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Abstract 
   

 Pyroprocessing technology is a non-aqueous separation process for treatment of 

used nuclear fuel.  At the heart of pyroprocessing lies the electrorefiner, which 

electrochemically dissolves uranium from the used fuel at the anode and deposits it onto a 

cathode.  During this operation, sodium, transuranics, and fission product chlorides 

accumulate in the electrolyte salt (LiCl-KCl).  These contaminates change the 

characteristics of the salt overtime and as a result, large volumes of contaminated salt are 

being removed, reprocessed and stored as radioactive waste.  To reduce the storage 

volumes and improve recycling process for cost minimization, a salt purification method 

called zone freezing has been proposed at Korea Atomic Energy Research Institute 

(KAERI).   

Zone freezing is melt crystallization process similar to the vertical Bridgeman 

method.  In this process, the eutectic salt is slowly cooled axially from top to bottom.  As 

solidification occurs, the fission products are rejected from the solid interface and forced 

into the liquid phase.  The resulting product is a grown crystal with the bulk of the fission 

products near the bottom of the salt ingot, where they can be easily be sectioned and 

removed.  Despite successful feasibility report from KAERI on this process, there were 

many unexplored parameters to help understanding and improving its operational 

routines.   Thus, this becomes the main motivation of this proposed study.  The majority 

of this work has been focused on the CsCl-LiCl-KCl ternary salt.  CeCl3-LiCl-KCl was 

also investigated to check whether or not this process is feasible for the trivalent 

species—surrogate for rare-earths and transuranics. For the main part of the work, several 

parameters were varied, they are: (1) the retort advancement rate—1.8, 3.2, and 5.0 

mm/hr, (2) the crucible lid configurations—lid versus no-lid, (3) the amount or size of 

mixture—50 and 400 g, (4) the composition of CsCl in the salt—1, 3, and 5 wt%, and (5) 

the temperature differences between the high and low furnace zones—200 and 300 �C.  

During each experiment, the temperatures at selected locations around the crucible were 

measured and recorded to provide temperature profiles.  Following each experiment, 

samples were collected and elemental analysis was done to determine the composition of 
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the salt.  Several models—non-mixed, well-mixed, Favier, and hybrid—were explored to 

describe the zone freezing process.       

 For CsCl-LiCl-KCl system, experimental results indicate that through this 

process up to 90% of the used salt can be recycled, effectively reducing waste volume by 

a factor of ten.  The optimal configuration was found to be a 5.0 mm/hr rate with a lid 

configuration and a ΔT of 200°C.  The larger 400 g mixtures had recycle percentages 

similar to the 50 g mixtures; however, the throughput per time was greater for the 400 g 

case.  As a result, the 400 g case is recommended.   For the CeCl3-LiCl-KCl system, the 

result implies that it is possible to use this process to separate the rare-earth and 

transuranics chlorides.  Different models were applied to only CsCl ternary system.  The 

best fit model was the hybrid model as a result of a solute transport transition from non-

mixed to well-mixed throughout the growing process.      
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Chapter 1 Introduction 

1.1 Purpose 

 The purpose of this thesis is to conduct a parametric study on the effect of key 

zone freezing parameters on the separation of cesium chloride (CsCl) from a lithium 

chloride-potassium chloride (LiCl-KCl) salt mixture.  In the first phase of this work, 

experiments were conducted while varying the advancement rate, salt amount, 

composition, temperature, and crucible lid configurations.  From each experiment, the 

axial concentration of CsCl was measured via Inductively Coupled Plasma-Mass 

Spectrometry (ICP-MS).  The second phase of this thesis was data analysis and modeling.  

Concentration profiles of each experiment were analyzed to observe trends in the data 

that provided useful information on the effect of each experimental parameter.  Several 

models were explored which yielded insights on the nature of zone freezing as well as 

providing researchers with values for the segregation coefficient and boundary layer 

thicknesses under varying conditions.  The overall goal of this thesis is to gain greater 

insights of zone freezing and to develop a modeling tool that can be used in process 

optimization.    

1.2 Motivation 

 One of the major challenges faced by the nuclear industry is used nuclear fuel 

disposal and management.  The United States utilizes a once through fuel cycle because 

of the announcement made by President Carter in 1977 that all reprocessing be 

discontinued due to non-proliferation issues [1].  The once through fuel cycle is wasteful, 

with less than five percent of the uranium being used for power production [2].  In 

addition, storage of used nuclear fuel poses safety and engineering challenges. In 2001, 

President Bush recommended that the United States consider reprocessing technologies 

that are cleaner and more proliferation-resistant [1].  The U. S. Department of Energy 

established the Fuel Cycle and Research Development Program with the mission of 

developing technologies to safely close the fuel cycle [3].  

 One of the reprocessing technologies explored by the U. S. Department of Energy 

is pyroprocessing.  Pyroprocessing is a process in which the uranium is electrochemically 
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dissolved in a molten salt and deposited on a cathode.  One major advantage to this 

electrochemical process is that it is impossible to separate out pure plutonium metal, 

making this technology very proliferation resistant.   One of the current challenges with 

the electrochemical treatment process is the accumulation of fission products and 

transuranics, and sodium in the molten salt electrolyte.  Over time these contaminants 

increase the melting point of the salt, which affects the performance of the electrorefiner.  

Currently, the contaminated salt is removed and mixed with zeolite and glass and formed 

into a ceramic waste.  As a result, 2 kg of ceramic waste will be generated for every 

kilogram of used fuel processed [4].   

Researchers at the Korea Atomic Energy Research Institute (KAERI) have 

proposed a zone freezing method for the separation of fission products from the molten 

salt that may reduce the amount of ceramic waste generated [5-6].  Work conducted at 

KAERI focused primarily on feasibility, and several parameters were left unexplored.  

The main motivation of this thesis work is to parametrically explore zone freezing 

parameters and develop a modeling tool that can be used for process optimization.  

Understanding and optimizing the zone freezing process would make pyroprocessing 

technology more attractive from a waste management perspective.  

1.3 Approach  

 Zone freezing experiments were conducted using a LiCl-KCl base salt with added 

impurities of CsCl and cerium chloride (CeCl3).  In the actual pyroprocessing of used 

fuel, the primary heat producing fission products found in the salt are Cs-137 and Sr-90.  

To simplify the experiments, a Cs-133 surrogate chloride salt was used.  Cerium chloride 

was used as a surrogate to represent the trivalent actinide and rare earth chlorides.  

Experiments were conducted at varying concentrations of CsCl and CeCl3.  Combinations 

of CsCl and CeCl3 salts were never tested in this work.  The chloride salts of interest are 

hygroscopic; therefore, sample preparation was conducted in an inert atmosphere glove 

box.  The crystal growing furnace also provided an inert gas atmosphere for the duration 

of the experiment.  Concentration profiles were obtained by taking samples axially from 

all experimental runs, dissolving them in nitric acid, and measuring the concentration of 

all samples via ICP-MS. 
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1.4 Background 

1.4.1 EBR-II 

 The Experimental Breeder Reactor-II (EBR-II) was a sodium cooled fast reactor 

developed by the Argonne National Laboratory as a successor to the Experimental 

Breeder Reactor-I.  EBR-II was operated from 1963 to 1994 at Argonne National 

Laboratory-West [7].  The basic objective of EBR-II was to operate a metal cooled fast 

reactor to produce power while operating on recycled fuel.  EBR-II was built with the 

intention that used fuel be reprocessed onsite into new fuel assemblies.  Onsite 

reprocessing of fuel occurred from 1965 to 1969 using a melt refining process [8].   

 The core configuration of EBR-II consisted of driver fuel assemblies surrounded 

by a blanket fuel assembly. The driver fuel was composed of an enriched uranium metal 

alloy that was sodium bonded to stainless steel cladding.  Blanket fuel consisting of 

depleted uranium was placed around the core with the purpose of breeding additional 

fuel.  Traditionally, aqueous reprocessing technology has not been effective for treating 

EBR-II fuel because of the violent reaction between water and sodium metal.  In addition, 

aqueous processes are large and not feasible for onsite reprocessing. 

1.4.2 Pyroprocessing 

 To treat used fuel from the EBR-II reactor, a compact and "dry" process was 

developed by Argonne National Laboratory called pyroprocessing (see Figure 1.1).  At 

the heart of the process is the Mk-IV electrorefiner—consisting of a stainless steel basket 

anode, a molten salt electrolyte, and a stainless steel cathode.  Chopped used driver fuel is 

loaded into the anode basket. Current is then applied to electrochemically dissolve 

uranium into the electrolyte, transport and deposit onto the cathode.  The cathode is 

removed from the electrorefiner and further processed resulting in a pure uranium 

product.  The used fuel cladding is also removed and mixed with zirconium metal to form 

a metal waste.  Over time, the electrolyte in the electrorefiner becomes contaminated with 

fission products and other rare earth and transuranic chloride salts.  Currently, the used 

salt is removed, mixed with zeolite and made into a ceramic waste form [9-12]. 
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Figure 1.1: Conceptual schematic of current pyroprocessing technology. 

1.4.3 Proposed Molten Salt Purification Techniques 

 Various treatment processes for the molten salt electrolyte have been proposed 

and explored—one of these is the ion exchange.  Ideally, the contaminated molten salt is 

transferred from the electrorefiner and through a series of columns filled with zeolite-4A.  

Cesium and strontium ions would then be removed from the salt by the zeolite material in 

the columns and the exit salt would be returned to the electrorefiner.  Fundamental 

studies on this process have been conducted at equilibrium [13-17], and transient 

conditions [18]. Results from these studies indicate that the ion exchange process could 

effectively reduce waste volume by a factor of two [19].    

 Recently, KAERI proposed a salt purification method called zone freezing [5].  

Zone freezing is a melt crystallization process where the contaminated electrorefiner salt 

is melted and then slowly cooled from the top downwards (see Figure 1.2) as in the 

reverse vertical Bridgman method [20].  Impurities in the salt solidify at a lower 

temperature than the LiCl-KCl salt and thus tend to concentrate in the melt phase.  Once 

all the salt has been solidified, the bottom portion of the salt containing the bulk of the 

impurities can be sectioned and mixed with zeolite to form a ceramic waste.  The upper 
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portion of the grown crystal is relatively pure LiCl-KCl and can be returned to the 

electrorefiner for further use.  KAERI has shown that up to 90% of the electrorefiner salt 

can be recycled via this method, thus reducing the waste by a factor of ten [5]. 

 

Figure 1.2: Schematic of zone freezing process. 

1.5 Organization of Thesis 

 Chapter 1 of this thesis provides the purpose, motivation, and background 

information of this work.  In Chapter 2, several melt crystallization models and their 

applicability to zone freezing are discussed.  Chapter 3 describes the experimental setup, 

conditions, equipment, and procedures.  In Chapter 4, the experimental results are 

presented, analyzed, and discussed.  In Chapter 5, the modeling results are presented and 

comparisons between the models and experimental data are discussed.  Chapter 6 

contains a summary and recommendations of this thesis work.   
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Chapter 2 Crystallization Theory and Modeling 

2.1 Crystallization Processes and Theory  

2.1.1 Melt Crystallization Processes 

 Crystallization is used extensively in industry as a separation method for various 

materials such as semiconductors, metals, organics, and water.  Two main categories of 

crystallization are solution and melt crystallization processes.  In general, solution 

processes involve chemical reactions, or simply changing solvent compositions to induce 

crystal growth of the desired products.  In melt crystallization processes, the driving force 

for crystallization is typically thermally induced by cooling of the liquid phase [21-22].  

 Melt crystallization can be further divided into two separation methods: 

suspension and solid layer crystallization.  Suspension type crystallization is designed as 

a continuous process where the feed material is fed through a crystallizer (similar to a 

heat exchanger) and then through wash columns to separate the solid material from the 

liquid phase.  In solid layer crystallization, the product is grown on a surface layer by 

layer (for examples, the falling film crystallizer or the wall crystallizer [22-23]).  

However, most solid layer growth methods are batch processes like the zone melting 

[24], Czochralski [25], and Bridgman [20] crystallization techniques. 

 In zone melting, the material is initially solid and a heater is slowly advanced 

down the axis of the crucible melting the material in its path [24]. As the heated zone 

advances, the melted material refreezes leaving a small molten region, as shown in Figure 

2.1.  As the melted zone advances, impurities are pulled along in the melt phase, and 

ultimately solidify at one end of the crucible. Because of the thin melt zone, this process 

is generally diffusion dominated; that is, the effect of convection is limited.  One 

advantage of zone melting is the ability to make multiple passes on the same material 

[26-27].  With each pass, the impurities in the material will continue to concentrate at one 

end.  After processing the material via zone melting, the end with the bulk of the 

impurities can be removed leaving a high purity product material.    



7 
 

 

Figure 2.1: Schematic of zone melting process. 

 The Czochralski growth technique is widely used in the semiconductor and optics 

industries to create high purity, single crystal products for electronic devices [28].  In 

Czochralski growth, a seed is introduced into a melt and slowly pulled as the crystal 

grows.  The growing crystal is usually rotated to provide mixing of the liquid phase [29].  

The Czochralski method has been used by Lee et al. [30] to separate CsCl from a LiCl 

salt mixture.  Results showed that high purity LiCl salt could be recovered via this 

method. 

   The Bridgman crystal growing technique is also an effective method for growing 

crystals from a melt.  The driving force for crystallization via Bridgman growth is an 

imposed temperature gradient.  Typically, the temperature gradient is made using a low 

temperature zone and a high temperature zone separated by an adiabatic zone.  By 

controlling the zone temperatures, the temperature gradient in the crystallizer can be 

adjusted.  Crystallization of the melt is initiated by slowly advancing the material through 

the temperature gradient.  Several different Bridgman configurations have been used in 

the past; they are horizontal [31], vertical [32], and reverse vertical [6].  The difference 

between the vertical and reverse vertical configurations is the direction of the temperature 

gradient with respect to gravity.  In the vertical method, the low and high temperature 

zones are on the bottom and top, respectively.  The reverse vertical method is simply a 

reversal of the high and low temperature zones.  A crystal seed can be used to initiate 

crystal growth using the Bridgman technique, but it is not necessary [20].    

2.1.2 Phase Diagrams and Maximum Yields 

 A key step in determining the feasibility and maximum yields of a crystallization 

process is a careful analysis of a phase diagram.  The phase diagram maps out the 

temperatures, compositions, and pressures in which different phases or mixtures of 

phases exist at equilibrium conditions.   
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 Most crystallization processes do not occur at equilibrium; however, an 

equilibrium phase diagram is useful in providing researchers with an idea of appropriate 

operating conditions and maximum product yields [33].  A phase diagram of hypothetical 

compounds A and B, as shown in Figure 2.2, can be used as a demonstrative example of 

the basic concept.  Here, it is desired to separate A from B in a mixture at composition CI.  

The liquid of A and B is cooled from point T0 to T1 without any change in composition.  

With further cooling, the liquidus line is intercepted and crystals of A with a small 

amount of B begin to form.  At temperature T2, the composition of the liquid is shown by 

point CL and the composition of the crystals is shown by point CS.  Here, the fraction of 

the solution crystallized can be determined using the inverse lever rule [34].  The inverse 

lever rule in this case gives: (kg of crystals A)/(kg of original solution) = (CI-CL)/(CS-CL).  

With further cooling below T3, crystals of A and B will form at composition CE.  Point 

CE is known as the binary eutectic point.  At the eutectic point the compositions of the 

species at the eutectic temperature will solidify simultaneously. In a separations process 

for this system, the maximum product yield can be found using the inverse lever rule at 

T3.  Also, it is important to operate the crystallizer between T1 and T3 if mostly crystals of 

A are desired.   

 

Figure 2.2: Binary phase diagram for a hypothetical system of components A and B. 

 A common parameter used in melt crystallization is the equilibrium segregation 

coefficient k0.  k0 is defined as the ratio of the solute concentration in the solid to that of 

the liquid (k0 = CS/CL) when the two phases are in equilibrium.  Figure 2.2 shows that the 
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value of k0 depends on the slopes of the liquidus and solidus lines.  In this example, k0 is 

constant throughout the crystal growing process because the slopes of the lines do not 

change.  In real systems where the slopes are not constant,  k0 will change as a function of 

the melt temperature.      

 The phase diagram for the ternary salt CsCl-LiCl-KCl system is shown in Figure 

2.3.  The temperature at the ternary eutectic point E is 260°C  with compositions of (57, 

25, and 18) wt% or  (29, 51, and 20) mol% for CsCl, LiCl, and KCl, respectively.  The 

initial composition of the salt used in zone freezing is shown at point I on the diagram.  In 

a crystallization process, the temperature of the melt is dropped to approximately 350°C 

where the binary eutectic line (line IE) is reached and components LiCl and KCl start to 

solidify.  With further cooling, the liquid composition is enriched with component CsCl 

until the ternary eutectic point E is reached, and at which point no further separation can 

occur.  Using the inverse lever rule, the maximum yield of a salt sample of 100 g with an 

initial composition of 3 wt% CsCl is shown below, 

7.94
57.00

57.003.0
kg 100

KCl)-(LiCl kg
�

�
�

� .                          2.1 .Eqn  

 This shows that approximately 95% of the salt can be recycled.  Thus, the separation via 

a crystallization method is feasible. 
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Figure 2.3: Phase diagram of the ternary CsCl-LiCl-KCl salt system [35]. 

 Since the LiCl and KCl salts are at the eutectic composition, a pseudo binary 

phase diagram can be approximated for the ternary CsCl-LiCl-KCl salt.  Along the LiCl-

KCl eutectic line, three temperatures are specified; they are, 355°C at zero mol% CsCl, 

350°C at approximately 4 mol% CsCl, and 260°C at 29 mol% CsCl.  These three points 

were converted to mass fractions and plotted as shown in Figure 2.4.  The resulting line is 

an approximation to the  liquidus line of the pseudo binary phase diagram for CsCl.  

Sangster and Pelton [36] suggested a method (see Eqn. 2.2) for estimating the slope of 

the solidus line,   

� �2A,meltg

A,fusionA
s

A
l

TR
H

dT
d

dT
d �

�
�

�
�                                         2.2 .Eqn  

where χ is the mol fraction of  pure A, superscript l is for liquidus, superscript s is for 

solidus, ΔHfusion,A is the heat of fusion of pure A, Rg is the univesal gas constant, and 

Tmelt,A is the melting temperature of pure A.  Using Eqn. 2.1, the slope (dχs
A/dT) of the 

solidus line was calculated to be zero.  In other words, all solid formed prior to the 

ternary eutectic at equilibrium conditions contains no CsCl (CS = 0); therefore,  k0 is zero 

for this system. 
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Figure 2.4: Pseudo Binary phase diagram for the CsCl-LiCl-KCl system.  The LiCl and KCl are at the 
eutectic composition throughout. 

 A ternary phase diagram for CeCl3-LiCl-KCl salt is shown in Figure 2.5 [37].  For 

this system, two ternary eutectic points exist and are indicated on the diagram at E1 and 

E2.  In the crystallization of used electrorefiner salts, E2 is the eutectic point of interest at 

340°C.  The composition of salt at E2 is 13.6 wt% CeCl3, 35.6 wt% LiCl, and 50.8 wt% 

KCl.  Typical salt composition of used salt from the electrorefiner are shown as point I on 

the diagram.  A pseudo binary phase diagram was computed for this system and the 

solubility of the solid is limited with k0 being approximately zero.  Again, assuming a 

100 g sample with an initial composition of 3 wt% CeCl3 and applying a similar 

approach, the maximum yield can be calculated to be approximately 78 g of pure eutectic 

salt recovered with 22 g of waste salt.   
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Figure 2.5: Ternary phase diagram of the CeCl3-LiCl-KCL salt system [37]. 

2.1.3 Fundamentals of Phase Separation  

 Phase equilibria thermodynamics provides valuable insights on non-equilibrium 

crystallization.  Equilibrium between two phases exists when the chemical potential (or 

Gibbs free energy) of each component in a single phase is equal to the chemical potential 

of the components in the adjacent phase [38].  In non-equilibrium crystallization, the 

Gibbs free energy of the solute in the solid phase is greater than its Gibbs free energy in 

the liquid phase as shown in Figure 2.6 [39-40].  As solidification occurs, the difference 

between the solid and liquid Gibbs free energies drives the solute into the liquid phase 

[41].  If the crystal growth rate is slow, and solute atoms have time to diffuse from the 

solid crystal lattice, then a relatively pure crystal can be grown.  Cases where the crystal 

growth rate is faster than the movement of impurity atoms from the crystal result in 

solute trapping [42].   The kinetics of solute rejection is not well understood and models 

typically rely on empirical data.     
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Figure 2.6: Gibbs free energy plot for a hypothetical material A-B 

2.2  Melt Crystallization Modeling   

2.2.1 The Scheil Equation or Well-Mixed Model 

 A model developed by Scheil [43], and later Pfann [27], has been used widely to 

describe solute concentration in the solid phase.  In the system modeled by Scheil, the 

assumption was made that the liquid phase was well-mixed and that no concentration 

gradients existed in the liquid.  A segregation coefficient (k), which is the ratio of the 

concentrations in the solid to the liquid at the interface, was used to describe the solute 

distribution.  If equilibrium conditions prevail at the interface (solute rejection kinetics 

are fast), then k0 may be used.  If solute rejection kinetics are slow, then k is an 

empirically determined parameter that accounts for kinetics.  Figure 2.7 shows a 

representation of a well-mixed system.  Region 1 represents the amount of solute rejected 

with a small change in the fraction solidified (fS).  Region 2 represents the change in the 

bulk composition.  A mass balance on the system yields: 

� � LSSSL dC)f1(dfCC ���                                             2.3 Eqn.  

where CL, CS, dfS and dCL are the liquid concentrations, solid concentrations, differential 

fraction solidified, and the differential change in concentration in the liquid, respectively. 

Since k = CS/CL, Eqn. 2.3 can be expressed as: 



14 
 

LSSL dC)f1(df)k1(C ���                                             2.4 .Eqn  

Using the initial condition of CL = C0 at fs = 0 and rearranging Eqn. 2.4, the following 

integration can be done: 

	 	�
�

�

S L

0

f

0

C

C
L

L
S

S

dC
C
1

k1
1df

f1
1                                        2.5 Eqn.  

to yield, 

1k
S0L )f1(CC ���                                                  2.6 Eqn.  

The solid concentration is then obtained by substituting CS/k for CL.  The resulting 

equation shown below is the Scheil Equation [43]. 

1k
S0S )f1(kCC ���                                                 2.7 Eqn.  

 

Figure 2.7: Drawing representing the solute concentration in a well mixed case. 

2.2.2 The Non-Mixed Model 

 The idea behind the non-mixed model began with the constitutional supercooling 

theory proposed by Rutter and Chalmers in 1953 [44].  According to Rutter and 

Chalmers, in non-equilibrium crystal growth, the rejected solute atoms create a 

concentration gradient in the liquid as shown in Figure 2.8.  Because of the concentration 

gradient, the liquidus temperature of the melt is greater than the actual temperature of the 
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specimen.  As a result, spontaneous solidification of the solute into the solid may occur.  

Tiller et al. [45] used the concentration gradient or buildup of the solute in the liquid 

phase as the basis for their model.  Yet, in this model, the segregation coefficient used is 

k and once again if equilibrium conditions prevail at the interface, then k = k0.    

 The model developed by Tiller et al. had several key assumptions, which are: (1) 

solute diffusion in the solid is negligible, (2) k is constant, and (3) convection in the 

liquid is negligible.  The first assumption is reasonable because in real systems the 

diffusion in a solid is typically significantly smaller than in the liquid.  The second 

assumption is valid when the kinetics is fast such that an average k value can be used.  

With the third assumption, this model is only valid for convection-free systems.       

 
Figure 2.8: Schematic of the solute concentration profile with respect to the solid and liquid phases. 

 Thus, Tiller et al. performed a shell balance to derive the governing differential 

equation for the concentration profile in the liquid phase.  In the differential volume, the 

amount of solute transport by diffusion into the area at face x can be expressed by using 

Fick’s first law; that is, Jx = -D(dC/dx)x, where D is the diffusion coefficient, C is the 

concentration, and x is the position.  Due to solute rejection at the solid-liquid interface, a 

bulk movement of solute from the wall at the rate of growth (R) will occur.  Therefore, 

the total flow of solute due to diffusion and advection at face x is Jx = -[D(dC/dx) +RC]x 

and the amount leaving at x+Δx is Jx+Δx = -[D(dC/dx)+RC]x+Δx .  The net concentration of 

solute in the differential volume is described by: 
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0
dx
dCR

dx
CdD 2

2

�
                                           2.8 .Eqn  

 The origin is defined as the solid-liquid interface.  Boundary conditions are as 

follows: CL = Ca+C0, at x = 0 and CL→C0, as x→�  where C0 is the initial concentration 

and Ca is the liquid concentration at the interface less the initial concentration.  Solving 

Eqn. 2.8 with the above boundary conditions yields: 

0aL Cx
D
RexpCC 
�



�

�
�
���                                  2.9  .Eqn  

 The value of Ca can be determined by using the steady state assumption.  In this 

system, it is expected that the solid concentration, CS, rises from the initial value of kC0 

to some steady state value.  Here, the amount of solute entering the interface is the same 

as that of leaving; therefore, CS = C0.  Using the segregation coefficient, Ca is equal to 

C0/k-C0.  Substitution into Eqn. 2.9 yields: 

��



�
��
�

�
�


�

�
�
��

�

� x

D
Rexp

k
k11CC 0L                                 2.10 Eqn.  

 Next, Tiller et al. assumed that the rate of approach of CS to C0 with x is 

proportional to (C0 – CS).  Therefore, 

)CC()CC(
dx
d

S0S0 �����                               2.11 .Eqn  

where α is the proportionality constant.  Eqn. 2.11 can be solved with the following 

boundary condition: at x = 0, CS = kC0 and the solution is 

� � � �� �� �k1k1Cek1CCC 0
x

00S 
������ ��� ��

�  .                      2.12 .Eqn  

The latter form has been presented by Tiller et al. [45].  Here, as x � � , (C0-CS) 

becomes zero.  The value of α can be determined by equating the areas 1 (A1) and 2 (A2) 

shown in Figure 2.8.  A1 is found by integrating Eqn. 2.10 from zero to infinity and 

subtracting the result from C0(� ).  A2 is found by subtracting the integral of Eqn. 2.12 
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(evaluated from zero to infinity) from C0(� ).   Areas 1 and 2 are shown below, 

respectively 

)k1(C1Aand
R
D

k
k1CA 0201 �

�
�

�
�  .                 2.13 .Eqn  

Equating A1 and A2  and solving for α yields, α = kR/D.  Substituting the value of α into 

Eqn. 2.12 yields the non-mixed model as shown below: 

� � ��
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�
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�


�

�
�
����� kx

D
Rkexp1k1CC 0S                                2.14 Eqn.  

 It should be mentioned that one drawback of Eqn. 2.14 is that it cannot account 

for end effects in the material.  Qualitatively, the amount of solute in the diffusion 

boundary layer will deposit at the end of the growing specimen, but no effort was made 

by Tiller et al. to calculate the ending profile.   

2.2.3 Convection-Diffusion Models 

 In most practical applications, the mixing of the solute is neither complete nor 

diffusion dominated.  Burton and co-workers [46-47] studied the effects of forced 

convection in Czochralski type crystal growth.  According to Burton et al., convection 

and diffusion play important roles in crystallization.  For example, in a well-mixed 

system, the convection dominates the solute distribution far from the growing interface.  

However, at and near the solid-liquid interface, the fluid velocity is zero due to the no-

slip boundary condition and diffusion dominates.  As a result, diffusion through this 

boundary layer is the limiting factor of solute distribution (solute rejection kinetics aside).  

Burton et al. described the concentration in the boundary layer using Eqn. 2.8, following 

the same approach as Tiller et al. did [45], with the new proposed boundary conditions, 

�������  at x  ,C  Cand0at x ),CC(R
dx
dCD BSL           2.15 .Eqn  

 where CB is the bulk concentration and δ is the boundary layer thickness.  Therefore, the 

solution to Eqn. 2.8 becomes 
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��
�
�

e
)CC(
)CC(

SB

SL                                               2.16 .Eqn  

where Δ represents Rδ/D.  They defined an effective segregation coefficient (keff) as the 

ratio of the concentration of the solute in the solid to the bulk liquid (CS/CB). Using keff 

and k, Eqn. 2.16 can be manipulated to get: 

���

�

e)k1(k
kkeff                                          2.17 .Eqn  

When the equilibrium condition at the interface prevails, k can be replaced with k0.   

 One key advantage of keff is that it links the effects of equilibrium and kinetics for 

solute separation with the diffusion/convection effects.  For example, if Δ is known, k can 

be determined empirically by using a linear regression method.  Conversely, if k is 

known, then Δ can be determined empirically.  If neither k or Δ is known, then keff can be 

found empirically and represents the net contributions of the kinetic and transport effects.  

As a result, keff can be a useful parameter in melt crystallization modeling.  

 Favier [48-49] continued the work conducted by Burton et al. by developing an 

expression using keff to describe the solid concentration for non-steady state conditions 

that would work regardless of any dominant transport regimes (diffusion, convection, or a 

mixture of the regimes).   One major assumption made by Favier is that equilibrium 

prevails at the interface.  The governing equation (see Eqn. 2.18) used by Favier to 

describe the concentration in the liquid phase is Fick's second law with the coordinate 

system applied at the solid-liquid boundary.   

x
CR

x
CD

t
C

2

2

�
�



�
�

�
�
�                                        2.18 Eqn.  

 where t is time and x is the distance in front of the solid-liquid interface.  It is possible to 

transform Eqn. 2.18 into the dimensionless form by defining ξ = 1-x/δ, τ = t/(δ/R), and C 

= CL/C0 and substituting them into the equation.  Here, the origin is transformed from the 

solid-liquid interface to the point x = δ with positive ξ towards the interface.  With this 

substitution, Eqn. 2.18 becomes 
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                                       2.19 Eqn.  

subject to following initial and boundary conditions: 

0for   ,1)0,(C ����                                         2.20 Eqn.  

0for   ,
C
C),0(C

0

B ����                                     2.21 Eqn.  

1for   ,C)k1(C
�����

��
�                                   2.22 Eqn.  

Favier solved Eqns. 2.19 using Eqns. 2.20 – 2.22 analytically to get: 
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2.23 .Eqn  

and 

� � *for   ,1
*h

h
*)(C1

k1
k

*)(C)(C
1k

0

0
S

eff

eff
SS

eff

�$�
�
�
�

�

�
�
�

�
���




�
��
�

�
���
���

"��
�


���
�

     2.24 .Eqn  

where αi and βi are roots, h0 is the specimen length, and τ* is the time at which a steady 

state is reached.  The derivations of Eqns. 2.23 and 2.24 are not shown here.  The roots αi 

and βi  are defined as follows, if 

� � 1
2

1k 2
� 

�� ,                                          2.25 .Eqn  

then, 

0
2

)k21(coth ii �
��

���  and                                2.26 .Eqn  
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i
22

i tanh)k21(1 ����! .                                   2.27 .Eqn  

If the condition shown in Eqn. 2.25 is true, then only one root is needed.  However, if 

Eqn. 2.25 is greater than or equal to -1, then, 

0sin)k21(cos2 iii �������  and                           2.28 .Eqn  

i
22

i tanh)k21(1 ��
�! .                                  2.29 .Eqn  

Under these conditions, multiple roots are need.   

 Since τ = (R.t)/δ, and R is constant, then the R.t term represents the distance (h) 

solidified.  As a result, τ in Eqns. 2.23 - 2.24 can be replaced by h/δ.  Now the equations 

are in terms of the fraction solidified like the non-mixed and well-mixed models. 

Similarly, τ* can be replaced by h*/δ.  The location h* occurs when the flux leaving the 

solid is equal to the flux arriving at the bulk liquid phase as shown below, 

*hh
*))h(C1(k*)h(C

0

SeffS

�
�

�
��

�
.                                2.30 .Eqn    

 Using Eqns. 2.23 - 2.30, the solid concentration can be obtained.  However, since 

the roots are a function of both Δ and k, curve fitting is challenging.  In addition, finding 

h* is difficult.  To ease these challenges, a program using the commercial software 

MATLAB was created to solve for the roots and h*.  The roots are found using the built 

in function fzero (root finder).  The location h* was found iteratively using Eqn. 2.30.    

This program allows for the easy computation of the analytical solution.  The full 

program and subroutines are shown in Appendix A.   

2.2.4 Determining the Boundary Layer Thickness 

 The usefulness of boundary layer models as proposed by Burton et al. [46] and 

Favier [48] has been limited due to challenges in determining the boundary layer 

thickness. Camel and Favier [50-51] used an order of magnitude analysis technique to 

identify several transport regimes (as a function of Δ) qualitatively and to obtain 

concentration profiles for each regime.  The key dimensionless parameters identified in 

their work were the Grashof number (Gr), the Peclet number (Pr), and the Schmidt 
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number (Sc).  The Gr number is the ratio of the buoyancy forces to the viscous forces in 

the liquid.  Gr is defined as  

2

3
ch L)TT(g

Gr
%
�!

�                                          2.31 Eqn.  

where g, β, Th, Tc, L, and ν are the gravitational constant, the expansion coefficient, the 

hot temperature, the cold temperature, the characteristic length, and the kinematic 

viscosity of the fluid, respectively.  Pe is the ratio of the advection to the diffusion and is 

defined as 

D
rRPe �                                                      2.32 Eqn.  

where r is the characteristic length, R is the rate, and D is the diffusion coefficient.  Sc is 

the ratio between the viscous diffusion rate and the molecular diffusion rate, which is 

D
Sc %

�   .                                                  2.33 Eqn.  

 Camel and Favier indentified the governing parameters, but their choice of the 

characteristic lengths was complex and the application of their findings is challenging.  

Garandet et al. [52] further addressed the parameter Δ using scaling analysis for an ideal 

horizontal Bridgman growth configuration.  Here, the velocity profile within the liquid 

cavity was approximated using the Batchelor solutions [53] which are functions of the 

Gr.  It is important to point out that the characteristic lengths proposed by these literature 

studies for Gr and Pr were the height of liquid and the crucible radius, respectively.  With 

these approximations and lengths, Garandet et al. estimated the parameter Δ to be 

proportional to Pe (GrSc)-1/3.  Kaddeche et al. [54], using a numerical scheme, showed 

that Δ can be approximated by 3.6 Pe (GrSc)-1/3.   

 Of more interest to this work is the later research conducted by Kaddeche et al 

[55]. on the scaling analysis of vertical Bridgman configurations.  Here, the parameters 

were investigated numerically over a wide range of values.  The approximation of Δ =  



22 
 

Pe (GrSc)-1/3 was confirmed for Gr < 5 × 103.  For larger values of the Gr number, 

Kaddeche et al. determined that the best fit was: 

� � 3/1GrScPe7.33 ���                                        2.34 Eqn.  

Eqn. 2.33 will be used in this work to determine the parameter Δ, which can be led to the 

thickness of the diffusion boundary layer δ.  

2.3 Numerical Models 

 The majority of melt crystallization models found in the literature have been 

numerical due to complexities of crystal growth.  In this section, a brief summary of 

some of the numerical models will be presented.  Verhoeven et al. [56-57] solved 

numerically the diffusion equation for convection-free systems in rectangular, cylindrical, 

and spherical coordinates.  In their models, solute distribution was determined using the 

equilibrium segregation coefficient.   Results were in good agreement with Tiller et al. 

[45] and Smith et al. [58], who developed analytical solutions for the rectangular 

coordinate system.  A large number of numerical crystallization models solve all the 

transport equations simultaneously to get the velocity, temperature, and concentration 

profiles in the melt.  Bennon and Incropera [59], for example, developed a continuum 

model for solid-liquid phase change to solve the transport equations.  Here, solute 

distribution was modeled using the equilibrium segregation coefficient.  Other authors 

that solve the transport equations simultaneously using the equilibrium segregation 

coefficient are Chang and Brown [60], Voller et al. [61], and Kim and Brown [62].   

Prescott et al. [63] and Krane and Incropera [64] performed experimental validations of 

the continuum model developed by Bennon and Incropera.     

 Of particular interest is a numerical model developed by Fukui and Maeda [65] 

that is completely predictive if knowledge of the equilibrium phase diagram is available. 

Here, the transport equations of mass, energy, and momentum are solved simultaneously.  

However, rather than using the segregation coefficient as many other authors, Fukui and 

Maeda use the theory of constitutional supercooling and an equilibrium phase diagram to 

predict solute segregation.  Fukui and Maeda have confirmed experimentally their model 
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with several different geometries [23, 66].  They also developed a simplified numerical 

model where the momentum equations were approximated using scaling laws [67].  

 Whereas the above list of numerical crystallization models is in no way 

comprehensive, it provides a basic view of numerical models in general.  The 

implementation of these models are challenging due the complexities of solving the 

momentum equations for buoyancy driven flow.  For this case, the velocity field is linked 

to a pressure distribution within the liquid.  This pressure distribution must be solved for 

iteratively and which adds computational complexities.  As a result, none of the 

numerical models were considered in this. The analytical modeling approaches are 

simpler and can be applied without the use of a large CPU times.  
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Chapter 3 Experimental Methods  

3.1 Parameters and Conditions 

 To gain a better understanding of zone freezing and to provide information that 

can be used to optimize the process, several parameters and conditions were selected and 

explored.  They are: (1) amounts and compositions of salt, (2) retort advancement rates, 

(3) crucible lid configurations, and (4) induced temperature gradients.  

  Experiments were conducted using a eutectic LiCl-KCl (44 wt% LiCl and 56 

wt% KCl) salt mixed with CeCl3 or CsCl salts.  It is important to point out that typical 

weight percents of CeCl3 and CsCl coming out of the electrorefiner are 3.0 wt% and 3.2 

wt%, respectively [16].  Therefore, most of the experiments in this work were conducted 

at 3 wt%.  However, several experiments were conducted at 1 wt% and 5 wt% CsCl to 

explore the composition effect.  The majority of the experiments were conducted using 

50 g salt samples.  Several runs were also conducted using 400 g samples to explore the 

scale up effect. 

 Three retort advancement rates were selected in this study: 1.8, 3.2, and 5.0 

mm/hr. These rates were selected to be similar to rates used by KAERI (1.7, 2.5, and 5.7 

mm/hr) [5].  For each of these rates, the effect of covering the salt with a magnesium 

oxide crucible lid was also explored (this will be referred to as the “lid configuration”).  

Identical experiments were conducted without using the lid and referred to as the “no-lid 

configuration”.  Finally, the induced temperature gradient was varied by adjusting the 

temperatures of the upper and lower furnace zones.  Temperature differences of ΔT = 

200°C and ΔT = 300°C were selected.  In the first case, the upper and lower furnace 

zones were set to 250°C and 450°C, respectively.  For the latter case, the upper and lower 

zones were set at 200°C and 500°C, respectively.  Temperatures were selected so that the 

melting temperature of LiCl-KCl (352°C) was an average of the temperature zones. 

3.2 Equipment 

 The apparatus used in the zone freezing experiments was purchased by the Idaho 

National Laboratory from OXY-GON Industries, Inc. and is shown in Figure 3.1.  The 

apparatus has two fully programmable furnace zones that are divided by an adiabatic 
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zone.  Each furnace zone has an effective heating height of 30.0 cm and can operate up to 

1000°C.  The adiabatic zone thickness can be adjusted from 2.5 cm to 10.0 cm thick.  The 

apparatus is equipped with an alumina retort tube (90.0 cm height × 7.0 cm diameter) that 

passes through the furnace zones and can be sealed to maintain a vacuum or inert gas 

atmosphere.  By the manufacturer's recommendations, a temperature gradient no more 

than 80°C per centimeter should be applied to the retort across the adiabatic zone.  As a 

result, the insulation thickness in the adiabatic zone was set at 2.5 cm and 5.0 cm for of 

the ΔT of 200°C and the ΔT of 300°C, respectively.  During operation, the retort is 

initially at its lowest setting (in the high temperature zone) and then slowly drawn 

upwards through the furnace zones via a translation mechanism that is fully 

programmable to operate at advancement rates as low as 0.5 mm/hr.  

 

Figure 3.1: Zone freezing apparatus cross-sectional view and photo showing the various apparatus 
components. 

 Salt preparation was conducted in a sealed atmosphere glove box manufactured 

by MBraun.  The glove box was equipped with continuous atmosphere circulators that 

maintain the oxygen and water content in the box less than 0.1 parts per million (ppm).  

The inert atmosphere gas was industrial grade argon.  Salts were weighed using a Mettler 

Toledo NewClassic mass balance located inside the glove box. 
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 Samples collected following each experiment were analyzed via Inductively 

Coupled Plasma-Mass Spectrometry (ICP-MS).  The ICP-MS used was an Agilent 7500c 

and autosampler.  Calibration of the instrument was done using an internal standard 

(rhodium and scandium) and external standards at varying concentrations of the element 

of interest.  In this work, the external standards used were CCS1 (mixture containing rare 

earth elements) to measure Ce, and CCS4 (mixture of major-earth elements) to measure 

Li, K, and Cs.  CCS1 and CCS4 were purchased from Inorganic Ventures in 100 μg/L 

concentrations.  Standards were prepared at the following concentrations: (10, 30, 50, 70, 

100, 200, 500, 1000, 2000, and 5000) μg/L in a 5% by volume nitric acid.     

3.3 Materials and Configurations 

 The salts used in the experiments were LiCl, KCl, CsCl, and CeCl3.  These salts 

were surrogate (non-radioactive) and were purchased from Alfa Aesar and Rare Earth 

Products Inc. and had a 99.99% purity or greater.  Salt materials were anhydrous beads or 

granules.  The salts were placed in high density alumina crucibles purchased from Ozark 

Technical Ceramics.  Two crucible sizes were used. The first measured 7.6 cm height and 

3.0 cm in diameter and the second measured 20.0 cm in height and 6.0 cm in diameter.  

For both crucible sizes, the amount of salt was selected such that the height to diameter 

ratio of the salt inside the crucible was approximately 1.5.  The smaller crucible size was 

used to hold 50 g salt mixtures.  The larger size crucible contained the 400 g salt mixture.  

The majority of experiments were done using the small crucible size to conserve salt 

materials. 

 To accommodate the smaller crucible diameter and to assist in lowering and 

removing the crucible from the retort, a basket was fabricated as shown in Figure 3.2.  

The basket was made of an alumina-silicate material and was 10.0 cm tall and 6.8 cm in 

diameter allowing for an easy fit into the retort tube.  The inside cavity of the basket was 

7.6 cm in depth and 3.5 cm in diameter, allowing for the insertion of the smaller crucible 

size.  The basket with crucible was lowered and removed from the retort via 

thermocouples inserted into the basket. 
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Figure 3.2: (a) Side view of alumina-silicate basket with inserted thermocouples.  (b) Top view of basket 
with inserted alumina crucible and salt. 

 Four thermocouples were positioned around the crucible during experiments to 

provide temperature readings and profiles of the system throughout zone freezing.  

Thermocouples were type K, inconel sheathed, 1.5 m long and 1.5 mm in diameter, and 

purchased from Idaho Laboratories Inc.  Thermocouples were inserted through an airtight 

gland at the top of the retort, and bent into the alumina-silicate basket with the probe tips 

just touching the outside wall of the crucible.  Thermocouple one (T1) was placed at the 

bottom of the crucible with T2, T3, and T4 positioned at 2 cm, 4 cm, and 6 cm from the 

bottom, respectively (see Figure 3.3). 

 

Figure 3.3: Schematic showing the positioning of the four thermocouples around the alumina crucible. 
Stars represent the thermocouple probe tips. 

 For the larger crucible size, the alumina-silcate basket was not used; however, the 

small gap (5 mm on each side) between the crucible and retort was filled using an 

alumina-silicate fiber wrapped with stainless steel wire and aluminum foil (see Figure 
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3.4). In this case, thermocouples were placed along the crucible wall using wire.  T1 was 

placed at the bottom of the crucible and a 3 cm spacing was used to separate T2, T3, and 

T4.  Thermocouples were connected to a data logger (USB-TEMP) made by 

Measurement Computing.  The USB-TEMP was connected directly to a laptop and 

temperature measurements were recorded every two minutes throughout the experiment.   

 

Figure 3.4: Large crucible (20 cm x 6 cm) and thermocouples wrapped in alumina-silicate fiber, aluminum 
foil, and stainless steel wire. 

3.4 Procedure and Sample Analysis 

 In preparation for an experiment, the alumina crucibles were dried by slowly 

heating them to 150°C and leaving them at that temperature for two hours.  The hot 

crucibles were then placed in the  ante-chamber of the glove box under vacuum for two 

hours to remove any water and oxygen in the material. The dried crucibles were then 

transferred into the glove box and stored in the inert atmosphere until use.   

 Salts were mixed to varying compositions by mass in the glove box.  The mixed 

salts were then placed into the crucible, covered with parafilm, and transferred out of the 

glove box.  The crucible and salt were quickly placed inside the alumina-silicate basket, 

with the parafilm removed, and lowered into the retort tube. Once the crucible was 

positioned and the retort sealed, the retort was evacuated to less than 300 milliTorr and 

left for two hours.  During this time, the furnace zones were ramped up to 150°C.  The 

purpose of this step was to remove any water and oxygen that may have been absorbed 
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into the retort and basket materials between experiments.  Following this procedure, the 

retort was backfilled with argon gas.  The furnace zones were set at the desired 

temperatures and then left for 6 to 8 hours, allowing for the salt to melt and to reach 

equilibrium. The retort was then moved to a reference position (top of salt at the bottom 

of adiabatic zone) within the furnace and the translation mechanism was set at the desired 

rate.   In a typical experiment the retort was advanced a distance of 10 cm.  This 

corresponded to run times between 20 hours and 60 hours. 

 Once the salt temperatures had dropped well below the melting temperature, the 

retort advancement and furnace zones were powered down.  The furnace required up to 

18 hours to cool to ambient conditions following an experiment.  The cooled crucible and 

salt was removed from the retort and quickly placed in a plastic bag that had been filled 

previously with argon gas.  The salt was removed from the crucibles by solidly striking 

the top edge of the crucible with a wedge and hammer.  In all cases, with one exception, 

the crucible could be removed without fracturing the salt ingot.  The grown crystal ingot 

was then transferred into the inert atmosphere glove box and samples were acquired by 

drilling holes into the salt at select locations down the axis of the salt.  Shavings from 

each hole were collected and stored in glass vials.  The sampling method is shown in 

Figure 3.5.   

 

Figure 3.5: Salt sampling technique in the glove box. 

 The stored samples were removed from the glove box and prepared for elemental 

analysis via ICP-MS.  Samples were weighed using a mass balance and placed into 15 



30 
 

mL plastic test tubes.  Ten mL of 5% nitric acid was added to each sample to dissolve the 

salt.  Dissolution of the salt occurred rapidly.  Following dissolution, the samples were 

diluted 100× and analyzed on the ICP-MS instrument for concentrations of Li, K, Cs, and 

Ce.  Samples were measured on the instrument at random from each experiment. 
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Chapter 4 Experimental Results and Discussions 

4.1 Grown Crystal Characteristics 

 There are several common characteristics of the grown crystals resulting from the 

zone freezing experiments (see Figure 4.1).  The most apparent characteristic is the hole 

through the center of the salt sample and the downward sloped top surface; which occurs 

as a result of volume change during solidification.  The average ratio between the 

diameter of the hole to the outside diameter of the salt is 0.24.  The average depth of the 

sloped portion on the top surface is 5 mm.  Another interesting characteristic of the 

crystals is the dendritic appearance of the growth on surfaces of the salt not in contact 

with the crucible.  Additional photos of grown crystals are shown in Appendix B. 

 

Figure 4.1: Top and bottom view of grown crystal ingots for 50 g, 3 wt% CsCl salt with a lid configuration. 

4.2 Physical Properties of the Salt 

 In the analysis of the experimental results several physical properties of the salt 

are needed, which are: density (ρ), viscosity (μ), the expansion coefficient (β), and the 

diffusion coefficient (D).  The density [68] of eutectic LiCl-KCl can be approximated by: 
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T1027.503.2)cm/g( 43 �"��&                           4.1 .Eqn  

where T stands for the temperature.  The measured temperature range of Eqn. 4.1 is 680 

K to 860 K. The viscosity [68] of the eutectic LiCl-KCl is: 
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where Rg is the universal gas constant (8.314 J/mol K).  This equation is valid for the 

temperature ranging from 890 K to 1070 K.  The expansion coefficient [69] is shown 

below: 
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where ρ and ∂ρ/∂T can be calculated using Eqn. 4.1 at the specified temperature. 

 The diffusion coefficient for Cs+ in a eutectic LiCl-KCl could not be found in the 

literature.  However, available in the literature are several (Na+, Cu+, Ag+, Au+, and Tl+) 

diffusion coefficients that can be used as an approximation.  The above elements have a 

plus one charge as well as Cs+ so the effect of anion diffusion should be the same.  

Another important factor is the atomic radius of the elements in comparison to Cs+.  The 

atomic radii of Cs and Rb are closely matched with radii being 260 pm and 235 pm [70], 

respectively.  From this, D for Rb+ in the molten salt has been selected to approximate 

Cs+.  The diffusion coefficient [71] for Rb+ is shown below: 
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                             4.4 .Eqn  

The measured temperature range is from 700 K to 790 K.  In zone freezing, the 

temperatures of interest lie below the measured temperature ranges of these equations 

presented above.  It is assumed in this work that the equations can be used outside the 

measured range without major deviation from true values.   
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4.3 Temperature Profiles and Effects 

 The temperature profiles for the crucible as a function of time and position are 

shown in Figure 4.2 and Figure 4.3, respectively, for the 3 wt% CsCl experiment at 5.0 

mm/hr.  After salt melting, the retort was moved to a reference position within the 

furnace (defined in Chapter 3) after which the retort advancement rate was set and 

initiated.  During the first hour of the experiment, the temperature decreased rapidly due 

to the rapid transition from the melting position in the high temperature zone (HTZ) to 

the reference position at time zero.  After this initial transient period, the temperature 

profile maintained a relatively constant slope until the top salt surface entered the low 

temperature zone (LTZ) at approximately 50 mm of displacement.  Once the salt entered 

the LTZ the temperature decreased more rapidly.  Temperature profiles for all rates and 

conditions are shown in Appendix C.  

 

Figure 4.2: Temperature profile along the crucible edge as a function of time for the 3 wt% CsCl at 5.0 
mm/hr rate.  50 g of salt were used with a no-lid configuration and a ΔT of 200°C.  
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Figure 4.3: Temperature profile along the crucible edge as a function of the calculated retort position for 
the 3 wt% CsCl at 5.0 mm/hr rate.  50 g of salt were used  with a no-lid configuration and a ΔT of 200°C.  

 Temperature profiles were compared for all three moving rates by plotting them 

as a function of the retort advancement.  Figure 4.4 shows the comparisons between rates 

for the 50 g samples with 3 wt% initial CsCl experiments with the lid configuration. For 

ease of comparison, only T1 and T3 are shown because (1) the same trends observed with 

T1 and T3 were also similar to those observed in T2 and T4 and (2) they represent 

regions closest to the salt within the crucible.  In the case of the lid configuration, the 

variations between rates show small differences initially and with increasing differences 

during the latter half of the experiment.  Interestingly, the temperature at the 5.0 mm/hr 

rate falls between those at the 1.8 mm/hr and 3.2 mm/hr rate after approximately 50 mm 

of retort advancement (after exiting the adiabatic zone).   However, the largest percent 

difference between the temperatures of each rate and the average temperature was only 

1.3%.   
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Figure 4.4: Comparison of the (1.8, 3.2, and 5) mm/hr rates for the 3 wt% CsCl experiments while using a 
lid configuration.  ΔT = 200°C and 50 g.   

 Temperature profiles obtained at the different rates were compared to the other 

zone freezing conditions.  For the no-lid configuration, the temperature profiles were 

nearly indistinguishable with the largest percent difference being 0.5%.  A slightly larger 

difference was observed for the 400 g case.  The 5.0 mm/hr profile was bracketed by the 

1.8 mm/hr and 3.2 mm/hr rates.  The maximum percent difference from the average is 

1.7%, and therefore, there is no significant rate dependence on temperature for these 

conditions.  For the ΔT = 300°C case, the largest percent difference between the average 

of the two rates is 1.1%.   From the above comparisons, it is clear that rate does not have 

a strong influence on the temperature of the retort within the furnace regions.  This 

indicates that heat transfer within the furnace and retort is at a steady state condition for 

all three selected advancement rates given the same initial conditions.   

 A comparison between the lid and no-lid configurations at 1.8 mm/hr is shown in 

Figure 4.5.  The T1 temperature profiles for both configurations are similar with the lid 

configuration being slightly warmer throughout the process.  The comparison of T3 

values reveals there is about a 10°C difference between them indicating that the lid slows 
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the rate of heat loss from the salt (for example, it acts as a radiation shield).  Similar 

observations are apparent with the other rates.   

 

Figure 4.5: Comparison of the 1.8 mm/hr temperature profiles between the lid and no-lid configurations. 

 A comparison between temperature profiles for the rest of the experimental 

conditions was not done due to the large variation of the retort advancements, 

thermocouple positions, reference points, and salt heights.  Comparisons between these 

conditions are better shown later using the concentration profiles. 

  Based on the temperature profiles, the actual or effective growth rate of the 

crystals can be estimated.  The melting temperature of pure LiCl-KCl eutectic salt is 

352°C and since the slope of the liquidus line is not steep, the melting temperature of the 

mixture has been approximated to be constant with respect to the CsCl concentration.  

The time at which each thermocouple (T1, T2, T3 and T4) reaches the melting 

temperature has been recorded.  By dividing the distance between thermocouples by the 

recorded Δt, an approximate growth rate can be calculated.   The actual time from the 

start of solidification to termination of solidification is found by dividing the height of the 

grown salt ingot by the effective growth rate.  Table 4.1 shows the effective growth rates 

and growing times for the various rates and conditions. 
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Table 4.1: Effective growth rates and times for the different rates and conditions. 

Advancement Rate 
(mm/hr) 

Effective 
Growth Rate 

(mm/hr) 

Growth 
Time (hr) 

50 g, No-Lid Configuration, ΔT = 200°C 
1.8 1.75 23.43 
3.2 2.85 15.09 
5.0 4.70 8.94 
50 g, Lid Configuration, ΔT = 200°C 
1.8 1.95 23.59 
3.2 3.30 13.94 
5.0 5.21 8.83 

400 g, No-Lid Configuration, ΔT = 200°C 
1.8 2.52 34.52 
3.2 4.13 21.07 
5.0 6.42 13.55 

50 g, No-Lid Configuration, ΔT = 300°C 
1.8 N/A N/A 
3.2 3.08 13.96 
5.0 4.82 8.92 

 

 The effective growth rates are close to the advancement rates as is expected.  

Interestingly, under some conditions the effective growth rates are lower than expected 

and for other conditions they are higher.  For example, the growth rates for the lid 

configuration are 3% to 8% larger than expected and the rates for the no-lid configuration 

are between 3% and 6% lower.  The lid configuration would have a slower growth rate 

because the lid may act as radiation shield, thus reducing the heat loss from the top 

surface of the salt.  Another interesting point is that the growth rates from the 400 g 

experiments are 30% to 40% faster than expected.  This effect is likely due to the thinner 

blanket material used which may allow for increased radial cooling.  

 The magnitude of liquid mixing in the salt can be approximated using the 

parameter Δ, which is a function of the Gr, Pe and Sc defined by Eqns. 2.31 to 2.33.  

Parameter Δ is represented by δR/D, and was discussed  in Chapter 2.  The ΔT in the Gr 

was calculated using the temperature gradient between the top and bottom of the liquid 
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salt.  The Gr and Sc were then calculated using properties calculated based on an average 

temperature.  The Pe number was calculated using the crucible radius and retort 

advancement rate.  Table 4.2 shows the Gr an Pe numbers as well as the calculated 

parameter Δ for the different rates and conditions when the top surface of the salt starts to 

solidify.  Sc and D were approximately 3,800 and 6.05 × 10-10 m2/s for these experiments, 

respectively.  According to Favier [49], for Δ ≥ 5, the solute mixing is diffusion 

controlled and for Δ ≤ 1, the mixing can be considered well-mixed. Values of Δ between 

these ranges is in a convection-diffusion regime.  Based on Favier's conclusions, the 

solute mixing for the 1.8 mm/hr, 50 g, lid and no-lid experiments at a ΔT of 200°C are 

expected to be closer to the well-mixed condition.  The remaining experiments are in the 

convection-diffusion regime.   

Table 4.2: Grashof number, Peclet number, Δ, and δ for the salt at the varying conditions. 

Advancement 
Rate (mm/hr) 

Grashof 
Number "  

104 

Peclet 
Number 

Parameter 
Δ δ (mm) 

50 g, No-Lid Configuration, ΔT = 200°C 
1.8 1.36 11.65 1.04 1.30 
3.2 1.71 18.97 1.58 1.21 
5.0 1.54 31.29 2.70 1.25 

50 g, Lid Configuration, ΔT = 200°C 
1.8 1.94 12.53 1.00 1.12 
3.2 1.95 21.21 1.69 1.11 
5.0 2.28 32.29 2.44 1.02 

400 g, No-Lid Configuration, ΔT = 200°C 
1.8 9.32 32.97 1.54 1.33 
3.2 14.2 53.09 2.17 1.14 
5.0 13.1 84.00 3.52 1.19 

50 g, No-Lid Configuration, ΔT = 300°C 
1.8 N/A N/A N/A N/A 
3.2 2.82 20.50 1.47 1.04 
5.0 2.95 32.08 2.28 1.03 

4.4 Concentration Profiles and Effects 

 The elemental composition of collected samples from each experiment were 

measured via ICP-MS.  Results are in units of micrograms (μg) of the given element to 

liters (L) of acid solution.  The raw ICP-MS data were converted into local compositions 
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using a mole balance.  With this method,  the number of moles of Cs, for example, was 

set equal to the number of moles of Cl in each sample.  The amount of Cs was added to 

the calculated amount of Cl to calculate amount in g of the CsCl in the solution.  The 

same was done for the Li and K to calculate the amounts of LiCl and KCl.  Assuming one 

liter of solution, the mass fraction (ω) of each sample was calculated by: 

KClLiClCsCl

CsCl
CsCl mmm

m
 




�)

                                     
4.5 Eqn.  

where m is the mass of each component.  Uncertainty for each sample was calculated 

with the largest source of uncertainty was from the mixed standards and calibration curve 

used during ICP-MS measurements. In this case, uncertainty ranged from 5% to 10% of 

the measured value.  Locations of each sample were measured down the axis of the salt 

and non-dimensionalized using the total salt height.  Errors for both the composition and 

location of the sample were propagated using standard error propagation formulas.  

Figures containing all of the local composition data are shown in Appendix D.  

4.4.1.1 Buildup Fraction 

 In zone freezing, it is important to know at which point the grown crystal should 

be cut to obtain the desired salt purity.  To do this, the salt crystal was separated into 

several hypothetical regions as shown in Figure 4.6(a).  The total mass of salt for each 

region was estimated based on the average crystal geometry and the density of the salt.  

The mass of CsCl per section was approximated by assuming that the local composition 

in the segment was representative of the entire salt region as shown in Figure 4.6(b).  The 

total composition of the salt down to a given segment was then calculated using a buildup 

fraction. The buildup fraction is defined below as: 

#
�

�
n

1i iSalt

CsCl
n m

m
Fraction Buildup i

                                    
4.6 Eqn.  

where n is the number of segments of interest, the subscript Salt represents all salt 

components, and i represents the segment number. The buildup fraction is the overall 

weight fraction of CsCl in the salt from the top of the salt down to the segment of 

interest.     
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Figure 4.6: (a) Schematic of the segmented salt ingot. (b) Representation of each segment of salt with its 
approximated composition. Data is from the 3 wt% salt run at 1.8 mm/hr and a ΔT of 300°C. 

  Table 4.3 shows results of the above analysis for the 3 wt% salt run at 1.8 mm/hr 

and ΔT of 300°C as an example of the buildup fraction method.  The last column in Table 

4.3 shows the buildup fraction of the salt.  The key advantage to this analysis technique is 

that it shows the relationship between salt amount and its composition. For instance, if 

the crystal is cut at h3, then the top portion, with 70% of the total salt, would have a 

composition of 2.3 wt%  CsCl.  If a 2 wt% CsCl composition were desired, then by 

interpolation, the top 38% of the salt by mass should be recycled.      

Table 4.3: Buildup fraction data for the 3 wt% CsCl salt run at 1.8 mm/hr and a ΔT of 300°C. 

Segment 
(i) 

Approximate 

iSaltm  (g) 
Approximate 

iCsClm  (g) ## iSaltm (g) ## iCsClm (g) Buildup 
Fractionn 

1 12.2 0.23 12.2 0.23 1.89 
2 13.1 0.29 25.3 0.52 2.05 
3 10.0 0.31 35.3 0.83 2.34 
4 6.2 0.25 41.6 1.08 2.59 
5 8.5 0.47 50.0 1.55 3.09 

 

 For ease of comparison, a desired salt purity of 2 wt% CsCl has been assumed and 

will be used throughout.  It should be note that the buildup fraction analysis can be done 

at whatever salt purity is required for the application.  However, for salt purities below 

1.8 wt% CsCl, extrapolation of the data may be required if operating at a rate of 5.0 
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mm/hr.  In addition, this method can be used to determine the composition of the 

recycled salt if the amount or ratio of salt to be recycled is specified.   

 Figure 4.7 shows the comparison of the different rates and lid configurations for 

the 50 g of 3 wt% CsCl salt at a ΔT of 200°C.  The no-lid configuration has a large 

variation between the different rates indicating that the system is rate dependant.  Here, 

separation of CsCl from the salt increases with decreasing rate because a slower growth 

rate provides conditions closer to equilibrium than the faster growth rates.  Interestingly, 

for all the experiments in the lid configuration cases, the experiments show little rate 

dependence with data at different rates falling in nearly the same ranges.  This 

observation is not consistent with expectations.  It is suspected that the lid changes the 

heat transfer rates from the salt at the top surface.  Without the lid, the hot salt is exposed 

to the body of the retort which is at a lower temperature and radiation heat loss 

approximately 2 watts (W).  With the lid in place, combined heat transfer between the 

surface of the salt and the lid is approximately 0.05 W.  As a result, the cooling at the 

surface of the salt is reduced and the crystal growth rate for the lid configuration may be 

different than that of the no-lid configuration.         
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Figure 4.7: Comparison between rates and lid configurations for the 3 wt% CsCl, 50 g salt sample operated 
with a ΔT of 200°C. 

 The comparison shown in Figure 4.7 between the lid and no-lid configuration 

indicates that the best configuration depends on the selected rate.  For example, if the 

advancement rate were set at 1.8 mm/hr, then approximately 75% of the salt for the no-

lid configuration and 61% of the salt for the lid configuration could be recycled.  For this 

rate, the no-lid configuration is best.  However, if a rate of 5.0 mm/hr were selected, 

approximately 37% of the salt for the no-lid configuration and 63% of the salt for the lid 

configuration could be recycled.  The same trend is observed for the 3.2 mm/hr rate with 

approximately 54% and 63% of the salt being recycled for the no-lid and lid 

configurations, respectively.  For these rates, the lid configuration is best.  Overall, the 

1.8 mm/hr rate with a no-lid configuration provides the best separation, allowing for a 

greater amount of salt to be recycled at any given purity. 

 A comparison between the 50 g and 400 g experiments at varying rates is shown 

in Figure 4.8.  The difference between the 50 g and 400 g samples at 1.8 mm/hr are 

significant for the first potion of the salt.  However, for the remaining section of the salt 

the 50 g and 400 g samples are nearly identical.  The 1.8 mm/hr rate for both the 50 g and 

400 g experiments yield the largest amount of recycled salt at approximately 75% and 

78%, respectively.  A comparison between the 3.2 mm/hr rates shows that the 50 g 
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experiments yield a higher purity crystal in general.  However, at 2 wt% CsCl, the 

approximate salt recycle is 55% of the salt for both the 50 and 400 g cases.  At the 5.0 

mm/hr rate, approximately 37% and 55% of the salt can be recycled for the different salt 

amounts, respectively.  Overall, the 400 g samples have better separation tendencies than 

the 50 g samples. 

 

Figure 4.8: Comparison between rates and the 50 g and 400 g cases for the 3 wt% CsCl salt operated with a 
ΔT of 200°C. 

 A comparison between the different rates and operating temperatures is shown in 

Figure 4.9.  For the ΔT of 300°C case, the variation between rates is much less than for 

the ΔT of 200°C case, which indicates that separation is less dependent on rates under 

these conditions.  At the rate of 1.8 mm/hr, approximately 75% and 71% of the salt can 

be recycled for the ΔT of 200°C and 300°C cases, respectively.   At the 3.2 mm/hr rate 

the ΔT of 200°C case is best in general; however, at 2 wt% both cases have similar 

recycle ratios of approximately 54% and 48%, respectively.  At 5 mm/hr, the ΔT of 

300°C case is significantly better with 50% of the salt being recycled verses 37% for the 

200° case.  Overall, the ΔT of 200°C provides the best separation. 
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Figure 4.9: Comparison between rates and the operating temperatures of ΔT = 200°C and ΔT = 300°C.  50 
g samples initially at 3 wt% CsCl were used. 

 A summary of results for the 3 wt% CsCl experiments, under 2 wt% desired 

purity,  is shown in Table 4.4.  Here, the percent of the salt recycled is used to calculate 

the amount of salt in g recycled per experiment.  The throughput of both the recycled and 

waste streams is calculated using the total growth time of each experiment.  Waste stream 

compositions (wt% CsCl) have also been calculated.  A similar table to the one shown 

below can be compiled using a different value for the desired salt purity using the buildup 

fraction plots above. 

Table 4.4: Summary of result for the 3 wt% CsCl experiments. 

Rate 
(mm/hr) 

Salt Recycled 
(%) (2wt% 

CsCl ) 

Amount 
Recycled 

(g) 

Growth 
Time 
(hr) 

Recycled 
Throughput 

(g/hr) 

Waste 
Throughput 

(g/hr) 

Waste 
Composition 
(wt% CsCl) 

50 g, No-Lid Configuration, ΔT = 200°C 
1.8 75% 37.5 23.43 1.60 0.53 6.00% 
3.2 54% 27.0 15.09 1.79 1.52 4.17% 
5.0 37% 18.5 8.94 2.07 3.52 3.59% 

50 g, Lid Configuration, ΔT = 200°C 
1.8 61% 30.5 23.59 1.29 0.83 4.56% 
3.2 63% 31.5 13.94 2.26 1.33 4.70% 
5.0 63% 31.5 8.83 3.57 2.10 4.70% 

400 g, No-Lid Configuration, ΔT = 200°C 
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1.8 78% 312.0 34.52 9.04 2.55 6.55% 
3.2 55% 220.0 21.07 10.44 8.54 4.22% 
5.0 55% 220.0 13.55 16.24 13.28 4.22% 

50 g, No-Lid Configuration, ΔT = 300°C 
1.8 71% 35.5 23.50 1.51 0.62 5.45% 
3.2 48% 24.0 13.96 1.72 1.86 3.92% 
5.0 50% 25.0 8.92 2.80 2.80 4.00% 

 

 To compare between the 1 wt%, 3 wt%, and 5 wt% CsCl salt experiments, a 

cumulative method was used.  With this method, the amount of CsCl in each segment of 

salt was accumulated (# iCsClm ), and divided by the total amount of CsCl in the salt.  It 

is convenient to calculate the cumulative mass fraction having already calculated the 

buildup fraction.  Cumulative mass fractions for the three initial compositions are shown 

in Figure 4.10 for the 5 mm/hr advancement rate.  The difference between the initial 

composition is relatively small and no particular pattern is observed from the data.  From 

these results, it is concluded that the initial composition of the salt, at least in this 

concentration range, does not strongly influence the separation; therefore, it is assumed 

that the above conclusion is applicable to other rates and conditions within the salt.  Since 

the majority of the experiments were conducted at 3 wt% CsCl, the above assumption 

provides a method to predict the concentration profiles of salts with different initial 

compositions for the respective configurations and rates.  

   



46 
 

 

Figure 4.10: Comparison between 50 g experiments operated with an initial compositions of 1 wt%, 3 wt%, 
and 5 wt% CsCl at a rate of 5 mm/hr with a ΔT of 200°C and a no-lid configuration. 

 The concentration profiles at different initial compositions were predicted by 

working backwards from the assumed cumulative profile.  For example, it was desired to 

predict the profile of an experiment using an initial composition of 5 wt% CsCl rather 

than 3 wt% CsCl, and the 3 wt% CsCl experiment conducted at 5.0 mm/hr with a no-lid 

configuration was be used.  For this experiment, the total amount of CsCl was 1.5 g.  To 

predict the new profile, the new amount of CsCl (2.5 g for a 5 wt% case) is multiplied by 

the cumulative value "i," to calculate the # iCsClm for each segment.  The buildup 

fraction is then calculated by dividing the calculated # iCsClm by the # iSaltm .  The 

buildup fraction for the predicted 5 wt% CsCl case and the measured 3 wt% CsCl case is 

shown in Figure 4.11.  Notice that as the initial composition increases, the amount of salt 

that can be recycled at a desired purity decreases. This indicates that there is a 

diminishing return.  The capability of predicting the buildup fraction is especially useful 

for process optimization and for predicting the results of multiple zone freezing stages as 

will be discussed later.     
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Figure 4.11: Predicted buildup fraction of a 5 wt% CsCl salt operated at 5 mm/hr with a lid configuration. 

4.5 CeCl3 Results 

 Only one experiment was conducted using CeCl3.  Results of this experiment are 

shown in Figure 4.12.  Figure 4.13 shows the buildup fraction for the CeCl3 experiment.  

CeCl3 separates easily from the LiCl-KCl salt allowing for a very pure recycled crystal.  

For example, at a purity of 0.5 wt% CeCl3, approximately 85% of the salt can be 

recycled. 

 

Figure 4.12: Local compositions of the 3 wt% CeCl3 experiment operated at 5 mm/hr.  The HTZ was set at 
425°C and the LTZ was set to 275°C for this experiment.  50 g of salt was used. 
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Figure 4.13: Buildup fraction for the 3wt% CeCl3 experiment. 

4.6 Ideal Operating Conditions 

 In this section, the ideal rate and configuration was determined.  The idea is to 

provide conditions that would yield the largest amount of clean salt per time (g/hr) and  

achieve a given purity and percentage of recycled salt.  Specifically, the effects of 

multiple zone freezing stages are considered at the different rates and conditions.  Many 

variations can be explored, such as multiple stages using different rates and conditions for 

each stage.  However, for simplicity, each zone freezing train is operated under the same 

rate and conditions.  Using this method the ideal rate, conditions, and number of stages 

can be identified.  Other areas, such as economics, can be used for optimization; 

however, they are not explored in this work. 

 As shown by the results summarized in Table 4.4, the 1.8 mm/hr rates (on an 

average) have the greatest amount of salt recycled with the highest concentration of CsCl 

in the waste stream.  The (3.2 and 5.0) mm/hr growth rates have a smaller percentage of 

recycled salt per run or stage, but they have a higher mass flow rate of recycled salt.  By 

using multiple recycle stages, or in other words, processing the waste from one stage in a 

subsequent stage (see Figure 4.14), the faster growth rates may provide a sufficient 

percentage of clean salt at a faster rate.     
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Figure 4.14: Schematic illustrating multiple zone freezing stages. 

 Table 4.5 shows the results of adding multiple stages for each experimental 

condition.  The first stage is the same as reported experiments; however, since the waste 

composition is greater for the second stage, predicted values are used.  For example, the 

5.0 mm/hr rate with a no-lid configuration has a 37%, 17%, and 5% recycle for the first, 

second and third stages, respectively.   Here, the third stage adds little and an additional 

stage would not be feasible.  The recommended rate for the no-lid configuration depends 

on the required percentage of salt to be recycled.  If 50% of the salt is to be recycled, then 

a single stage process operated at 3.2 mm/hr has the highest recycle flow rate of 1.79 

g/hr.  If 70% is required, then a single stage, 1.8 mm/hr process is recommended.   For a 

recycle of greater than 80% of the salt, a two stage, 1.8 mm/hr process is needed.   
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 For the lid configuration, the concentration profiles in all three rates were the 

same so the 5.0 mm/hr rate was selected due to quick growth times.  The most attractive 

feature of this configuration and rate is the high recycle flow rate (3.57 g/hr for first 

stage) with a high percentage of recycled salt (63% for first stage).  In this case, four 

stages can be effectively used to achieve a higher percentage of recycled salt.  By the end 

of the fourth stage, 86% of the salt can be recycled with a mass flow rate of 2.75 g/hr.  

For the ΔT of 300°C cases, it is only feasible to use multiple stages at 5.0 mm/hr, and 

then, the effectiveness of the second and third stages is low.  If 50% recycled is required 

then a single stage, 5.0 mm/hr process is ideal.  If greater than 60% of the salt is to be 

recycled, then the 1.8 mm/hr is needed.   

 The 400 g cases are not shown in Table 4.5 because the scale is different and a 

direct comparison with other conditions has not been attempted here.  However, the 

recommended conditions for the 50 g experiments are applied to the 400 g cases since 

their differences in the explored ranges are small.  A comparison between the ideal rates 

within the experimental conditions and stages shows that the 5.0 mm/hr rate with a lid 

configuration is the overall best for high throughput and percentage of salt recycled per 

time.  The number of stages used depends on the required percentage of salt required for 

recycle.  It is anticipated that using a lid configuration on the 400 g cases would yield 

similar results.   
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Chapter 5 Modeling Results and Discussions 

5.1 Effects of Modeling Parameters 

 Several key parameters are used to describe the concentration profile in the solid 

phase, which are k, R, D, and δ.  In this section, the effect of these parameters will be 

explored using the  non-mixed, well-mixed, and Favier models.  In the non-mixed model, 

parameters k, R and D are used.  To see the effect of k, parameters R and D were set at 

1.8 mm/hr and 6.0 × 10-10 m2/s, respectively, while k was varied.  The effect of k on the 

non-mixed model is shown in Figure 5.1.  As k increases, the initial slope of the 

concentration curve increases and the steady state condition is reached rapidly.  Also, the 

concentration of the solute at the onset of solidification increases with increasing k.  As a 

result of the above observations, and if only k is considered, then a smaller k corresponds 

to a lower solute concentration in the solid. 

 

Figure 5.1: Effect of varying k in the non-mixed model.  R = 1.8 mm/hr and D = 6.0x10-10 m2/s. 

 Figure 5.2 shows the effect of varying R and D in the non-mixed model.  In the 

non-mixed model, R and D appear as a ratio (R/D).  For ease of comparison, the ratio 

R/D is varied within the ranges 400 to 2,800 with k set at 0.05.  It is observed that as the 

ratio R/D increases, the slope of the concentration curve increases and the steady state 

conditions are reached faster.  As the ratio of R/D decreases, a lower concentration of 
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solute in the solid is obtainable.  This implies that as R decreases, it will result in a 

cleaner salt. Likewise, as D increases, better separation will occur.  

 

Figure 5.2: Effect of varying R and D in the non-mixed model.  k was kept constant at 0.05. 

 In the well-mixed model there is only one parameter keff.  However, keff is a 

function of k and Δ (Eqn. 2.17).  Figure 5.3 shows the effect of varying k while Δ was 

kept constant at a value of unity.  In this case, keff was changed from 0.02, 0.1, 0.3, 0.6, 

0.8, and 1.0 and the k for each was calculated to be 0.03, 0.14, 0.32, 0.50, 0.56, and 0.61, 

respectively.  As k increases, the amount of solute in the solid phase also increases.  

Therefore, a smaller value of k corresponds to better separation and a purer solid product. 
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Figure 5.3: Effect of varying k in the well-mixed model. Δ was set constant at unity. 

 Figure 5.4 shows the effect of varying Δ in the well-mixed model with k = 0.1.  

Interestingly, as the value of Δ increases, the solute concentration in the solid appears to 

be reduced.  This seems to be in contrast with the idea that a greater order of mixing in 

the liquid provides better separation (smaller Δ means more mixing).  An explanation 

comes from looking at the keff values for this system.  For example, the values of Δ have 

been varied from 0.1, 0.5, 1, and 5 and the corresponding keff values were 0.51, 0.20, 

0.14, and 0.09, respectively.  The reason separation appears to be better with less mixing 

is because in order to maintain a value of k = 0.1 for all four cases, the keff must 

decreases.  When keff is forced constant at 0.4, then the corresponding k values for the 

varied Δ's are 0.38, 0.29, 0.20, and 0.004, respectively. The ratio of keff to k, is the ratio of 

the concentration of the liquid at interface to the bulk concentration.  Here, CL/CB is 1.1, 

1.4, 2.0, and 90 for the values of Δ above, respectively.  The effect of Δ is that as it 

increases, the mixing effect is reduced significantly as indicated by the large 

concentration of solute at the interface verses the bulk.  Since Δ = Rδ/D, as D increases 

the parameter Δ must decrease and as R or δ increase, Δ must increase.  This is consistent 

with the above observations. 
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Figure 5.4: Effect of varying Δ in the well-mixed model.  k was set constant at 0.1. 

 As in the well-mixed model, the main parameters in the Favier model are k and Δ.  

The interplay between these parameters here are the same as above because both models 

are based on the definition of keff.  However, Figure 5.5 shows a graphical representation 

of the effect of k in the Favier model with Δ equal to 2.3.  Again, as k increases the order 

of solute rejection decreases.  Figure 5.6 shows the effect of varying Δ with k equal to 

0.1.  In this case, for values of Δ close to one, the concentration curve resembles the well-

mixed model.  As Δ increases to a value of five, the concentration curve transitions to a 

non-mixed type profile.  
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Figure 5.5: Effect of varying k in the Favier model.  Δ was kept constant at 2.3.  

 

Figure 5.6: Effect of varying Δ in the Favier model.  k was kept constant at 0.1. 

 In general, as k increases, the solute concentration in the solid also increases.  

Also, as the transport parameter Δ is increased the mixing becomes more diffusion 

dominant and increased solute concentration in the solid results.  There is an interplay 

between k and Δ at the interface as discussed above.  The parameter Δ, describes the 

transport conditions within the liquid phase.  k is a measure of the thermodynamics and 
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is a function of the solute concentration.  Therefore, k then is not only a function of R, D, 

and δ, but it is a function of the composition as well.          

5.2 Model Fitting 

 Regression techniques were used to fit the non-mixed, well-mixed, and Favier 

models to the data by adjusting k and keff.  The k and keff values for the non-mixed and 

well-mixed models, respectively, were found using the solver function in Excel by setting 

the R2 value equal to one.  The k for the Favier model was found by minimizing the error 

using a least squares (lsqnonlin) function in MATLAB.  In the case of the non-mixed 

model, only the data points close to and below the initial composition were used.  This is 

because the assumption is made in the non-mixed model that once the initial composition 

is reached, the system is at a steady state and end effects are outside the range of the 

model.  The fitted keff and k parameters are shown in  Table 5.1 for the different 

experimental conditions.  The well-mixed model uses keff  which is in terms of the bulk 

liquid composition.  Using Eqn. 2.17 and the measured Δ, k can be calculated from keff.   

 Table 5.1: Fit segregation coefficients for the different models and experimental conditions. 

Growth 
Rate 

(mm/hr) 

Parameter 
Δ 

Non-
Mixed 

(k) 

Well-
Mixed 
(keff) 

Well-
Mixed 

(k) 

Favier 
(k) 

50 g, No-Lid Configuration, ΔT = 200°C 
1.8 1.04 0.093 0.403 0.192 0.226 
2.9 1.58 0.065 0.540 0.194 0.175 
4.7 2.70 0.056 0.559 0.079 0.100 

50 g, Lid Configuration, ΔT = 200°C 
2.0 1.00 0.063 0.673 0.431 0.425 
3.3 1.69 0.063 0.553 0.186 0.228 
5.2 2.44 0.034 0.703 0.170 0.166 

400 g, No-Lid Configuration, ΔT = 200°C 
2.5 1.54 0.030 0.475 0.162 0.156 
4.1 2.17 0.030 0.539 0.118 0.122 
6.4 3.52 0.024 0.549 0.035 0.039 

50 g, No-Lid Configuration, ΔT = 300°C 
1.8 1.00 0.068 0.475 0.249 0.284 
3.1 1.47 0.078 0.563 0.228 0.253 
4.8 2.28 0.043 0.504 0.095 0.114 
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    Figure 5.7 shows the best fit for the three models with the experimental data for 

the 1.8  mm/hr rate conducted using a no-lid configuration and a ΔT of 200°C.  Here, the 

non-mixed model has the worst fit with an R2 value of 0.64 for the first three points.  

Based on the value of Δ = 1.04, the transport regime is expected to be convective; and 

therefore, it makes sense that the non-mixed model fits poorly.  The well-mixed model 

and the Favier model have similar trends with R2 values of 0.88 and 0.82, respectively.  

The only key difference between the well-mixed and Favier models occurs up to 5% of 

the salt solidified.  Here, the Favier model increases rapidly from the initial position at 

k.C0 to the well-mixed position at the location of τ*.  In a convective regime, it is 

expected that the well-mixed and Favier models would match the data; however, the 

basic trend or slope of both models differ from the measured data.      

 

Figure 5.7: Comparison of the experimental data (1.8 mm/hr, 50 g, No-Lid Configuration, ΔT = 200°C) 
with the non-mixed, well-mixed and Favier models 

  For the 3.2 mm/hr rate (see Figure 5.8), the non-mixed model actually fits the 

first three data points with an R2 value of 0.95.  This is unexpected because according to 

Δ (1.58), the transport regime should still be convective.   The well-mixed and Favier 

models at 3.2 mm/hr are again similar with R2 values of 0.92 and 0.81, respectively.  At 

5.0 mm/hr (see Figure 5.9), the non-mixed model follows the data closely with an R2 

value of 0.92.  Trends for the well-mixed and Favier models continue to be similar at the 

5.0 mm/hr rate, though at this advancement rate, the non-mixed model is better. 
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Figure 5.8: Comparison of the experimental data (3.2 mm/hr, 50 g, No-Lid Configuration, ΔT = 200°C) 
with the non-mixed, well-mixed and Favier models. 

 

Figure 5.9: Comparison of the experimental data (5.0 mm/hr, 50 g, No-Lid Configuration, ΔT = 200°C) 
with the non-mixed, well-mixed and Favier models. 

 For the lid configurations the well-mixed and Favier models fit the experimental 

data with R2 values ranging from 0.70 to 0.80.  However, again the basic slope of the 

lines are different from the experimental data as can be seen from Figure 5.10 for the 5.0 

mm/hr rate.  The non-mixed model fits only slightly better for the first three data points 

with R2 values ranging from 0.24 to 0.81.  All of the model comparisons with the 

experimental data are shown in Appendix E.  
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Figure 5.10: Comparison of the experimental data (5.0 mm/hr, 50 g, Lid Configuration, ΔT = 200°C) with 
the non-mixed, well-mixed and Favier models. 

  For the 400 g experiments, the well-mixed and Favier models fit the basic trend 

of the experimental data as shown in Figure 5.11 for the 3.2 mm/hr rate.  In this case, the 

non-mixed model does not fit well with an R2 of 0.53 for the first 6 data points.  The 

basic trend observed in Figure 5.11 is also observed for the 1.8 mm/hr and 5.0 mm/hr 

rates at 400 g, as well as all of the ΔT of 300°C cases. From this result, it appears that the 

400 g and ΔT of 300°C are primarily well-mixed systems despite the larger values of Δ 

for the faster rates.  With closer observation, it was observed that the Gr number in these 

experiments are larger  than the other experiments performed.  This difference in the Gr 

should be reflected in the parameter Δ; however, values of Δ are nearly the same.  It was 

notes in Chapter 4 that the Sc, D, and r were nearly the same as well.  As a result, the 

dominant term in determining the parameter Δ for these systems is the growth rate.  Since 

the 400 g and ΔT of 300°C cases have a higher Gr number on average it is possible that 

heat transfer from the liquid to the growing solid is increased.  This could have the effect 

of "warming" the solid-liquid interface, thus slowing the actual growth rate.    
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Figure 5.11: Comparison of the experimental data (3.2 mm/hr, 400 g, No-Lid Configuration, ΔT = 200°C) 
with the non-mixed, well-mixed and Favier models. 

  The basic trend observed from the 50 g, no-lid and lid configurations at a ΔT of 

200°C is that non-mixed model in fits well for approximately the first half of the grown 

crystal.  Therefore, it seems apparent that the experimental transport regime may have 

been diffusion dominant in this region.  If this phase were diffusion dominant, then it 

stands to reason that the entire sample would be diffusion dominant unless the parameter 

Δ is decreasing throughout.  The diffusion coefficient will remain constant, and δ is only 

likely to increase throughout the process. For Δ to decrease, R should decrease 

throughout the process.   That is, if the actual growth rate of the salt was fast initially 

(high Δ), and then slowed down throughout the process (low Δ), then a transformation 

from a diffusion dominant regime to a convection dominant regime is possible.  Liquid 

mixing as discussed above may contribute to the decreasing growth rate.  However, 

another possible explanation is the amount of solute at the interface is large enough to 

lower the melting temperature of the mix.  As the melting temperature decreases, the 

amount of heat in the surrounding material must decrease before phase change will occur.  

This could effectively reduce the growth rate of the solid.  

 Another reason that the modeling may yield results different from expected is due 

to the assumption made in the respective models that equilibrium at the interface prevails.  

If equilibrium at the interface were prevailing, then a near perfect separation would result 
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since k0 is equal to zero for this system.  This indicates that separation of CsCl from the 

LiCl-KCl must be due to kinetic effects at the interface.  Indeed, it has been shown earlier 

that k is a function of the rate and composition.  As a result, it is very possible that k is 

not constant throughout the growing period.     

5.3 A Hybrid Model 

  The general trend for the 50 g, no-lid and lid configuration data is that in the first 

portion of the crystal the non-mixed model fits best, and for the ending portion the well-

mixed model fits best.  As a result of these observations, it seems logical to combine the 

non-mixed and well-mixed models to form a hybrid model. Since the Favier model and 

the well-mixed model are in most cases nearly identical, it is recommended that the well-

mixed model be used.  For simplicity, a simple weighted average method will be used to 

combine the non-mixed and well-mixed models together as shown below: 
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where CNon-Mixed represents the non-mixed model and CWell-Mixed represents the well-

mixed model.  The k and keff parameters listed in Table 5.1 are used.   

 To understand how each model is contributing on the overall effect of each 

model, the first and second terms of Eqn. 5.1 were analyzed.  By dividing the first and 

second terms of Eqn. 5.1 by CHybrid, it is possible to see the exact amount that each 

equation contributed to the whole solution.  For example, for the 1.8 mm/hr rate of a lid 

configuration, the individual terms on the RHS of Eqn. 5.1 were calculated and then 

divided by the sum of the two.  The results are shown in Figure 5.12.  The plot shows that 

initially all of the hybrid solution stems from the non-mixed solution, and conversely near 

the end.   This observation is expected due to the applied weighting factor.  It should be 

noted that the curves for the non-mixed and well-mixed terms are a mirror image of each 

other.  The figure and trends shown below are typical of all other experimental data sets.  
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Figure 5.12: The total fraction contributed by the non-mixed and well mixed models to the hybrid solution. 

 Of more interest is the dynamics of each model’s contribution.  This can be found 

by calculating each term in Eqn. 5.1 for several locations of the interface h/h0.  By 

summing these terms, the total fraction of each model can be determined.  Dividing the 

individual contribution values by its total fraction results in the distribution at each 

location, as shown in Figure 5.13.  Here, it can be seen that each of the models 

contributes differently than expected.  For example, it would seem that the non-mixed 

model would have the greatest influence initially.  However, from the plot shown in 

Figure 5.14, it can be seen that its influence is initial small and it gradually increases to a 

maximum around h/h0 = 0.38 and then decreases.  The well-mixed model on the other 

hand, plays and increasing role throughout with most of its influence being seen near the 

end of the specimen.  The intersection of the two points represents the transition of 

influence between the two models.  In other words, up until about h/h0 = 0.65, the most 

influential model is the non-mixed; and after 0.65, it is dominated by the well-mixed 

model.  This result is different from what may have been initially concluded by 

observation.  Figure 5.13 is very typical of results for all of the experimental conditions.  

In fact, the transition points for all experiments were calculated to be at an average of 

0.67±0.02.   
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Figure 5.13: The fraction of influence for the non-mixed and well-mixed models. 

 One advantage to the hybrid model is that the k is effectively increasing 

throughout.  The exact relationship between the effective hybrid k (keffH) and other 

parameters will not be attempted here.  However, conceptually, it can be seen that keffH  is 

basically a function of k and keff used in the non-mixed and well-mixed models.  Another 

advantage is that this model provides a means for transition between two flow regimes as 

discussed above.  For this to be conceptually true, Δ must be changing.  This indicates 

that keffH will in part be a function of Δ.   

 Figure 5.14 shows the comparison between the non-mixed, well-mixed, and 

hybrid model for the experiment conducted at 5 mm/hr, 50 g, no-lid configuration, at ΔT 

= 200°C.  Here, the hybrid model fits best with an R2 value of 0.96.  The hybrid model 

was applied to all of the experimental data, which is also shown in Appendix E.  The 

hybrid model fits the experimental data better than the non-mixed and well-mixed cases 

for the 50 g, no-lid and lid configurations.  However, for the 400 g and ΔT of 300°C 

cases the well-mixed model fits better as shown in Figure 5.15.  It is interesting to note 

that the hybrid model still fits ok for the data with the exception of the first three data 

points.  Overall, it appears that the hybrid model can be used to all of the experimental 
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conditions.  However, it fits the data especially well when the flow is in a convection-

diffusion regime.  

 

Figure 5.14: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 5.0 mm/hr, 50 g, no-lid configuration, and a ΔT = 200°C.  

 

Figure 5.15: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 5.0 mm/hr, 400 g, no-lid configuration, and a ΔT = 200°C. 
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Chapter 6 Summary and Recommendations 

6.1 Summary 

 In this work, a zone freezing process has been studied to explore the separation of 

CsCl from the eutectic LiCl-KCl salt.  The purpose of this work was to indentify key 

parameters and conditions to provide optimal zone freezing performance.  This was done 

by studying the effect of the advancement rate, crucible lid configurations, mixture and 

crucible size, and the difference between the temperatures of the hot and cold furnace 

zones.   

 From the equilibrium phase diagram, a maximum recycle yield of 94% of the 

electrorefiner salt was calculated    indicating good separation feasibility.  Several models 

were presented to describe the melt crystallization process and specifically, the solute 

concentration in the liquid phase.  The well-mixed model (Eqn. 2.7) assumes that 

equilibrium conditions at the interface prevail and that no concentration gradients in the 

liquid phase exist.  The effective segregation coefficient keff is used to describe the solid 

concentration at the interface. The non-mixed model (Eqn. 2.14) has been developed with 

the assumption that equilibrium prevails at the interface; however, mixing of the liquid 

phase is due to diffusion and a concentration buildup at the interface occurs.  The 

segregation coefficient k, is used to model the solid composition.  The Favier model was 

developed to account for convection-diffusion flow regimes using the parameters k      

and Δ. 

 Experiments were conducted at (1.8, 3.2 and 5.0) mm/hr for the following 

parameter variations: (1) lid versus no-lid crucible configurations, (2) 50 g versus 400 g 

mixture sizes, (3) initial salt compositions of (1, 3, and  5) wt% CsCl  and (4) temperature 

differences between furnace zones of 200°C and 300°C.  During experiments, the 

temperatures were measured at select locations around the salt to provide temperature 

profiles of the salt with respect to time.  Only four thermocouples were used and the 

actual heat transfer data were not measured in this work.  Following the crystal growing 

experiments, samples were collected and analyzed using elemental analysis. 
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 From the measured temperature profiles the effective growth rate was 

approximated as well as the growth time.  Data collected from elemental analysis and the 

buildup fraction (Eqn. 4.6) was used to calculate amount of total salt that can be recycled 

at a given purity.  To identify the ideal rates and conditions, a comparison was made 

using the recycled salt purity, amount of salt, and time.  The required salt purity was 

assumed to be 2 wt% CsCl in this analysis.  The ideal conditions were found by 

maximizing the amount of salt recycled while minimizing the time required.  From this, it 

is recommended that a lid-configuration condition with a ΔT of 200°C be used.  Also, the 

400 g mixtures show increased performance.  It is anticipated that operating the 400 g 

mixtures with a lid-configuration will yield even better results.  Due to time constraints, 

additional experiments were not conducted but are needed to confirm the above 

assumption. 

 The modeling parameters k and Δ were systematically varied within the models to 

determine their effects on the solute concentration profile.  In all the models, as k 

increased (transport conditions aside) the amount of solute in the solid also increased.  As 

the parameter Δ increased, the magnitude of solute mixing decreases and as a result a 

larger concentration gradient in the boundary layer adjacent to the solid-liquid interface 

increases.  This increase of solute concentration also causes k to decrease.  As a result of 

these comparisons, conceptually it can be concluded that k is a function of the parameter 

Δ (R, D, and δ) and the solute concentration and temperatures at the interface.   

 The non-mixed, well-mixed and Favier models were compared to the 

experimental data.  For the 400 g and ΔT = 300°C cases the Favier and well-mixed 

models fit the trend of the experimental data best. In these cases, the Gr was greater, and 

therefore, these models were expected to fit better.  For the 50 g lid and no-lid 

configurations, the basic trend was that the non-mixed model fit well for the top portion 

of the crystal and the well-mixed and Favier models fit best for the bottom portion of the 

crystal. This result may indicate that the transport regime is shifting from a diffusion 

dominant regime to a convection dominant regime (Δ moves from high to low).  For this 

to occur, the growth rate must also be decreasing.  Also, it is apparent that k is not 

constant throughout the growing period.  To account for these observations, a hybrid 
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model was developed using a weighted average method between the non-mixed, and 

well-mixed models.  In the hybrid model, the parameter Δ is effectively decreasing while 

k is increasing.  The hybrid model fits every experimental case; however, it fits best for 

the 50 g, lid and no-lid configurations due to the transport transition from non-mixed to 

well-mixed. 

6.2 Recommendations for Future Work 

For the experimental part, it is recommended to further explore the separation 

characteristics of SrCl2 in the LiCl-KCl salt using zone freezing and to determine the 

CsCl and SrCl2 diffusion coefficients in the molten salt to aid in the modeling an analysis 

of the data.  Additional experiments are necessary to investigate effects of using a lid 

configuration on separation, specifically the 400 g case and those of radial segregation. 

Future work should include the studies on higher mass fractions to explore the prospect 

of operating multiple zone freezing stages and the actual temperatures of the liquid salt 

during run time to fully understand the growth rate and flow conditions in the salt. 

For the modeling aspect, two-dimensional studies of segregation are 

recommended to explore the effect of radial freezing and segregation as well as axial.  

Dimensional analysis can be explored to determine a function to describe the effective 

'hybrid' k.  Future work should focus on the kinetics and thermodynamics of the process 

to help find the expression for k that can account for these fundamentals.     
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Appendix A - MATLAB Programs 

A.1 Main Program 
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A.2 Experimental Data and Conditions 
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Appendix B - Photos of Grown Crystals 
 

 

Figure B.1 Top and bottom view of grown crystal ingots of 3 wt% salt with a no-lid configuration. 

 

Figure B.2: Top and bottom view of crystals grown from a 3 wt% salt.  400 g samples were used. 
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Figure B.3: Top and bottom view of crystals grown from a 3 wt% salt with a ΔT of 300°C. 
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Appendix C - Temperature Profiles 
 

 

Figure C.1: Temperature profile for the 1.8 mm/hr, 50 g, no-lid configuration, with a ΔT of 200°C. 

 

Figure C.2: Temperature profile for the 3.2 mm/hr, 50 g, no-lid configuration, with a ΔT of 200°C. 
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Figure C.3: Temperature profile for the 5.0 mm/hr, 50 g, no-lid configuration, with a ΔT of 200°C. 

 

Figure C.4: Temperature profile for the 1.8 mm/hr, 50 g, lid configuration, with a ΔT of 200°C. 
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Figure C.5: Temperature profile for the 3.2 mm/hr, 50 g, lid configuration, with a ΔT of 200°C. 

 

Figure C.6: Temperature profile for the 5.0 mm/hr, 50 g, lid configuration, with a ΔT of 200°C. 
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Figure C.7: Temperature profile for the 1.8 mm/hr, 400 g, no-lid configuration, with a ΔT of 200°C. 

 

Figure C.8: Temperature profile for the 3.2 mm/hr, 400 g, no-lid configuration, with a ΔT of 200°C. 
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Figure C.9: Temperature profile for the 5.0 mm/hr, 400 g, no-lid configuration, with a ΔT of 200°C. 

 

Figure C.10: Temperature profile for the 3.2 mm/hr, 50 g, no-lid configuration, with a ΔT of 300°C. 
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Figure C.11: Temperature profile for the 5.0 mm/hr, 50 g, no-lid configuration, with a ΔT of 300°C. 
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Appendix D - Local Mass Fraction Plots 

 
Figure D.1: Comparison of the 1 wt%, 3 wt%, and 5 wt% CsCl salts run at 5 mm/hr with a no-lid 

configuration and 50 g salt samples 

 

Figure D.2: Comparison of the local weight fraction at varying rates for a 3 wt% CsCl, 50 g salt sample run 
with a ΔT of 200°C and a lid configuration.  

 

0

0.5

1

1.5

2

2.5

0 0.2 0.4 0.6 0.8 1

(L
oc

al
 ω

C
sC

l)/
(I

ni
tia

l ω
C

sC
l)

h/h0

1 wt% Initial CsCl

3 wt% Initial CsCl

5 wt% Initial CsCl

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0 0.2 0.4 0.6 0.8 1

L
oc

al
 ω

C
sC

l

h/h0

1.8 mm/hr
3.2 mm/hr
5.0 mm/hr



94 
 

 

Figure D.3: Comparison of the local weight fraction at varying rates for a 3 wt% CsCl, 50 g salt sample run 
with a ΔT of 200°C and a no-lid configuration. 

 

Figure D.4: Comparison of the local weight fraction at varying rates for a 3 wt% CsCl, 400 g salt sample 
run with a ΔT of 200°C and a no-lid configuration. 
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Figure D.5: Comparison of the local weight fraction at varying rates for a 3 wt%, 50 g salt sample run with 
a ΔT of 300°C and a lid configuration.  
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Appendix E - Modeling Comparisons 
 

 

Figure E.1: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 1.8 mm/hr, 50 g, lid configuration, and a ΔT = 200°C. 

 

Figure E.2: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 3.2 mm/hr, 50 g, lid configuration, and a ΔT = 200°C. 
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Figure E.3: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 5.0 mm/hr, 50 g, lid configuration, and a ΔT = 200°C. 

 

Figure E.4: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 1.8 mm/hr, 50 g, no-lid configuration, and a ΔT = 200°C. 
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Figure E.5: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 3.2 mm/hr, 50 g, no-lid configuration, and a ΔT = 200°C. 

 

Figure E.6: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 5.0 mm/hr, 50 g, no-lid configuration, and a ΔT = 200°C. 
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Figure E.7: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 1.8 mm/hr, 400 g, no-lid configuration, and a ΔT = 200°C. 

 

Figure E.8: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 3.2 mm/hr, 400 g, no-lid configuration, and a ΔT = 200°C. 
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Figure E.9: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 5.0 mm/hr, 400 g, lid configuration, and a ΔT = 200°C. 

 

Figure E.10: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 1.8 mm/hr, 50 g, no-lid configuration, and a ΔT = 300°C. 
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Figure E.11: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 3.2 mm/hr, 50 g, no-lid configuration, and a ΔT = 300°C. 

 

Figure E.12: Comparison of the non-mixed, well-mixed, Favier, and hybrid models.  Experimental 
conditions were; 5.0 mm/hr, 50 g, no-lid configuration, and a ΔT = 300°C. 
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