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ABSTRACT

Typically, multiphase modeling begins with an
averaged system of (ill-posed) partial
differential equations then discretizes this
system to form a numerical scheme.
Assuming that the ill-posedness problem is
avoided by using a well-posed formulation
such as the seven-equation model, this
presents problems for the numerical approxi-
mation of non-conservative terms at discont-
inuities (interfaces, shocks) as well as
unwieldy treatment of fluxes with seven
waves. To solve interface problems without
conservation errors and to avoid this
questionable determination of average varia-
bles and the numerical approximation of the
non-conservative terms associated with 2-
velocity mixture flows a new homogenization
method known as the Discrete Equations
Method (DEM) [1] is employed. Contrary to
conventional methods, the averaged
equations for the mixture are not used, and
this method directly obtains a well-posed
discrete equation system from the single-
phase system to produce a numerical scheme
which accurately computes fluxes for arbitrary
numbers of phases and solves non-
conservative products. The method effectively
uses a sequence of single phase Riemann
equation solves. Phase interactions are
accounted for by Riemann solvers at each
interface. Flow topology can change with
changing expressions for the fluxes. Non-
conservative terms are correctly approxi-
mated. Some of the closure relations missing
from the traditional approach are auto-

matically obtained. Lastly, we identify the
continuous equation system resulting from
discrete equations by taking the continuous
limit with weak wave assumptions. As a first
step toward implict integration of the DEM
method in multidimensions, in this paper we
construct a DEM model for the flow of two
compressible phases in 1-D ducts of spatially
varying cross-section to test this approach. To
relieve time step size restrictions due to
stiffness and to achieve tighter coupling of
equations, a fully implicit time integration
method will eventually replace this explicit
integration. For the first time, we demonstrate
on a converging-diverging two-phase nozzle
that this well-posed, 2 pressure, 2 velocity
DEM model can be integrated to a meaningful
steady-state with both phases treated as
compressible.

INTRODUCTION

Typically, multiphase modeling begins with an averaged or
homogenized system of partial differential equations (which are
traditionally ill-posed) then discretizes this system to form a
numerical scheme. This presents problems for the numerical
approximation of non-conservative terms at discontinuities
(such as interfaces and shocks) as well as the unwieldy
treatment of fluxes with seven waves. To solve interface
problems without conservation errors and to avoid this
questionable determination of average variables and the
numerical approximation of the non-conservative terms in



conjunction with 2-velocity mixture flows we employ a new
homogenization method known as the Discrete Equations
Method (DEM) [1]. Contrary to conventional methods, the
averaged equations for the mixture are not used, and this
method directly obtains a (well-posed) discrete equation system
from the single-phase system to produce a numerical scheme
which accurately computes fluxes for arbitrary numbers of
phases and solves non-conservative products. The method
effectively uses a sequence of single phase Riemann equation
solves. Phase interactions are accounted for by Riemann
solvers at each interface. Flow topology can change with
changing expressions for the fluxes. Non-conservative terms
are correctly approximated. Some of the closure relations
missing from the traditional approach are automatically
obtained. Lastly, we can sometimes identify the continuous
system induced by the discrete equation. This can be very
useful from a theoretical standpoint. In this paper we outline
the construction of a DEM model for 1-D flow of two
compressible phases in ducts of spatially varying cross-section
to test this approach. For the first time, we demonstrate on a
converging-diverging two-phase nozzle that this well-posed 2-
pressure, 2-velocity model can be integrated to a meaningful
steady-state with both phases treated as compressible. In this
first attempt, we include a simple mass transfer model and
postpone investigation of general mass transfer between
multiple compressible phases through development of a
Reactive Riemann solver (RDEM) [2,3] to a later date.

Simple, efficient and robust algorithms are needed to solve
the well-posed models. The various ingredients employed in
the methods to be developed should be general enough to
consider future extensions to problems involving complex
multiphysics. Using the fractional step methods typically
applied (and often miss-applied) to calculate these types of
initial value problems, consisting of different types of physics
with multiple time-scales, some of which should be treated
implicitly, requires some precautionary measures to avoid
splitting and condi-tioning errors. For this initial test reported
here we utilized explicit time integration. In the future, to
relieve time step restrictions due to stiffness and to achieve
tighter coupling of the equations, we believe that a fully
implicit treatment may not only be advantageous, but
necessary. An appropriate fully implicit approach will allow
integration over the fast time scales for slow-transient flows.
[We anticipate that using a Jacobian-Free Newton-Krylov
method with physics-based preconditioning will allow tightly
coupled solutions of the multiphysics phenomena inherent in
nuclear reactor core applications.] Toward that objective, a
significant effort has been expended toward development of a
method of lines (MOL) or semidiscrete method [4] approach to
the integration of the equation system. With the MOL we
discretize separately the space and time domains, effectively
converting to a large system of ordinary differential equations
(ODE) that can be integrated with previously developed, highly

refined special purpose software. [Though not documented in
this paper, we are currently incorporating the 1-D variable area,
two-phase DEM algorithm to be described below into this
framework.] Thus this explicit model described below serves
as a necessary beginning for the subsequent implicit methods
development. We will test and report on the fully implicit
integration of this system at a later date.

NOMENCLATURE

p density,
u velocity vector,
u, local interfacial velocity,

P pressure,

i-u
E total energy: E=e+——,
2

e internal energy.

THE DEM METHOD

We will assume here that each phase obeys the single
phase Euler equations

p
P L div(pii) =0
ot

dpu
a—+dzv(pu ou)+ grad(P)=0 (1)
t

PE _
7 +div(pE+ P)u)=0.
t

Each phase is characterized by its phase function X, [3] that

obeys the evolution equation

ox,

—+u, grad(X,)=0 (2)
ot

where #, represents the local interfacial velocity.

The DEM proceeds in a sequence of steps:

o  fluid selection,

e integration over a control volume,

e determination of the phase contacts at cell boundaries,

e determine cell face fluxes and time integrate
equations.

The first step consists in the fluid selection. We multiply
the Euler equations, corresponding to a system of conservation
laws by the characteristic (or phase) function



(o”U _ j
X | —+div(F)|=0

ot

where the extended system of conservative variables (we have
also included Eqn. (2)) is

U = (1. p. pii, pE)'

and corresponding fluxes are

F(U) = (0, pii, pii ®ii + PI ,(pE + P)ii )" .
After some manipulations we obtain

oxu -
+div(X F)=F -uU)grad(X,) . 3)
ot

The second step consists in the space integration of this

equation, or

oxX U
=
, Ot
The control volume being time invariant, the first term becomes

oX U oV {xX.U)
| —=l 5)
, Ot ot
with  the definition  of  cell

+div(X,F)dV = [(F~i,U)grad(X)dV . (4)

p
av =— [x.vav =
ot ;

following averages

1
XU)=— |XUdV .
(roy=2

The second term can be transformed using the Gauss
theorem

[div(x, Fyav = [X,F-7ids .

This surface integral transforms to a sum of fluid surface
integrals and solid surface integrals

[X,Fids = [ X,F-7dS+ [ X F s
N N f Ss
The integral over fluid surfaces needs particular attention and
will be achieved with the DEM. The solid surface integral can
be simplified by noting that the flux expresses

0

[x,Fsids = [ x, P 7idS .
S

pu ®u+ Pl
(pE + Pu

By using boundary conditions on solid surfaces we get
0 0
- 0
[x P jidS = .
27 pi®iis T [« pids
s S,
(oE + P)u

S,

s s

s

0
Consider the following varying cross-section as shown in Fig.

1.
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Figure 1. Cell volume, flow areas, and walls

Part of the wall is occupied by phase 1, the rest being occupied
by phase 2. We assume that phase 1 is occupying the upper
wall with the same concentration as with the lower wall. The
pressure of phase 1 acts only on a part of the wall. Thus we
have to compute

[x,pras = [ pids ,

N

s Ssk

where s, represents the wall surface occupied by phase k.

Assuming the pressure is uniform in the given phase

[pids=- [ Pias.
So Complement of S,
Thus,

J.PkﬁdS =-F (Alc,uu/ - Ak,m ); :
Ssk

The two surfaces A4, and A, are included in the two phase

control volume as shown in Fig. 2.
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Figure 2. Effective wall bounds for phase k

These two surfaces close the & phase control volume when all
bubbles present at the walls are in contact. Let us denote by L
the distance between these two cross sections. These
intermediate surfaces are related to the fluid control volume
surfaces by



kout — kin Am,z — Ar‘—l/2

L Ax

Consequently,

k.out k.in ( i1/ A/fl/z) :
Ax

Assuming the two phase mixture homogenous enough

Consequently,
[ piidS = -Pa, (4., -4, .

i+1/2
Sk

The solid surface integral is thus
0 0

pu . 0
fx,| 7 |ds= . ®
pu@u+ Pl -Pa (A,,-A4_,)i
(pE+ P)u 0
The fluid surface integral
[ x,F s

Sy

S,

s

has now to be considered. Consider for example the inflow
cross-section 4 . We thus have to compute

[ X Fsids.
412
The inflow and outflow sections are perfectly determined, for
example with relations like

A, =min(4_,A4).

i-1/2
Each cross section is partly occupied by a given phase. Indeed,
several types of contact are present, as summarized in Table 1
below.

Table 1. Evaluation of convective fluxes at cell boundary i-1/2

It remains to compute the last integral associated to interaction
effects,

[(F ~a,u)grad(x,)av .

For the sake of simplicity we consider only this integral at cell
boundaries, where volume fraction jumps are present. Inside
the control volume we already know that these terms
correspond to relaxation terms, that have been determined
previously (see [5] for example) and are here incorporated.

We now note that at each point where grad(X,) is non zero,

the difference (F —u,U) is necessarily locally constant (this

difference correspond to the Rankine Hugoniot conditions, or
interface conditions in the present context). Therefore, the
volume integral (here a surface integral, as we consider a 2D
flow) transforms to

j (F —ii,U)grad(X )dV = I(F —iiU)grad (X, )dS

(where we have changed notations, S is V in two dimensions),
or

i—1/2

j (F—ii U)grad(X, )dS =
N X

e SH
[ f s (F = iU)grad (X, )dvdy

X2 TE

SH,,,, -
+ Jj:_O_SHM (F i U)grad (X, )dxdy

Here two integrals only are present because internal bubbles
are treated as relaxation terms, as stated above. The two
integrals correspond to the two boundary surfaces.

We now transform one of these surface integrals into a contour

Type of Contact Contact area Indicator function 1 Convective flux
1-1 S11 = Ay pMinay g, 0q;) X =1 F*(1,1)
1-2 Siz = Ay pMax(oy ;4 — oy ;,0) . 1if u'(1,2)>0 F*(1,2)
X:(1,2)=
0 otherwise
2-1 So1 = AjypMax(ay; —oy;4,0) . 1ifu'(2,1)<0 F*(2,1)
X;2,)=
0 otherwise
2-2 Soo = AjypMin(oty; 4,0, ) X7(2,2)=0 F*(2,2)

The fluid integral is thus obtained, using Table 1 as
j X,F-7idS =Y. S, X, (l,m)F (I,m). )
Im

412

integral, by using the fact that the interface conditions are
locally constant,



X2 tE SH

J.(FfﬁlU)grad(Xk )dS = r osi (F —u U)grad(X )dxdy
V=00,

s Xi2—€

J().SH”, R - 4
+ J. s (F —u U)grad(X )dxdy

Kis1/2 7€

where £ — 0" . We now focus on one of these two integrals

XiyptE

SH,,, -
J::_O.SHH/Z (F —u,U)grad(X,)dxdy

Xi1j2 7€

. SH ),
=(F-4U),,, J:;o o grad (X )dxdy ®)
=(F- ﬁ/U)lz,i-l/z [Xk ]12 Slz +(F - ﬁIU)2I.1—1/2 [Xk ]21 S21

Where the [X . ]/m and §, are obtained from the Table 2 below.

Table 2. Evaluation of Lagrangian fluxes at cell boundary i-1/2.

{z s, X (,mF (i, m)} - {z s, X (,mF (I, m)}
1

oA <XkU> Im ity Im ,'7%
+ =

ot Ax

{(F - ﬁIU)IZ [Xk ]|2 SIZ + (F - ﬁIU)n [Xk ]2| Szw } 1

i3

Ax

{(F _ﬁIU)u [Xk ]12 Slz + (F _ﬁlU)zl [Xk ]21 S2|}H%

+
Ax
0
0
+ AHL - AFi (9)
2 2
Ra,
Ax
0

Type of Contact Surface of Contact Jump of the indicator function 1 Lagrangian flux
1-1 Sip = AjoypMin(oLy; g, 00 5) [XT](1,1)=O Flag’*(Ll)
1-2 Sip = Ay pMax(ay;  —ay;,0) (X [(12) = —1if uf(1,2)>0 P %" (1,2)
e 0 otherwise
2-1 Sor = AjypMax(oy; —ay;4,0) XI)20) = 1 if u, (2,1)>0 P (2,1)
e 0 otherwise
2-2 Sy = Ay pMin(ay; 4,0, ;) [XT 1(2,2)=0 ple” (2,2)

Equations Summary

Substituting Eqns. (5), (6), (7), and (8) into Eqn. (4) gives

ov{xu)
ot

+{Zs,mxf(1,m)F'(1,m)} —{Zs,mxf(l,m)F'(z,m)} =

ity im

2

{(F _ﬁ[U)IZ [Xk ]12 Slz +(F _I;1U)21 [Xk ]21 S21},,%

+{(F _ﬁIU)IZ [Xk ]12 SIZ +(F_l;IU)21 [ch ]21 SZI ,-%

or

(=]

or
0
1 0
o, AU  A(a,AF) F*“A4Aa
+ = + A, -4
ot Ax Ax Pa, (——2
Ax
0

This augmented Euler fluid equation system is solved
numerically with an explicit Euler time integration and an
approximate Riemann solver, the HLLC scheme [6], to give the
flux values at cell interfaces.

From a theoretical standpoint it can be useful to identify
the continuous equation system resulting from the discrete
equation system. By taking the limit as spatial and time step
sizes become small and employing the acoustic Riemann
problem, the equivalent continuous system (with the reinsertion
of relaxation terms and very much simplified heat and mass



transfer model between the phases) can be written from the
discrete equation system above as follows:

Volume fraction

oo oa r

S —t=u(R B+t
ot Ox P,

Mass

oa,.p,A N oo, pu,A _r,
ot Ox

Momentum

oo, pu A Oa A(pu?+P oa 04
kpk/c + k(p/ck A):})[A k+1)kak_
ot Oox ox ox

+A (u, —u, ) +Tu,
or

oo, pu A Oa,Apu’ Ja,
+

oP,
+a,A—=(P -P)4
ot Ox ox Ox
+/1(uj —uk)—i-l“kul
In the above equations the pressure relaxation coefficient is
given by [5]
1

1

V (pgzucgas + p[[qclxq)
and the velocity relaxation coefficient is given as

A=u(pe.)(p,e,)

where ¢, are the phasic sound speeds. The quantity S, / Vis

the interfacial area per unit volume or the specific interfacial
area (SSV).

Some special forms are noted, in particular if 4 is constant we

have the reduced form

da pu, Oa (pu?+P oa
P kg AGAD *):P[ A'—|-/1(uj—uk)+l"kul.
Ot Ox Ox

Also, if A varies with o constant (equivalent to single-phase)

apu A N 0A(pu,>+P) _p 04

k

ot ox ox
Energy
é’aliqpﬁthqA + aa[iq (plinliq + P[iq ) uliqA _ B%A aOlliq
ot Ox ox

r
-, {u(e,-q —Pgm)——}

Py
+u, [/1 (ugm —u,, )J

—Te, +Q

o Pulind | 2 P B, 20
ot Ox Ox
r
+P {#(P,,q -P.)-—
P
—u, [4(w,, -u,)]
+I (el - hgus—lfq )
where
Q = h (T;zm‘ - Tlviq) 2 I'= Q/hgaffl[q
and h - is the latent heat of vaporization. These simple (not

necessarily physically correct, but still exhibiting a qualitatively
similar effect) mass and heat transfer models are added for a
first look at their effects. Of course the latent heat of
vaporization term will be absent when a correct phase change
model is employed.

RESULTS AND CONCLUSIONS

In the following we first present results for a single phase,
1-dimensional variable area simulation with the compressible
Euler equations using a stiffened gas equation of state SGEOS

P=(y-1)p(e-q)-7rP, (10)
where y, ¢, and P are material (fluid) constants. Here ¢ is a

“binding” energy which for two-phase flow will effectively
represent a reference state. The SGEOS can be used for
compressible gas and compressible liquid phases with
appropriate selection of these constants for each phase [7]. This
1-D, volume-centered, finite volume method uses the HLLC
approximate Riemann solver to determine the fluxes at cell
faces. The scheme uses explicit time stepping to integrate the
solution to steady state. This steady state solution is used as an
initial benchmark solution for the initial two phase DEM results
(described next).

Fig. 3 shows the nozzle area distribution used in all the
simulations examined in this study. Fig. 4 shows the simulation
results from a single-phase code using the same explicit HLLC
method for a compressible liquid phase. The plots show steady-
state density, velocity, pressure and Mach number distributions.
These results are presented for comparison to those of
particular two-phase DEM simulations and are considered a
preliminary or initial benchmark case. Notice that pressure
exhibits negative values here. This is to be expected because
we are not allowing phase change to occur. The SGEOS

permits negative pressure by as much as —y P for density or

internal energy sufficiently small; this is to be expected.

|
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Figure 3. Nozzle area distribution used for all simulations
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The DEM two phase method is then employed with this
same compressible liquid (water) and with a compressible gas
(water vapour). Again the SGEOS is used for each phase [7].
First relaxation is turned off which means that the phases do
not interact with each other. That is two independent, variable
area solutions should evolve, one for each phase. The volume
fractions should not change. The solution for the liquid phase
should be identical to the single phase result presented in Fig.
4. The results from this case are presented in Fig. 5.
Comparison of the plots of density, velocity, pressure and Mach
number between Figs. 4 and 5 show the results are identical
lending confidence to our implementation of the discrete
equation method. Not shown is the volume fraction which
remained constant as was expected. The results from a
compressible gas single-phase simulation are not shown but
were also identical to a benchmark solution for that phase.

Then two different degrees of relaxation are turned on via
specification of the specific interfacial area (SSV), i.e.
interfacial area per unit volume. Results for SSV=1 are shown
in Figs. 6 and 7 for liquid and gas respectively while results for
SSV=100 are shown in Figs. 8 and 9. These results show that
the method is capable of resolving shock waves. Also the
interaction between the two phases is not sufficient to relax the
pressure to the same value for both. The liquid pressure is again
negative because no phase change is permitted. In Figs. 6 and 7
it is seen that with a stronger interaction between the two
phases, the liquid pressure is not as strongly negative as in the
previous case and the gas phase is slowed down due to the drag
between the two phases such that no shock waves are present.

Finally, relaxation is maintained (SSV=100) and the simple
mass and heat transfer models (as noted above) are added for a
first look at their effects. Results for each phase are shown in
Figs. 10 and 11. Liquid pressure still has small negative non-
equilibrium values because mass transfer rate is limited.

In this paper we have outlined the construction of a DEM
model for 1-D flow of two compressible phases in ducts of
spatially variable cross-section to test this approach. For the
first time, we have demonstrated on a converging-diverging
two-phase nozzle that this well-posed 2-pressure, 2-velocity
model can be integrated to a meaningful steady-state with both
phases treated as compressible. We have included a crude,
though simple, mass transfer model. In the future we will
investigate use of general mass transfer between multiple
compressible phases through development of a Reactive
Riemann solver (RDEM) and the incorporation of fully implicit
time integration to facilitate efficient computation of slow
transients.
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Figure 8. Liquid phase results from two-phase code with Figure 9. Gas phase re‘sults from two-phase code with
relaxation (SSV=100). relaxation (SSV=100).
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Figure 10. Liquid phase results from two phase code with heat Figure 11. Gas phase results from two phase code with heat
and mass transfers and relaxation (SSV=100). and mass transfers and relaxation (SSV=100).
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