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ABSTRACT

Nonlinearities, whether geometric or material, need to be
addressed in seismic analysis. One good analysis method that
can address these nonlinearities is direct time integration with
Rayleigh damping. Modal damping is the damping typically
specified in seismic analysis Codes and Standards [1,2]. Modal
damping is constant for all frequencies where Rayleigh
damping varies with frequency. An approach is proposed here
for selection of Rayleigh damping coefficients to be used in
seismic analyses that are consistent with given Modal damping.
The approach uses the difference between the modal damping
response and the Rayleigh damping response along with
effective mass properties of the model being evaluated to match
overall system response levels. This paper provides a simple
example problem to demonstrate the approach. It also provides
results for a finite element model representing an existing
piping system. Displacement, acceleration, and stress results
are compared from model runs using modal damping and
model runs using Rayleigh damping with coefficients selected
using the proposed method.

INTRODUCTION
Rayleigh damping follows the equation
c= L Bo
2-® 2

where the damping value “C” is a function of the natural
frequency “®” and the Rayleigh damping coefficients “o” and
“p”. This produces a curve that can be modified to match a
modal damping value at one or two natural frequency points.
Consequently, if a structure has one or two very dominant
frequencies, Rayleigh damping can closely approximate the

behavior of a prescribed modal damping. However, for more
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complicated structures with many modes over a large range of
natural frequencies, Rayleigh damping can cause significant
variation in response as compared to modal damping. A
conservative approach would be to enforce a Rayleigh damping
curve that matches a prescribed modal damping for the highest
and lowest modes of the structure. This, however, can result in
unreasonably conservative response for intermediate modes.
The procedure proposed in this paper is intended to define a
Rayleigh damping curve that minimizes the variation in the
response as compared to modal damping. Consequently, some
response that is not conservative is considered acceptable.
Ultimately, the analyst must ensure that the resulting Rayleigh
damping curve is reasonable for the given problem.

PROCEDURE

The proposed procedure is performed in several steps.
First a plot of cumulative effective mass versus frequency is
prepared from a modal analysis of the structure. If the structure
model is nonlinear, it must be linearized for this step. Next, a
modal damped acceleration response spectrum is generated
from the time history to be used for analysis. Then, the
minimum natural frequency where the Rayleigh damping curve
equals the prescribed modal damping is defined. This natural
frequency occurs where the cumulative effective mass plot
reaches approximately 5% of the total model mass. This
ensures minimal underestimation of response in the low
frequency range.

The values up to this point remain unchanged. The
remainder of the evaluation is iterative. First, the maximum
natural frequency where the Rayleigh damping curve equals the
prescribed modal damping is approximated. This initial value
is taken as the frequency where the cumulative effect mass is
approximately 50%. Next, the Rayleigh damping coefficients
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are calculated that enforce the locations where modal damping
is approximated. Also, a Rayleigh damped acceleration
response spectrum is generated from the time history to be used
for analysis. For each effective mass point, the modal damped
response is subtracted from the Rayleigh damped response and
the difference is multiplied by the effective mass value. All of
these values are then summed. If the result is negative, than the
Rayleigh damping coefficients are unacceptable and the
selected maximum natural frequency needs to be increased. If
the result is positive, then the Rayleigh damping coefficients
are conservative and the selected maximum natural frequency
can be decreased (as long as the result remains positive after
the decrease is evaluated). If change in maximum natural
frequency is needed or desired, an adjustment can be made and
another iteration can be performed. The final desired result is a
slightly positive value. With this result, optimization of the
Rayleigh damping coefficients has been achieved.

EXAMPLE PROBLEM

For an example problem, it is desired to establish Rayleigh
damping coefficients “a” and “B” for the example shear frame
shown in Figure 1. The example shear frame has three degrees
of freedom whose displacements are identified with “x;”, “x,”,
and “x3”. It has an assigned modal damping value “C” of 5%,
the mass and stiffness values given below, and it is to be
evaluated with the example earthquake ground motion (shown
in Figure 2). (Note: This example problem is performed with
Mathcad [3] using Mathcad [3] notation.)

ki
— |

X2
k;
—> m;3
X3
Vo ks Y2 ks ky ks

Figure 1. Example shear frame.
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Figure 2. Example earthquake ground motion.

The first step in evaluating the Rayleigh damping
coefficients “o” and “B” is to calculate the natural frequencies
and the corresponding effective mass values for the example
shear frame. Below is this portion of the evaluation.

ki + ks -kq 0
Stiffness
kor=| ki kitkotky kg matrix
0 —k2 k2 + k3
0 0 1
my:=| 0 m 0 Mass Ip:=| 1| Unit
matrix vector
0 0 mg 1
= sort(elgenvals( I-kc,)) Sorted eigenvalues
330
1
A=| 1135 |—
2
9035) 8
2
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1:=0.. last(k) Counting variable

CD'<i> = eigenvec (mo_ l-ko, }‘i) Eigenvectors in order
1 0.013 -0.019

®'=| 0.02 -0.063 0.998
0.012 -0.998 —0.063

CD<i> = ]o < ma (D'<i>) if ma)(fb'@) > |min(d)'<i>)|

o < min((D'<l>) otherwise
& -1

Q' ]>'(x

1 -0.013 -0.019

O =| 0.02 0.063 1
0.012 1 —0.064

Normalized eigenvectors

18.17
Or. ::\/Ti or =1 33.69 rad Natural frequency
! 95.05 s€c  (rad/sec)
or 2.891
fp=—  fi=| 5362 |Hz Natural frequency
i 2n
15.128 (Hz)
T
my =0 -my-d Modal mass
0.06003 0 0
mm=| 0 006025 0 |kip—
0 0 0.06026
2
(lo¥" ]
© mylp .
M, = Effective mass
! My
i,i
0.064
M, = | 0.066 | kip—
in
0.05

(Note: The absolute value in the effective mass equation is
used to turn the 1x1 array into a scalar value.)

Figure 3 shows the cumulative effective mass ratio versus
frequency. Below is the equation used to establish the
cumulative effective mass ratio plot data.

1
Mesum, = ; Z M,  Cumulative
bomp+mp+mg I Effective
1=0 Mass Ratio
0.355
Mesum = 0721

1

A cumulative effective mass ratio plot (as in Figure 3)
gives a good indication of where the model response occurs.
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Figure 3. Example cumulative effective mass ratio.

Having natural frequency, the second step is to find the
corresponding damped response from the earthquake ground
motion (Figure 2). Below is the 5% damped response
established by numerical methods.

2.891
For: ¢=5% f.=| 5362 |Hz
15.128
224.2
Ags: 2979 in Maximum 5%
2050) sec” damped response

The third step is iterative. For Rayleigh damping, the
damping varies with natural frequency (as shown in Figure 4).
To control the Rayleigh damping curve, the below derivation is
performed. The intent is to force the Rayleigh damping curve
to cross the 5% damping curve at a frequency equal to that of
the first point (from Figure 3) that is approximately 0.05.
Because the first point is greater than 0.05 (being 0.355), it is
used. For this example, the frequency value is 2.891 Hz. The
higher crossing point is varied to achieve a purpose discussed
later. For the first iteration, a value is 5 Hz is selected because
it is near the 50% cumulative effective mass point.
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02 e Having the first iteration Rayleigh damping coefficients,
Rayleigh damping the corresponding Rayleigh damped response from the
015 - Model 1 - earthquake ground motion (Figure 2) is established. Below is
) odel natura the Rayleigh damped response established by numerical
£ frequencies —~— hod
2 01 i methods.
§ j 5% damping
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Figure 4. First iteration damping versus frequency. 10.191 15.128
2242
To establish the Rayleigh damping curve shown in Figure in . .
4, the following derivation is performed. Agvs=| 2948 > g/;ﬁlrél&lgleszgh
184.2) sec pecresp
o B N _ A weighting of the difference in maximum Rayleigh
Cr(w) =t Deﬁn_mon for Rayleigh damped response and maximum 5% damped response is now
20 2 damping performed with the effective mass. Figure 5 shows the
accumulated difference in response scaled by effective mass
rad versus frequency. Below is the equation used to establish the
o) =2-1-2.891 — Lower 5% damped plot points
sed crossing natural frequency '
o] :=2-1-8.24 ﬂ Upper 5% damped i
sed crossing natural frequency ARSwtsumi = Z (Agvsj - Agsj).Mej [S{Caled
= Modal damping value . esponse
¢:=0.05 pmg valu i=0 Difference
¢ = LI P Equating for the lower 5%
200 2 damped crossing ARSytsum =| —203 | Ibf
«  Bop 2251
= —+ Equating for the upper 5%
2o 2 damped crossing o 1000
=
1 g o
— — S Ll 4 1
2. 2 o -
®0 [ j = [Cj Rewriting and solving E, =,
1 o] p o for constants =
DY A -1000 —
2'(’31 2 g
=
=3
-1 = \
® —2000 —
Lo 2
o 2. 2 =
[ j = ®0 (gj Rayleigh %;
p 1 o1 ¢/ damping & 000 10 100
20, 2 coefficients Frequency [Hz]
rad Figure 5. Scaled response difference.
o =1.3447 —
see The last point in Figure 5 is the important point. To be
B = 1.4298x 10 3 sec acceptable, it must be positive. To optimize it, it should only be
o rad slightly positive. Being very negative and relatively substantial

(at -2251 1bf), the first iteration Rayleigh damping coefficients
are not acceptable. A second iteration must be performed. For
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this iteration, the same calculation is performed except the
higher crossing point is set at 8.24 Hz. This produces Raleigh
damping constants as shown below which results in the
Rayleigh damping curve shown in Figure 6.

o = 13447 24 Rayleigh
sec damping
_ coefficients
B=14208x 10>
rad
02 T — T T T 7
Rayleigh damping /
015 ]
Model natural
o0 .
£ frequencies /
2 0l N |
g >E/ 5% damping
_ ’ X
e L - i e --ope b -H
0 1 10 100

Frequency [Hz]
Figure 6. Second iteration damping versus frequency.

The Rayleigh damped response established as shown
below.

5 2.891
For: ¢y =|4404|% f,=| 5362 |Hz
7.503 15.128
2242\
Apam| 61 5 Ve Rt
201.1) sec

The scaled response difference can then be found
numerically and graphically (in Figure 7).
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Figure 7. Scaled response difference.

The last point in Figure 7 is positive and relatively
insignificant (at 2 Ibf). Consequently, the Rayleigh damping
coefficients “a = 1.34 rad/sec” and “B = 0.00143 sec/rad”
represent optimized values for use in time history analysis. For
information, Figure 8 shows the modal and Rayleigh damped
response spectra. The squares mark the modal damped
response for the model natural frequencies. Likewise, the solid
circles mark the Rayleigh damped response for the model
natural frequencies.
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Figure 8. Modal and Rayleigh damped response spectra.

Acceleration [in/sec’]

TEST MODEL

To demonstrate the difference in results, two sets of test
model runs are evaluated. The two sets include using modal
dynamic analysis with modal damping and using direct
integration with Rayleigh damping (having coefficients defined
with the proposed approach). Sixteen seismic acceleration time
histories (with correlation much less that 30% between any
two) are used to perform the two sets of model runs. (These
acceleration time histories are similar to the one shown in
Figure 2.)

The test finite element model (shown in Figure 9) is
representative of an actual piping system. The model consists
of linear beam elements of varying cross section and density
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for the straight pipe and supports. The elbows are parabolic
beam elements with cross section properties consistent with
flexibility factors defined with the 2007 ASME Section III,
Division 1, Subsection NB [4].

The seismic event for this model is run in the z-direction
(as identified in Figure 9). Displacement and acceleration
results are then established and compared for the pipe nodes
(not directly restrained to the ground). Von Mises stresses are
also established and compared for the pipe elements. Because
it’s the differences between modal damped and Rayleigh
damped response that is of concern, von Mises stress is
considered an acceptable stress value to use. (The actual
evaluation of this piping system used the finite element model
to generate moments and forces. Von Mises stress is selected
for this comparison only because it produced a simple single
valued result for comparison.)

Having the model defined, a modal analysis is performed
using ABAQUS/Standard [5]. The resulting cumulative
effective mass versus frequency plot is shown in Figure 10.
This plot indicates the there is significant participation over a
wide range for frequencies.

Figure 9. Test finite element model.

J

Cumulative Effective Mass Ratio

1 1n 100
Frequency [Hz]
Figure 10. Test model cumulative effective mass ratio.

Considering the cumulative effective mass plot, 90% of the
effective mass is represented for frequencies from 0 Hz to 100
Hz. This represents a significant missing mass (of 10%) for
modal dynamic analysis. Consequently, the model dynamic
model runs are performed using a range of frequencies from 0
Hz to 1000 Hz. This reduces the missing mass to 2.5 % which
is considered to be acceptably low.

For calculating the Rayleigh damping coefficients,
considering only the range of frequencies from 0 Hz to 100 Hz
is sufficient. This is because the high frequency response (for
this example) is negligibly different between the modal damped
and Rayleigh damped response spectra (as demonstrated in
Figure 13).

Optimizing the Rayleigh damping coefficients for each
model run produces the sixteen scaled response difference
curves shown in Figure 11. This results in the damping and
response spectra shown in Figures 12 and 13.

2500

2000

]
I
I
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Figure 11. Sixteen scaled response difference curves.
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Figure 12. Sixteen damping versus frequency curves.
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Figure 13. Sixteen pairs of test model response spectra.

Having the optimized Rayleigh damping coefficients, the
sixteen models are run for the direct integration with Rayleigh
damping and for the corresponding modal dynamic with 5%
damping. (The models were run using ABAQUS/Standard [5]
which outputs total motion for the direct integration solution
and relative motion for the modal dynamic solution. For
comparison, the direct integration total displacement was
converted to relative displacement. Likewise, the modal
dynamic relative acceleration was converted to total
acceleration.)

For comparison between the Rayleigh damped and modal
damped response, Figures 14 — 16 are generated. The data
points for fractional change in each are based on the Rayleigh
damped peak response minus the modal damped peak response
divided by the modal damped peak response. Consequently,
positive values indicate that the Rayleigh damping model
produces a higher peak response. The other axis on the figures
is the modal damped peak response. This spreads the data
points out relative to the magnitude of the peak response where
they occur. (Figure 14 has data points with modal damped

peak response values near zero that are off of the plot in the
positive direction. These were considered insignificant due to
them representing insignificant response.)
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Figure 14. Rayleigh and modal displacement comparison.
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Figure 15. Rayleigh and modal acceleration comparison.

-0.13

015

01

Fractional Change
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Modal Peak Stress Response [psi]
Figure 16. Rayleigh and modal stress comparison.

A 2.5% shift upward in the comparison results can be
expected due to the 2.5% missing mass in the modal dynamic
solution. Also, the higher 5% crossing point for the Rayleigh
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damping curve was optimized to the nearest 0.01 Hz that
caused the scaled response difference to end positive. This also
causes a slight upward shift.

For additional information, Figures 17 — 19 show a
comparison of the maximum peak modal response at a location
to the minimum peak modal response at that location. The data
points for modal fractional change in each are based on the
maximum peak modal response minus the minimum peak
modal response divided by the maximum peak modal response.
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Figure 17. Extreme modal displacement comparison.
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Figure 19. Extreme modal stress comparison.

For this test problem, Figures 17 — 19 demonstrate more
substantial scatter than Figures 14 — 16. This indicates that
there is more scatter caused by the different seismic
acceleration time histories than caused by the difference

between Raleigh and modal damping for a given seismic
acceleration time history.

More substantial difference between Raleigh and modal
damping could be expected if the cumulative effective mass in
Figure 10 were shifted to lower frequencies. Evaluation of
response spectra as in Figure 13 should be performed as an
indication of the scale of the difference. Considering Figure
13, the more substantial the difference is between the modal
damped and Rayleigh damped curves (above the lowest
significant natural frequency), the more substantial the
difference in the results.

CONCLUSION

Nonlinearities, whether geometric or material, need to be
addressed in seismic analysis. This may motivate an analyst to
evaluate the seismic response using direct time integration with
Rayleigh damping. An approach has been proposed for
selection of Rayleigh damping coefficients to be used in
seismic analyses to produce response that is consistent with
Modal damping response. The approach uses the difference
between the modal damping response and the Rayleigh
damping response along with effective mass properties of the
model being evaluated to match overall system response levels.
An example problem is included for clarification of the
process. Also, a test problem is performed to demonstrate the
difference in the results that can be expected in an actual
problem. Ultimately, the analyst must ensure that this approach
is reasonable for the given problem. The approach, however,
should be reasonable for a wide range of problems.
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