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Abstract – In prismatic block High Temperature Reactors (HTR), highly absorbing 

material such a burnable poison (BP) cause local flux depressions and large 
gradients in the flux across the blocks which can be a challenge to capture 

accurately with traditional homogenization methods. The purpose of this paper is to 
quantify the error associated with spatial homogenization, spectral condensation 

and discretization and to highlight what is needed for improved neutronics 
treatments of burnable poisons for the prismatic HTR. A new triangular based mesh 

is designed to separate the BP regions from the fuel assembly. A set of packages 
including Serpent (Monte Carlo), Xuthos (1storder Sn), Pronghorn (diffusion), 

INSTANT (Pn) and RattleSnake (2ndorder Sn) is used for this study. The results from 
the deterministic calculations show that the cross sections generated directly in 

Serpent are not sufficient to accurately reproduce the reference Monte Carlo 
solution in all cases. The BP treatment produces good results, but this is mainly due 
to error cancellation. However,  the Super Cell (SC) approach yields cross sections 
that are consistent with cross sections prepared on  an “exact” full core calculation. 
In addition, very good agreement exists between the various deterministic transport 
and diffusion codes in both eigenvalue and power distributions. Future research will 

focus on improving the cross sections and quantifying the error cancellation. 

I. INTRODUCTION 
 
It is essential for the analysis of prismatic HTRs 

to accurately determine the effects of Burnable 
Poison (BP) pins. Local effects from BP pins are less 
pronounced in an HTR core than in a Light Water 
Reactors (LWR). However, with burnable poison 
pins located in the corner of a block surrounded by 
reflector blocks on both adjacent sides, the flux 
depression can be quite significant.  Additionally, 
due to the long neutron migration lengths in HTRs, 
the area of influence of BPs is spread over 
neighboring blocks. Error in calculation of the 
absorption reaction rates of these regions can have a 
significant impact on the local poison depletion and 
the isotopic distribution in the surrounding fuel as a 
function of time[1]. Consequently, these 
accumulative errors would affect power distribution 
and shutdown margin predictions through the cycle.  

In a similar fashion to the method used by CEA 
in the analysis of the High Temperature Test Reactor 
(HTTR)[2], the Idaho National Laboratory (INL) has 
developed a triangular based mesh to isolate the BP 
regions with a new meshing routine available in 
Pronghorn[3], an application of the Multi-Physics 

Object Oriented Simulation Environment 
(MOOSE)[4]. 

A set of cross sections and a reference solution 
were prepared with the continuous energy Monte 
Carlo code Serpent[5, 6]. Unfortunately, the 
preparation of few group cross sections for HTR 
reactors from Monte Carlo calculations is not a well 
developed area. We aim to better understand this 
process and to improve our cross section preparation 
capability.    

An investigation on how the BP affects the 
deterministic calculations is conducted with different 
neutron transport models. The codes used for the 
study are Pronghorn (diffusion), INSTANT (Pn) [7], 
Xuthos (Sn 1storder)[8] and RattleSnake (Sn 
2ndorder)[9]. Errors due to the spatial 
homogenization, group condensation, and 
discretization in space and angle are isolated through 
application of the different methods used by these 
codes. 

 
II. MESH GENERATION 

 
Right hexagonal prism graphite blocks 
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finite element framework. Its neutronics part solves 
the multigroup diffusion equation 

      (7) 

where 
 

                                     (8) 
 
with the continuous FEM. 

The boundary condition for the diffusion 
equation is 

 

                                      (9) 

 
No transport corrections are applied on the 

vacuum boundary. MOOSE supports spatial 
polynomial order up to 3, however first order 
Lagrange polynomials were used for the scalar flux 
solutions. 

 
II.C. INSTANT 

 
INSTANT solves the transport equation Eq. (3) 

in the even-odd parity form with the Pn (spherical 
harmonics expansion) in angle and the hybrid finite 
element method in space (also known as Variational 
Nodal Method (VNM)[16]). Pn order up to 33 is 
supported by INSTANT. The detailed weak form can 
be found in Ref[7].The build-in unstructured mesh 
framework makes INSTANT able to solve problems 
on 2D Cartesian, hexagonal and triangular meshes 
and 3D Cartesian, extruded hexagonal and triangular 
meshes in parallel. The spatial discretization error is 
controlled by two polynomial orders  (the 
polynomial order of shape functions used to expand 
the even parity interior of elements) and (the 
polynomial order of shape functions used to expand 
the odd parity over sides of elements),which must 
satisfy the rank condition.  In this study we always 
set 

 
                                                      (10) 

 
and used the same order for all the triangles. 

 
 
 

II.D. RattleSnake 
 
RattleSnake is a radiation Sn transport 

application built using the MOOSE finite element 
framework. RattleSnake is designed to be easily 
inserted into a system from pin-resolved fuel 
performance analysis to full-core safety analysis for 
tightly coupled multiphysics simulations. 
RattleSnake solves the multigroup Sn transport 
equation Eq. (1) in the formulation of Self-Adjoint 
Angular Flux (SAAF)[17] with a continuous finite 
element method. It solves both the transient and 
eigenvalue problems. Because RattleSnake is based 
on MOOSE, it can solve problems on 2D and 3D 
unstructured higher-order meshes in parallel. The 
same Gauss-Chebyshev angular quadrature as 
Xuthos is used by RattleSnake.  Uniform polynomial 
order is used in this study. 

 
V. RESULTS 

 
V.A. Xuthos deterministic reference results 

 
We determined the angular convergence with 

case 1 and 2 groups by varying the number of polar 
angles and the number of azimuthal angles per 
octant. The errors of k-effective are plotted in Fig 4. 
The reference k-effective is generated with a 
significant larger number of polar angles equal to 32 
and a larger number of azimuthal angles equal to 48 
per octant. 

 
Fig 4: Angular convergence of k-effective with 
Xuthos. 
 

We can see the k-effective converges to the 
reference one slightly faster with respect to the 
number of polar angles. The error is less than 1 pcm 
with 4 polar angles and 6 azimuthal angles. The 
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error is further reduced below 0.1 pcm with 6 polar 
angles and 12 azimuthal angles. To be more 
conservative, we later use 8 polar angles and 18 
azimuthal angles to generate all reference results for 
all cases and all the number of energy groups. 

The adapted group-dependent meshes are 
illustrated for case 4 with 9-group using the  cross 
section set from the full core SERPENT calculation. 
 

 
(b) Group 2 

 
(h) Group 8 

Fig. 5: 9-group adapted meshes. 
 

The resulting meshes for the fast groups 1 to 5 
have the similar elements. Likewise, the meshes for 
the epithermal groups 6 and 7and the thermal 
meshes of group 8 and 9have similar characteristics 
to each other. We only give a mesh of a 
representative fast group (group 2) and a mesh of a 
representing thermal group (group 8). The adapted 
meshes tend to be refined at the places where the 
solutions vary most rapidly. The adapted meshes can 
give us an idea on how the material discontinuity 
affects the solution. 

The k-effective comparison with the FC cross 
section set is listed in Table 2. The results show that, 
with the exception of case 2, the eigenvalue 
estimation improves with the refinement of the 
group structure. In case two, the addition of extra 
moderator around the BP pin yields and under-
prediction of the eigenvalue. Without the results 
from cases 1-3 one could conclude that the analysis 
approach works very well for main case of interest, 
case 4. Case 3 indicates that the solution in case 4 is 
improved due to error cancellation when the BP pins 
are introduced. 

 
 

 

Table 2: Differences in k-effective (pcm) between 
Xuthos and Serpent with FC cross section set 

Case 1 Case 2 Case 3 Case 4
2 group 1328.2 394.7 1907.3 931.7

Xuthos 9 group 529.1 -55.1 630.4 176.6
25 group 389.8 -117.2 395.2 46.2

 
The same trend can be observed in the data from 

the super cell calculation, but with slightly higher 
magnitudes in the error. The results indicate that the 
cross sections prepared with the super cell are very 
consistent with those prepared with the full core 
approach. 
 
Table 3: Differences in k-effective (pcm) between 
Xuthos and Serpent with SC cross section set 

Case 1 Case 2 Case 3 Case 4
2 group 1569.5 541.1 2102.4 1096.4 

Xuthos 9 group 588.5 -28.9 679.9 212.8 
25 group 413.8 -126.5 406.1 37.2 

 
The next step in the analysis of the results is to 

examine the differences in the power distributions 
obtained between Serpent and Xuthos. The seven 
fuel blocks in the model are labeled in Fig 6. It is 
important to recall that regions 2-6 use the same 
cross section set, which will explain some of the 
differences in the results.  

 

 
Fig. 6: Assembly map for power reporting. 

 
The percent errors in the normalized block powers 

for the four cases are shown in Table 4. In a similar 
way as with the eigenvalue results, the prediction of 
the block powers consistently improve with 
increasing number of groups in the core calculation. 
Blocks 5 and 6 have the highest errors in all of the 
calculations. These blocks are located near the inner 
reflector, where the spectrum quickly changes when 
neutrons from the reflector penetrate the core. The 
errors originate from the improper cross section 
homogenization of the burned fuel region and we 
can conclude that more spectral zones are required 
to reduce the error. The best estimate of the block 1 
power occurs in case 2. 

In all cases the errors of the BP blocks with 9 
groups are within 4%. These are reduced below 3% 
with the 25 groups structure. For case 1 and case 3, 
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the 25-group structure does not reduce the error 
significantly, just over 1%. The 2-group results are 
generally not acceptable because the error is 
significantly larger around 10%. 

With 9 groups, the difference between SC and FC 
results for all cases are smaller than 0.5%. With 25 
groups, the differences are even smaller around 
0.1%. Therefore, we note that the cross sections 
produced with the super cell can represent those 
from the full core model with great accuracy when 
the number of energy groups is greater than or equal 
to 9. 
 
Table 4: Percent Error of normalized block powers 

of Xuthos versus the Monte Carlo reference 
 

(a) Case 1 
ID Serpent 

power 
2Group 9Group 25Group 

FC a SC b FC SC FC SC 
1 4.179E-1 8.0c 9.4 3.4   3.8 2.5 2.6 
2 6.939E-2 3.2 2.7 1.8   1.6 1.7  1.7 
3 1.161E-1 1.7   2.7 1.0   1.2 0.6  0.7 
4 1.405E-1 1.2   1.9 1.0   0.8 1.3  1.2 
5 6.418E-2 11.3   12.5 6.0   6.3 5.0  5.1 
6 1.361E-1 16.2   17.5 8.1   8.4 6.7  6.8 
7 5.580E-2 4.9   6.1 1.6   1.9 1.0  1.1 

a - with FC cross section set 
b - with SC cross section set 
c- error in percent 

(b) Case 2 
ID Serpent 

power 
2Group 9Group 25Group 

FC SC FC SC FC SC 
1 3.369E-1 7.0 8.5 1.1 1.4 0.3 0.3 
2 6.492E-2 3.9 3.6 1.7 1.6 1.6 1.6 
3 1.283E-1 0.6 0.2 0.7 0.6 0.9 0.9 
4  1.376E-1 0.6 0.1 1.4 1.3 1.6 1.6 
5 8.113E-2 7.4 8.3 2.4 2.6 1.8 1.8 
6 1.843E-1 11.4 12.4 3.5 3.7 2.6 2.6 
7 6.681E-2 1.2 2.1 1.0 0.9 1.3 1.3 

 
(c) Case 3 

ID Serpent 
power 

2Group 9Group 25Group 
FC SC FC SC FC SC 

1 4.762E-1 9.9 10.9 3.9 4.2 2.7 2.8 
2 5.874E-2 4.3 3.6 1.8 1.6 1.6 1.6 
3 1.027E-1 4.5 5.5 2.1 2.3 1.3 1.4 
4 1.269E-1 2.9 3.7 0.5 0.3 1.0 1.0 
5 5.896E-2 16.1 17.2 7.6 7.9 5.9 6.0 
6 1.251E-1 21.4 22.6 9.8 10.1 7.7 7.8 
7 5.146E-2 9.6 10.6 2.9 3.2 1.6 1.7 

 
(d) Case 4 

ID Serpent 
power 

2Group 9Group 25Group 
FC SC FC SC FC SC 

1 4.077E-1 10.1 11.4 3.1 3.4 1.9 1.9 
2 5.749E-2 5.2 4.6 1.9 1.8 1.7 1.6 
3 1.137E-1 2.3 3.2 0.7 0.9 0.2 0.2 
4 1.279E-1 1.0 1.6 1.0 0.8 1.4 1.3 
5 7.188E-2 12.5 13.6 4.8 5.0 3.6 3.6 
6 1.611E-1 17.0 18.2 6.3 6.5 4.8 4.7 
7 6.025E-2 6.1 7.1 1.0 1.2 0.1 0.1 

 

 V.B. Results of other deterministic neutronic 
packages 

 
Only case 1 with the FC cross section set is 

selected for the INSTANT calculations. Similar 
behavior has been obtained for other cases. Results 
are showed in Table 5. 

 
Table 5: INSTANT results of case 1 with 2 groups 

psurf 1 2 3 4
 1.086739a 1.087231 1.087246 1.087251
1 122.7b 171.9 173.4 173.9

 1.084656 1.085563 1.085593 1.085600
3 -85.6 5.1 8.1 8.8

PN order
 1.084517 1.085500 1.085531 1.085538
5 -99.5 -1.2 1.9 2.6

0.00516 
 1.084481 1.085487 1.085518 1.085525
7 -103.1 -2.5 0.6 1.3

 1.084470 1.085483 1.085513 1.085520
9 -104.2 -2.9 0.1 0.8

a - k-effective 
b - error of k-effective in pcm 
c - maximum error of normalized assembly powers in percent 

 
The errors of the P1 results are significantly larger 

than the ones from the higher PN orders. Errors of 
the results with psurf equal to 1 are also significantly 
larger due to the interfering between angular 
discretization and spatial discretization. We notice 
that with unstructured triangular mesh, the minimum 
psurf should be 2. We see a much faster convergence 
with respect to psurf than with respect to PN order. 
The increasing errors of block powers with respect 
to the psurf are due to the cancellation of errors 
caused by the finite PN orders. With PN=9 and 
psurf=4 and with the initial grid, we can make the 
error of k-effective within 1 pcm. However, 
comparing with the error introduced by 
homogenization and condensation, the discretization 
error is quite small, so P5 and the quadratic shape 
function can give us good results. 

Calculations are also performed with 25 groups. 
Results are shown in Table 6 where it is evident that 
the cancellation error is not as significant as in the 2-
group results. Again, P5 and the quadratic shape 
function can give us good results. 
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Table 6: INSTANT results of case 1 with 25 groups. 
psurf 1 2 3

1.077032451.07707451.0770731
1 90.415 94.617 94.476

 1.07599 1.0761131 1.0761136
3 -13.83 -1.517 -1.469

  1.075990611.0761194 1.0761205
PN order 5 -13.769 -0.889 -0.784

0.00619 
 1.075992541.0761235
7 -13.576 -0.476

 1.0759932 1.0761249
9 -13.51 -0.341

 
The errors in the block powers for case 4 using the 

SC cross sections in Pronghorn and INSTANT 
compared to the deterministic reference from Xuthos 
are presented in Table 7. We note that algebraic 
2(p+1) convergence on k-effective with uniform 
mesh refinement is observed in Pronghorn. 
Pronghorn results are generated with linear shape 
functions on a 4 time  uniformly refined mesh. For 
case 4 this mesh had the error in k-effective of less 
than 1pcm. INSTANT results are generated with P5 
and psurf=2. We see that PN results with INSTANT 
match the Xuthos results very well. Errors in the 
diffusion calculations are within 2%. However, 
comparing with the reference MC results, Pronghorn 
results are slightly better than the Xuthos results, as 
showed in Table 8, due to the cancellation of the 
dominant errors associated with the multigroup cross 
sections.  
 
 

Table 7: Deterministic power results for case 4 . 
2 Groups 

Block % Difference from Reference Reference 
Power of 
XuthosPronghorn INSTANT 

1 0.161 0.0032 0.4541 
2 1.148 0.0025 0.0601 
3 0.383 0.0015 0.1100 
4 0.228 0.0006 0.1258 
5 0.606 0.0050 0.0621 
6 1.259 0.0076 0.1318 
7 0.173 0.0032 0.0560 

9 Groups 
1 0.331 0.0051 0.4215 
2 1.431 0.0027 0.0585 
3 0.424 0.0023 0.1127 
4 0.234 0.0012 0.1290 
5 0.796 0.0068 0.0683 
6 1.553 0.0100 0.1505 
7 0.222 0.0042 0.0595 

25 Groups 
1 0.379 0.0289 0.4155 
2 1.567 0.0382 0.0584 
3 0.482 0.0529 0.1135 
4 0.215 0.0265 0.1296 
5 0.859 0.0397 0.0693 
6 1.686 0.0107 0.1534 
7 0.222 0.0467 0.0602 

 
Table 8: Power results for case 4 with 25 groups. 
Case 4, 25 G % Difference from Reference Reference Power

Assembly Pronghorn Xuthos Serpent 
1 1.533 1.919 0.4077 
2 0.057 1.650 0.0575 
3 0.658 0.177 0.1137 
4 1.119 1.337 0.1279 
5 2.778 3.606 0.0719 
6 3.141 4.746 0.1611 
7 0.146 0.076 0.0602 

 
A comparison of critical eigenvalue results is 

also presented in Tables 9 for each of the four cases 
with SC cross sections. Uniform mesh refinement is 
performed for the Pronghorn calculations with the 
linear shape functions. The results show errors less 
than 1 pcm caused by spatial discretization. 
RattleSnake results are generated with 4 polar angles 
and 6 azimuthal angles and with quadratic shape 
functions in space. RattleSnake produces consistent 
results. 

 
Table 9: Eigenvalue results 

(a) case 1 with Serpent reference 1.07223. 
Groups 2 9 25 

Pronghorn -1648 -592 -375 
RattleSnake -1574 -590 -417 
INSTANT -1568 -588 -413 
XUTHOS -1570 -589 -413 

 
(b) case 2 with Serpent reference 1.00020. 

Groups 2 9 25 
Pronghorn -674 -87 35 
RattleSnake -543 24 124 
INSTANT -541 28 126 
XUTHOS -541 29 127 

 
(c) case 3 with Serpent reference 1.07504. 

Groups 2 9 25 
Pronghorn -2174 -697 -395 
RattleSnake -2109 -682 -413 
INSTANT -2101 -678 -404 
XUTHOS -2102 -680 -406 

 
(d) case 4 with Serpent reference 1.01650. 

Groups 2 9 25 
Pronghorn -1177 -262 -66 
RattleSnake -1096 -201 -22 
INSTANT -1098 -215 -39 
XUTHOS -1096 -213 -37 
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IV. CONCLUSIONS 
 

The results show that the Serpent generated cross 
sections do not accurately reproduce the reference 
Monte Carlo solution in all cases. The BP treatment 
(Case 4) produces good results, but this is mainly 
due to error cancellation.  

With regard to the energy group structure, the 2-
group calculations produce results that are generally 
not acceptable without the use of equivalence theory 
parameters. The 9-group can be used for scoping 
calculations and the 25-group structure delivers 
consistently improved results. 

One clear outcome is that the super cell approach 
yields cross sections that are consistent with those 
prepared with an “exact” full core calculation; as 
long as the number of coarse groups is 9 or higher. 

With the BP treatment and homogenization, PN 
order 5 or 4 polar angles and 6 azimuthal angles are 
sufficient for the angular discretization. Spatial 
polynomial order 2 is recommended. In addition, 
very good agreement exists between the various 
deterministic transport and diffusion codes in both 
eigenvalue and power distributions. 

Future research will focus on improving the 
cross sections and better understanding the 
cancellation of errors that take place. Furthermore, 
detailed pin structure calculations are necessary to 
conclude this research successfully. 
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