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Chapter 1

Introduction

The goal of this study is to assess the impact of various flow models for a
simplified primary coolant loop of a light water nuclear reactor. The various
fluid flow models are based on the Euler equations with an additional friction
term, gravity term, momentum source, and energy source. The geometric model
is purposefully chosen simple and consists of a one-dimensional (1D) loop system
in order to focus the study on the validity of various fluid flow approximations.
The 1D loop system is represented by a rectangle; the fluid is heated up along one
of the vertical legs and cooled down along the opposite leg. A pressurizer and a
pump are included in the horizontal legs. The amount of energy transferred and
removed from the system is equal in absolute value along the two vertical legs.
The various fluid flow approximations are compressible vs. incompressible, and
complete momentum equation vs. Darcy’s approximation. The ultimate goal
is to compute the fluid flow models’ uncertainties and, if possible, to generate
validity ranges for these models when applied to reactor analysis. We also limit
this study to single phase flows with low-Mach numbers. As a result, sound
waves carry a very small amount of energy in this particular case. A standard
finite volume method is used for the spatial discretization of the system.



Chapter 2

Geometrical and
mathematical models

The test-bed code developed in this work aims at studying the primary cooling
of a nuclear reactor, either a Pressurized Water Reactor, a Sodium Fast Reactor,
or a Hight Temperature Gas Reactor. Some simplifying assumptions are made:
1D geometry and single-phase low-Mach flow. Within this model, various fluid
flows approximations are assessed. We present here the geometry utilized, the
assumptions made, the various flow approximations, and the numerics employed
to solve in space/time the equations obtained.

2.1 Model geometry

The 1D loop system is represented by a rectangle, shown in Fig. 2.1. The fluid
is heated up along the left vertical legs of length L, and cooled down along the
opposite leg. The cooling process is to mimic the presence of steam generators.
A pressurized is present on the top horizontal length of length Ly and a pump
is included in the lower horizontal leg. These two components are smeared over
a certain portion of the leg length in order to avoid making the pressurizer and
the pump action size grid dependent.
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Figure 2.1: Loop geometry.

2.2 Assumptions for the model

The following assumptions are made for this 1D model and are detailed in this
section:

e The heat source and sink are expressed in term of the heat transfer coef-
ficient and the fluid temperature as follows:

Q = +hA(T,, — Ty), (2.1)

where h is the heat transfer coefficient, A is the exchange area between
the wall and the fluid, and, 7 and T, are the fluid and wall temperature,
respectively. In the left vertical leg, this source term is positive (heat is
applied) and in the opposite leg, it is negative (heat sink). Heat and sink
source terms are distributed over the entire length L; of these two legs.

e The heat transfer coefficient h is constant and is taken to be the same
for forced convection and natural convection processes. In practice, two
different correlations should be employed since the physics are different
in these two cases (this can be modified in a subsequent version of this



test-bed code). T, is a given constant equal t0 Tyeore in the heated leg,
and T4 in the cooled leg, where Tiycore and Ti,s¢ are reactor-dependent.

e The heat capacity C, is temperature- and pressure-independent. This is a
good assumption for some fluids, such as water, for a range of temperature
and pressure. For other coolants, such as gas, this approximation is not
representative of the real behavior of the fluid.

e The sound speed, c, is supposed to be constant even if it usually depends
on the temperature and the pressure. This is a good approximation for
liquids but not for gases.

e The Equation Of State (EOS) is linear in temperature and pressure as
follows:

ap op

=po+ | (P—F)+ ==| (T'-1Tp), 2.2

P = po aPO( 0) BTO( 0) (2.2)

where p, T and P are the density, the temperature and the pressure of

the fluid, respectively, and pg, Ty and Py are the fluid proprieties at a

particular reference point (the linearization point). g—lp) and g—; are defined

as the variation of the density relative to the pressure and the temperature,
respectively.

— g—; is the dilatation of the density due to the temperature. This

parameter is assumed constant in this model.

- 3—1‘; is the dilatation of the density due to the pressure. This pa-
rameter is also assumed constant but is different for different sound
speeds. Its expression is as follows:

ap 1
— == 2.3
o°rP 2 (2:3)

e Friction forces are taken account into this model. The friction parameter

fw is a function of the Reynolds number and depend on the laminar vs

turbulent nature of the flow. Its expression is given in a subsequent section.

Different flow models are implemented:
1. compressible flow,
2. incompressible flow with Boussinesq correction,
3. Darcy’s law in either compressible or incompressible settings.

A solution algorithm (and thus a single code) is written, where binary (0/1)
parameter values are changed in the discretized equations themselves to turn
on or off any of these three flow models seamlessly. The following subsections
give the equations used and the different approximations related to each model.



2.2.1 Compressible and incompressible flows

A flow is defined as compressible when its density can change with respect to
pressure. In general, this is the case when the Mach number of the flow exceeds
0.3. To account of the pressure effect, a linearized Equation Of State (EOS) is
used and defined as follows:

dp ap
P,T) = Py, T, —1| (P—F, — | (T"— 1T 2.4
p(P,T) = po(Fo, O)+6P0( O)+8To( 0)s (2.4)
where p(P,T) is the density function of the pressure P and temperature T, g—;

is defined as the inverse of the sound speed square in the fluid (see Eq. (2.3)),
Py and Ty are the pressure and temperature at the point of linearization respec-
tively and % is the change in density due to the temperature. In this study,
the parameter g—l’; is held constant for a given fluid. This EOS is derived from
a Taylor series development at the point of pressure Py and is a good approxi-
mation since there is no change of phase in our model.

In the case of incompressible flows, the term g—l’; is equal to zero, which is
equivalent to set the sound speed to infinity. In other terms, the sound waves
travel through the entire domain with an infinite velocity and the density is
constant and equals to pg.

It has to be noted that the change in temperature can lead to changes in
the density. The Boussinesq correction accounts for this effect and is described
in the following section.

2.2.2 Boussinesq correction

For non-isothermal fluids, the density can vary with temperature. The Boussi-
nesq correction can be employed to allow the density to be temperature-dependent.
This assumption is necessary to account for buoyancy forces.

p(T) = po(To) + % (T - To), (2.5)
0
where p(T') is a temperature-dependent density function, py is the density value
at the temperature Tp, % is the changes in density due to the temperature (this
value is generally negative), and T is the temperature value at the linearization
point. Variations of density with respect to temperature are very important
because they give rise to buoyancy forces and, thus, to natural convection.

In the case of compressible flow, the EOS is modified as follows:

B 0 ap
p(P,T) = po(Fo,Tp) + apP|, (P—PFy) + ar|, (T - To). (2.6)



Compressible flows will always be treated employing Eq. (2.6) and, hence, den-
sity is both pressure- and temperature-dependent.

For incompressible flows, the pressure-dependent term of the EOS is removed
and thus the density is only temperature-dependent. Two incompressible cases
are distinguished according to their Mach number:

1. In the case of low Mach number flow, the density can only be temperature-
dependent in the buoyancy term of the momentum equation (denoted by
the use of p in later sections) and is held constant in all other terms of
the mass, momentum, and energy equations. The essence of Boussinesq
correction is that gravity is sufficiently strong to make the fluid specific
weight appreciably different between two fluid positions. In this case, the

Dv

acceleration term 57 is small when compared to the gravity term. This

case is the purpose of this study.

2. In the case of high Mach number flows, the density has to be computed
with the EOS in all terms of the momentum equation. The acceleration
term can be large enough to compensate for the gravity effects.

In the case of our study (low Mach number), the Boussinesq correction is used
in order to account for buoyancy forces.

2.3 Fluid flow equations with wall friction, grav-
ity, pump and external energy source terms

Modified Euler Equations, coupled with an equation of state relation, are em-
ployed to solve the 1D loop system described above. The Euler equations are
used as a starting point and are modified in the sense that (1) the effect of vis-
cosity has been added and modeled as wall friction, and, (2) gravity is accounted
for. Friction forces and gravity forces are the only external forces considered.
An energy source term, denoted by @, is also present in the energy equation
to model the heat source/sink due to the nuclear core/steam generator, respec-
tively. In order to account for the pump in the model, a momentum source term
is added. With these modifications, the fluid equations are:

Op + Oz (pu) =0 (2.7)
Or(pu) + 0, (pu?) + 0P+ p 9 - Uz +furre (4t = Fpump () (2.8)
h

pu’ pu?
8t(pe + 7) + 0y (pe + T)U + a;c(up) = Q(Jj,t) +Pg + Pf +Ppump

(2.9)
The Equation Of State is:

)
P = Po oP

0 2| (@ -1) (2.10)



In the above equations, p is the fluid density, ¢ the time variable, x the spatial
coordinate, u the fluid velocity, P the pressure, g the gravity, Fpum, the pump
force, e the internal energy, D} the hydraulic diameter, and, pg, Py and ey the
fluid density, pressure and internal energy, respectively, at a given pressure and
temperature. Py, Ppump and Py are the powers of the gravity, pump and fric-
tion forces, respectively. The gravity is taken to be in opposite direction of the
velocity vector in the left leg of the loop. The energy source term @ is given
by Eq. (2.1) in which the wall temperature and the heat transfer are constant.
There is not mass source in the continuity equation since it is a closed loop (this
assumption is not correct for the cells linked to the pressurizer). All variables
depend on space and time.

These equations correspond to the conservative form of Euler Equations with
a non-zero right-hand-side and can be written in the general form as follows:

U + 0, F(U) = S (2.11)

where S is a source vector that will be described later. U and F(U) are as
follows:

P pu
U= pU and F(U) = pu® + P (2.12)
pe + %qu u(pe+ %puz) +uP

U is the vector of conservative variables: density, momentum, and total energy.
The source term is:

0
S=1=p 9 tg —fud lul v+ Fyump(,t) (2.13)
Q(z,t) + Py + Pr + Ppump

2.3.1 Primitive variables

Usually, one solves the Euler Equations in term of conservative variables: den-
sity, momentum, and total energy. In reactor safety codes, the solution variables
are typically density, velocity and temperature. Therefore, we need to convert
the above system of equations in terms of these primitive variables. This will
yield the so-called non-conservative form of the fluid equations. The following
paragraph is dedicated to deriving the non-conservative equations expressed in
terms of the primitive variables.

2.3.2 The continuity equation and momentum equation
The continuity equation is unchanged :
Op + 0z (pu) = 0. (2.14)

The momentum equation is modified as follows. The partial derivatives
are expanded for each variable. The assumption required is that the functions



are smooth. In the following, all forces (pressure, gravity and friction forces)
appearing in the momentum equation are denoted by F' for conciseness. Using
the product rule of differentiation the momentum equation yields:

Or(pu) + 0z (pu?) = pdyu + udsp + pudyu + ud, (pu)
= pou~+ pudyu + u (Op + 0y (pu))
= F+ Fpump, (2.15)

where Fpymp is the pump force. By using the continuity equation, Eq. (2.15)
can be further simplified:

PO+ pudzu = F + Foymp. (2.16)

This is the non-conservative form of the momentum equation. The non-conservative
denomination is due to the fact that (1) a flux value can no longer be defined

as in the case of the conservative form and (2) the velocity is not a conservative
variable.

2.3.3 The energy equation

Let us recall the energy equation in its conservative form:
O0¢(pE) + 0z (pEu) + 05 (up) = Q(z,t) + Py + Pt + Ppump, (2.17)

where E, p, u are the total energy per unit mass and volume, the density and
the velocity respectively. Q(z,t) is the heat source or sink in the system. Py,
Ppump and Py are the gravity, pump and friction powers. As before, we expand
the partial derivatives using the product rule for differentiation:

pOE  + EOip+ pud,E + EJ, (pu) + 0. (up)
E (0p+ 0y (pu)) + pOLE + pud, E
= Q(xat) +Pg +Pf +7Dpump~ (218)

Employing the continuity equation to simplify the equation above yields:
POLE + pu0, E = Q(x,t) + Py + Pt + Ppump- (2.19)

The last step to obtain the non-conservative form of the equation consists in
replacing the total energy E by the internal and kinetic energies, e and %uQ,:

1
E:e+§ﬁ. (2.20)
Since we are interested in solving the energy equation for temperature, the
internal energy e is expressed as a function of the temperature 7" and the heat

capacity C, as follows:
e=C,T. (2.21)

10



The heat capacity C, is constant in this model as stated in the model assump-
tions. Then, Eq. (2.19) yields:

2 2
p C,o,T + pat% + puC, 0, T + pu&r% +ud, P + POyu

= p CLo:T + puCh0, T + POyu + u (pdyu + pudyu + 0, P)
= Q(,t) + Py + Pr + Ppump (2.22)

Finally, using the non-conservative momentum expression of Eq. (2.16), Eq. (2.22)
becomes:

p CoO T + puCy0, T+ POyu+u (Fy + Fy + Fpump) = Q(2,1) + Py +Ps + Ppump:

(2.23)
where Fy, Fpump and F are the gravity, pump and the friction forces. To further
simplify this equation, recall the definition of the power: a force multiply by
the velocity. As a result, in the left-hand-side of the equation, the friction,
pump and gravity power are recognized, so that the non-conservative form of
the energy equation is:

p Cod T + puCy0, T + PO,u = Q. (2.24)

Using the non-conservative form of fluid flow equations along with the EOS, the
system can be solved in term of primitive variables.

2.4 Pump and pressurizer models

2.4.1 Pump model

The pump is implemented as a gravity force since it introduces artificial gravity
in the system.
Fpump = pgsp, (2.25)

where Fjpymp is the pump force in the momentum equation, p and g are the
density and the gravity acceleration, respectively, and s, is the pump strength.
The value of s, is selected in order to obtain a fluid velocity representative of
the reactor systems modeled. The pump is uniformly distributed over a given
length (user-defined input value) so that the pump is independent of the grid
size. A ramp can also be set in the code in order to study pump transients
(pump coast down).

2.4.2 Pressurizer model

The purpose of the pressurizer is to set the pressure at a given point in the
system. In our simplified model, we are not interested in keeping track of the
fluid level in the pressurizer. However, some fluid is exchanged between the loop
and the pressurizer in order to maintain the pressure below a given value set
by the operator. The pressurizer temperature is set equal to the temperature

11



of the cell linked to it. Since the fluid can flow in and out of the loop into
the pressurizer, a pressurizer velocity u, has to be computed. As a result, a
momentum equation is added to the residual vector for each cell linked to the
pressurizer and given in Eq. (2.26).

PpOiup + ppupdeuy = F, (2.26)

where w,, is the pressurizer velocity and p,, is the pressurizer density (this is the
only equation solved for the pressurizer; p, is determined from the EOS knowing
(i) the temperature of the cells linked to the pressurizer and (ii) the pressurizer
pressure).

In addition, the pressurizer behaves either as a heat sink or source so that
its presence requires an additional term in the continuity and energy equations
in the cells concerned (a mass and energy source or sink respectively):

_ (pup)
Msource = Ax (227)
C LTUP) 2.28
€source = v Az ( . )

where u,, T, p are the velocity, the temperature and the density, respectively,
C, is the heat capacity of the fluid and Az is the grid size. (pu,) and (prvu) are

numerical fluxes obtained by applying a simple upwind scheme. The numerical
scheme is further discussed in Section 3.1.5. As in the case of the pump, the
pressurizer model is independent of the space grid size in order to avoid having
strong pressure discontinuities in the system.

2.5 Fluid flow models

2.5.1 Laminar and turbulent flows

Laminar and turbulent flows correlations are utilized for the friction term, de-
pending on the Reynolds number. The correlations presented here are used for
transient and steady-state runs. In the case of laminar flows, the friction factor
fw is a function of the Reynold number Re as follows:

o
" Re

Th expression Eq. (2.29) is known as the Darcy—Weisbach factor [1]. For tur-
bulent flows, the Blasius correlation is used and given below:

fuw (2.29)

fw = 0.079Re™0-2 (2.30)

The Blasius correlation can be used under some particular conditions: it is
applicable well for liquid water but requires either some modifications or the

12



use of another correlation in the case of gases. Since only PWRs are studied
here, only the Blasius correlation is given.

The Reynold number is a function of velocity u , hydraulic diameter Dy, , vis-
cosity u, and density p, and is given as follows:

_ pDy Jul
1

Re (2.31)

2.5.2 Darcy’s law

Darcy’s law can be used to model flows in porous media. For reactor applica-
tions, this could be, for instance, fluid flow a pebble bed gas reactor. Darcy’s
law assumes a porous medium and a laminar flow and is obtained from the mo-
mentum equation by setting the time dependent term and the convection term
set to zero (for both compressible and incompressible flows).

Py + fotulul + 0P =0 (2.32)
Dy,

Assuming a laminar flow, the friction force F; appearing the momentum equa-
tion can be expressed as follows:

P
Fr = fuo—ulu 2.33
;= fuprulu (2:33)
64 p
= — 2.34
Fepul (2:34)
64

where Eq. (2.29) was employed. Hence, the velocity can be given by a linear

equation:
oP D,Ql
=—| = — 2.
u <8$ +pg> 64,1 (2.36)

2.6 Final forms of the equations

The fluid flow models (compressible, incompressible, with or without Boussinesq
correction, with or without Darcy’s law approximation) can be written in a
generic form in which each model can be turned on and off using some binary «
parameters. Hence, a single code and solution algorithm is employed to assess
in a consistent fashion the effects of the various models. The generic form of
the equations with the a parameters are given:

13



Bip + O (pu) = 0 (2.37)

ay (pOyu + pudyu) + pg(l — sp) + waL lulu+ 0, P=0 (2.38)
h
p C,0,T + puC,0, T + PO,u=Q (2.39)
dp ap
- Pl (p-n e

p P0+0418P0( 0)+a28T0( 0)

(2.40)
. 0 0

p=potar 55 (P-R)+ag o (T

(2.41)

The different combinations of a; are summarized in Table 2.1.

Table 2.1: Alpha combinations

’ Flow option H o \ g \ o3 \ oy ‘
Compressible 1 1 1 1
Incompressible without Boussinesq 0 0 0 1
Incompressible with Boussinesq 0 0 1 1
Compressible Darcy 1 1 1 0
Incompressible Darcy with Boussinesq || 0 0 1 0

Note that the incompressible flow model without the Boussinesq correction
is not employed here (natural convection cannot occur under this assumption).
Only two cases are presented in this report: compressible and incompressible
flow model with Boussinesq correction. Darcy’s law will be used in future work,
e.g., for High Temperature Gas Reactors.

14



Chapter 3

Discretization, scaling, and
solution method

This section aims at describing the numerical method used in the pilot code.
After giving the implicit and explicit forms of the Euler equations, the Jacobian-
free-Newton-Krylov method (solution method) is explained. The other sub-
sections deal with numerical techniques used such as scaling, preconditioner,
convergence criteria and numerical flux.

3.1 Discretized Fluid Flow Equations

A standard finite volume (FV) spatial discretization based on staggered grids
is employed and recalled below. The stored variables are the temperature, the
pressure, and the velocity (density depends on the temperature and the pressure
through the EOS so that it is not required to store it). In a staggered grid
technique, two grids are employed; there is an offset of half a cell in between the
grids so that the edge of cells of the first grid corresponds to the middle point of
cell of the second grid. This method makes the F'V stable and numerical fluxes
can be easily computed for each equation. Only the continuity, momentum, and
energy equations are discretized using the grids shown in Fig. 3.1. The EOS
does not need to be discretized. Two temporal discretizations are employed, the
implicit and semi-implicit methods. These schemes are described next.

15



i-1 i i+1

Grid for the temperature, the density and the pressure.

i-3/2 i-1/2 i+1/2 i+3/2

| ! | | |
I | I 1 I

Grid far the velodty,

Figure 3.1: Staggered grids for the FV spatial discretization. Top: grid for T,
p, and P; Bottom: grid for u

3.1.1 Time implicit method

Backward (implicit) Euler time integration yields the following discretized equa-
tions.

Integrating the continuity expression, Eq. (2.14), over spatial cell ¢ yields:

n+l _ n (ﬁu)?il - (ﬁu)?jll
Pi Pi + t3 2 =0 (31)
At Az

Integrating the momentum expression, Eq. (2.16), over spatial cell i 4+ % yields:

n+1 n
: —u” ~n+1 __ ~n+l1
—n+1_it3 it3 +7n+1un+1ui+1 u;
1T Ar Pl T A
prtl _ prtl
i+1 i n+l g
+ o thitrg=Ep (3.2)

Integrating the energy expression, Eq. (2.24), over spatial cell ¢ yields:

n+1 n T\l (T L
o (pT); " — (pT); Lo (pTU)H% (PTU)F%
Y At Y Ax
~n+1 ~n—+1
Uips — %1
R i AN G %)
T

16



where At and Ax are the temporal and spatial discretization grid sizes, n and
1 are temporal and spatial indices, respectively. The variable p can be differ-
ent from the density variable p when the Boussinesq correction is applied: for
compressible fluids, the two variables are identical; for incompressible with the
Boussinesq correction, p depends on temperature through the EOS, whereas p

is constant. The notation ﬁ?:j denotes as the average density on cells ¢ and
2
1+ 1 at time n + 1: o o
n n

—nt1 _ Pix1 TP (3.4)

Pivy = 2 '
n+1
it3
time n + 1 and is computed using the upwind scheme (see section 3.1.5).

The notation (pu) denotes the numerical flux of pu on edge i+ 1 of cell i at

3.1.2 The semi-implicit method

In the semi-implicit method, some variables are taken explicit and some others
implicit. In doing so, the number of Newton iterations can be reduced and the
code runs faster. The equations are given:

p:.H'l —pR (ﬁu)?Jr% - (ﬁu)?,L

2 =0 3.5
At + Ax (3.5)
n+1 n
U. 1 —U 1 oo Pn+1 o Pﬁ-’rl B
—-n i+3 i+3 —-n n Y U; i+1 i =N o
Pitdi A F Pt Ax + Az +0is29=0 (3.6)
7.1+1 _ T,n+1 _m
CUTﬁle pz Pi Cv 7}+1 [ 7
i At T At
— a1 — n+1
st~y
Cy 24+ P — 2 =0 (3.7
* Ax b Ax (3.7)

In the semi-implicit formulation, some variables are treated explicitly. In
the continuity equation, the mass flow is now an explicit variable. The velocity
is taken at time n. In the momentum equation, all terms are explicit but the
pressure which is implicit. In the energy equation, the velocity is implicit in all
terms of the equations and only the pressure is explicit. The time dependent
term is broken down into two terms.

3.1.3 Solution method

After temporal and spatial discretization, the above problem forms a set of
nonlinear equations for the unknowns at time t"*'. There are N = 3 X ny
unknowns: 3 types of variables per cell (p, u, T'); 1 unknown per variable per
cell (FV method); and a total of n; cells. The nonlinear system of equation
can be expressed as follows

FU™) =0 (3.8)
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(we will drop the "*! superscript in the rest of this section). F is a nonlinear
vector of N components. This nonlinear system is solved iteratively (iteration
index is ¢) using Newton’s method:

oOF

—| U = -—-F{U* 3.9

70, W) (39

Uttt = U'+sU (3.10)

until |F(U*)| < e. The Jacobian matrix J = g—g is never formed. Rather,
the (non-symmetric) linear system JU = —F is solved using a Krylov method

(GMRES). In Krylov methods, only the action of the matrix on a Krylov vector

v is required. Here, this is approximated using a finite difference formula as

follows

FU* +ev) — F(UY)
€

Jv ~ (3.11)

where ¢ is typically the square-root of machine precision. Hence, only a function
that evaluates the nonlinear residual F is required. This forms the basics of the
Jacobian-free Newton-Krylov (JFNK) techniques.

3.1.4 Convergence criteria, scaling and preconditioner

Matlab is used to code the modified Euler Equations. The code is broken down
in many functions in order to make it easy to change. It has an input file that
allows changing all the parameters relative to the fluid (viscosity, heat capacity,
...) and the system (Qin, Qout, ---). Some further details about the code are
given:

e The variables (pressure and temperature) are scaled in order to reduce
the condition number of the Jacobian matrix. This should avoid the code
to breakdown at very low Mach number which might be the case as the
pump will be turned off [3].The temperature and pressure are scaled as
follows:

P(z,t) = Py + cP'(z,t) (3.12)
T(z,t) =dT"(z,1), (3.13)

where P(x,t) and Py are the pressure in the loop and the average pressure
in the loop respectively. P’(x,t) is the variation of the pressure around
the average pressure of the system. c is a constant that can be adjusted
in order to make P’(z,t) smaller or bigger. The variables T'(z,t) and
T’(x,t) are the temperatures of the fluid. d is also a constant that can
be adjusted. The process of scaling aims at making all variables between
1 and 10 in the solution vector by making the condition number smaller.
Scaling reduced the condition number from 106 to 10%. It was tested that
the numerical solution is not scaling-dependent.
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e Two convergence criteria are used for the GMRES method. The exact
Newton is used (i.e., the nonlinear system is solved to a given tolerance)
and an additional criterion, given in Eq. (3.14), is set in order to force the
system to converge when steady state is reached:

57‘/ < tol, (3.14)

where 0V is the vector computed by the GMRES method, V' is the solution
vector and tol is the tolerance (tol = 1078).

e The semi-explicit Jacobian matrix (Jacobian matrix of the previous time
step is used as a preconditioner in the GMRES method. Computing the
Jacobian matrix, however, can be time consuming as a large number of
cells is utilized.

e The steady state is detected by computing the heat removed from and sup-
plied to the system. When they equal each other within a given tolerance,
it is considered that the steady state has been reached:

Qz’n = 7Qout (315)

3.1.5 Numerical flux

The numerical flux used here is computed using the upwind method [2]. Let
consider three cells ¢ — 1, ¢ and 7 + 1 and the continuity equation discretized on
cell . Two cases are possible at edge 7 + % (these cases are explained with the
density but can be applied to any function):

e if the velocity is positive at the given edge, the density p;, 1 equals the
density in cell i,

e if the velocity is negative at the given edge, the density p; 41 equals the
density in cell 7 + 1.

That is

- 3 ifu,, 1 >0 .
Pipt = {Pipjrl " u:; <o Vi€ 1, ne (3.16)
Similar definitions of numerical fluxes hold for other variables, as required in
the spatial FV scheme. This numerical flux technique is called upwind since it
accounts for the direction of the fluid in the system. This numerical flux does
not conserve the momentum (that is momentum fluxed out of cell ¢ + % at face
i is not the momentum fluxed into cell 7 — %) but is stable in all cases. Some
other numerical fluxes could be used in future work (e.g., central difference).
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Chapter 4

Verification

This chapter aims at studying the temporal and spatial convergence rates. In
the case of the incompressible model, an analytical solution is derived and used
to quantify the spatial error. The following pseudo transient is used in this
chapter to reach a steady-state: a ramp of 9 seconds is set for the source and
sink energy, the error is computed at the time ¢t = 20 seconds in order to have
smooth variations in the solutions.

4.1 Temporal convergence

The time integration method used is first order in time. Hence, the temporal
error ea; should be decreased by a factor of two each time the time step size is
decreased by a factor two.

EAt — CAtP (41)
log(e) = log(C)+p xlog(At), (4.2)

where C'is a constant depending on the system of equations of the time-stepping
scheme, and p is the order of the numerical method (it is one in our case since we
use Backward Euler). The second form of the equation is used to plot the log of
the error as a function of the log of the time step, yielding the numerical slope
p. In order to avoid any pollution for the spatial discretization error, a very
fine spatial mesh is utilized. To perform the temporal convergence analysis, the
following time steps, given in seconds, have been employed: 2, 1, 0.5, 0.25, 0.125,
0.0625 and 0.03125. The average error is computed using successive numerical
solutions as follows:

Nel

enr — nil > (UG ~UG1)5:) (4.3)

where ea; is the average diiference between numerical simulations employing
time steps At and %, ner is the number of cells, and U(é,t) is the solution
vector in cell 7 at time ¢.
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The temperature error is plotted versus the time step in Fig. 4.1.

Time convergence
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Figure 4.1: Time convergence

The numerically observed slope is 1.0458, which is close to the expected
theoretical value. This proves that the code is indeed first order in time.

4.2 Spatial convergence

In this section, the spatial convergence is demonstrated. The method is the fol-
lowing: the space grid size is changed by a factor of two for each new simulation
while the time step is constant to a small value to avoid pollution from the tem-
poral discretization error. The error is computed at steady-state with equation
Eq. (4.2) and plotted as function of the space grid size in figure Fig. 4.2. A
slope of 0.9633 is observed, showing that the code is first order in space.

21



Space convergence
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Figure 4.2: Space convergence

4.3 Mesh refinement with an analytical solution

In the case of the incompressible model, it is possible to derive an analytical
solution from the equations. The modified Euler Equations in the case of the
incompressible model (with Boussinesq correction) are recalled:

0, (1) = 0 (4.4)

pOu + pudyu+ 0. P+ pg (1 — sp) + waih lulu =10 (4.5)
p CuduT + puCodyT + Pyt = Q(a, ) (4.6)

P = po (4.7)

p=pot (T -Ty)  (48)

or

The momentum and energy equations can be simplified using the continuity
equation:

poOiu+ 0z P+ pg (1 —sp) + fwlp)—O luju=0 (4.9)
h
Po C,o, T + poucvamT = Q(:Z?, t). (410)
An analytical solution can be derived from the equation above by making the

steady state assumption. The steps are detailed for the temperature and pres-
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sure profiles along the core and the results will be given for the other legs of
the loop (pressurizer, steam generator and pump) in Appendix 7. Along the
core, the heat source is Q() = heore L1 (Tweore — T'(2)) in one dimension where
h is the heat transfer coefficient, L is the length of the core, Tycore is the wall
temperature along the core and T'(x) is the fluid temperature profile along the
core (it is assumed that the area is Ly x 1. Then, the energy equation yields:

pucvaacT - hcoreLl (T'wcore - T(SC)) (411)
puCl

T _r--
(x) i hcoreLl

T(x) = Tweore (4.12)
This is a first order differential equation that can be solved analytically. To
simplify the equation, let us define l.,.. = %CL“I which is the characteristic
length of the energy equation. The parameter /... depends on the fluid velocity
so that it will affect the temperature profile as expected. A solution for this type
of differential equation is (the temperature is solved as a function of position
x):

Tco’r‘e (iE) = Tco’r‘e + Belcore s (413)

where B is a yet-to-be-determined constant. Eq. (4.13) gives the temperature
profile along the core. We can now derive the pressure profile along the core
using the momentum equation. The temperature and the pressure are coupled
through the Boussinesq correction in the momentum equation. The pressure
along the core is given by Eq. (4.14)

Pla) = 25 (omte - omt) - [(m 2) g+ furt- |u|u} (L1 — 2) + P,
lcore T Dh

(4.14)
where P, is the pressure in the pressurizer and is an input in the code. Eq. (4.14)
gives the pressure as a function of space at steady-state along the core. This
analytical solution will be used as a reference for the numerical solution. Of
course, the constant B has to be computed. This requires one to compute the
temperature profile along the steam generator. The energy equation to solve
for the steam generator is the following:

puC,

puCU&CT = hsng (Twsg - T(ZL‘)) T(l‘) +t o
hsng

T(x) = Tysg, (4.15)

where Ty,s¢ is the temperature in the steam generator, hg, is the heat transfer

coefficient between the fluid and the steam generator. All other variables are

defined as above. We also define l, = ,f“—CL”l as the space scale of the energy
sg

equation along the steam generator. The solution technique is the same as

before and the solution is:
Tig(z) = Tosg + DeTos | (4.16)
where D is a constant to be determined. To obtain the constants B and D, two

equations are required. The first one is obtained by stating that the temperature
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along the pump leg is constant, since in this model, the pump does not modify
the energy equation (this assumption is not true along the pressurizer). As a
result:

Teore (x =0) = Tsg (x = 2L1 + Lo), (4.17)

where T, and T,op are the temperature in the steam generator and in the core,
respectively, and L; and Lo are the loop lengths.

The second equation is obtained by considering that the steady-state is
reached when the energy put into and removed from the system equal each
other:

Qin = —Qout (4.18)

Using these two relations above, the system can be solved and the constants
expressed as a function of the boundary conditions (since the system is periodic,
the boundary conditions are defined as the temperature in the core and in the
stem generator).

D= Twcore - Twsg (4 19)
(2L1+Ly) (2L +Lo) _(Ly+Lo) :
67T lsghsg e lsg —e lsg

__Ia
1—e lcore

leorehcore

1
B = (Twcore - Twsg) 7 1 (420)
1 _ lsghsg 1—67 lLSg
1

—e Tcore

leorehcore

As it can be seen in Eq. (4.19) and Eq. (4.20), the constants B and D are inde-
pendent of the initial conditions. As a result, the numerical solution is unique
and does not depend on the initial conditions, in the case of the incompressible
model. Since the constants B and D are known, the pressure equations can be
derived:

T ~T 1 . L
P(I’) — ( wceore wsg) g I _ 1 (elcore — elco:e)
lco’re 1 . lsghsg 1_6_ lsg
leorehcore Ly

1—e lcore

_ [(po + %) g+waih |u|u} (Ly — ) + P,
(4.21)

The same study can be done for all the other legs of the loop. The steps are
not detailed but the method is easier and similar to above. There is neither a
heat source nor sink along the horizontal legs containing the pressurizer and the
pump (the temperature in the pressurizer is set to the temperature of the cells
linked to it). The temperature and the pressure profiles along the pressurizer
are:
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pT‘ESS’U.’I"lZET‘ X

!

pressurzzer

e B!

(z) =
() =
pressurizer(T) =
(z) =

pressurizer L

Teore(r = L) (4.22)
P, + f— |u|w (L1 4+ Lg —x) for @ € [Ly; Ly + L3] (4.23)
P, for xz € [L1 + L3; Ly + L3 + L4 (4.24)
P, +fw \u| (L1 + L3+ Ly — )

fOI‘ xr € [Ll + L3 + L4; L1+ LQ] (425)

where Ls and L4 are the lengths given on Fig. 4.3 above, P, is the pressure in

L3

the pressurizer, pg the density and Dj is the hydraulic diameter. At steady-
state, the pressurizer does not exchange any mass and energy with the loop. As
a result, the velocity u, defined in section 2.4.2, equals zero. This condition is
important since it allows computing an analytical solution.

L4

L2

Figure 4.3: Pressurizer

Along the pump, the temperature and pressure profiles are (Fig. 4.3 is a
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representation of the uniform pump over the length Lg in the code) :

Tpump(x) = Tsg(x = 2Ly + Ly) (4.26)
Ppum,p(x) = Psg + fgio ‘Ul u (2L1 + L2 — .T) for z € [2L1 + LQ; 2L1 + L2 —+ L5]
h
(4.27)
Pyump(®) = Pog = L furo [ul u+ ( pgh — fu—|ulw) 2Ly + Ly + Ls — x)
Dh Dh

for x € [2[/1 + Lo + L5; 201 + Lo + Lﬁ] (428)
Pyump (@) = Poy — (Ls + L) waih Julu + f% lu|w(2Ly + Ly + Ls — 1)
for z € [2L1 + Lo + Lg; 2L + 2L2} (429)

where Ly and Lg are lengths given on the figure Fig. 4.3. The temperature is
constant in both horizontal legs of the loop. The pressure drop is due to the
friction forces and the pump and varies linearly.

L2
-+ >
Furmip
>4 >
LE LS

Figure 4.4: Pump

We notice above that the temperature profiles along the core and the steam
generator are function of the parameters l.,. and ls, respectively, that also
depend on the velocity. If the velocity is high (forced convection), the term
lcfv‘e is small compare to one so that the exponential function can be simplified
using a Taylor series development:

e frl-z (4.30)

As a result, in the case of forced convection, the temperature profile is linear. If
the buoyancy forces dominate (natural convection), the velocity is smaller than
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the previous case. The temperature profile will not be linear since the term lcfre
is no longer small compare to one.

Knowing the analytical solution for the temperature and the pressure, a mesh
refinement study can be performed. The spatial grid size is divided by two for
each new simulations. The spatial grid size for the coarse grid is Az = 2 meters.
The figure Fig. 4.5 shows the numerical solution for different grid sizes and the
exact solution. Figure Fig. 4.6 shows the error versus space grid size.
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Figure 4.5: Mesh refinement
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Errorversus space grid size.
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Figure 4.6: Error versus space grid size

As expected, as the mesh gets finer, the numerical solution converges to the

exact solution (in yellow on Fig. 4.5). On Fig. 4.6 the slope of the straight line
is 1.0317 as expected for a fist order code.
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Chapter 5

Pressurized Water Reactor

(PWR)

This section deals with light water reactors. PWR characteristics are used in
the model, and results obtained with compressible and incompressible models
are provided in order to compare them at steady-state. Finally, a transient is
simulated by turning the pump off in the system. A last section will deal with
sensitivity analysis of the friction factor.

5.1 Characteristic data for PWRs

The simulation model possesses some input parameters which can be changed
in order to match the flow data pertinent to the reactor under consideration.
Here, we present the parameters employed for a PWR. The steady-state core
inlet and outlet temperatures are 548 K and 588 K respectively. The velocity
is of the order of 5 m.s~!. The Equation Of State is linearized at the following
points: Py = 15.5 M Pa and Ty = 569 K. All physical parameters of the water
are taken at this state point (e.g., pg, viscosity, and heat capacity). The heat
transfer coefficients are set in order to match the inlet and outlet temperatures
in the core of 548 K and 588K respectively. The pump strength is set to result
in an average velocity of the order of 5 m.s~! in the loop. The core and steam
generator temperatures are set to Tiycore = 800 K and Ty,sq = 373 K. All these
inputs can be changed to match different types of PWR reactors.

5.2 Steady-state and transient

5.2.1 Steady-state

The steady-state is computed for the compressible and incompressible models
and Darcy’s law. We are interested both in the final steady-state and the tran-
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sient before the steady-state. A 9-second ramp for the heat source/sink is set.
The initial conditions are atmospheric pressure and temperature. The initial ve-
locity is 0.001 m.s~*. The following plots Fig. 5.1, Fig. 5.2, Fig. 5.3 and Fig. 5.4
show the temperature, velocity, density and pressure profiles at steady-state and
during the transient.

Temperature profile at steady-state
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Figure 5.1: Temperature profile at steady-state

The temperature profile is linear along the core and the steam generator as
explained above, and constant along the pressurizer and the pump. For the com-
pressible model, the temperature is slightly higher than in the incompressible
model. This offset is due to the dilatation of the fluid.
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Figure 5.2: Pressure profile at steady-state

The pressure decreases along the core because of the gravity force and the
increase in velocity. Along the upper leg, the pressurizer sets the pressure and a
pressure drop is observed because of friction forces. Along the steam generator,
gravity causes the pressure to rise. Fiction forces are not strong enough to cause
a pressure drop. Along the lower leg, the pump adds an artificial pressure drop.
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Density profile at steady-state
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Figure 5.3: Density profile at steady-state

The density is coupled to the pressure and the temperature through the
EOS. The pressure term in the EOS can be neglected in front of the temperature
term since the sound speed is of the order of 103. As a result, the density will
be mainly sensitive to the change in temperature in the system. Then, it is
expected to have a density gradient along the core and the steam generator. As
the temperature rises, the density decreases. In the incompressible model the
density is constant and higher than in the compressible model since it is not
temperature-dependent.
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Velocity profile at steady-state
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Figure 5.4: Velocity profile at steady-state

In the core, buoyancy forces make the velocity rise as temperature increases.
The inverse phenomena is observed in the steam generator. Since the temper-
ature is held constant in the pressurizer and pump legs, the velocity is also
constant. In the case of the incompressible model, the continuity equation g—g

requires the velocity to be constant along the loop.

5.2.2 Pseudo-transient to steady-state (with pumps on)

This subsection aims at describing the transient to reach study-state as the
pump is on. Let us recall that the purpose of this study is to quantify the
uncertainty between models both at steady-state and during transient. The
following plots Fig. 5.5, Fig. 5.6 and Fig. 5.7 show temperature, velocity and
pressure variations during the transient. The last plot is the difference between
the energy supplied to the fluid (in the core) and the energy removed from the
fluid (in the steam generator).
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Temperature versus time.
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Figure 5.5: Temperature profile during the transient
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Figure 5.6: Velocity profile during the transient
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The velocity is a function of the pump strenght and reaches quickly a stead-
state value. The steady-state is reached quicker with the incompressible model.

Qin - Qout versus time.
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Figure 5.7: Q;n — Qout versus time

In order to reach steady-state, the system has to balance the energy removed
from and supplied to the fluid. The initial temperature is set to 293K so that
the initial system is far from the steady-state. As a result, the term @Q;, —
Qour 18 large at the beginning of the transient and decreases afterwards. No
major differences are found between the incompressible and compressible models
during this pseudo transient.

5.2.3 Model uncertainty

The purpose of this study is the uncertainty quantification between compressible
and incompressible models. In that regard, it is of interest to plot the change in
velocity and density in the system in order to quantify importance of the term
g—:. In the incompressible model, the continuity equation leads to % = 0. More
precisely, we want to compare g—g to some terms of the momentum (for instance
%—I;) and energy equation (for instance P%), both at steady-state and during
the transient.

35



du/dx versus x
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Figure 5.8: % versus x at steady-state

From Fig. 5.8, one can conclude that the term du/dx is not larger than 0.05
in the system. Therefore, the assumption of an incompressible flow (du/dx = 0)
seems to be valid.
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Terms in the momentum equations at steady-state
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Figure 5.9: Terms in the momentum equation at steady-state versus x

In Fig. 5.9, the magnitudes of different terms appearing in the momentum
equation are compared (on a logarithm scale). It is obvious that the advection
term, pug—z is the smallest, by about three orders of magnitude and then can
be reasonably neglected for steady-state simulations. The same comparison was
performed for the terms in energy equation and led to the same conclusions.

The change in velocity is within 2.5% the maximum and the minimum values.
From the plots Fig. 5.8 and Fig. 5.9 above, the incompressible model seems to
be a good correction when the term % is small compared to the others terms.
In addition, the temperature and pressure profiles are very similar during the
transient with pumps on and at steady-state. In other terms, in the case of
forced convection, the incompressible model seems to be a valid approximation

to the compressible model in 1D.

5.3 Study of a transient: pumps off

The simulated transient consists in a pump coast-down, where the pump is
completely stopped with a ramp of 4 seconds. In this case, buoyancy forces
take over to cool down the core. Compressible-flow and incompressible-flow
simulations are run with the same compressible steady-state values in order to
start with the same amount of energy, mass and momentum. One question
arises in doing so: what are the perturbations caused by the compressible-
flow initial conditions when running the transient with the incompressible flow
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option? This question is addressed in Fig. 5.12 (green plot). The transient and
the new steady-state (i.e., end of the transient) are given in the next sections.
5.3.1 Transient: pumps off

Fig. 5.10 and Fig. 5.11 show the variations of velocity and temperature as a
function of time for the compressible and incompressible models.

Maximum of velocity versus time.

|

velocity (mfs)

+ Incompressibl model
»

= Compressible model

a 10 20 30 40 50 &0

Time (s)

Figure 5.10: Maximum of velocity versus time during the transient

As the pump strength is decreased (but still not zero), the incompressible
and compressible models yield the same velocity. As soon as the pump is fully
off, buoyancy forces take over and a change in velocity is observed. Since the
change in density is the motor of the buoyancy forces, the Boussinesq correction
(density is temperature dependent as multiplied to the gravity and constant
otherwise) is used in the incompressible model (for the compressible model, the
density is pressure- and temperature-dependent) in order to account for the
change in density. According to Fig. 5.10, the Boussinesq correction does not
seem good enough for the incompressible model since the velocities are not the
same between the two models on Fig. 5.10.
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Maximum temperature versus time
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Figure 5.11: Maximum of temperature versus time during the transient

At the beginning and at the end (when the steady-state is reached) of the
transient, the temperature profiles are identical. The main difference between
the two models occurs when the temperature increase rapidly. As explained
above, a change in velocity is observed; this leads to some modifications in
the temperature since temperature and velocity are coupled to each other, i.e.,
when % and %‘ are large. As it is shown in the section dealing with the mesh

refinement, the temperature profile is coupled with velocity.
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Qin - Qout versus time
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Figure 5.12: Q;, — Qour versus time during the transient

Fig. 5.12 shows that the energy removed from and supplied to the fluid
strongly depends on the model. In the case of the incompressible model, this
quantity is always positive, whereas for the compressible model, Q;, — Qout
changes sign. It is observed that the same steady-state is reached. The third
curve (green plot) in Fig. 5.12 presents the numerical solution of a compressible
flow initial condition run with the incompressible option. The modifications
(compressible to incompressible model) are much smaller than the variations
due to the change in pump strength. As a result, it is considered that the
modifications due to the impact of steady-state model are not important for
this type of transient.

5.3.2 Final steady-state after the transient

In this section, the temperature, density and pressure profile are shown in
Fig. 5.13, Fig. 5.14 and Fig. 5.15.
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Velocity profile at steady-state
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Figure 5.13: Velocity versus x after the transient

As expected, the velocity in the incompressible model is constant at steady-
du

state since - = 0 as shown in Fig. 5.13. In the compressible model, the
velocity is function of space. Along the core, the fluid temperature rises so
that the velocity will also increases because of buoyancy forces. Along the
steam generator, the inverse phenomena is observed since the fluid is cooled
down. Everywhere else, the fluid velocity is constant. The velocity experiences
a change of almost 10% between the maximum and the minimum values that
are larger than in the case of forced convection. It is noted a sharp drop at

x = 4 due to the pressurizer (the system is still not completely at steady-state).
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Temperature profile at steady-state
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Figure 5.14: Temperature versus x after the transient

From Fig. 5.14, it is observed that the temperature profiles are similar to each
other at steady-state. In addition, the shape matches the analytical solution
computed in a previous section. It is noted that the length scale l ... and Iy,
defined in Eq. (4.16) and Eq. (4.13) are proportional to the velocity that is
smaller in the case of natural convection. Therefore, the exponential function
can no longer be approximated by a linear function.
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Pressure profile at steady-state
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Figure 5.15: Pressure versus x after the transient

At steady-state and under natural convection conditions, the pressure forces
are balanced by the gravity and friction forces. In the core and in the steam
generator, the pressure gradient is mainly due to gravity forces. In the horizontal
legs, the pressure drop is due to friction forces.

5.3.3 Model sensitivity
du

As in the previous section it is interesting to plot the term 9= in order to see
how accurate the incompressible assumption is. The following plots show the
variations of the velocity at different dates during the transient (maximum of

Qin — Qout) and at the final steady-state.
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Termsin the energy equation
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Figure 5.16: Qin — Qout versus x at different time of the transient
From Fig. 5.16, it is clear that the advection term containing the term %
cannot be neglected in the energy equation. As a result, it seems that the
incompressible model cannot be used as an approximation to the compressible
model in the case of natural convection.

5.4 Sensitivity analysis

A sensitivity analysis is performed for the friction coefficient of the friction

forces. This parameter normally comes from the experiment and is known with

a large uncertainty. Three simulation are run with a variation of +5% of the

friction parameter. We are mainly interested in the evolution of the plot Q;, —

Qout as a function of time that are given in Fig. 5.17.

The Fig. 5.17 shows the variation of frac(Qin — Qout)ys94 — (Qin — Qout)(Qin — Qout)

versus time as the plot with the non-modified value of the friction parameter

is taken as a reference. It is noted that the simulations seem very sensitive to
modification of 5% of the friction factor.
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Qin - Qout
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Figure 5.17: Friction sensitivity
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Chapter 6

Conclusions and future
work

This study shows that the modified Euler Equations can be solved for the prim-
itive variables with the Finite Volume method in 1D. The time and space con-
vergence studies proves the code is first order in time and space. We also show
that the code converges to the exact solution in the case of the incompressible
model. The study of the transient and steady state with the characteristics of
a PWR, allows determining when the incompressible model can be used.

e In forced convection and with a laminar flow, both models have the same

transient and steady-state. The term g—g can be neglected in this case.

e In natural convection, the incompressible model seems to be a bad approx-
imation and does not give the same numerical solution as the compressible
model. We show that the steady-state is still the same, but some strong
changes occur during the transient.

In other terms, the compressible and incompressible models give the same nu-
merical solution under forced convection and laminar flow, that is not the case
for natural convection. Some future work and improvement might be done:

e The source term will include a feedback component g—?, as well as a term
to simulate a SCRAM.

e A correlation might be added for the heat transfer coefficients Ao and
hsg-

e The friction term correlation will have to be changed in order to simulate
High Temperature Gas Reactor.
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Chapter 7
Appendix

In the case of the incompressible model, it is possible to derive an analytical
solution from the equations. The modified Euler Equation in the case of the
incompressible model are recalled:

Dp(u) =0 (7.1)

pOu + pudyu + 0, P + pg (1 — sp) + waLh lulu=0 (7.2)
p Cpo/T + puCy0, T + PO,u = Q(z,1) (7.3)

P = po (7.4)

p=po+ (Lp(T—To) (7.5)

oT

here p and hatp/ are the constant density and the density computed with the
Boussinesq correction, u is the velocity, 7" and P are the temperature and pres-
sure respectively, f is the friction factor, s, is the pump strength, Dj is the
hydraulic diameter, @ is the heat source and C,, is the heat capacity. These
equations contain a momentum source and energy source.

The momentum and energy equations can be simplified using the continuity
equation:

podu+ 0, P + pg (1 —s,) +flp)—0 lu|u=0 (7.6)
h
po Cooi T + pouCy0, T = Q(x,t) (7.7)

An analytical solution can be derived from the equation above by making
the steady state assumption. The steps are detailed for the temperature and
pressure profiles along the core and the results will be given for the other legs
of the loop (pressurizer, steam generator and pump). Along the core, the heat
source is Q() = heore L1 (Tweore — T(x)) in one dimension where h is the heat
transfer coefficient, L, is the length of the core, T,ycore is the wall temperature
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along the core and T'(x) is the profile of temperature along the core (it is assumed
that the area is L; x 1. Then, the energy equation yields:

PucvaacT = heoreln (Twcore - T(I)) (78)
puCl
T T =T, .
(x) + hooro Ly (55) weore (7 9)

This is a first order differential equation that can be solved analytically. To
simplify the equation, lets define I .y = % which is the length characteris-
tic of the energy equation. The parameter [.,.. depends on the fluid velocity so
that it will affect the temperature profile as expected. A solution for this type

of differential equation is (the temperature is solved for z):

T(z) = A(z)eTore (7.10)

where A is a function depending on the variable x and will be computed using
the differential equation as follows:

dA(z)

A(x)eﬁ + lcoreﬁeﬁ - A(m)eﬁ = Twecore (711)
0A a
lcm’e%(ﬂcwe = Twcore (712)
6‘4 Twco’r‘e z
aix) = lielcw'e (713)

A differential equation for A is obtained and can be solved:
A(z) = ToopeeTeore + B (7.14)

where B is a constant to determine afterwards using the boundary conditions.
Then, the final solution is:

Tcore(x) = Tcore + Beﬁ (715)

This equation gives the temperature profile along the core. We can now
derive the pressure profile along the core using the momentum equation. The
temperature and the pressure are coupled through the Boussinesq correction in
the momentum equation. At steady-state and along the core (no pump), the
momentum equation yields:

0P+ pg+ fL julu=0 (7.16)
Dh

Ip p _
8xP—|—<po+aT(T—To))g—|—th|u|u-0 (7.17)

where P and T are the pressure and temperature respectively, p is the density
computed using the Boussinesq correction, pg is the density at the linearization
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point, f,, is the friction term, g is the gravity term, w is the velocity and Dy, is
the hydraulic diameter. All parameters are constant but the temperature T" and
the pressure P that depend on space (not on time since this is steady-state).
Using the solution for the temperature, a differential equation for the pressure
can be derived as a function of space.
9, P + % Teore ) — L juju=
oP+ (9o + 52 (Teore + BeTre ) = T ) g+ fp-llu=0  (113)

It remains to integrate over space from = = 0 to = Ly where L is the length
of the core.

Bg -
P(x) = I e {(p0+p>g—pr|u|u]x+0 (7.19)
lcore T Dh
where C is a constant to determine using the boundary condition. We will
assume that the pressurizer is right after the core so that the pressure is fixed
inx=1L;.

Bg / = =Ly p P
P(;(;) = 17 (elcorc — elcorc) — |:(p0 + T) g+ fw D, \u| u] (Ll — :I?) + Pp
core 1
(7.20)

where P, is the pressure in the pressurizer. This equation gives the pressure
as a function of space at steady-state along the core. This analytical solution
will be used as a reference for the numerical solution. Of course, the constant
B has to be computed. This requires to compute the temperature profile along
the steam generator. The energy equation to solve for the steam generator is
the following:

puCyd,T = hagL1 (Tusg — T(x)) (7.21)
T@) + 2Cr ) = 1, (7.22)
hsng

where Ty,s4 is the temperature in the steam generator, hg, is the heat transfer
coefficient between the fluid and the steam generator. All other variables are
defined as above. We also define l;, = % as the space scale of the energy
equation along the steam generator. The method of solving is the same as above
so that the solution is:

Tyy(x) = Thpsg + DeToo (7.23)

where D is a constant. To determine the constants B and D, two equations are
required. The first one is obtained by saying that the temperature along the
pump is constant, since in this model, the pump does not modify the energy
equation (this assumption is not true along the pressurizer). As a result:
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Teore (x=0) = Ty (x=2L1 + Ly) (7.24)
—(2L1+1Lg)

Tweore + B = Twsg + De tsg (725)
where B and D are the constants to compute, 754 and T¢ore are the temperature
in the steam generator and in the core respectively, and L; and Ly are the loop
lengths.

The second equation is obtained by considering that the steady-state is
reached when the energy put into and removed from the system equal each
other:

Qin = _Qout (726)
L1 2L1+L2
/ hcoreLl (Tcore (37) - Tcore) = _/ hsng (ng (37) - ngo727)
0 Li+Lo2

where L; and Lo are the lengths of the loop, heore, fsg, Teore and T4 are the heat
transfer coefficients for the core and the steam generator, and the temperature
for the core and steam generator respectively. By integrating this equation, a
second relation between B and D is derived. Using these two relations above, the
system can be solved and the constants expressed as a function of the boundary
conditions (since the system is periodic, the boundary conditions are defined as
the temperature in the core and in the stem generator).

D= Twcore - Twsg 7 28
- (2L1+L3) (L1+Lo) ( : )
_(2Li+La) 1. h T lsg o lsg
e lsg sglisg € €
leorehcore _ L
1—e lcore
1
B = (Twcore - Twsg) ;. 1 (729)
lsghsg 1767l59
L o O —
—e lcore

As it can be seen above, the constants B and D are independent of the initial
conditions. As a result, the numerical solution is unique and does not depend on
the initial conditions, in the case of the incompressible model (this was verified).
Since the constants B and D are known, the pressure equations can be derived:

P(l‘) _ (Twcore - Twsg) g 1 — - 1 (eﬁ _ el;(,ﬁ;)
lcore 1— loghsg 1—e Ulsg
leorehcore _e*acLolre
[0+ 2) o+ fa it i -+
T th p
(7.30)
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The same study can be done for all the other legs of the loop. The steps are
not detailed but the method is easier and similar to above. There is neither
heat source nor sink along the horizontal legs containing the pressurizer and the
pump (the temperature in the pressurizer is set to the temperature of the cells
linked to it). The temperature and the pressure profiles along the pressurizer
are:

Tpressurizer(T) = Teore (x =L1) (7.31)
Pyressurizer(x) = Pp + f |u\ (L1 + Ly — x) for x € [Ly; Ly + L3] (7.32)
Pyressurizer(x) = P, for x € [Ll + L3; Ly + Ls + Ly] (7.33)
Pyressurizer(x) = Py + fw \UI (Ly + L3+ Ly — x)

fOI‘ xr e [Ll + L3+ Ly; L1 + LQ] (734)

where L3 and L, are the lengths given on the figure Fig. 4.3 above, P, is the
pressure in the pressurizer, pg the density and Dy is the hydraulic diameter.
At steady-state, the pressurizer does not exchange any mass and energy with
the loop. As a result, the velocity u, defined in a previous section, equals zero.
This condition is important since it allows computing an analytical solution.

Typump(x) = Tsg(x = 2L + Lo) (7.35)
Poump() = Peg + F 2 Po " Julu(2Ly + Ly — ) for @ € 2Ly + L 2L + Ly + L]
(7.36)

Pump(x) = Psg L5fw |u| U+ (pgh — waLh | u) (2L1 + Lo + Ls — )
for x € [2[11 + Lo + Ls; 2L1 + Lo + LG] (737)

Ppymp(z) = Psg — (L5 + Lg) fw— |u| u+ f |u\ (2L + Ly + L5 — x)
for x € [2L1 + L2 + L6, 2L1 + 2L2} (738)

where Ls and Lg are lengths given on the figure Fig. 4.3. The temperature is
constant in both horizontal legs of the loop. The pressure drop is due to the
friction forces and the pump and varies linearly.

We notice above that the temperature profiles along the core and the steam
generator are function of the parameters l.,r. and [y, respectively, that also
depend on the velocity. If the velocity is high (forced convection), the term

v
lecore
using a Taylor series development:

e fxl—x (7.39)

As a result, in case of forced convection, the temperature profile is linear. If the
buoyancy forces dominate (natural convection), the velocity is smaller than the
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previous case. The temperature profile will not be linear since the term ;- is
no longer small compare to one.
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