bevel surface and the rectangular duct,
a separation bubble typically forms. The free shear layer between the recirculating shear flow
and the core flow headed downstream would form a mean velocity profile with an inflection
which is inherently unstable [Sec. XVIL.b.5, Schlichting 6, 1968]. So, if the incoming core flow
is laminar, it may or may not undergo a transition to turbulent before attaching to the wall of the
rectangular duct. Thus, it is not clear what the effective "initial" conditions are for the
downstream flow in the duct. The present measurements may give some insight into this

uncertainty for flows based on Reynolds numbers (Reph = VpDh/v) between about 1000 and

10,000 for a pair of plate spacings.

The discussions above consider the two-dimensional aspects of the flow in accordance
with the imposed boundary conditions. However, in the experiment, curvature of the mean
streamlines of the flow from the upstream plenum into the converging entry and again from the
bevel boundary layer into the rectangular duct could be expected to induce three-dimensional
Gortler vortices [Gortler, Gottingen 1940; Blackwelder, Phys. Fl. 1983; Finnis and Brown, J.

Turbo. 1989]. These vortices could propagate into the shear layer of the separation bubble at the



beginning of the duct. If so, the effective initial conditions for the rectangular duct would be
three-dimensional with imbedded streamwise vortices adding spatial fluctuations to calculations
of two-dimensional mean values. While more detailed measurements or direct numerical
simulations are required to examine these speculative aspects, the present data may give insight

into whether they are consistent or not.

The air employed is considered to be non-compressed, to have constant Newtonian
properties and to be flowing steadily in the mean. The containing surfaces are treated as
hydraulically-smooth planes. For clarity, we will try to refer to the converging upstream
geometry as the "inlet" in the rest of this report. The term "entry" will then be used to describe
the hydraulic entry or developing flow region within the rectangular duct of constant cross
section, beginning at the end of the bevels of the converging inlet. All the data presented are in

the constant cross section region of the test section.

Lacking the ability to measure internal velocity profiles in the thin duct, for the most part

we present the current experimental results in terms of the local or pointwise apparent friction
factor, fapp, based on the local apparent wall shear stress, Tw app = (-D,/4) d(P + (G*p))/dx,
from a one-dimensional momentum equation. Thus, fapp = (- 2p/G?) (D,/4) d(P + (G*/p))/dx and
the momentum term disappears for the current duct with a constant cross-section and
incompressible flow. This pointwise definition differs from that of Kays [text 1966] and various
other authors who use an overall apparent friction factor based on the pressure difference from
the inlet at x = 0 to a downstream value of x. In the fully-developed region downstream fapp is
equal to the local friction factor based on measured wall shear stress, fg =2 'cw/(pVbz), since the

two-dimensional streamwise momentum flux distribution is not varying there. However, as
shown by Schade and McEligot [IJHMT 1971] in the constant property section of their Table 3,
in the hydraulic entry of a wide rectangular duct fapp is larger than fg (their Table 2 evidently has

a typographical error in the comparable section). This local fapp{x} is typically employed for

introductory treatments of internal compressible flows, e.g., Shapiro, p. 164 [text 1953].



Beyond engineering textbooks (e.g., Schlichting 6 [1968], Kays [1966], White 2 [1991])
and handbooks (e.g., Johnson [1998], Rohsenow and Hartnett [1973], Kakac, Shah and Aung
[1987], Idelchik [1994]), flow between parallel plates has received extensive treatment in the
technical literature, particularly the idealized infinitely-wide case. Reviews of the status of
transition knowledge have been published by Kleiser and Zang [1991], considering numerical
simulations, Zaki [FTC 2013] covering bypass transition of boundary layers, Mullin [2011] for
pipe flow experiments, He and Seddighi [2013] for unsteady flows, Eckhardt et al.
[Annu.Rev.F.M. 2007], Tuckerman, Chantry and Barkley [Annu.Rev.F.M. 2020], Yimprasert et
al. [Exp.Fl. 2021] and Avila, Barkley and Hof [Annu.Rev.F.M. 2023] for transition in internal
flows and many others. For direct comparison to the present results one is interested in
streamwise pressure distributions and friction factors. Examples of pertinent studies are results
from numerical analyses of laminar hydraulic entries by Schade and McEligot [[JHMT 1971],
Shah and London [Adv.H.T., 1978] and Muzychka and Yovanovich [J.FluidsEng. 2009],
correlations of fully-developed laminar friction factors in rectangular ducts by Kakac, Shah and
Aung (their eq. 3.158 [Handbook 1987]), critical Reynolds numbers for non-circular ducts by
Tosun, Uner and Ozgen [Ind.Eng.Chem Res. 1988] and delPlace [J.Mod.Appl.Phys. 2018],
direct numerical simulations for fully-developed flows between parallel plates by Kawamura and
colleagues [Tsukahara et al., WCCM VI 2004, 11FHT 2004] and for fully-developed turbulent
flow in square and rectangular ducts by Ulmann et al. [JEM 2007], Vinuesa et al. [J.Turbo. 2014]
and Owolabi [Ph.D. thesis 2018], channel flow experiments by Durst et al. [Exp.Fl. 1996],
Hashimoto et al. [THMT 2009], Seki and Matsubara [Phys.Fl. 2012], Watanabe et al. [9ICFD
Sendai 2012], Miyazaki [MS thesis Shinshu 2014], Matsubara et al. [IJHFF 2016] and Sano and
Takei [Nat.Phys. 2016], extension of the Blasius correlation for fully-developed turbulent pipe
flow to non-circular ducts [Blasius, 1913; Kays eq. 6-44, 1966; Schlichting 6 eq. 20.5, 1968;
Bejan pg. 259, 1984] and correlations of their own developed turbulent channel flow
experiments by Beavers, Sparrow and Lloyd [J.BasicEng, 1971] and by Zanoun, Nagib and
Durst [F1.Dyn.Res. 2009]. For planar channels, most theoretical studies of stability and
transition have concentrated on the fully developed conditions downstream, ignoring the entry
region where transition may be initiated; as will be seen in the present results, for most of the
transitioning cases the transition would have started upstream before a fully-developed laminar

condition would have been reached.



In transitional pipe flow, Wygnanski and Champagne [1973] observed structures called
puffs and slugs. A structure comparable to the puff was found by Tsukahara et al. [2005] with
DNS for a fully developed, low-Reynolds-number channel flow; based on the appearance they
labeled it a turbulent stripe pattern. Fukudome and Iida [2012] have also examined stripe
patterns with DNS. To verify the stripe pattern experimentally, Hashimoto et al. [2009]
performed flow visualization at (x/s) = 380 in a planar channel with a turbulence grid in its
entrance (x = streamwise coordinate and s = plate spacing). At this location the critical Re,, was
2600, turbulent spots occurred at Rep,;, about 3200, for 3400 < Rep,,, < 4000 turbulent stripes were
observed and at Rep,, = 4800 typical high-Re-turbulence was seen. The generation of turbulent
spots and their spread in channels have been studied by Carlson, Windall and Peeters [1982],
Schumacher and Eckhardt [2001] and Lagha [2007]. Direct numerical simulations of transitional
flow in rectangular ducts have been conducted by Takeishi et al. [JFM 2015], Rehman et al.
[ISTEGIM Erlangen 2019], Orlandi and Pirozzoli [J.Turb. 2020], Kohyama, Sano and Tsukahara
[Phys.Fl. 2022]; these studies all use periodicity for their streamwise boundary conditions as in

fully-developed flow (even though transitional flows often occur in developing flows).

Some studies have provided insight into entry behavior. Of course, first were the flow
visualization experiments of Reynolds [1883; Jackson and Launder, Annu.Rev.F.M. 2007;
Mullin, 2011] although one should probably check the studies of Leonardo da Vinci. For a
circular tube, Rotta [1956] examined the streamwise evolution of transition in terms of the
centerline intermittency for several different entrance configurations. He found the streamwise

development to depend on Reynolds number Re and the individual entry shape.

For rectangular ducts, Beavers, Sparrow and Magnuson [[JHMT 1970a] measured
laminar flow development in terms of the local pressure defects and compared to available
analytic predictions. Beavers, Sparrow and Magnuson [IJHMT 1970b] also conducted
experiments on the effects of twelve inlet geometries on the minimum Reynolds number for
breakdown of laminar flow (i.e., transition in terms of the local apparent friction factor which is
based on the local streamwise pressure gradient and a one-dimensional streamwise momentum

equation); they found a range 2200 < Re,,, < 3400, in the last third of the ducts. Of particular
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interest is their observation that, for their rounded converging inlet, upstream disturbances had

no significant effect on the transition Repp. Ghajar and Madon [1992] examined laminar entry

flow and downstream transition (x/D > 309) with pressure drop measurements for three different
inlet configurations. In preliminary studies Durst et al. [1998] measured centerline fluctuations at
(x/s) = 80 in a rectangular channel to determine entry configurations (trips) to obtain fully-
turbulent flow by that location. With a curvilinear converging entry and no trip, there was
apparent transition behavior there for a range 2000 < (U,s/v) < 10*. Zanoun, Kito and Egbers
[J.FluidsEng. 2009] presented some channel centerplane data obtained by Fischer [Ph.D. thesis
Erlangen 1999] and demonstrated the effects of inlet trips on transition (defined by an increasing
turbulence intensity) and the location for developed turbulence (identified by constant values of
all statistical moments). With a model of a gas turbine passage between blades, Simon and
colleagues [Qui and Simon, ASME paper 97-GT-455; Jiang and Simon, J.Thermphy.HeatTrans.
2005] have conducted experiments with some of the same features as expected in the present
one: convergence to a throat, a separation bubble with reattachment leading to a laminar,
transitional and/or turbulent wall boundary layer --- depending on the inlet turbulence, the
streamwise pressure gradient and the Reynolds number --- with the flow exiting in a laminar,

transitional or turbulent state.

Useful insight into the difficulties of predicting transitional (and turbulent) flow by CFD
techniques is provided by the compendium of Launder and Sandham [2002]. Although
turbulence models have been attempted since the 1960s [Donaldson, 1969], development of CFD
techniques for transition continues [Pacciani et al., 2009; Rehman et al., ISTEGIM Erlangen
2019]. The state-of-the-art has been summarized well by Savill [1993,2002a,b] and has been
updated in various numerical studies (e.g., Lardeau, Li and Leschziner [2007], Walters and
Cokljat [2008], Turner and Prosser [2009], etc.). Using CFD with a transition model by Menter
et al. [2004], Abraham and colleagues [2008, 2009, 2011] studied the effects of inlet velocity
profile and turbulence intensity on flow development in a circular tube and in a planar channel
plus fully-developed flow in transition regions. Several types of predictive approaches have
been tried with varying success, although their abilities may be accidental artifacts of the models
employed [Walters and Cokljat, 2008]. Savill [1993] found no model performed satisfactorily

over a wide range of conditions, including freestream turbulence and streamwise pressure
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gradients. A weakness of many current systems code treatments is that they assume fully-
established flow in any channels and take the transition Reynolds number as Re,, = 2300
exactly. For channel entries the flow regime and flow development are not well known; the

transition Reynolds number and transition development are uncertain.

In light of the above introductory comments, we take our primary objective as obtaining
insight into the evolutions of flow regimes occurring in the rectangular duct after the present
converging inlet. Of particular interest are indications of the apparent flow regimes in the
hydraulic entry, the resulting apparent friction factors and non-dimensional pressure gradients
downstream, the dependences of the local apparent friction factors in the hydraulic entry on
pertinent streamwise coordinates, the variations of the onset of transition and of the locations
where constant friction factors are attained (if beyond transition onset, we call this location
"developed onset" marking the approximate beginning of fully-turbulent apparent wall friction)
and whether or not fully-developed laminar flow is reached before beginning transition. With
the local experimental results available, a secondary objective --- to assess design-style CFD

predictions from a popular turbulence model --- is also attacked.

Following this Introduction, Section 2 explains the experimental apparatus and
procedures, ranges of some variables, flow acceleration in the converging inlet and estimated
experimental uncertainties. The local measurements of the streamwise pressure gradients ---
from which the other results are deduced --- are presented in Section 3. Averaged values of
fapp ds and (—Kp (ds) are given in Section 4 for the downstream half of the test section. Section 5
provides local results for the hydraulic entry development in comparison to the laminar
predictions of Schade and McEligot [IJHMT 1971] and, where appropriate, to k-¢ predictions,
comparisons of various normalized apparent friction factors in terms of streamwise Reynolds
number and demonstrations of the locations of transition onset and developed onset relative to an
idealized laminar entry length and to the test section length. Some concluding remarks are

summarized in Section 6 along with discussion of similarities to the DNS of bypass transition by

Nolan and Zaki [JFM 2013].
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2. Experiment

2.1. Apparatus and procedures

Air flow pressure loss experiments were conducted to quantify apparent wall friction and
pressure loss in a wide rectangular channel with a beveled inlet. An overview of the vertical
apparatus is shown in Figure 1(a). The present test section is in the region labeled "channel."
Flows in the experiments were varied from laminar to turbulent regimes. Figure 1(b) is an
isometric view of the channel wall plates and Figure 1(c ) provides a fabrication drawing of the

side with the holes for the pressure taps [Tew, e-mail 27 May 2023].

Air flow is provided by a blower on the inlet side. The air enters an inlet plenum
upstream of the test section. Plumbing to the inlet plenum is nominal pipe size (NPS) of 3
inches, Schedule 40 having a design inside diameter of 3.068 in. = 77.93 mm, preceded by a 2
inch NPS, Schedule 40 section (ID = 2.067 in. = 52.50 mm) [Tew, e-mail 4 May 2023]. The
former is approximately 1300 mm long and the latter is about 2100 mm. Thus, a jet of initial
diameter about 77.93 mm enters the inlet plenum which is about 350.5 mm square and 609.6

mm. long. For the conditions of the present experiments the flow in the inlet pipe has Repipe >

~ 2780 so this flow is likely turbulent. Even if the flow in the pipe is not fully-turbulent, its jet
can be expected to become turbulent at these Reynolds numbers (e.g., Birkhoff and Zarantonello,
sec. XIV.10 [text 1957]; Boguslawski and Popiel [JFM 1979]). In order to avoid a significant
velocity variation across the entrance to the duct due to a jet on the centerline of the plenum, a
"dispersing plate" is installed downstream of the inlet pipe based on flow visualization and
computational fluid mechanics studies by Tew [MS thesis, ISU 2013]. The plate is a circular
disc 152 mm in diameter located 32 mm downstream from the pipe exit. (No honeycomb or
perforated plate is employed.) With this flow conditioning, the spanwise variation of mean
velocity across the duct entrance was predicted to be +/- 1.4 per cent or less except at the edge
boundary layers. In the flow visualization the flow approaching the duct entrance appears to be
turbulent. The outlet plenum is identical to the inlet plenum except that it does not contain a

dispersing plate.
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Fig. 1(a). Schematic diagram of experimental apparatus. Part of the channel serves as the test

section for the present study.

The test section channel walls are constructed from two cast aluminum (Alumax Mic-6)
plates, with dimensions of 1.980 m by 0.360 m, that are machined and ground to within a
flatness tolerance of 0.127 mm over the length of the plates. Plate thickness is 31.75 mm (with
narrow 50.80 mm thick sections at the edges). The gap between the two plates is set by

clamping sets of shims between the channel wall plates at the edges. The two gap widths used in
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the experiments had spacings s of three and four mm (nominal). The plate on one side has a
series of evenly spaced pressure tap holes at 25.4 mm; the orifices of these pressure taps are
counterbored to 3/32 in. diameter (~ 2.58 mm). The exit path consists of a beveled expansion
and beveled contraction (with the same dimensions as the beveled inlet) followed by a short
rectangular section and then the outlet plenum; this geometry is provided for alternate

experiments which are not treated in the present study.

8 7 6 5 s 4 3 2 1

TMPIoﬁe: Pressure
& Blank

DWG. NO.

>

SIZE REV/

SCALE: 1:10[WEIGHT: [ SHEET 1 OF 3
8 7 ¢ 5 i 4 3 ! 2 ! ]

Fig. 1(b). Isometric sketch of plates for the wide walls of the channel. Air flow through the
channel is from left to right [Tew, e-mail 27 May 2023].

Instrumentation consisted of two identical mass flow meters (Model ST75V by Fluid
Components International LLC of San Marcos, Calif.), one placed upstream of the inlet plenum
and one downstream of the outlet plenum, upstream and downstream humidity/temperature/
barometric pressure probes (Model HX85BA from Omega Engineering, Inc. of Norwalk, Conn.)
and a digital manometer (Model HH35.31DLC1.0 by Huber Instrumente, Reigoldswil,

Switzerland) for differential pressure measurements.
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Fig. 1(c). Fabrication drawing of channel wall plate which has counterbored holes for

measurement of streamwise pressure distribution [Tew, e-mail 27 May 2023].

For the pressure drop in the downstream region expected to have fully-developed flow,
differential pressure measurements were taken directly between x = 0.621 m and x = 1.408 or
1.535 m, where x =0 is at the upstream end of the converging inlet (i.e., upstream edge of the
aluminum plate). To obtain the streamwise pressure distribution P{x} in the hydraulic entry of
the rectangular duct, differential pressure measurements are taken with one leg of the digital
manometer remaining attached to the inlet plenum and the other attached to the desired
individual pressure tap. Once mass flow rate has been set by adjusting the upstream blower flow
rate, differential pressure is measured sequentially in the downstream direction between the
plenum and each of the individual pressure taps. The measurements are then repeated in reverse
order. The gage pressure in the inlet plenum was measured relative to the laboratory
atmospheric pressure also with the digital manometer. The absolute atmospheric pressure was
estimated via the INL website of the U.S. National Oceanic and Atmospheric Administration

(www .noaa.in.gov/mvp/iviz/) to within about seventy Pa [McCreery, e-mail 19 Apr 2023].
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Measurements are recorded using LabView computer software for later analysis. Further details

are available in the report by Williams [2015].

2.2. Ranges of variables

As mentioned, two values of the plate spacing were employed in the experiments, s =
3.030 +/- 0.14 and 4.077 +/- 0.14 mm, referred to as three and four mm, respectively. In addition
to the plate spacing, the inlet flow behavior can be expected to be affected geometrically by the
duct width and by the bevel angle and one leg (or any two legs) of the triangle defining the
bevels forming the inlet. The width of the four mm test section was 347.3 mm, giving the non-
dimensional width or aspect ratio as (W/s) = 85.19, and hydraulic diameter was D = 8.059 mm.
Its length between the end of the inlet bevel and the beginning of the exit bevel was 1.5174 m or
(L/s) =372.2,1.e., the length of the constant cross section. The hydraulic diameter of the three
mm version was 6.008 mm; its width and length were the same as the four mm duct, giving
(W/s) = 114.6 and (L/s) = 500.8, accordingly. The bevel leg dimensions were 34.29 mm in the
streamwise direction (x) and 16.61 mm transverse (y) giving an angle with the centerplane of
25.85 degrees [Tew, e-mail 27 May 2023]. The convergence ratio of the beveled entry can be
described as (s + 2AyTL)/s where AyTL, is the length of the transverse leg; thus, this

convergence ratio is 11.96 for the three mm test section and 9.15 for the four mm one.

Two types of measurements were employed: (1) to obtain data for developed flow an
overall pressure drop was measured over approximately the last sixty per cent of the
measurement region, from x = 0.621 m to x = 1.408 or 1.535 m and (2) to examine flow
development including the hydraulic entry region downstream of the beveled inlet, more detailed
pressure distributions were determined at 25.4 mm intervals from x = 0.0112 mto x = 1.535 m
(the inlet bevel ends at 0.03125 m). The downstream measurements covered the ranges ~997 <

ReDh < ~ 8870 for 34 three mm cases and ~ 993 < RepDh < ~ 10,020 for 37 four mm ones. For

the detailed series with the three mm test section, nine runs were conducted across the range ~

980 < Reph < ~ 8890. The range was ~ 1000 < RepDh < ~ 9920 for the fifteen runs in the four

mm series.
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To estimate the magnitude of the acceleration parameter Ky in the converging inlet

formed by the bevels, we assume the wide rectangular ducts are infinitely wide for convenience.

With this assumption and the one-dimensional continuity equation, the local Reph{x} in the

converging entry can be shown to be a constant value. This value then can be evaluated at the

downstream end of the inlet bevel where it is equal to the duct value, i.e.,

ReDh,inlet{x} = ReDh{X-Xbevel =0} = ReDh,duct = constant

Also with this assumption, Dh{x} = 2 s{x}. Within the inlet the spacing between the bevel
surfaces can be described as s{x} = sduct + 2 y{x} where y{x} is the one-sided expansion from
the duct wall and sdyct temporarily identifies the downstream duct spacing. From the definition

of ReDh, the local bulk velocity in the inlet may be written as

Vb{x} = (vReDh{x}/ Dh{x}) = v ReDh,duct/(2 s{x})

so the definition of Ky gives Ky{x} = (-2/ReDh duct) ds{x}/dx there. For the plane surfaces of
the bevels, the slope is constant at (dy/dx) = (-1) AyTL/AXBL where AXBL, is the streamwise

length of the bevel. Thus, for this idealized geometry

Kv{x} = (4/ReDh duct) (AyTL/AXBL)

For the present dimensions this relation can be evaluated as Ky{x} = 1.938/ReDh duct and the
resulting range of entry acceleration parameters for the experiments is 2.0 x 103>Ky>19x

10-4, approximately. These values are orders-of-magnitude greater than the laminarizing

thresholds of Launder [Mech. Eng., MIT 1964], Mayle [J. Turbo 1991] and others.

For the rest of this paper, the nomenclature "s" and "Reph" will refer to their constant

values in the duct between the beveled inlet and exit.
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2.3. Experimental uncertainty estimates

The key measurements of the present experiment are streamwise pressure distribution, air
mass flow rate, geometric dimensions and --- for determining properties --- air temperature.
These quantities are employed to deduce results such as apparent friction factor, pressure

gradient parameter, Reynolds numbers and non-dimensional locations.

Typical variation of the absolute air temperature during a run measuring P{x} was about
0.7 per cent or less, leading to a 0.7 per cent contribution in the random uncertainty of the
density and about 0.5 per cent in dynamic viscosity. For the downstream pressure drops, the air
temperature was measured for each case so this uncertainty did not enter the consequent results.
The vendor of the airflow temperature probes lists +/- 0.5 C as their accuracy; at 20 C this value

is about 0.2 per cent of the absolute temperature.

The effects of atmospheric water vapor on density and viscosity were estimated to be
negligible at the laboratory temperatures and humidities of the present experiment so dry air
properties were employed in data reduction. As noted, the laboratory atmospheric pressure was
estimated within 70 Pa. With the laboratory located at 4477 ft ASL = 1365 m ASL, a typical
atmospheric pressure is about 0.86 atm = 87 kPa so the uncertainty in laboratory absolute
pressure was 0.08 per cent or less. For the range of the present experiments the air
compressibility Z = PV/(RT) was 0.9997-0.9998 [Hilsenrath et al., NBS 564, 1955], within 0.03
per cent of the perfect gas approximation which was used to calculate the air density. For the

downstream friction factor the random uncertainty in density is about 0.2 per cent.

To estimate the absolute viscosity we used a version of the Sutherland formula [Phil.

Mag. 1893]

(Wuo) = (T/ To)/2 (1 + S/T) / (1 + S/T)

(his eqn. (4), page 513) where S is the Sutherland constant (Sutherland called it C as in constant).

Rather than forming and solving a full mathematical kinetic theory for the viscosity, Sutherland
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employed simplifications which led to his eqn. (4) and then evaluated S primarily by comparison
to the experimental results provided by Holman [Phil. Mag. 1886] for the range 0 ~/< T ~/< 124
C. He concluded that a mean value of S = 113 K gave results "within the limits of experimental
error." White [text 1991] recommends T( =273 K, up =1.716 x 10-3 Nsec/m2 and S = 111 K.
Schlichting [1968] cites van Driest [NACA TN 2597, 1952] as assuming S = 110 K. Fliigge-
Lotz and Blottner [AD 273 983, 1962] employed S=216 R= 120 K and S = 198.6 R = 110.33

for comparisons with other studies. They indicate that "newer reports" favor S = 198.6 R =

110.33 K. A NASA Glenn Research Center website recently recommended pg = 3.62 x 10-7

Ibf-sec/ft2 at T = 518.7 R ~288.17 K with S = 198.72 R = 1104 K

[www.grc.nasa.gov/www/BGH/viscosity.html accessed 12 May 2023]. Gottlieb and Ritzel

[Suffield DRL TN, 1979] fit air viscosity data with a coefficient aQ = 1.47 x 10-6 kg/(m-sec-

K1/2 and S = 113 K. Hilsenrath et al. [NBS 564, 1955] calculated air viscosity from an
empirical formula which they fitted to existing experimental data (twenty separate

investigations) yielding

u (poise = gm/(sec-cm)) = 145.8 x 10-7 T3/2/(T + 110.4)

(for tabulating they listed (w/nQ) where ug = 1716 x 10-7 poise or gm/(sec-cm) or 6.178 x 10-2

kg/(hr-m)). They claimed "reliability" of their viscosities is within two per cent. However, their
Figure 2e shows the difference between their tabulated values and the data as mostly being less
than one per cent within the temperature range of our present data. Thus, the empirical relation
by Hilsenrath et al. can probably be considered to be a good representation of the viscosity data.
While the various studies present ranges of values for the constants involved in the correlations
of viscosity, at a laboratory temperature of 20 C the effect of the range of Sutherland constants is
only about +/- 1/2 per cent, i.e., the variation of the term (T + S). For the downstream

measurements the random uncertainty in viscosity can be taken as about this one per cent.

For the present measurements we used
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u (kg/(sec-m) = Pa-sec) =~ 0.0000014592 T3/2/(109.1 + T)

taken from a NASA Glenn Research Center website [McCreery e-mail 11 May 2023] with T in
degrees K. At 290 K this relation is approximately 0.4 per cent higher than the value given by
Hilsenrath et al. This difference could be considered a systematic uncertainty or an outright bias;

if treated as a systematic uncertainty, the total uncertainty would become about 1.1 per cent.

The specifications of "accuracy" for the digital manometer are 0.05 per cent of full scale
and 0.1 per cent of reading (but not less than 0.03 per cent of full scale). For the instrument
measuring range these values indicate a random uncertainty of about 0.6 mm H2O for direct
measurements of pressure drop for the present experiment. For the downstream data with four
mm spacing, resulting random uncertainties in the direct pressure gradients were about 8.1,4.7,
1.7 and 0.7 per cent at Reph = 3090, 3920, 5960 and 9920, respectively. With the three mm
spacing, pressure drops were greater at a given Reynolds number, giving lower comparable

uncertainties in pressure gradients of about 3.1 and 0.3 per cent at Reph = 2910 and 8890,

respectively.

It is estimated that the uncertainties in positions fabricated with the numerically
controlled machinery employed would be about 0.0254 mm (~ 0.001 inch). Therefore the
uncertainty in dx when deducing the pressure gradient dP/dx would be 0.14 per cent or less (aka

negligible). For the downstream data Ax would have an uncertainty of 0.005 per cent.

While the mass flowmeter specifications claim an "accuracy" of one per cent of reading
and 0.5 per cent of full scale, we estimated the random mass flow rate uncertainty as about two
per cent of reading based on observations of the variability of the upstream and downstream

flowmeters during individual runs.

Alcoa Mill Products describes the tolerances on MIC6 precision machined cast aluminum
plate (used for the test section) as "gauge - plus/minus .005" (.127 mm), flatness - .250 to .625"

015" (.381 mm), .750" and over .005" (.127 mm)" and "finish - two sides machined smoother
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than a 20 microinch or 0.50 micron surface. ...... Flatness is measured using a feeler gauge
under a straight edge when lower surface is resting on a precision ground surface" [Williams e-
mail, 25 Feb 2014]. Thus, the flatness value can be considered to be essentially a peak-to-valley
measurement rather than the difference from a mean. ("Gauge" refers to the thickness of the

plate.)

The plate spacing is established at the edges of the rectangular duct by the thicknesses of
the "gap spacers" (shims) employed. From that value the average cross-sectional spacing s, used
in calculating friction factors, pressure gradient parameters and such, is determined by the
flatness across and along the duct; we estimate that a worst-case effect on this average could be
about one-half the tolerance specified, i.e., +/- 0.064 mm. Measurements of the gap spacers had
standard deviations of about 0.025 mm for the three mm spacing and 0.032 for the four mm case;
for experimental uncertainty with "20:1 odds" we select twice these values. The local spacing is
given by the thickness of the gap spacers plus any "non-flatness" of each of the two plates. Thus
for the four mm spacing we estimate a random uncertainty for the average spacing to be about
0.11 mm or 2.7 per cent. For the three mm case the comparable uncertainty is 3.4 per cent.

Random uncertainty in width W is about 0.1 mm or better, giving 0.03 per cent or less.

In terms of the measured quantities, the apparent friction factor can be calculated as
fapp = p 83 W2 (- dP/dx) / [m? (1 + [s/W]) |

For local comparisons between results at the same location in the same test section, the errors in
spacing will also be the same so the uncertainty in spacing need not be considered; the later
comparisons of downstream dP{x}/dx for the four mm test section are examples. But, for
comparisons to theoretical or CFD predictions of fapp, the uncertainty in s3 must be included
and can be significant (likewise for comparisons between three and four mm cases). The
uncertainty in s does not vary with mass flow rate m so it does not affect the shape of the
downstream fapp{ReDh} but is seen as an uncertainty in the level of the curve, i.e., the resulting

error in friction factor is a constant as m or Repp varies. Compared to per cent uncertainties in
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s3, m2 and - at low ReDh --- dP, the per cent uncertainties in W2, (1 + [s/W]) and properties

can be considered to be negligible.
The Reynolds number can be calculated as
RepDh =2m/[uW (1 + [s/W]) ]

where the mass flow rate m is the dominant uncertainty. With the contribution of the viscosity

uncertainty, the random uncertainty in Reph becomes about 2.3 per cent.

The resulting "relative" uncertainties of the downstream fapp for the three mm cases are
approximately 5.1, 4.3 and 4.0 per cent for Repph = 2910, 3950 and 8890, respectively; that is,
the random uncertainty relative among runs with the same three mm spacing. For Reph = 4000

and greater this relative uncertainty is dominated by the uncertainty in mass flow rate. The
"absolute" uncertainty for comparisons to predictions or to other spacings for the three mm cases

is about eleven per cent for Reph greater than 3000 when the uncertainty in spacing is taken into

account. Comparable results for the four mm cases are relative uncertainties of 9.1, 6.2 4.4 and

4.1 per cent for Reph = 3080, 3920, 5960 and 9920, respectively, and absolute uncertainties of
about nine per cent above Reph = 5000. At the lower Repp the uncertainty in pressure drop
dominates the relative and absolute uncertainties in fds while at higher Reph the mass flow rate

dominates the relative uncertainty and the spacing dominates the absolute uncertainty.

However, comparisons of the data for fds deduced from P{x} to the theoretical laminar
predictions in the ranges ~ 1600 < Reph < ~ 2900 for the four mm test section agree within four
per cent and for the three mm are within three per cent for ~ 980 < Reph < ~ 1960. These levels

of agreement could imply that the estimated uncertainties are overly pessimistic or that some of

the errors represented by the uncertainties cancel one-another.
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3. Measurements

Primary measurements during an experimental run are the streamwise pressure
distribution P{x}, the air temperature for property determination and the mass flow rate. To
deduce the desired local apparent friction factors, local streamwise pressure gradients were
calculated from P{x}; the observed values were smoothed to counter irregular variations
corresponding to the experimental uncertainties in pressure differences and spacing between
pressure taps. Downstream, where the gradients are approximately constant, the gradients were
smoothed somewhat by determining the values over a distance from the fourth tap upstream to
the fourth tap downstream from the specified local tap. In the entry region, where there is
significant variation of the gradient, the smoothing and differentiation procedures of Hershey,
Zakin and Simha [I&EC Fund. 1967] were applied. Figure 2 shows typical results; in this figure

the axial distance is measured from the upstream beginning of the bevel at the entry.
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Fig. 2. Representative pressure gradient data from the series of experimental runs with plate

spacing of four mm.
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All the experimental runs shown have dP{x}/dx decreasing from the entry as expected
for a hydraulic entry [Kays text, 1966]. The lowest run shown, at Repp = 3090, decreases to an
approximately constant value by x = 0.5 m, indicating a fully-developed flow downstream. All
runs at lower Reynolds numbers, ~ 1000 < Reph < ~ 2940, have approximately linear P{x} (not
shown) and, therefore, constant pressure gradients for x >~ 0.27 m or less and have the same

shape as the run at Repp = 3090.

The runs at higher Reynolds numbers (e.g., Reph = 3500 and greater) have dP/dx
decreasing to a minimum and then increasing. These minima occur at successively shorter
streamwise distances as the Reynolds number increases. For the three highest Reph cases
shown, the dP/dx results increase to a constant value downstream, again indicating fully-

developed regions --- starting about 0.8 m, 0.55 m and 0.5 m for Reph = 5960, 7920 and 9920,

respectively.

For the intermediate runs, ~ 3500 < Reph < 4920, the pressure gradient is still gradually
increasing at the end of the measurement region. We suspect that the downstream results
represent fully-developed laminar flow, transitional flow and fully-developed turbulent flow for
the low-Reynolds-number, intermediate-Reynolds-number and high-Reynolds-number groups,

respectively. However, we need more evidence to confirm these suspicions quantitatively.

Also of interest is the question of how well typical computational fluid dynamics (CFD)
approaches will predict these sorts of flows. A typical design approach, as by McEligot and
Johnson [J.Nuc.Sci.Rad.Eng. 2017], is to select a transition Reynolds number and then, if the
design Repp is less, the turbulence model is suppressed. And if the design ReDp, is greater, the
turbulence model is applied for the entire field; e.g., the CFD calculations shown by McEligot

and Johnson assumed fully turbulent flow for Repp = 2600 and greater. The present data give

an opportunity to assess this CFD approach since their wide duct geometry was comparable to

our experiment (with slightly different edge conditions) .
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4. Downstream results

In an attempt to obtain data for fully-developed friction factors, a series of measurements
of downstream pressure drops was conducted. The downstream pressure difference was
measured from a pressure tap at x = 0.62 m to one near the exit of the test section (as marked on

Figure 2). The downstream apparent friction factor is then calculated as
fapp.ds = (- 2p/G2) (Dh/4) AP/Ax
where the subscript "ds" means downstream.

Results for both spacings are presented in Figure 3, normalized by the friction factor for

fully-developed laminar flow in a rectangular duct, ffd Jam. For this study ffd Jam is determined

from a correlation for a rectangular duct given by equation 3.158 of Kakac, Shah and Aung

[Handbook, 1987]. This correlation gave ffd J]am RepDh = 23.6245 for the four mm duct; this
value differs from the idealized infinitely-wide channel (ffd ]Jam ReDh = 24) by about 1.6 per
cent. For the three mm duct the value is ffd Jam ReDh = 23.7197 which is a difference of about

0.4 per cent from the four mm one. For comparison to turbulent predictions the correlation by

Beavers, Sparrow and Lloyd [J.BasicEng. 1971], say BSL,

ffd,BSL = 0.1268 / Reph0-3

is also plotted on the figure (normalized by ffd Jam = 23.625/ReDh, the four mm duct value).

Results for three mm spacing are represented by circles and for four mm spacing are by squares.
Open symbols are from the pressure drop data measured directly between two specified
downstream taps while solid symbols were calculated from the summed local pressure
differences successively between x = 0.62 m and x = 1.41 m in the detailed series used for Figure

2.
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Fig. 3. Deduced apparent friction factors for defined downstream regions. Symbols explained in

text.

The results agree with the laminar prediction for Reph below about 3000; this value is in
the range suggested by Beavers, Sparrow and Magnuson [IJHMT 1970b ] and Kakac, Shah and
Aung [Handbook 1987] for transitional ReDh for flat ducts with various entries (2600 < ReDh tr
< 3400). From limited water flow visualization measurements in a related geometry, McCreery
et al. [NuReTH 2013] estimated that the laminar ---> turbulent transition is initiated somewhere
between Repp of 2450 and 2900; "the pressure loss measurements" of this same study "indicate
that laminar flow persists to at least a Reynolds number of 2600, which is consistent with Kakac,
Shah and Aung." And the present data approximately agree with the correlation of Beavers,
Sparrow and Lloyd for Reph > ~ 5500. (The DNS predictions for fully-developed skin friction
coefficients in a duct of aspect ratio 96 by Kohyama, Sano and Tsukahara [Phys.Fl. 2022] agree

with their choice of an asymptotic turbulent correlation at Reph about 6400 as seen in their
Figure 15.) The values in the range ~3000 < Reph < ~5500 correspond to the runs in Figure 2

where the pressure gradients are still increasing gradually within part or all of the region between
the two taps, 1.e., the flow is undergoing transition at the beginning of the region or throughout it.

(In the case of Reph = 5960 most of the increase in dP/dx occurs before the measuring region
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and it appears to be constant beyond x = 0.8 m or so for about 3/4 of the measuring region.) If
different taps were chosen for the measuring region, the bounds determined for the apparent

transition region would be expected to differ.

Closer examination shows systematic differences between the data for three and four mm
spacing. Both agree with each other in the laminar and turbulent regions. But the test section

with three mm spacing appears to start transition near Reph = 2700 while for four mm it is about
Reph = 3000. From these points the two follow slightly, but discernably, different paths until

approximately agreeing with the fully-developed turbulent correlation. (In the region taken as
turbulent, the slope of the present data appears to be slightly greater than the BSL correlation,
corresponding to the DNS predictions of Kawamura and colleagues [Tsukahara et al., WCCM VI
2004, 1TFHT 2004], e.g., see Figure 4 of M+J). In this transitional region the runs with three

mm spacing have higher fapp downstream at a given Reph than the four mm ones, i.e., they are

closer to the turbulent correlation or, one might say, further advanced in the transition process at

that Reph. Then, for three mm fapp ds{ReDh} appears to correspond to the fully-developed
turbulent region before the first pressure tap for Reph greater than about 5600 while for four
mm the corresponding value is Reph = 5900. Why these values might differ will be discussed in

a later section.

In a recent water experiment Yimprasert et al. [Exp.Fl. 2021] measured downstream
pressure drops and conducted flow visualization in a long rectangular duct having an upstream
trip wire to induce turbulence. Their aspect ratio was about 82.6 which is close to that of our

four mm test section ((W/s) = 83.18). They found their downstream friction factor fjs began to
deviate from the fully-developed laminar prediction at around Reph = 2500 (their Figure 3).
Their flow visualization implied that the flow approached fully-turbulent for Reph = 5200; their
fds merged with their asymptotic turbulent correlation at about Reph = 5000 (our "developed

onset").

As mentioned earlier in conjunction with the converging beveled inlet, to predict

transition and "laminarization" many investigators have employed an acceleration parameter, Ky
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= (V/Uoo2) dUwo/dx or (V/Vbz) dVp/dx [Launder, M.S. thesis 1963; Kline et al., JFM 1967;
McEligot, Coon and Perkins, [IHMT 1970; Mayle, J.Turbo 1991 and others]. (An interesting

overview of early studies on laminarization is provided by Launder [ScD thesis MIT 1964].)

The version for a duct flow would use the definition with the local bulk velocity, Vp{x}.

However, for a duct with a constant cross section and constant fluid properties as in the present

experiment, the gradient dVp/dx is zero and therefore does not help discriminate. An alternative

quantity, which has also been used, is a streamwise pressure gradient parameter, Kp =

(v/(pu-;3)dp/dx [Bankston, JHT 1970; Narasimha and Sreenivasan, Adv.Appl.Mech. 1979].
Bankston indicated that when a wall version of —Kp exceeded about 0.02 reversion to a laminar

flow is likely in internal heated turbulent gas flow. Narasimha and Sreenivasan noted that

apparent "laminarization" can occur at -Kp = 0.03 in turbulent boundary layers. McEligot and
Eckelmann [JFM 2006] observed that Spalart [JFEM 1986] could simulate turbulent flow at Kp =
0.02 but not at -Kp = 0.025 with his DNS program. (Additional related studies have been

summarized by Narasimha and Sreenivasan, by Murphy, Chambers and McEligot [JFM 1983],
by Spalart, by McEligot and Eckelmann and many others.) Therefore, it is appropriate to

examine the values of Kp for the present data.

Figure 4 provides the downstream values Kp ds based on the pressure difference between

x = 0.6208 m and 1.408 m; the subscript ds refers to this range. Again circles represent data

with three mm spacing and squares are for four mm. For comparison, predictions of Kp fd based

on friction factor relations via their definitions,

Kp,fd = (-4)/ [ReDh (ffa/2)1/2],

are shown as dashed lines. The laminar line is calculated from the analytic result for an
infinitely-wide parallel plate channel, ffd Jam ReDh = 24 [Kays text, 1966] as an approximation
and the turbulent line is from the empirical correlation of Beavers, Sparrow and Lloyd

[J.BasicEng. 1971].
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Fig. 4 Non-dimensional streamwise pressure gradient parameter, Kp = (V/(pu-(;3) dp/dx, for

defined downstrean region from measurements, 3 mm spacing = circles, 4 mm spacing =

squares.

From the fgg results in Figure 3 we estimated that the downstream data for three mm

spacing agreed with the laminar correlation of Kakac, Shah and Aung [eqn. 3.158, handbook
1987] for Reph less than 2800, corresponding to -Kp ds being 0.02195 or larger. That is, for

these measurements with non-dimensional length (L/s) < or = 453.4 (downstream pressure tap) if

-Kp,ds >~ 0.022, the flow appeared to remain laminar. For the four mm duct we estimated that
laminar flow apparently was retained in the downstream measurement region to Reph = 3200.
This result converts to the observation that for its length (L/s) = 337.0 laminar ffd values were

obtained for -Kp.ds > 0.021 and larger.

In this graph of —Kp’dS{ReDh} the three mm measurements first agree with the turbulent
correlation at the data point for Reph = 4910. Thus, for —Kp ds =0.0117 or less, developed

turbulent flow appeared by (x/s) = 193.6 (upstream pressure tap) or sooner. With the four mm
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test section the corresponding values become Reph = 5960 giving -Kp ds = 0.00992 or less

yielding developed turbulent flow by (x/s) = 143.86 or sooner.

5. Hydraulic entry behavior

As noted in the Introduction, an effect of the converging inlet upstream of the constant
cross section duct is to accelerate the incoming flow, possibly stabilizing it. But one also expects
a separation bubble to be formed downstream of the bevel's edge where the bevel wall intersects
the wall of the constant cross section part; the free shear layer of the separation bubble is
expected to be destabilizing. So it is not immediately clear whether to expect laminar or

turbulent flow in the first part of the duct.

5.1. Comparison to idealized two-dimensional laminar entry prediction

To examine the duct hydraulic entry region data, some of the results for both three and
four mm spacings are presented in Figures 5-8 using logarithmic coordinates. The ordinate gives
the local apparent friction factor normalized by the appropriate fully-developed value for laminar

flow; for the present data flam fd is taken from the correlation of Kakac, Shah and Aung
[Handbook, 1987] evaluated at the appropriate aspect ratio (as in earlier Figure 3), i.e., (W/s) =
114.6 for three mm and ~ 85.2 for four. The abscissa is the streamwise distance from the
upstream bevel's edge at the intersection between the bevel and the constant area duct non-
dimensionalized by the spacing times Reph. (i.e., x* = (x-Xpevel)/(sReDh)) The physical
lengths of the test sections for all experiments are the same so, as Reph increases, the non-
dimensional test section length shortens since Reph is in the denominator. Likewise, for equal
ReDh, four mm cases appear shorter than the corresponding three mm cases because the spacing
is also in the denominator. In turbulent flow, while the predicted fapp fd decreases as ReDh
increases, the denominator flam fd = C/ReDh decreases more with ReDh so plotted values of
fapp fd/flam fd increase with Reph. Downstream the three mm results show a systematic
variation which could be equivalent to the change induced by a slight bowing of one wall of

about sixty um (~ 0.002 in.).
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For reference purposes in these figures, the numerical predictions by Schade and
McEligot [IJHMT 1971] for laminar entry flow in an infinitely-wide parallel plate duct with an
uniform velocity profile at the inlet are provided as curves of long dashes. Also for comparison,
on some figures are turbulent predictions by McEligot and Johnson [NERS 2017] from a popular
k-e turbulence model as a solid curve and from the turbulent correlation for fully-developed duct
flow by Beavers, Sparrow and Lloyd [J.BasicEng. 1971] as thin horizontal lines. The increase of
fapp{x} at the end of the k-¢ curve is believed to be due to upstream influence from the beveled
exit of this test section. In many cases a four mm run is at approximately the same Repp as a
three mm one so they are grouped closely on the figures. The lines plotted for the Beavers,
Sparrow and Lloyd correlation (BSL) have been calculated at the Repp, of the corresponding

four mm run.

In the duct hydraulic entry region all the present data follow the laminar entry prediction
with most appearing to be displaced somewhat in the downstream direction. Thus, we consider
the duct entry flow effectively to be laminar. This downstream displacement could indicate a
streamwise delay until U{y} agrees with its shape in the predictions of the idealized laminar
entry treated by Schade and McEligot [IJHMT 1971]. Alternatively, this appearance might be
considered as an increase in fapp{x*} due to the smaller cross section for downstream-directed
flow as a consequence of separation bubbles on both walls (i.e., forming a vena contracta). Dye
flow visualization by McCreery [e-mail 16 Jan 2012; NuReTH 2013; Williams, ISU rpt 2015] in
a comparable 3.5 mm water channel showed a slight separation bubble of about 0.30 +/- 0.15

mm thickness downstream of the bevel edge in photos at Reph = 700 and 1750.

Figure 5 presents data for some "low" Reynolds numbers (low in the sense of the present

experiment). Shown for the three mm test section are runs at Reph = 1960 (diamonds) and
RepDh = 2910 (circles) and for four mm Reph = 2940 (squares) and Reph = 3090 (crossed
squares). Though obscured by other data, the three mm run at Reph = 2910 follows the trend of

the laminar entry prediction to a minimum at about x* = 0.072 and then, on average, may show a

slight increase downstream that may be interpreted as the beginning of a gradual transition to
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fully-turbulent flow that is not completed before the end of the test section (the downstream
behavior appears better with a linear abscissa but is still confused by the downstream variation
mentioned earlier). As a conclusion, this observation is considered possible but questionable.

On the other hand, the fully-developed (streamwise periodic) DNS results of Kohyama, Sano and
Tsukahara [Phys.Fl. 2022] for (W/s) = 96 show the possibility of developed laminar-turbulent
coexisting structures evolving at this Reynolds number rather than an asymptotic turbulent state;
for example, see their Figure Sc which is at Reph approximately 3100. The other three runs
shown are considered to be laminar in the duct hydraulic entry region and to remain laminar to
the end of the test section based on reasonable agreement with the trends of the laminar
prediction as well as our earlier Figure 3 for the downstream region. Thus, these local data

indicate that for the three mm spacing in this test section a transition may begin near Reph =

2910 whereas it is above Reph = 3090 for the four mm spacing.
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Fig. 5. Streamwise development of local apparent friction factor for some "low" Reynolds

number cases. See text for explanations of symbols.

The evolution of the local apparent friction factor is shown in Figure 6 for some flows
which were suspected to be "transitional flows" based on the local pressure gradients of earlier

Figure 2. For clarity, only the four mm cases are displayed; the three mm detailed (local) series



has fewer cases in this category. The runs shown are at Reph = 3290 (squares), Reph = 3500

(diamonds), Reph = 3920 (slashed squares), Reph = 4930 (circles) and Reph = 5960 (crossed
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squares); only the last case reaches the turbulent correlation of Beavers, Sparrow and Lloyd [J.

Basic Eng. 1971] downstream.
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Fig. 6. Streamwise development of local apparent friction factors for four mm spacing in the
Reynolds number range suspected to be "transitional flows" based on earlier observations of

local streamwise pressure gradients in Figure 2. See text for explanations of symbols.

All the cases in this figure follow the laminar entrance prediction (slightly displaced
downstream) to a fransition onset defined as the minimum fapp{x} [Walsh et al. JFE 2011] and
then increase downstream. After the transition onset the trends are reminiscent of the
intermittency factor data of Rotta [Ing.Arch. 1956] for a transitional pipe flow in a different
Reynolds number range as displayed by Schlichting and Gersten in their Figure 15.3 [text 2K].
For Reph = 3290 the transition onset is at about ((X - Xbevel)/(s ReDh)) = 0.055 and fapp{x}
increases slightly going further downstream (~ six per cent by the end of the test section). As
ReDp increases from case to case the apparent downstream displacement of the laminar entry
curve increases slightly while transition onset moves upstream in non-dimensional distance (as

well as physical distance as seen in Figure 2).
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For convenience, we can refer to the location where fapp{x} appears to become constant
(e.g., merges with a fully-developed turbulent correlation) as the "developed onset ;"
unfortunately, data scatter interferes with determination of precise locations. This developed
onset also can serve a an approximate entry development length (based on streamwise pressure
gradient) for this configuration. White (his p. 375 and Figure 5-29 [text 1991]) refers to this
location as the "point of transition or fully-developed turbulent flow" and presents
analyses/correlations to predict it. Simon [Qui and Simon, ASME paper 97-GT-455] and others
call it "the transition end position" based on hot-wire intermittency measurements. Of these five
runs, only the one at Rephp = 5960 shows a developed onset within the test section. Longer test
sections would be required for the other cases (Reph = 4930 and less) to reach a fully-

developed turbulent state. In contrast, the three mm run at Reph = 4910 does reach a developed

onset before the end, as shown in the next figure.

We can hypothesize that this increasing fapp{x} curve after transition onset represents a

growing transitional wall boundary layer. It may be approximated as a power law of the non-
dimensional streamwise distance; we call this part the "transition growth curve." For the cases
in this figure, the slope of that curve increases as Repp, increases. As fapp{x} approaches the
developed onset with the BSL correlation, the slope of the data variation moderates, presumably
as the boundary layer edge approaches the duct centerplane and the boundary layers on the
opposing walls interact across the centerplane (e.g., see Bradshaw, Dean and McEligot [J.Fl.Eng.
1973]) while the velocity profiles begin to adjust to their fully-developed states (however, the
fully-developed location is not necessarily the same for velocity profiles as for the wall shear

stress). For the length of this test section, the higher Repp runs successively come closer to

reaching that fully-developed condition before the end.

Some additional intermediate Repp runs are demonstrated in Figure 7. For the three mm
test section are results for ReDh = 4910 (diamonds) and Repp = 5890 ( circles) and for four
mm are Reph = 4930 (squares) and Reph = 5960 (crossed squares). Thus, there are two sets of

paired runs (i.e., paired = two runs at about the same Reph). For each pair the two runs follow
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approximately, but not exactly, the same data locii. All the runs attain approximately constant
values near the turbulent correlation of Beavers, Sparrow and Lloyd well before the end of the
test section; we interpret these as fully-developed turbulent conditions. (The logarithmic
abscissa makes the downstream data look worse than they are.) For each pair the transition onset
is in approximately the same non-dimensional location for both runs --- and, therefore, the three
mm transition onsets are physically upstream from the four mm ones. The streamwise distance

to transition onset decreases as Reph increases as in the previous figure.
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Fig. 7. Streamwise development of local apparent friction factors for some pairs of runs in the

"intermediate" range. See text for explanations of symbols.

"High" Repp data, categorized as turbulent in the downstream measurements, are
provided in Figure 8. For the three mm test section are results for Repp = 6890 (diamonds) and
Reph = 7890 ( circles) and for four mm are Repp = 6960 (squares), Reph = 7920 (slashed
squares) and Reph = 9920 (crossed squares). In general, results continue the trends described

for the previous figure. The slopes of their transition growth curves continue to increase slightly

with RepDp except for the four mm run at Reph = 6960 which has a slope a bit greater than the
one at Repp = 7890. The downstream data for the two highest Repp are underpredicted by

about four and seven per cent by the BSL turbulent correlation. In this Reynolds number range
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the DNS predictions of Kawamura and colleagues [Tsukahara et al., WCCM VI 2004, 1IFHT
2004] would agree slightly better (e.g., see Figure 4 of McEligot and Johnson [NERS 2017]).
For the runs at Repp = 6900 and 7900 the three and four mm data differ from each other more in
the region between transition onset and developed onset than in the previous figure; otherwise
the locii of the runs in each pair are close, e.g., in the pre-transition laminar and developed
turbulent regions. Some characteristics of this transition zone will be examined later in this

section but first we will address comparison to turbulent CFD predictions.
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Fig. 8. Streamwise development of local apparent friction factor for some "high" Reynolds

number cases. See text for explanations of symbols.

5.2. Assessment of design-style computational fluid dynamics predictions with a

k-¢ turbulence model

McEligot and Johnson [NERS 2017] analyzed the design-style CFD predictions of
streamwise pressure distributions by Johnson for a comparable geometry [ASME paper
IMECE?2011-65831] to provide apparent friction factors, flow resistances and loss coefficients.
The cross section consisted of wide parallel plates with a solid wall at one edge and an angled

symmetry plane at the other. Inflow to this duct was via a beveled inlet. The legs of the triangle
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describing the bevel were 8.3 mm normal to the duct centerplane and 17.0 mm in the streamwise
direction for an angle of 26.02 degrees. The commercial code STAR-CCM+ was used for
laminar and turbulent predictions for various flow ranges and plate spacings. Upstream of the
beveled inlet was a plenum with uniform incoming flow which was taken to be turbulent. For
flows assumed to be laminar, the turbulence model was suppressed beginning at the streamwise
end of the inlet bevel. For turbulent flow the code employed the "standard k-¢ two layer
turbulence model with the all y* wall treatment." The flow was assumed to be fully-turbulent
for Reph = 2600 and higher based on the transition data of Patel and Head [p 186, JFM 1969]

also using a wide parallel plate channel from the region of fully-developed friction factor

downstream of "disturbed entry conditions."

McEligot and Johnson (M+]) presented two turbulent flows from Johnson's calculations:
one with plate spacing of six mm at Reph = 3040 and the other with s = 10 mm and Reph =
5320. Their predicted apparent friction factor distributions are compared to some current data in
our Figures 5 and 7, respectively. For both laminar and turbulent entry flows the apparent
friction factors predicted by the code started above the downstream fully-developed values and
decreased monotonically to their constant values of fapp fd downstream (their Figures 3 and 5).
McEligot and Johnson also found that their laminar CFD entry results agreed approximately
with the numerical entry predictions of Schade and McEligot [[JHMT 1971]. Figure 3 by M+J
presents their laminar CFD predictions for a six mm duct; these predictions show the same
trends in the immediate entry as the present four mm data in our Figure 5 but converge with the
numerical predictions of Schade and McEligot at a lower value of x* than the measurements.
But the shapes of our pressure gradient data for x <~ 0.5 m in Figure 2 already have displayed

some differences from the rurbulent k-¢ predictions of McEligot and Johnson; these differences

propagate into the fapp{x} data. For the k-¢ results the entry predictions vary approximately as

(x-xpevel) ™™, where n = 0.2 or 0.25, for a significant part of the developing region (also Fig. 5 by

McEligot and Johnson), i.e., not as steep as the laminar entry prediction or the current data.

The k-¢ predictions for Reph = 3040 with six mm spacing over-predicted the present

friction factor data for 2910 < Repp < 3090 by about a factor of two as seen in Figure 5. This
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difference is mainly because the CFD calculations assumed the flow to be fully-turbulent
whereas the experiments showed the flow to be laminar or barely transitional in this range. (If
the flow was fully-turbulent, the downstream over-prediction would be reduced to about twenty
per cent relative to the BSL turbulent correlation.) Examination of the present data indicates
that, with six mm spacing, a flow at Reph = 3040 would likely remain laminar in this geometry.

(Figure 3 of McEligot and Johnson for laminar flow in a six mm duct at Reph = 973 provides

confidence that the code would provide reasonable predictions if the flow had been assumed to
be laminar.) Since the CFD code considers the flow to be either fully-laminar (intermittency
factor = 0) or fully-turbulent (intermittency factor = 1), it would also significantly over-predict

fapp{x} for other flows at the lower end of the transitional range such as the present data for

Reph < ~4000 in Figure 6.

The other k-¢ prediction is compared to data at the upper end of our "transition range" in

Figure 7. This ten mm duct flow at Reph = 5320 is compared to pairs of data at Repp = 4900
and 5900, a grouping that brackets its non-dimensional flow rate (Repp). The CFD results over-
predict the entry fapp{x} because it is treated as a turbulent flow with a growing turbulent

boundary layer rather than the laminar entry flow implied by the experiments. A crude estimate
is that the flow at Reph = 5320 should follow the laminar entry prediction until a transition onset
at about x* = 0.013 or so and then increase along its transition growth curve, between the two
pairs of experimental runs, towards its fully-developed turbulent level. Since the non-
dimensional length L* of the ten mm duct is shorter than for the three and four mm ducts of the
experiments, it is not clear whether it would reach its fully-developed turbulent friction factor
(developed onset) before the end of the test section. The k-¢ calculations predict a turbulent
entry length of about forty spacings but the experiments indicate it may be much longer. One
message of these comparisons is that fluid dynamics engineers should exercise caution in

applying results of "standard" turbulence models to duct flows in a possible transition region.
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5.3. Alternate local streamwise representations

The one geometrical quantity we have varied to see its effects has been the plate spacing
s. Some effects of increasing the spacing from three mm (aka 1/8th inch) to four mm have been:
(1) reduction of fapp,ds in the transition region at a given RepDh, (2) likewise a slight reduction in
the range of -Kp fd for transition (may not be statistically significant), (3) beginning of the
transition range at a higher Reph, (4) transition onset occurs physically further downstream at a
given Reph and (5) reaching developed onset within this test section requires a higher Reph

(i.e., the entry length increases physically). Why have these transition characteristics varied?

Kihler reminded us that, for constant Reph, the bulk velocity varies approximately
inversely as the spacing [Personal communication 2014]. Thus, the unit Reynolds number Re'

{= Vb/v with units of 1/m) varies and at any streamwise distance the value of the appropriate

streamwise Reynolds number varies accordingly. Increasing the velocity increases the
streamwise pressure gradient needed to force the flow through the duct. For external laminar
boundary layers an increase in a (non-dimensional) favorable pressure gradient will move the
transition onset downstream in non-dimensional distance, e.g., Figure 9 derived from Nolan and

Zaki [JFM 2013]. In this figure, long dashes present results for a favorable pressure gradient
with a target A9 (= (82/\/) dUsc{x}/dx) = 0.0206 while short dashes represent a zero pressure

gradient, A9 = 0. This decrease in spacing from four to three mm and consequent increase in

velocity will provide a greater shear at the edge of the separation bubble --- and possibly induce

greater turbulence there --- in the three mm case at the same Repp. This turbulence would serve

as freestream turbulence relative to the downstream wall boundary layer. For external boundary
layers on a smooth flat plate we know that the position of transition onset or "critical Reynolds
number" varies with the freestream turbulence [White text, Sec. 5.5, 1991; Schlichting 6, Fig.
16.16, 1968; Brandt, Schlatter and Henningson, JEM 2004]. An increase of freestream
turbulence acts to move transition onset upstream (e.g., compare Figures 3(a) and 3(b) by
Marxen and Zaki [JFM 2019]). So these two effects of varying the plate spacing act in opposite

directions and we lack information to predict which may dominate.
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Fig. 9. Effects of a favorable streamwise pressure gradient on distribution of the skin friction
coefficient in "bypass" transition (~ transition believed to be induced by freestream turbulence)
of flow over a flat plate as predicted by direct numerical simulations of Nolan and Zaki [JFM

2013]. Inlet turbulence level is about three per cent for both cases.

To examine the transition process at the duct entry in terms of the streamwise Reynolds
number (Rex = Vpx/v), Figure 10 provides the streamwise distribution of the apparent friction

factors for three pairs of runs in the transitional and turbulent regions. The four mm cases are
shown as squares for Reph = 3920/open, 5960/slashed and 7920/crossed while the three mm
ones are Reph = 3950 /diamonds, 5890/circles and 7890/triangles. Despite their variations in
pressure gradients and suspected "freestream" (centerplane) turbulence levels, all these runs

except the four mm one at Reph = 3920, show transition onsets at Rex slightly less than 2 x

109 (due to experimental scatter near the low point of that differing case it is difficult to estimate

the location of its transition onset). All three pairs show some comparable behavior.
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Fig. 10. Some present measurements of development of local apparent friction factors presented
as functions of the streamwise Reynolds number with logarithmic coordinates. See text for

explanation of symbols.

One sees that in the entry region ahead of the transition onset the slopes are
approximately the same and are comparable to those of the pre-transition laminar results of
Nolan and Zaki (even though the data are for fapp{x} while the DNS of Nolan and Zaki present

Cr{x} defined in terms of tTyw). For the two-dimensional numerical predictions of Schade and

McEligot the near-asymptote at small x (calculated from the first two points) gives a slope m =

-0.36 for the duct friction factor based on wall shear stress fg{x}, less steep than the Blasius

laminar solution, Cf x = 0.664 Rex‘l/ 2 (e.g.,eqn. 4-52 by White [text 1991]). One difference
between the laminar entry region and a Blasius boundary layer is that the duct entry flow has a
streamwise pressure gradient whereas the Blasius solution assumes zero pressure gradient;
therefore exact agreement is not expected. However, it is interesting that, for the near-asymptote
of fapp{x}, m = -0.48 is predicted by Schade and McEligot, close to the Blasius solution. The
following slopes are estimated manually from pertinent figures. For their range 0.002 </=
(4x/(DhRePr)) </=0.01 (approaching transition onset) the slopes are predicted to be m = - 0.45
for fapp{x} and m = -0.38 for fg{x}. The three-dimensional time-dependent DNS for bypass
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transition by Nolan and Zaki [JFM 2013] show approximate slopes of Cf{Rex} approaching

transition onset as m = - 0.38 for their case with zero streamwise pressure gradient and m = - 0.4
for the favorable pressure gradient in Figure 9. As shown by Klebanoff, Tidstrom and Sargent
[JEM 1962], Blackwelder [Phys.Fl. 1983], Herndon, Walsh and McEligot, [JHFF 2007, Walsh et
al. [JFE 2011], Zaki and colleagues and others, some differences between the Blasius conditions
and transitioning laminar boundary layers with zero pressure gradients are that the latter have
streamwise vortices and turbulent fluctuations that modify the mean velocity profile and other
statistics; these phenomena are expected in the present entry flow also. As an example of the

present data, in Figure 10 the estimated slope of fapp{x} for the four mm run at Repp = 5960 is

m = - 0.38 again approaching transition onset.

Beyond transition onset the two pairs of turbulent runs show approximately the same
increasing slopes (m = 0.69 = 0.7 or maybe 2/3) in the initial part of the transition growth curve.
The lower Reynolds number runs have lower slopes representing more gradual growth. Several
popular correlations for the length of the transition growth curve (aka "transition length") are
phrased in terms of the momentum thickness or other quantities which cannot be calculated from
the present measurements [Mayle, J.Turbo. 1991; Qui and Simon, ASME paper 97-GT-455]. So
in the present work the transition length is examined in terms of the local Reynolds number
based on streamwise distance in Figure 10. For the three pairs of data the non-dimensional

distance to developed onset generally decreases as Reph increases. Since Rex tr is

approximately constant there, their transition lengths also decrease with Repp.

The data of Figure 10 are presented with a linear abscissa in Figure 11 to emphasize the

downstream behavior. Since the test section length is fixed physically, the non-dimensional
length VpL/v increases as Vp increases from higher Reph and smaller spacing (three vs. four
mm). One sees the four upper runs reach approximately constant levels of fapp{x}, representing
fully-developed local streamwise pressure gradients (i.e., apparent wall shear stresses). It is not
clear whether the three mm case at Repph = 3950 attains this condition or not; if it does, it
disagrees with the turbulent correlation of Beavers, Sparrow and Lloyd by about eight per cent

(not shown). The four mm run at Reph = 3920 does not complete transition before the end of
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the test section, In this figure, to the eye, it appears that for the turbulent pairs of runs the four

mm cases reach developed onset at a smaller value of Rex than their companion three mm ones;

since the location of developed onset is a measure of the hydraulic entry length, the generality of

this observation will be examined later with estimates for more flow rates.
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Fig. 11. Data of Figure 10 expressed with a linear abscissa to emphasize the downstream

region.

Presentation simply as fapp{Rex} collapses the data somewhat towards a single function,
particularly for the turbulent cases, as shown in Figure 12. This figure includes the same data as
Figure 10 with the same symbols except the four mm case from the transition region is omitted
for clarity. As in Figure 10 transition onset is typically slightly below 2 x103 for these cases.

Since the downstream turbulent results agree approximately with the BSL correlation,
ffd BSL = 0.1268 / ReDh0-3, the trend there is for ffd to decrease as ReDp, is increased. For the
range of Repp included. the BSL correlation varies by about twenty per cent. In this
presentation, the data in the laminar entry region upstream of transition onset shows the same
trend as the developed turbulent region, i.e., fapp{Rex} decreases as ReDh increases by roughly

the same amount (except near transition onset).
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Fig. 12. Development of local apparent friction factors without normalization of the ordinate.

Same cases as Figure 10 with same symbols.

Figure 13 examines the results of Figure 12 when normalized by the downstream
turbulent correlation of Beavers, Sparrow and Lloyd. If the downstream data agreed exactly with
the correlation, the turbulent runs would converge to unity at large streamwise Reynolds
numbers; however, the cases at our higher Reph tended to have slightly higher fapp fd
measurements than the correlation as mentioned earlier and as shown in Figure 3 for the
downstream series. For the four turbulent runs, the behavior in the pre-transition "laminar”

region and at transition onset seem to collapse better than fapp{Rex} without normalization in
Figure 12. In general, this normalization shows some trends opposite to those for fapp{Rex} not
normalized; for example, in addition to downstream, the entry region values increase slightly
with Reph rather than decreasing. For engineering estimates of the turbulent cases, it appears
from a linear plot (not shown) that one could choose a single curve to represent the entry region
to the developed onset; whether this observation has more generality than the present limited

ranges would require more experiments or DNS.
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Fig. 13. Streamwise development of local apparent friction factors normalized by the
downstream turbulent correlation of Beavers, Sparrow and Lloyd [J.Basic.Eng. 1971] for the

same five cases as Figure 12 with the same symbols.
5.4. Locations of transition onset

Several observations from the preceding streamwise figures are summarized in terms of
laminar coordinates and streamwise Reynolds numbers in Figures 14a and b, respectively. In
each figure the abscissa is the Reynolds number based on hydraulic diameter, a non-dimensional
mass flow rate. The data for transition onset are provided by circles for the three mm test section
and by squares for the four mm one. For developed onset (or the beginning of apparently fully-
developed turbulent flow) the three mm estimates are shown by diamonds and four mm by
crossed squares. For the idealized laminar duct entry behavior predicted by Schade and

McEligot [JHMT 1971] an entry length can be taken as the distance where fapp has decreased to
within two per cent of the fully developed value, ((x - xpevel)/(s ReDh)) = 0.035 approximately,

as shown by short dashes on Figure 14a. Converted to a streamwise Reynolds number in Figure
14b, this location is denoted by the shortest dashes for the four mm test section and by the next

shortest dashes for the three mm one. While that entry length is not necessarily the same as
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some defined boundary layer thickness at the centerplane, it can be expected to show the same
trends. The other dashed lines --- which show the downstream ends of the test sections in the

appropriate non-dimensionalization of the particular subfigure --- are labeled accordingly.
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Fig. 14a. Some characteristics of transition in a wide rectangular duct with a converging entry

measured in terms of streamwise laminar coordinates. See text for explanations of symbols.

For Reph > ~ 4000, upstream of the 2% entry length Fig 14b shows that transition onset
occurs at about the same value of Rex so transition is believed to begin where the near-wall flow
behaves as a boundary layer rather than a developed flow. Thus, in laminar coordinates (Figure

14a) the location xto* decreases approximately as Reph2 since the two coordinate systems are

related as x* = (2/ Reth) Rex, For these spacings, below Repp = 4000 the few runs which

experience transition before the end of the test section show transition onset downstream of the

2% laminar entry length, i.e., in the nearly-developed laminar flow; Rex to 18 about eighty per
cent further downstream than the boundary layer cases at higher flow rates. At lower Reph than

the data shown here transition is not apparent before the end of the test section, if ever.
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Fig. 14b. Some characteristics of transition in a wide rectangular duct with a converging entry
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Estimates of developed onset are roughly constant values in terms of Rex, although more
scattered than transition onset due to the difficulty in determining these values from the

scattering of the experimental results; one can approximate these results as Rex do = 5 x 109

(+/- 20 %). Consequently, the locations of developed onset also appear to vary as ReDh™2 in

terms of laminar coordinates x* (Figure 14a).

We could also consider developed onset to represent an entry length for the streamwise
pressure gradient of flows that undergo transition in the duct. From these figures we see that --

for the present higher Repp, data --- its fully-developed turbulent flow occurs upstream of where
a laminar flow at the same Reph would become (nearly) fully-developed. At somewhat lower
ReDn these entry lengths would be about the same for laminar and transitional/turbulent flows
and for Repp = 4000 the streamwise pressure gradient of a laminar flow would become

developed upstream of a transitional/turbulent one. For Reph = 3500 and less, transitional flow
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reaches the end of the test section before achieving the fully-developed turbulent condition

defined here (i.e., constant fapp-{x}).

6. Concluding remarks and discussion

In order to address a primary aim of obtaining insight into the apparent evolution of flow
regimes at moderate Reynolds numbers in thin, wide rectangular ducts with converging inlets,
fundamental streamwise pressure distributions were measured. The convergences were formed
by planar bevels on the opposed wide surfaces and the working fluid was air at laboratory
temperatures. Ducts of 3.030 and 4.077 mm spacings s, giving non-dimensional lengths of (L/s)
=~ 500.8 and 372.2 and widths (W/s) = 114.6 and 85.19, respectively, were compared. Flow rates
ranged from Repp of about 980 to 10,020 and corresponding non-dimensional downstream

pressure gradient parameters (-Kp) covered the range 0.038 to 0.0061, respectively. Primary

measurements are the streamwise pressure distribution P{x}, the air temperature and the mass

flow rate.

In an attempt to obtain data for fully-developed friction factors, the pressure drop between

two downstream pressure taps was used to calculate an fapp ds{ReDh} as many investigators
have done in the past. The two taps were at ((X-Xbevel)/s ) = 206.7 and 470 for the three mm
spacing and 154 and 351.5 for four mm. Atlow ReDp, results from both test sections agreed
with the laminar fully-developed predictions and for the high Repp they showed approximate

agreement with the correlation of Beavers, Sparrow and Lloyd [J.Basic.Eng 1971] for fully-
developed turbulent flow in comparable ducts. In the region taken as turbulent, the slope of the
present data appears to be slightly greater than the BSL correlation, corresponding to the DNS
predictions of Kawamura and colleagues [Tsukahara et al., WCCM VI 2004, 1IFHT 2004] (e.g.,
see Figure 4 of McEligot and Johnson [NERS 2017]). In the intermediate range of Reph

apparently the transition process started before the downstream pressure tap but had not been
completed before the first one so a fully-developed state may not have been established for the

whole measured length. Also, in this intermediate region the values of fapp ds{ReDh}/

ffd Jam{ReDh} for the three mm case are slightly, but discernably, higher then those of the four
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mm case. For three mm, apparently transition starts within the test section length for Reph
greater than about 2700 and fapp ds{ReDh} appears to correspond to the fully-developed
turbulent region before the first pressure tap for Reph greater than about 5600. The
corresponding values for the four mm case are Reph = 3000 and 5900. If the location of the first
pressure tap were changed, the values of ReD), determined for the onset of fully-developed

turbulent flow would change accordingly. The downstream pressure gradient parameter data

indicated that the flow would remain laminar if (-Kp ds) is 0.022 or greater for the three mm test

section or 0.021 or greater for the four mm case; these values are about the same magnitude as

Bankston [JHT 1970] suggested for heated turbulent gas flow in circular tubes.

The hydraulic entry behavior of the constant cross-section duct downstream of the edge
of the inlet bevel showed apparently laminar flow initially for all experiments in the detailed

series where local fapp{x*} could be calculated. These entry data followed (above) the

numerical predictions of Schade and McEligot [IJHMT 1971] for laminar flow in the entry of an

infinitely-wide parallel plate duct with a uniform entry velocity. For Reph = 3300 or greater the
measurements have minima in local fapp{x*} that we define as "transition onset;" these runs,
which apparently undergo transition towards turbulent flow, typically have values of fapp{x*}

about ten to twenty per cent higher than the results of S+M in their laminar entry.

Examining the data with the streamwise Reynolds number as the ordinate demonstrates

that, for Reph = 4000 or greater, transition onset is near constant around Rex to = 1.7 x109. As

a consequence, in laminar coordinates xto*{ReDh} systematically increases as Reph decreases

since the two coordinate systems are related as x* =2 Rey / Reth, For lower Reph, where the
present measurements would be near the 2% entry length of S+M before apparent transition,
Rex to is about eighty per cent further downstream. We suspect that the higher Repp results
correspond to transition being initiated in a near-wall boundary layer growing in the hydraulic
entry. Estimates of the location of developed onset (or the beginning of apparently fully-

developed turbulent flow) are also roughly constant values in terms of Rey, although more
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scattered than transition onset; one can approximate these results as Rex do = 5 x 105 (+/- 20

%).

As a by-product of the experiment, a secondary objective --- to assess design-style CFD
predictions from a popular "standard k-e two-layer turbulence model" --- could also be pursued.
As such, the CFD predictions of Johnson [ASME paper IMECE2011-65831; McEligot and
Johnson, NERS 2017, say M+J] for a comparable geometry are assessed. For flows assumed to
be laminar, the turbulence model was suppressed beginning at the streamwise end of the inlet

bevel. For turbulent flow the code employed the "standard k-¢ two layer turbulence model with

the all y* wall treatment" throughout. The flow was assumed to be fully-turbulent for Repp =

2600 and higher based on the transition data of Patel and Head [p 186, JFM 1969]. For both
laminar and turbulent entry flows the apparent friction factors predicted by the code started
above the downstream fully-developed values and decreased monotonically to their constant

values of fapp,fd downstream (their Figures 3 and 5). Their laminar CFD entry results for a six

mm duct agreed approximately with the numerical entry predictions of Schade and McEligot
[JHMT 1971], say S+M. Figure 3 by M+]J presents these CFD predictions; they show the same
trends in the immediate entry as the present four mm data in our Figure 5 but converge with the

numerical predictions of Schade and McEligot at a lower value of x* than the measurements.

The turbulent k-¢ CFD predictions for Reph = 3040 with six mm spacing over-predicted
the present friction factor data for 2910 < Repp < 3090 by about a factor of two as seen in
Figure 5. This difference is mainly because the CFD calculations assumed the flow to be fully-
turbulent whereas the experiments showed the flow to appear to be laminar or barely transitional
in this range. The other k-¢ prediction by Johnson is compared to present data at the upper end
of our "transition range" in Figure 7. His ten mm duct flow at Repp = 5320 is compared to
pairs of data at Reph = 4900 and 5900, a grouping that brackets its non-dimensional flow rate
(Reph). The CFD results again over-predict the entry fapp{x} because it is treated as a turbulent
flow with a growing turbulent boundary layer rather than the laminar entry flow implied by the
experiments. As shown by Figure 4 of M+J, the fully-developed results of this k-¢ model are

predicted to exceed the DNS values of Kawamura and colleagues by ten per cent or more for
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ReDn less than about 5600. While the laminar CFD predictions gave reasonable results as might
be expected, in general the k-¢ model over-predicted fapp{x*} upstream of developed onset for

the transitional and turbulent flows measured. The k-¢ calculations predict a turbulent entry

length of about forty spacings but the experiments indicate it can be much longer.

For improved CFD predictions in the present Reph range, the transition process must be
treated adequately. Abraham and colleagues [[JHMT, 2009, 2011; JFE 2019; Minkowycz,
Abraham and Sparrow, [JHMT, 2009] have included a transition model in their CFD code to
predict laminar, transitional and turbulent flows successfully for a variety of geometries. It
would be desirable to assess Abraham's technique and/or comparable ones for the geometry of
the present experiments (as attempted by Rehman, Morini and Hong [Micromach. 2019] for a
microchannel experiment) but that extension is beyond our scope. Assessing recent large eddy

simulation (LES) approaches, as by Choi et al. [Phys.Fl. 2022], would also be desirable.

With a test section consisting of plates about 350 mm (1.1 ft) wide spaced three mm
(~1/8 inch) apart and a limited budget, it was not practical to measure pointwise velocities in the
present experiments. However, it appears that --- for Repp > ~ 4000 --- transition would have
occurred in the growing near-wall boundary layer. So while the present experiment does not
provide pointwise velocity distributions, we can obtain insight into the developing flow
phenomena in the entry region at the higher Reph by considering the transition as "bypass
transition," i.e., transition primarily induced by strong freestream turbulence [Morkovin 1969;
Klebanoff, Bull. APS 1971; Walsh et al., JFE 2011; Zaki, FTC 2013] (assuming an entry
separation bubble has induced turbulence in its shear layer) and employing available DNS of
representative bypass transitional boundary layers such as those of Zaki and colleagues [FTC
2013; Nolan and Zaki, JFM 2013; Hack and Zaki, JFM 2016]. Their results have moderate
inlet freestream turbulence of about three per cent and several streamwise pressure gradients;

inlet conditions include a Blasius velocity profile at Rex () = 26,600 for all cases discussed by

them. Examination of their predicted wall friction distributions shows comparable trends to the

present experiments that we surmise to be possible indications of the presence of the same
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phenomena / structures. In general we will be discussing qualitative comparisons rather than

quantitative ones since turbulence levels were not measured in the present experiments.

Figure 15 presents the Nolan and Zaki DNS predictions of the streamwise evolution of

the skin friction coefficient Cf for a flow with zero pressure gradient and one with a favorable

pressure gradient, both compared to laminar predictions from application of a Thwaites/Falkner-
Skan (T/FS) technique [Philos.Mag. 1931; Aero. Qtly. 1949; Schlichting 6, 1968; White 2,
1991]. The T/F-S approach is effectively a two-dimensional calculation where the wall-normal
transport of streamwise momentum is only by molecular shear. In contrast, the direct numerical
simulations are three-dimensional and temporal providing instantaneous spanwise velocities as
well so they can account for momentum transport by advection, such as streamwise vortices, and
turbulent fluctuations also. One can see that the DNS cases diverge above the T/F-S predictions
between the inlet boundary and transition onset; nearing transition onset the difference grows to
about ten to fifteen per cent. This growing difference corresponds to the appearance and growth
of "high- and low-speed streaks" in the boundary layer. For example, in Figure 19 by Nolan and
Zaki [JFM 2013] streaks with close spacing appear within a few boundary layer thicknesses of
the inlet and then their spacing grows irregularly in the streamwise direction; the spacing
between adjacent streaks can be taken as an indication of the sizes of the streamwise vortices that
form the streaks. With their "Simple Pseudo-Vortical Motion model," Kasagi, Hirata and
Nishino [Exp.Fl. 1986; McEligot et al., JHMT 2020] have demonstrated that streamwise
vortices show good agreement with the vorticity field in viscous wall regions. Thus, another
hypothesis for the present differences between the two-dimensional S+M prediction (which
cannot include 3-D streamwise vortices) and the measured values of fapp{x*} upstream of
transition onset could be that the flow and resulting mean velocity field there is dominated by a
system of streamwise vortices which yield lower resistance to transport of streamwise
momentum in the wall-normal direction (e.g., Figure 12b by McEligot et al. [[JHMT 2020]) and,

hence, higher wall friction.
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Fig. 15. Comparison of three-dimensional DNS results of Nolan and Zaki [JFM 2013] for
bypass transition to two-dimensional theoretical predictions by the "Twaites/Falkner-Skan
approach," e.g., see White [text 1991], (short dashes). Centerline markings labeled "SMJ" are
the turbulent correlation by Smits, Matheson and Joubert [J.ShipRes. 1983].

The plenum upstream of the beveled inlet is about 350 mm across in the y-direction and
the intersection of the plenum wall with the beveled inlet has an included angle of about 115.9
degrees. To the flow from the plenum the intersection of these two surfaces appears like a
perpendicular two-dimensional ridge which may induce curvature of the mean streamlines
around it. The same situation occurs at the bevel's downstream edge intersecting with the
surface of the rectangular duct. Scorer's analysis [IMA J.Appl.Math. 1967] of local instability in
curved flow "shows that . . . in general curved flow in two dimensions . . . most likely
disturbances are . . . longitudinal rolls." However, it is believed that the flow in the upstream
plenum is turbulent with the acceleration in the converging inlet acting to laminarize it. A
resulting question is --- whether streamwise vortices form as part of the laminarizing process,
whether the flow becomes essentially laminar before vortices are formed or whether vortices are
not formed until well along in the rectangular duct. That is, where do the streamwise vortices,

that apparently are precursors to the transition in the duct, first form in this geometry?
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The mean distribution of the skin friction evolution predicted by the DNS for the ZPG
case by Nolan and Zaki [JFM 2013], say N+Z, is shown in Figure 16a in comparison to the
classic two-dimensional prediction of Blasius. (Also shown for later comparison are some

present data in Figure 16b.) The inlet condition of the DNS is an imposed Blasius mean velocity
profile so the two curves match at Rex jn = 2.66 x 104. The three-dimensional DNS results then
diverge "upwards" very gradually until near Rex = 6.2 x 104 where it begins a straight line

behavior (in the logarithmic coordinates) which persists until about Rex = 1.7 x 109 approaching

our defined transition onset. This straight line section can be described as "power law behavior"
which can be considered to imply an effect of an organized structure of some sort in the

developing flow. In discussing their Figure 7 of conditionally-sampled Cf, N+Z attribute the

difference to "mean flow distortion by Klebanoff streaks." After the transition onset (= Cf min at
Rex to=2.02 x 109) another straight line evolution can be discerned over the approximate range

~2.6 x 109 < Rex < ~3.7 x 10,

Cf{Rex}-ZPG.qgpc
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Fig. 16a. Comparison of skin friction evolution for negligible streamwise pressure gradient
predicted by three-dimensional DNS of Nolan and Zaki [JFEM 2013] to classical two-dimensional

solution by Blasius.
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Fig. 16b. Example of comparison of apparent friction factor evolution for present experiment to
two-dimensional numerical prediction of laminar hydraulic entry by Schade and McEligot

[JHMT 1971].

Instantaneous Figure 19 (bottom) of N+Z shows a few negative streaks starting at their
(x-x0) = 10 (Rex < ~3.5x 104) then mostly alternating with positive streaks and evident until
their laminar-turbulent edge at (x-x()) = 400 or Rex = 3.5 x 103 (N+Z define their non-
dimensional x as x/8in). We interpret alternating negative and positive "Klebanoff streaks" as

identifying streamwise vortices as do Bakewell and Lumley [Phys.Fl. 1967], Blackwelder and
Eckelmann [JFM 1979] and others. So this location of likely streamwise vortices corresponds to

the pre-transitional straight-line section of Cf{Rex}.

In their study of entropy generation in bypass transition with streamwise pressure
gradients from the DNS of Nolan and Zaki [JFM 2013], McEligot et al. [in preparation 2024]
observe that, "as far as entropy generation is concerned, the main effects of the transition process
are (1) to shrink the physical size of the viscous layer which provides most of the entropy

generation in the form of direct (mean) dissipation and (2) to initiate a turbulent layer which
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provides additional entropy generation, mostly as indirect (turbulent) dissipation" as the outer

region of the boundary layer.

While we define the "transition onset" as a minimum in C,f{Re} for convenience, the
curvature of C,f{Re} on a logarithmic graph of the data is evident further upstream, indicating a
potential change in the near-wall flow structure. Thus, it can be argued that our transition onset
is not actually the onset of transition (depending on the phenomenon being used as an indication
in the definition). An alternate definition could be that transition onset is at the location where
turbulence (other than freestream turbulence) is first observed by the measurement technique

used (e.g., consider Nolan, Hack and Marxen observations).

For the ZPG case in their Figure 27 (middle) N+Z show turbulent spot inception possibly

as early as (x-x0) = 160 or Rex = 1.5 x 105 and their intermittency observably greater than zero

at (x-x() = 190 or Rex = 1.8 x 103. One could interpret this information as indicating that the
initiation of curvature (or increase in slope) of Cf{Rex} ahead of the defined transition onset is
caused by the first turbulent spots appearing (say onset of turbulent spots?). Their Figures 5

(ZPQG), 27 (top ZPG) and intermittency (middle of Figure 27) indicate that their ZPG boundary

layer is completely turbulent by (x-x() = 550 or Rex = 4.7 x 105. Their intermittency

distribution y{x} has a straight line section over the range ~2.3 x 109 < Rex < ~3.9 x 109

corresponding to the straight line region of Cf{Rex} downstream of transition onset.

Also of interest in the N+Z results are the instantaneous skin friction values in the
vicinity of turbulent spots shown in their Figure 8 (bottom left). For the turbulent spot of
interest, a high value of the laminar-conditioned Cf appears within the upstream edge of the spot.
For the turbulent region starting at their (x-x() = 400, high values of the laminar-conditioned Cf
occur upstream of the turbulent-laminar interface of the "spot" as well as within its upstream
section. This behavior is possibly due to some convergence of laminar flow near the spots,
transition of large streamwise vortices into smaller ones or some other explanation. Marxen and
Zaki [JFEM 2019] have examined the structure and turbulent statistics of isolated spots in the

early stages of transition in ZPG cases by conditional and ensemble averaging. At low



57

maximum intermittency factors upstream (ymax = 0.1, 0.25, 0.5) in their Figure 14, the

turbulent-conditioned urmg™ profiles are higher than for fully-developed turbulent boundary
layers, being highest at the upstream location, possibly due to "influence of the pre-transitional
high-amplitude Klebanoff distortions" according to M+Z. Further analysis of the spatial and
temporal vicinity of the upstream region of early turbulent spots could be desirable to resolve

these possibilities but is beyond the present scope.

The estimates in the above several paragraphs have been taken from some very small

graphs so the numerical values should be taken with several grains of salt.

For the most part, the present data for flow in the hydraulic entry of a wide rectangular
duct show the same features as the DNS of bypass transition by N+Z as shown in our Figure 16b
for Reph = 5960. The appropriate laminar comparison is to a two-dimensional numerical
hydraulic entry prediction for a duct as by S+M (shown) and others. (The conversion from the
entry coordinates of S+M to Rey is given by Rex = (Re[)h2 / 2) x*.) There are two obvious

differences. First, in the turbulent downstream region the present data attain a constant level of

fapp{x} as it reaches a fully-developed condition in the confined duct of constant cross section

while the DNS is for an "unconfined" boundary layer which keeps growing. Second, in the pre-
transitional laminar region the straight-line behavior of the data is approximately parallel to the
two-dimensional laminar prediction rather than diverging gradually as the DNS results do.
Earlier we mentioned that, in the present geometry, a laminar wall boundary layer apparently
begins developing after the suspected separation bubble downstream of the edge of the inlet
bevel (or at the bevel edge or along the bevel if there is no separation bubble) if transition has not
already been initiated in the free shear layer between the bubble and the core flow. In addition to
these possibilities and different mean velocity profiles at the inlet, it is feasible that streamwise
vortices already exist at x* = 0 in the experiment due to flow curvature around the corner there,

e.g., see Scorer [IMA J. Appl. Math. 1967].

Hack and Zaki [JFM 2016] found approximate similarity of some variables in terms of

the momentum thickness for three pressure gradients: their FPG, ZPG and APG-2. Plotting as
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functions of (0/6(0) collapsed DNS results for streak attributes such as peak amplitudes, spanwise
and wall-normal shear and their defined sweep cross-sectional areas (their Figure 9). In
particular, they found the position of their transition onset (= Cf min) to be about (6/60) = 3 for
each of the three flows while Reg{Cf min} differs noticeably for them thanks to their differences
in U (their Figure 3b). Figure 17 reveals a few more approximate similarities in terms of the
skin friction behaviors as functions of the momentum thickness. One can identify straight-line
sections approaching transition onset in the pre-transitional laminar region; the initiation of
curvature at the ends of these lines or likely onset of turbulent spots occurs at approximately the
same value of (68/dip) for the three cases. Downstream the Cf{0} values in the asymptotic

turbulent region collapse for the three pressure gradients (as might be expected since the values

of their non-dimensional pressure gradients Kp are all "small" in this region as shown in Figure

18). And the onset of this asymptotic turbulent behavior is near the same momentum thickness
for the three pressure gradients (within about ten per cent). One wonders whether the
momentum thickness would also serve as an approximate similarity variable somehow for the
present data but, again, our experiment does not provide the mean velocity distributions needed

to check.

To assess the foregoing speculations, further direct numerical simulations are
recommended, addressing the present geometry including plenum and inlet and utilizing
adequate spanwise resolution. Alternatively, it may be possible to model the configuration in an
experiment using a different fluid as by Eckelmann who employed Reichart's apparatus decades

ago [JFM 1974] but it probably would be gigantic.
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