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1. INTRODUCTION 
 
 

Neutron cross-sections characterize the way neutrons interact with matter. They are essential to 
most nuclear engineering projects and, even though theoretical progress has been made as far as the 
predictability of neutron cross-section models, measurements are still indispensable to meet tight design 
requirements for reduced uncertainties. Within the field of fission reactor technology, one can identify the 
following specializations that rely on the availability of accurate neutron cross-sections: (1) fission reactor 
design, (2) nuclear fuel cycles, (3) nuclear safety, (4) nuclear safeguards, (5) reactor monitoring and neu-
tron fluence determination and (6) waste disposal and transmutation. 

 
In particular, the assessment of advanced fuel cycles requires an extensive knowledge of transu-

ranics cross sections. Plutonium isotopes, but also Americium, Curium and up to Californium isotope data 
are required with a small uncertainty in order to optimize significant features of the fuel cycle that have an 
impact on feasibility studies (e.g. neutron doses at fuel fabrication, decay heat in a repository etc.). 

 
Different techniques are available to determine neutron cross-sections experimentally with the 

common denominator that a source of neutrons is necessary. It can either come from an accelerator that 
produces neutrons as a result of interactions between charged particles and a target or it can come from 
a nuclear reactor. When the measurements are performed with an accelerator, they are referred to as 
differential since the analysis of the data provides the cross-sections for different discrete energies, i.e. 
𝜎(𝐸𝑖), and for the diffusion cross-sections for different discrete angles.  

 
Another approach is to irradiate a very pure sample in a test reactor such as the Advanced Test 

Reactor (ATR) at INL and, after a given time, determine the amount of the different transmutation prod-
ucts. The precise characterization of the nuclide densities before and after neutron irradiation allows to 
infer energy-integrated neutron cross-sections, i.e.∫ σ(𝐸)𝜑(𝐸)

∞

0
𝑑𝐸, where 𝜑(𝐸) is the neutron flux “seen” 

by the sample. This approach which is usually defined and led by reactor physicists is referred to as inte-
gral and is the object of this report.  

 
These two sources of information, i.e. differential and integral, are complementary and are used 

by the nuclear physicists in charge of producing the evaluated nuclear data files used by the nuclear 
community (ENDF, JEFF…). The generation of accurate nuclear data files requires an iterative process 
involving reactor physicists and nuclear data evaluators such as illustrated in Figure 1.1. This experi-
mental program has been funded by the ATR National Scientific User Facility (ATR-NSUF) and by the 
DOE Office of Science in the framework of the Recovery Act. It has been given the name MANTRA for 
Measurement of Actinides Neutron TRAnsmutation. 
 

 
 

Figure 1.1. Iterative process necessary to generate accurate nuclear data files 
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2. GENERAL PRINCIPLES OF NEUTRON CROSS-SECTIONS DETERMINATION THROUGH SAMPLES IRRADIATION 
 
 
2.1. Nuclides transmutation equations 
 

If a sample containing an isotope of mass number A and atomic number Z is irradiated in a neu-
tron field in position 𝑟𝑠, heavier nuclides of mass number A+1, A+2,…. will be produced as a result of suc-
cessive neutron captures and beta decays. As long as no natural decay occurs, the element, i.e. Z, stays 
the same and the atom densities of the A+1, A+2… are given by the following set of coupled equations: 
 

𝑑𝑁𝐴
Z(𝑟𝑠, 𝑡)

𝑑𝑡
= −𝑁𝐴

𝑍(𝑟𝑠, 𝑡) 𝜎̃𝐴,𝑍
𝑎 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) 

𝑑𝑁𝐴+1
Z (𝑟𝑠, 𝑡)

𝑑𝑡
= +𝑁𝐴

𝑍(𝑟𝑠, 𝑡) 𝜎𝐴,𝑍
𝑐 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) − 𝑁𝐴+1

𝑍 (𝑟𝑠, 𝑡) 𝜎̃𝐴+1,𝑍
𝑎 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) 

𝑑𝑁𝐴+2
Z (𝑟𝑠, 𝑡)

𝑑𝑡
= +𝑁𝐴+1

𝑍 (𝑟𝑠, 𝑡) 𝜎𝐴+1,𝑍
𝑐 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) − 𝑁𝐴+2

𝑍 (𝑟𝑠, 𝑡) 𝜎̃𝐴+2,𝑍
𝑎 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) 

𝑑𝑁𝐴+3
Z (𝑟𝑠, 𝑡)

𝑑𝑡
= +𝑁𝐴+2

𝑍 (𝑟𝑠, 𝑡) 𝜎𝐴+2,𝑍
𝑐 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) − 𝑁𝐴+3

𝑍 (𝑟𝑠, 𝑡) 𝜎̃𝐴+3,𝑍
𝑎 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) 

………… 

where 𝜙(𝑟𝑠, 𝑡) = ∫𝜑(𝐸, 𝑟𝑠, 𝑡) 𝑑𝐸 is the energy-integrated time-dependant neutron flux in the sample and 

𝜎̅𝐴+𝑘
𝑐 (𝑟𝑠, 𝑡) =

∫𝜎𝐴+𝑘
𝑐 (𝐸,𝑟𝑠)𝜑(𝐸,𝑟𝑠,𝑡)𝑑𝐸

∫𝜑(𝐸,𝑟𝑠,𝑡)𝑑𝐸
 is the effective one-group capture cross-section. The integral in energy 

is carried out over the whole neutron spectrum, i.e. from about 20 MeV down to 0 eV. Finally,  𝜎̃𝐴+𝑘
𝑎 =

𝜎𝐴+𝑘
𝑎 +

𝜆𝐴+𝑘

𝜙
= 𝜎𝐴+𝑘

𝑐 + 𝜎𝐴+𝑘

𝑓
+

𝜆𝐴+𝑘

𝜙
 takes into account the neutron absorption (essentially capture and fis-

sion) as well as natural decay. The other reactions like (n,2n), (n,3n),…or alpha decays have only an in-
significant impact on the evolution of the nuclide densities and can be neglected when determining the 
A+1, A+2, A+3… nuclide densities. 
 

If somewhere along the chain there is a beta decay, the element will change, i.e. Z will change in-
to Z+1. The most important such occurrence for reactor operation is that of U-238 which after one neutron 
capture followed by two beta decays is transmuted into Pu-239. The corresponding equations are the fol-
lowing: 
 

𝑑𝑁238
92 (𝑟𝑠, 𝑡)

𝑑𝑡
= −𝑁238

92 (𝑟𝑠, 𝑡) 𝜎̃238,92
𝑎 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) 

𝑑𝑁239
92 (𝑟𝑠, 𝑡)

𝑑𝑡
= +𝑁238

92 (𝑟𝑠, 𝑡) 𝜎238,92
𝑐 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) − 𝑁239

92 (𝑟𝑠, 𝑡) 𝜎̃239,92
𝑎 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) 

𝑑𝑁239
93 (𝑟𝑠, 𝑡)

𝑑𝑡
= +𝜆239,92

𝛽 𝑁239
92 (𝑟𝑠, 𝑡) − 𝑁239

93 (𝑟𝑠, 𝑡) 𝜎̃239,93
𝑎 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) 

𝑑𝑁239
94 (𝑟𝑠, 𝑡)

𝑑𝑡
= +𝜆239,93

𝛽 𝑁239
93 (𝑟𝑠, 𝑡) − 𝑁239

94 (𝑟𝑠, 𝑡) 𝜎̃239,94
𝑎 (𝑟𝑠, 𝑡) 𝜙(𝑟𝑠, 𝑡) 

 
The (simplified) neutron-induced transmutation chain from U-235 to Cf-252 is shown in Figure 2.1. 
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Figure 2.1. A simplified version of the neutron-induced transmutation chain from U-235 to Cf-252. 
 

N.B.: The percentage of neutron captures on Am-241 leading respectively to Am-242m and Am-
242 (i.e. the branching ratio) is energy dependent. The values of 11%-89% quoted in the figure cor-
respond to that of a thermal neutron spectrum. The branching ratio corresponding to the subse-
quent natural decay of Am-242 is not energy-dependent. 

 
 

The above sets of equations are actually the linearized approximation to the transmutation equa-
tions since, in principle, they are non-linear. Indeed, the neutron flux and consequently the effective one-
group cross-sections can potentially depend on the nuclide densities through the resonance self-shielding 
phenomena and through the direct effect of the nuclide densities on the neutron spectrum. However, if 
the nuclide densities are small enough that they do not affect the neutron flux then the non-linearity dis-
appears. If it is not the case the time interval under consideration has to be decomposed into smaller time 
steps into which the problem is supposed to be linear. 
 

In order to facilitate the interpretation of this kind of experiment it is better if nothing perturb the neu-
tron spectrum in the samples during the irradiation. If this is the case, the time dependence of the neutron 

U-235

U-236

U-237 Np-237
6,8 d

U-238 Np-238 Pu-238
2,1 d

U-239 Np-239 Pu-239
23,5 mn 2,3 d

Pu-240

Pu-241 Am-241
14,4 y

11% 89% 163 d

Pu-242 Am-242m Am-242 Cm-242
84% (16 h)

16% (16 h)
Pu-243 Am-243 Cm-243

5 h 29 y

Am-244 Cm-244
10 h 18 y

Cm-245

Cm-246
13.08 y

n, gamma
Cm-247

Beta minus

alpha Cm-248

E.C.
Cm-249 Bk-249 Cf-249

65 min 320 d

Bk-250 Cf-250
3.2 h

Cf-251

Cf-252
2.635 y
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flux can then be factorized as 𝜑(𝐸, 𝑟𝑠, 𝑡) = 𝜔(𝐸, 𝑟𝑠)𝑓(𝑡) which means that the energy distribution of the neu-
trons, 𝜔(𝐸, 𝑟𝑠), is time-independent and  𝑓(𝑡) is merely a normalization function taking into account local flux 
level variations due either to total core power fluctuations or flux tilts caused by movements of control 
mechanisms. Since the flux 𝜑(𝐸, 𝑟𝑠, 𝑡) appears both at the numerator and the denominator of the expression 
giving the effective one-group cross-sections, the time-dependence vanishes and it comes that: 
 

𝜎𝐴+𝑘
𝑐 (𝑟𝑠) =

∫𝜎𝐴+𝑘
𝑐 (𝐸, 𝑟𝑠)𝜔(𝐸, 𝑟𝑠)𝑑𝐸

∫𝜔(𝐸, 𝑟𝑠)𝑑𝐸
 

 
With the neglect of the time-dependence of the effective one-group cross-sections, the general 

solution to the transmutation equations is as follows (the variable 𝑟𝑠 has been omitted for purpose of clari-
ty): 
 
 

𝑵𝑨
𝒁(𝑻) = 𝑵𝑨

𝒁(𝟎)𝒆−𝝈̃𝑨
𝒂𝝓̅𝑻 

 

𝑵𝑨+𝒏
𝒁+𝒎(𝑻) = 𝑵𝑨

𝒁(𝟎) ∏ 𝝈̅𝑨+𝒋
𝒄

𝒋=𝒏−𝟏

𝒋=𝟎

∑
𝒆−𝝈̃𝑨+𝒌

𝒂 𝝓̅𝑻

∏ (𝝈̃𝑨+𝒕
𝒂 − 𝝈̃𝑨+𝒌

𝒂 )𝒕=𝒏,𝒕≠𝒌
𝒕=𝟎

𝒌=𝒏

𝒌=𝟎

 

 

𝝓̅ =
∫ 𝝓(𝒕)𝒅𝒕
𝑻

𝟎

𝑻
 

 
The superscript m is equal to the number of beta decay occurring between the initial nuclide (A, 

Z) and the nuclide (A+n, Z+m), i.e. if no beta decay occurs then m = 0 whereas if one beta decay occurs 
then m = 1… The above expression for 𝑁𝐴+𝑛

𝑍+𝑚(𝑇) can account for beta decays simply by setting 𝜎𝑐 = 𝜆𝛽

𝜙̅
 

where necessary. The first non-zero Taylor development terms of these expressions are as follows: 
 
 

𝑵𝑨
𝒁(𝑻)~𝑵𝑨

𝒁(𝟎)[𝟏 − 𝝈̃𝑨
𝒂𝝓̅𝑻] 

 

𝑵𝑨+𝒏
𝒁+𝒎(𝑻)~

𝟏

𝒏!
𝑵𝑨
𝒁(𝟎) ( ∏ 𝝈̅𝑨+𝒋

𝒄

𝒋=𝒏−𝟏

𝒋=𝟎

) [𝝓̅𝑻]𝒏 

 

𝝓̅ =
∫ 𝝓(𝒕)𝒅𝒕
𝑻

𝟎

𝑻
 

 
This shows that, as long as the product of the absorption cross-section by the time-integrated flux 

is small enough that the Taylor developments are legitimate, then (1) only the capture cross-sections play 
a role in the build-up of actinides and (2) the A+n atom density increases with the nth power of the time-
integrated flux. 
 

As an example, and in the case where no beta decay occurs, the expressions for the A+1, A+2 
and A+3 atom densities are as follows (the superscript Z has been omitted for purpose of clarity): 
 
 

𝑵𝑨+𝟏(𝑻) = 𝑁𝐴(0)𝜎𝐴
𝑐 (

𝑒−𝜎̃𝐴
𝑎𝜙̅𝑇

𝜎̃𝐴+1
𝑎 − 𝜎̃𝐴

𝑎 +
𝑒−𝜎̃𝐴+1

𝑎 𝜙̅𝑇

𝜎̃𝐴
𝑎 − 𝜎̃𝐴+1

𝑎 )~𝑵𝑨(𝟎)𝝈̅𝑨
𝒄 𝝓̅𝑻 

 

𝑵𝑨+𝟐(𝑻) = 𝑁𝐴(0)𝜎𝐴
𝑐𝜎𝐴+1

𝑐 (
𝑒−𝜎̃𝐴

𝑎𝜙̅𝑇

(𝜎̃𝐴+1
𝑎 − 𝜎̃𝐴

𝑎)(𝜎̃𝐴+2
𝑎 − 𝜎̃𝐴

𝑎)
+

𝑒−𝜎̃𝐴+1
𝑎 𝜙̅𝑇

(𝜎̃𝐴
𝑎 − 𝜎̃𝐴+1

𝑎 )(𝜎̃𝐴+2
𝑎 − 𝜎̃𝐴+1

𝑎 )

+
𝑒−𝜎̃𝐴+2

𝑎 𝜙̅𝑇

(𝜎̃𝐴
𝑎 − 𝜎̃𝐴+2

𝑎 )(𝜎̃𝐴+1
𝑎 − 𝜎̃𝐴+2

𝑎 )
)  ~

𝟏

𝟐
𝑵𝑨(𝟎)𝝈̅𝑨

𝒄 𝝈̅𝑨+𝟏
𝒄 [𝝓̅𝑻]𝟐 
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𝑵𝑨+𝟑(𝑻)

= 𝑁𝐴(0)𝜎𝐴
𝑐𝜎𝐴+1

𝑐 𝜎𝐴+2
𝑐

(

 
 

𝑒−𝜎̃𝐴
𝑎𝜙̅𝑇

(𝜎̃𝐴+1
𝑎 − 𝜎̃𝐴

𝑎)(𝜎̃𝐴+2
𝑎 − 𝜎̃𝐴

𝑎)(𝜎̃𝐴+3
𝑎 − 𝜎̃𝐴

𝑎)
+

𝑒−𝜎̃𝐴+1
𝑎 𝜙̅𝑇

(𝜎̃𝐴
𝑎 − 𝜎̃𝐴+1

𝑎 )(𝜎̃𝐴+2
𝑎 − 𝜎̃𝐴+1

𝑎 )(𝜎̃𝐴+3
𝑎 − 𝜎̃𝐴+1

𝑎 )
+

𝑒−𝜎̃𝐴+2
𝑎 𝜙̅𝑇

(𝜎̃𝐴
𝑎 − 𝜎̃𝐴+2

𝑎 )(𝜎̃𝐴+1
𝑎 − 𝜎̃𝐴+2

𝑎 )(𝜎̃𝐴+3
𝑎 − 𝜎̃𝐴+2

𝑎 )
+

𝑒−𝜎̃𝐴+3
𝑎 𝜙̅𝑇

(𝜎̃𝐴
𝑎 − 𝜎̃𝐴+3

𝑎 )(𝜎̃𝐴+1
𝑎 − 𝜎̃𝐴+3

𝑎 )(𝜎̃𝐴+2
𝑎 − 𝜎̃𝐴+3

𝑎 ))

 
 

 

~
𝟏

𝟔
𝑵𝑨(𝟎)𝝈̅𝑨

𝒄 𝝈̅𝑨+𝟏
𝒄 𝝈̅𝑨+𝟐

𝒄 [𝝓̅𝑻]𝟑 

 
The values obtained with the exact expressions and those obtained with the Taylor developments 

are compared in the tables below for two ATR experimental configurations very similar to the actual 
MANTRA experiment (see section 4 for more detail). These comparisons show that after 200 days of irra-
diation in a hard boron filtered neutron spectrum, the maximum difference between the exact and the 
Taylor expressions is only 1.57% proving the validity of using the Taylor. With a cadmium filter the reac-
tion rates are more important and, as a consequence, the differences between the exact and the Taylor 
expressions are larger and up to 10.7% for the Pu-240 sample after 50 days of irradiation. 
 
 
Table 2.1: Atom densities calculated with the exact expressions and the Taylor expansions for a pure Pu-

239 sample irradiated 200 days – Boron filter – Φ = 5.8 1013 n.cm-2.s-1 

 

 Pu9 Pu0 Pu1 Pu2 Am3 
Exact 9.970E-01 5.996E-04 2.986E-07 6.096E-11 5.271E-15 

Taylor Dev 9.970E-01 6.010E-04 3.021E-07 6.150E-11 5.310E-15 
 0.000% -0.24% -1.15% -0.89% -0.74% 

 
Table 2.2: Atom densities calculated with the exact expressions and the Taylor expansions for a pure Pu-

240 sample irradiated 200 days – Boron filter – Φ = 5.8 1013 n.cm-2.s-1 

 

 Pu0 Pu1 Pu2 Am3 Cm4 
Exact 9.982E-01 9.895E-04 3.037E-07 3.504E-11 6.496E-15 

Taylor Dev 9.982E-01 1.005E-03 3.070E-07 3.534E-11 6.570E-15 
 0.000% -1.57% -1.08% -0.84% -1.12% 

 
Table 2.3: Atom densities calculated with the exact expressions and the Taylor expansions for a pure Pu-

242 sample irradiated 200 days – Boron filter – Φ = 5.8 1013 n.cm-2.s-1 

 

 Pu2 Am3 Cm4 Cm5 Cm6 
Exact 9.991E-01 3.450E-04 1.274E-07 2.282E-11 3.314E-15 

Taylor Dev 9.991E-01 3.454E-04 1.284E-07 2.299E-11 3.337E-15 
 0.000% -0.11% -0.82% -0.72% -0.71% 

 
Table 2.4: Atom densities calculated with the exact expressions and the Taylor expansions for a pure Pu-

239 sample irradiated 50 days – Cadmium filter – Φ = 1.5 1014 n.cm-2.s-1 

 

 Pu9 Pu0 Pu1 Pu2 Am3 Cm4 
Exact 9.832E-01 6.006E-03 6.051E-04 1.310E-06 1.211E-08 1.238E-10 

Taylor Dev 9.831E-01 6.675E-03 6.563E-04 1.406E-06 1.294E-08 1.315E-10 
 0.014% -10.0% -7.80% -6.78% -6.43% -5.81% 
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Table 2.5: Atom densities calculated with the exact expressions and the Taylor expansions for a pure Pu-
240 sample irradiated 50 days – Cadmium filter – Φ = 1.5 1014 n.cm-2.s-1 

 

 Pu0 Pu1 Pu2 Am3 Cm4 Cm5 
Exact 8.212E-01 1.756E-01 5.785E-04 7.167E-06 9.197E-08 3.889E-10 

Taylor Dev 8.031E-01 1.967E-01 6.317E-04 7.755E-06 9.849E-08 4.137E-10 
 2.26% -10.7% -8.43% -7.58% -6.62% -6.00% 

 
Table 2.6: Atom densities calculated with the exact expressions and the Taylor expansions for a pure Pu-

242 sample irradiated 50 days – Cadmium filter – Φ = 1.5 1014 n.cm-2.s-1 

 

 Pu2 Am3 Cm4 Cm5 Cm6 Cm7 
Exact 9.637E-01 3.524E-02 9.003E-04 6.320E-06 5.343E-09 3.872E-12 

Taylor Dev 9.630E-01 3.683E-02 9.354E-04 6.549E-06 5.502E-09 4.000E-12 
 0.070% -4.30% -3.75% -3.49% -2.88% -3.19% 

 
 

As will be shown in section 3, the expressions derived for the uncertainty quantification are based 
on Taylor developments of the exact analytical expressions obtained for the A, A+1, A+2…atom densities 
as a function of time. For the purpose of uncertainty quantification, more than the values of the function 
themselves, it is important that the partial derivatives (i.e. the sensitivities) be well reproduced. The sensi-
tivities of the atom densities in a Pu-240 sample with regard to the irradiation time and to the Pu-240 and 
Pu-241 capture cross-sections calculated with the exact and Taylor expressions agree rather well (Tables 
2.7 to 2.9) which prove the validity of using the Taylor expressions for uncertainty quantification.  
 
 

Table 2.7: Sensitivities of the atom densities with regard to the irradiation time calculated with the exact 
and Taylor expressions for a pure Pu-240 sample – Cadmium filter – Φ = 1.5 1014 n.cm-2.s-1 

 

 Pu0 Pu1 Pu2 Am3 Cm4 Cm5 
   Exact    

TRef = 50 days 8.212E-01 1.756E-01 5.785E-04 7.167E-06 9.197E-08 3.889E-10 
TRef + 10% 8.052E-01 1.910E-01 6.939E-04 9.465E-06 1.337E-07 6.225E-10 

 -2.0% 8.8% 19.9% 32.1% 45.4% 60.1% 
   Taylor    

TRef = 50 days 8.031E-01 1.967E-01 6.317E-04 7.755E-06 9.849E-08 4.137E-10 
TRef + 10% 7.834E-01 2.163E-01 7.644E-04 1.032E-05 1.442E-07 6.663E-10 

 -2.5% 10.0% 21.0% 33.1% 46.4% 61.1% 
 

Table 2.8: Sensitivities of the atom densities with regard to the Pu-240 capture cross-section calculated 
with the exact and Taylor expressions for a pure Pu-240 sample irradiated 50 days – Cadmium filter – Φ 

= 1.5 1014 n.cm-2.s-1 

 
 Pu0 Pu1 Pu2 Am3 Cm4 Cm5 
   Exact    

Ref 8.212E-01 1.756E-01 5.785E-04 7.167E-06 9.197E-08 3.889E-10 
𝜎𝑃𝑢0
𝑐  + 10% 8.052E-01 1.913E-01 6.323E-04 7.846E-06 1.008E-07 4.265E-10 

 -1.9% 9.0% 9.3% 9.5% 9.6% 9.7% 
   Taylor    

Ref 8.031E-01 1.967E-01 6.317E-04 7.755E-06 9.849E-08 4.137E-10 
𝜎𝑃𝑢0
𝑐  + 10% 7.834E-01 2.163E-01 6.949E-04 8.531E-06 1.083E-07 4.551E-10 

 -2.5% 10.0% 10.0% 10.0% 10.0% 10.0% 
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Table 2.9: Sensitivities of the atom densities with regard to the Pu-241 capture cross-section calculated 
with the exact and Taylor expressions for a pure Pu-240 sample irradiated 50 days – Cadmium filter – Φ 

= 1.5 1014 n.cm-2.s-1 

 

 Pu0 Pu1 Pu2 Am3 Cm4 Cm5 
   Exact    

Ref 8.212E-01 1.756E-01 5.785E-04 7.167E-06 9.197E-08 3.889E-10 
𝜎𝑃𝑢1
𝑐 + 10% 8.212E-01 1.755E-01 6.362E-04 7.883E-06 1.012E-07 4.278E-10 

 0.00% -0.03% 9.98% 9.98% 9.99% 10.00% 
   Taylor    

Ref 8.031E-01 1.967E-01 6.317E-04 7.755E-06 9.849E-08 4.137E-10 
𝜎𝑃𝑢1
𝑐 + 10% 8.031E-01 1.967E-01 6.949E-04 8.531E-06 1.083E-07 4.551E-10 

 0.00% 0.00% 10.00% 10.00% 10.00% 10.00% 
 
 
Incidentally, the last two tables also show that the sensitivities of the atom densities of isotopes A+1, A+2, 
A+3, etc… with regards to the capture cross section of isotope A is very close to 1. In other words, a 1% 
variation of the capture cross section of A induces a 1% variation of the atom densities of A+1, A+2, A+3, 
etc…  
 
2.2. Determination of the time-integrated neutron flux 
 

The time-integrated neutron flux ∫ 𝜙(𝑡)𝑑𝑡 = 𝜙̅𝑇
𝑇

0
 can be determined experimentally from the 

amount of a fission product formed during irradiation. Among the fission products, Nd-148 has the follow-
ing properties [1] to recommend it as an ideal indicator for the time-integrated neutron flux: (1) it is not 
volatile, does not migrate in solid fuels below their recrystallization temperature, and has no volatile pre-
cursors (2) it is nonradioactive and requires no decay corrections, (3) it has a low destruction cross-
section and formation from adjacent mass chains can be corrected for, (4) it has good emission charac-
teristics for mass analysis and (5) its fission yield is nearly the same for U-235 and Pu-239 and is essen-
tially independent of neutron energy. In addition to Nd-148, Cs-137 is also a good indicator of the time-
integrated neutron flux. 
 

Neglecting as a first approximation the contribution of Nd-147 captures as well as the potential 
time-dependence of the U-235 fission cross-section, the Nd-148 atom density in a U-235 sample after an 
irradiation time T is given by the following expression:  
 

𝑁𝑁𝑑8(𝑇) = 𝛾𝑁𝑑8𝜎𝑈5
𝑓
∫ 𝑁𝑈5
𝑇

0
(𝑡)𝜙(𝑡)𝑑𝑡 = 𝛾𝑁𝑑8𝜎𝑈5

𝑓
𝑁𝑈5(0) ∫ 𝑒−𝜎̅𝑈5

𝑎 ∫ 𝜑(𝑥)𝑑𝑥
𝑡
0

𝑇

0
𝜙(𝑡)𝑑𝑡 , 

 
where 𝛾𝑁𝑑8 is the Nd-148 cumulative fission yield, i.e. the number of Nd-148 atoms as well as its short-
lived precursors produced per fission, and the other parameters have already been defined. If 𝑁𝑈5(𝑡) is 
approximated by its first order development it comes that: 
 

𝑁𝑁𝑑8(𝑇) ~ 𝛾𝑁𝑑8𝜎𝑈5
𝑓
𝑁𝑈5(0)∫𝜙

𝑇

0

(𝑡) [1 − 𝜎𝑈5
𝑎 ∫𝜙(𝑥)𝑑𝑥

𝑡

0

] 𝑑𝑡

= 𝛾𝑁𝑑8𝜎𝑈5
𝑓
𝑁𝑈5(0) {∫𝜙(𝑡)𝑑𝑡 − 𝜎𝑈5

𝑎 ∫𝜙(𝑡)

𝑇

0

𝑇

0

[∫𝜙(𝑥)𝑑𝑥

𝑡

0

] 𝑑𝑡} 

 
N.B.: As long as 𝜎𝑈5

𝑎 ∫ 𝜙(𝑥)𝑑𝑥
𝑡

0
  <0.1 the first order development agrees with the exact analytical expression at better 

than 0.5%. This condition is fulfilled in most practical applications. Indeed, let’s consider an idealized case where a U-
235 sample is irradiated in a pure Maxwellian spectrum with a (rather high) flux level of 51013 n.cm-2.s-1. The U-235 
absorption cross-section in this spectrum being of the order of 590 barns, it will still take about 40 days before the term 
𝜎𝑈5
𝑎 ∫ 𝜙(𝑥)𝑑𝑥

𝑡

0
 reaches the value of 0.1. 
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After integrating by part the term ∫ 𝜙(𝑡)
𝑇

0
[∫ 𝜙(𝑥)𝑑𝑥

𝑡

0
] 𝑑𝑡 it comes that:  

 

𝑁𝑁𝑑8(𝑇)~𝛾𝑁𝑑8𝜎𝑈5
𝑓
𝑁𝑈5(0)∫𝜙

𝑇

0

(𝑡)𝑑𝑡 [1 −
1

2
𝜎𝑈5
𝑎 ∫𝜙(𝑡)𝑑𝑡

𝑇

0

] = 𝛾𝑁𝑑8𝜎𝑈5
𝑓
𝑁𝑈5(0)[𝜙̅ 𝑇] (1 −

1

2
𝜎𝑈5
𝑎 [𝜙̅𝑇]) 

 

which can be rewritten in the form of a quadratic equation: − 𝜎̅𝑈5
𝑎

2
[𝜙̅𝑇]2 + [𝜙̅𝑇] −

1

𝛾𝑁𝑑8𝜎̅𝑈5
𝑓

𝑁𝑁𝑑8(𝑇)

𝑁𝑈5(0)
~0. 

However since the measurements provide 
𝑁𝑁𝑑8(𝑇)

𝑁𝑈5(𝑇)
 and not 

𝑁𝑁𝑑8(𝑇)

𝑁𝑈5(0)
 it is better to rewrite the above quad-

ratic equation as: 
 

−
𝜎𝑈5
𝑎

2
[𝜑̅𝑇]2 + (1 +

𝜎𝑈5
𝑎

𝛾𝑁𝑑8𝜎𝑈5
𝑓

𝑁𝑁𝑑8(𝑇)

𝑁𝑈5(𝑇)
) [𝜙̅𝑇] −

1

𝛾𝑁𝑑8𝜎𝑈5
𝑓

𝑁𝑁𝑑8(𝑇)

𝑁𝑈5(𝑇)
~0 

 

The discriminant of this quadratic equation is equal to ∆= (1 +
𝜎̅𝑈5
𝑎

𝛾𝑁𝑑8𝜎̅𝑈5
𝑓

𝑁𝑁𝑑8(𝑇)

𝑁𝑈5(𝑇)
)

2

−

2
𝜎̅𝑈5
𝑎

𝛾𝑁𝑑8𝜎̅𝑈5
𝑓

𝑁𝑁𝑑8(𝑇)

𝑁𝑈5(𝑇)
 and since for most practical applications 

𝜎̅𝑈5
𝑎

𝛾𝑁𝑑8𝜎̅𝑈5
𝑓

𝑁𝑁𝑑8(𝑇)

𝑁𝑈5(𝑇)
≪ 1 it comes that ∆~1. As a 

quadratic equation, it has two roots, however only one is consistent with the hypothesis used to derive the 
equation in the first place, i.e. that 𝜎𝑈5𝑎  𝜙̅𝑇  0.1. It then comes that the time-integrated neutron flux in a U-
235 sample can be determined from the measurement of the Nd-148 atom density relative to that of U-
235 as:  
 

𝝓̅𝑻~ [
𝑵𝑵𝒅𝟖(𝑻)

𝑵𝑼𝟓(𝑻)
]
𝒎

𝟏

𝜸𝑵𝒅𝟖𝝈̅𝑼𝟓
𝒇

 

 
N.B.: The fission yield 𝛾𝑁𝑑8 is taken directly from existing nuclear data libraries (like ENDF/B-VII for 
instance) and is only very weakly problem-dependent. On the other hand, the U-235 effective one-

group fission cross-section 𝜎𝑈5
𝑓
=

∫𝜎𝑈5
𝑓 (𝐸)𝜔(𝐸)𝑑𝐸

∫𝜔(𝐸)𝑑𝐸
 is very strongly problem-dependent because 

𝜔(𝐸) is the neutron spectrum in the sample (𝜎𝑈5
𝑓 (𝐸) comes from existing libraries and is only very 

weakly problem-dependent).  
 
 
2.3. Application to the inference of neutron capture cross-sections 
 
 

As an example, let’s consider a very pure sample containing essentially (i.e. at least 99%) an iso-
tope of mass number A, but also a few tenths of a percent of other isotopes present as impurities (let’s 
say A-1, A+1, A+2 and A+3). The atom density of isotope A+1 after an irradiation time T can be ex-
pressed as:  
 

𝑁𝐴+1(𝑇)~
1

2
𝑁𝐴−1(0)𝜎̅𝐴−1

𝑐 𝜎̅𝐴
𝑐[𝜙̅𝑇]2 +𝑁𝐴(0)𝜎̅𝐴

𝑐[𝜙̅𝑇] + 𝑁𝐴+1(0){1 − 𝜎̃𝐴+1
𝑎 [𝜙̅𝑇]} 

 
where the first and second terms correspond to the number of A+1 atoms produced by neutron 

captures on, respectively, the A-1 and A atoms, and the third term corresponds to what is left of the initial 
A+1 atoms. Since the sample is prepared so that 𝑁𝐴−1(0) << 𝑁𝐴(0), for most practical applications the 
first term will be much smaller than the second one and the A+1 atom density can be expressed as: 
 

𝑁𝐴+1(𝑇)~𝑁𝐴(0)𝜎̅𝐴
𝑐[𝜙̅𝑇] + 𝑁𝐴+1(0){1 − 𝜎̃𝐴+1

𝑎 [𝜙̅𝑇]} 
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The experimental determination of the atom densities after an irradiation time T, as well as that of 
the time-integrated neutron flux mT ][ (the subscript m stands for measured) allow to infer the neutron 
capture cross-section of isotope A as: 
 

𝜎𝐴
𝑐~

[
𝑁𝐴+1(𝑇)
𝑁𝐴(0)

]
𝑚

− [
𝑁𝐴+1(0)
𝑁𝐴(0)

]
𝑚

{1 − 𝜎̃𝐴+1
𝑎 [𝜙̅𝑇]𝑚}

[𝜙̅𝑇]𝑚
 

 
However, since at time T the measurement provides [𝑵𝑨+𝟏

(𝑻)

𝑵𝑨(𝑻)
]
𝒎
≡ [𝑹𝑨+𝟏(𝑻)]𝒎 and not 

[
𝑁𝐴+1(𝑇)

𝑁𝐴(0)
]
𝑚

, it comes that: 

 

𝜎𝐴
𝑐~

[
𝑁𝐴+1(𝑇)
𝑁𝐴(𝑇)

]
𝑚

{1 − 𝜎̃𝐴
𝑎[𝜙̅𝑇]𝑚} − [

𝑁𝐴+1(0)
𝑁𝐴(0)

]
𝑚

{1 − 𝜎̃𝐴+1
𝑎 [𝜙̅𝑇]𝑚}

[𝜙̅𝑇]𝑚

≡
[𝑅𝐴+1(𝑇)]𝑚{1 − 𝜎̃𝐴

𝑎[𝜙̅𝑇]𝑚} − [𝑅𝐴+1(0)]𝑚{1 − 𝜎̃𝐴+1
𝑎 [𝜙̅𝑇]𝑚}

[𝜙̅𝑇]𝑚
 

 
and since 𝜎̃𝐴𝑎 = 𝜎𝐴

𝑐 + 𝜎𝐴
𝑓
+

𝜆𝐴

𝜙̅
 it finally comes that:  

 

𝜎̅𝐴
𝑐~

[𝑅𝐴+1(𝑇)]𝑚{1 − 𝜎̃𝐴
𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚} − [𝑅𝐴+1(0)]𝑚{1 − 𝜎̃𝐴+1

𝑎 [𝜙̅𝑇]𝑚}

[𝜙̅𝑇]𝑚(1 + [𝑅𝐴+1(𝑇)]𝑚)
 

 
If the terms {1-…} and {1+…} are approximated by 1 (which is generally a good approximation 

when 𝜙̅𝑇  is not too large, i.e. as long as it is smaller than about 1021 n.cm-2), the expression simplifies as: 
 

𝝈̅𝑨
𝒄~

[𝑹𝑨+𝟏(𝑻)]𝒎 − [𝑹𝑨+𝟏(𝟎)]𝒎
[𝝓̅𝑻]𝒎

 

 
 

 
N.B.: If the capture reaction rate on the isotope A-2 is negligible compared to the (n,2n) 
reaction rate on the isotope A, then the (n,2n) cross-section of isotope A can be inferred 
using the same expression as for the capture cross-section where 𝑅𝐴+1 is simply re-
placed by 𝑅𝐴−1 : 
 

 

𝜎̅𝐴
𝑛,2𝑛

~
[𝑅𝐴−1(𝑇)]𝑚{1 − 𝜎̃𝐴

𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚} − [𝑅𝐴−1(0)]𝑚{1 − 𝜎̃𝐴−1
𝑎 [𝜙̅𝑇]𝑚}

[𝜙̅𝑇]𝑚(1 + [𝑅𝐴−1(𝑇)]𝑚)
~
[𝑅𝐴−1(𝑇)]𝑚 − [𝑅𝐴−1(0)]𝑚

[𝜙̅𝑇]𝑚
 

 
 
However, contrary to capture reactions which occur at all neutron energies, the (n,2n) 
reactions occur only for neutrons with energies higher than about 5 MeV (Figure 2.2). 
Consequently the effective (n,2n) cross-sections can be thousands of times smaller 
than the effective capture cross-sections and care should be exercised before ne-
glecting the capture reaction rate on the isotope A-2 even when 𝑁𝐴−2(0) ≪ 𝑁𝐴(0). 
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Figure 2.2. Neutron capture and (n,2n) cross-sections of Pu-238, Pu-239 and Pu-240 as a func-

tion of the incident neutron energy, and taken from the ENDF/B-VII.0 library. 
 
 
 
 
The 𝑁𝐴+2(𝑇) atom density is given by: 
 

𝑁𝐴+2(𝑇)~
1

2
𝑁𝐴(0)𝜎̅𝐴

𝑐 𝜎̅𝐴+1
𝑐 [𝜙̅𝑇]2 +𝑁𝐴+1(0)𝜎̅𝐴+1

𝑐 [𝜙̅𝑇] + 𝑁𝐴+2(0){1 − 𝜎̃𝐴+2
𝑎 [𝜙̅𝑇]} 

 

and the capture cross-section can be inferred as: 𝜎𝐴+1
𝑐 ~   

[
𝑁𝐴+2(𝑇)

𝑁𝐴(0)
]
𝑚
−[

𝑁𝐴+2(0)

𝑁𝐴(0)
]
𝑚
{1−𝜎̃𝐴+2

𝑎 [𝜙̅𝑇]
𝑚
}

1

2
𝜎̅𝐴
𝑐 [𝜙̅𝑇]

𝑚

2
+[

𝑁𝐴+1(0)

𝑁𝐴(0)
]
𝑚
[𝜙̅𝑇]

𝑚

. 

 
However, since at time T the measurement provides [𝑁𝐴+2

(𝑇)

𝑁𝐴(𝑇)
]
𝑚
≡ [𝑅𝐴+2(𝑇)]𝑚 and not [𝑁𝐴+2

(𝑇)

𝑁𝐴(0)
]
𝑚

, 

it comes that: 
 

𝜎𝐴+1
𝑐 ~

[𝑅𝐴+2(𝑇)]𝑚{1 − 𝜎̃𝐴
𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚} − [𝑅𝐴+2(0)]𝑚{1 − 𝜎̃𝐴+2

𝑎 [𝜙̅𝑇]𝑚}

(
1
2
𝜎𝐴
𝑐 [𝜙̅𝑇]𝑚

2 + [𝑅𝐴+1(0)]𝑚[𝜙̅𝑇]𝑚) (1 + [𝑅𝐴+2(𝑇)]𝑚)
 

 
Substituting 𝜎𝐴𝑐  by its expression as a function of the measured quantities leads finally to: 

 

𝜎̅𝐴+1
𝑐 ~

[𝑅𝐴+2(𝑇)]𝑚{1 − 𝜎̃𝐴
𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚} − [𝑅𝐴+2(0)]𝑚{1 − 𝜎̃𝐴+2

𝑎 [𝜙̅𝑇]𝑚}

(
1
2

[𝑅𝐴+1(𝑇)]𝑚{1 − 𝜎̃𝐴
𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚} − [𝑅𝐴+1(0)]𝑚{1 − 𝜎̃𝐴+1

𝑎 [𝜙̅𝑇]𝑚}

(1 + [𝑅𝐴+1(𝑇)]𝑚)
[𝜙̅𝑇]𝑚 + [𝑅𝐴+1(0)]𝑚[𝜙̅𝑇]𝑚)(1 + [𝑅𝐴+2(𝑇)]𝑚)

 

 
If, as previously, the terms {1-…} and {1+…} are approximated by 1, the expression simplifies as: 

 

𝝈̅𝑨+𝟏
𝒄 ~𝟐

[𝑹𝑨+𝟐(𝑻)]𝒎 − [𝑹𝑨+𝟐(𝟎)]𝒎
([𝑹𝑨+𝟏(𝑻)]𝒎 + [𝑹𝑨+𝟏(𝟎)]𝒎)[𝝓̅𝑻]𝒎

 

Pu-240 

Pu-239 

Pu-238 n,2n 
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and if, furthermore, the initial A+1 and A+2 atom densities are negligible in comparison to those at time T 
(this is very sample-dependent and can be a very bad approximation when 𝜙̅𝑇 is not too large), the A+1 
capture cross-section is simply equal to: 
 

𝝈̅𝑨+𝟏
𝒄 ~𝟐

[𝑹𝑨+𝟐(𝑻)]𝒎
[𝑹𝑨+𝟏(𝑻)]𝒎[𝝓̅𝑻]𝒎

 

 
Finally, the 𝑁𝐴+3(𝑇) atom density is given by: 
 

𝑁𝐴+3(𝑇)~
1

6
𝑁𝐴(0)𝜎̅𝐴

𝑐 𝜎̅𝐴+1
𝑐 𝜎̅𝐴+2

𝑐 [𝜙̅𝑇]3 +
1

2
𝑁𝐴+1(0)𝜎̅𝐴+1

𝑐 𝜎̅𝐴+2
𝑐 [𝜙̅𝑇]2 +𝑁𝐴+2(0)𝜎̅𝐴+2

𝑐 [𝜙̅𝑇]

+ 𝑁𝐴+3(0){1 − 𝜎̃𝐴+3
𝑎 [𝜙̅𝑇]} 

 
and the cross-section by: 
 

𝜎̅𝐴+2
𝑐 ~

[𝑅𝐴+3(𝑇)]𝑚{1 − 𝜎̃𝐴
𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚} − [𝑅𝐴+3(0)]𝑚{1 − 𝜎̃𝐴+3

𝑎 [𝜙̅𝑇]𝑚}

(
1
6
𝜎̅𝐴
𝑐 𝜎̅𝐴+1

𝑐 [𝜙̅𝑇]𝑚
3 +

1
2
[𝑅𝐴+1(0)]𝑚𝜎̅𝐴+1

𝑐 [𝜙̅𝑇]𝑚
2 + [𝑅𝐴+2(0)]𝑚[𝜙̅𝑇]𝑚) (1 + [𝑅𝐴+3(𝑇)]𝑚)

 

 
Substituting 𝜎𝐴𝑐  and 𝜎𝐴+1𝑐  by their expressions as a function of the measured quantities leads to a 

somewhat cumbersome expression and is not reproduced here. However, if, as previously, the terms {1-…} 
and {1+…} are approximated by 1, the expression simplifies as: 
 

𝝈̅𝑨+𝟐
𝒄 ~𝟑

([𝑹𝑨+𝟑(𝑻)]𝒎 − [𝑹𝑨+𝟑(𝟎)]𝒎)([𝑹𝑨+𝟏(𝑻)]𝒎 + [𝑹𝑨+𝟏(𝟎)]𝒎)

[[𝑹𝑨+𝟏(𝑻)]𝒎([𝑹𝑨+𝟐(𝑻)]𝒎 + 𝟐[𝑹𝑨+𝟐(𝟎)]𝒎) + [𝑹𝑨+𝟏(𝟎)]𝒎(𝟐[𝑹𝑨+𝟐(𝑻)]𝒎 + [𝑹𝑨+𝟐(𝟎)]𝒎)][𝝓̅𝑻]𝒎
 

 
and if, furthermore, the initial A+2 and A+3 atom densities are negligible in comparison to those at time T, 
the A+2 capture cross-section is simply equal to: 
 

𝝈̅𝑨+𝟐
𝒄 ~𝟑

[𝑹𝑨+𝟑(𝑻)]𝒎
[𝑹𝑨+𝟐(𝑻)]𝒎[𝝓̅𝑻]𝒎

 

 
Similarly, if all the initial atom densities are negligible in comparison to those at time T, the A+n 

capture cross-section is simply equal to: 
 

𝝈̅𝑨+𝒏
𝒄 ~(𝒏 + 𝟏)

[𝑹𝑨+𝒏+𝟏(𝑻)]𝒎
[𝑹𝑨+𝒏(𝑻)]𝒎[𝝓̅𝑻]𝒎
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3. UNCERTAINTY QUANTIFICATION – DERIVATION OF THE EXPRESSIONS RELATIVE TO THE INFERRED CAPTURE 

CROSS-SECTIONS AND TIME-INTEGRATED FLUX 
 
 

As shown above, the inferred capture cross-sections are all expressed as ratios like 𝜎𝑐~ 𝑋

𝑌
. Using 

the recommended, and widely accepted, laws of propagation of uncertainties (see for example [2] and 
[3]), the relative uncertainty of the inferred cross-sections can be expressed as a function of the relative 
uncertainties of X and Y as: 
 

𝑢(𝜎𝑐)

𝜎𝑐
= √(

𝑢(𝑋)

𝑋
)

2

+ (
𝑢(𝑌)

𝑌
)

2

− 2𝑟𝑋𝑌 (
𝑢(𝑋)

𝑋
)(

𝑢(𝑌)

𝑌
) 

 
where 𝑟𝑋𝑌= 0 if X and Y are not correlated, i.e. if they are independent, and -1 𝑟𝑋𝑌 +1 otherwise. 
 

Without specific information about the correlations, and as a first guess, X and Y will be consid-
ered independent so that the relative uncertainty of the inferred cross-sections can be expressed as: 
 

𝑢(𝜎𝑐)

𝜎𝑐
= √(

𝑢(𝑋)

𝑋
)

2

+ (
𝑢(𝑌)

𝑌
)

2

 

 
As examples, let’s consider the uncertainty of the inferred A and A+1 capture cross-sections. 

Since the inferred capture cross-section of A is expressed as (see previous chapter)  
 

𝜎̅𝐴
𝑐~

[𝑅𝐴+1(𝑇)]𝑚{1 − 𝜎̃𝐴
𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚} − [𝑅𝐴+1(0)]𝑚{1 − 𝜎̃𝐴+1

𝑎 [𝜙̅𝑇]𝑚}

[𝜙̅𝑇]𝑚(1 + [𝑅𝐴+1(𝑇)]𝑚)
 

 
It then comes that: 𝑋𝐴 = [𝑅𝐴+1(𝑇)]𝑚{1 − 𝜎̃𝐴

𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚} − [𝑅𝐴+1(0)]𝑚{1 − 𝜎̃𝐴+1
𝑎 [𝜙̅𝑇]𝑚} and 

 𝑌𝐴 = [𝜙̅𝑇]𝑚(1 + [𝑅𝐴+1(𝑇)]𝑚).  
 

The relative uncertainty of the numerator is then expressed as:   
 

(
𝑢(𝑋𝐴)

𝑋𝐴
) = √

  
  
  
  
  

{𝑢([𝑅𝐴+1(𝑇)]𝑚)}
2{1 − 𝜎̅𝐴

𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚}
2
+ {[𝑅𝐴+1(𝑇)]𝑚}

2{𝜎̅𝐴
𝑓[𝜙̅𝑇]𝑚}

2
{[
𝑢(𝜎̅𝐴

𝑓
)

𝜎̅𝐴
𝑓 ]

2

+ [
𝑢([𝜙̅𝑇]𝑚)

[𝜙̅𝑇]𝑚
]
2

} +

{𝑢([𝑅𝐴+1(0)]𝑚)}
2{1 − 𝜎̃𝐴+1

𝑎 [𝜙̅𝑇]𝑚}
2 + {[𝑅𝐴+1(0)]𝑚}

2{𝜎̃𝐴+1
𝑎 [𝜙̅𝑇]𝑚}

2 {[
𝑢(𝜎̃𝐴+1

𝑎 )

𝜎̃𝐴+1
𝑎 ]

2

+ [
𝑢([𝜙̅𝑇]𝑚)

[𝜙̅𝑇]𝑚
]
2

}

[𝑅𝐴+1(𝑇)]𝑚{1 − 𝜎̅𝐴
𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚} − [𝑅𝐴+1(0)]𝑚{1 − 𝜎̃𝐴+1

𝑎 [𝜙̅𝑇]𝑚}
 

 
where the uncertainty of the natural decay term 𝜆𝐴[𝑇]𝑚 has been neglected because for most practical 
applications its uncertainty is much smaller than that of the other terms. Furthermore, as long as 𝜙̅𝑇 is not 
too large, i.e. as long as it is smaller than about 1021 n.cm-2, then for most cases 𝜎̅𝐴

𝑓[𝜙̅𝑇]𝑚 ≪ 1 and 
𝜎̃𝐴+1
𝑎 [𝜙̅𝑇]𝑚 ≪ 1 and consequently this expression can be approximated as: 

 

(
𝑢(𝑋𝐴)

𝑋𝐴
) ≅

√{𝑢([𝑅𝐴+1(𝑇)]𝑚)}
2{1 − 𝜎𝐴

𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚}
2
+ {𝑢([𝑅𝐴+1(0)]𝑚)}

2{1 − 𝜎̃𝐴+1
𝑎 [𝜙̅𝑇]𝑚}

2

[𝑅𝐴+1(𝑇)]𝑚{1 − 𝜎𝐴
𝑓[𝜙̅𝑇]𝑚 − 𝜆𝐴[𝑇]𝑚} − [𝑅𝐴+1(0)]𝑚{1 − 𝜎̃𝐴+1

𝑎 [𝜙̅𝑇]𝑚}
 

 
or, simplifying further as 

(
𝑢(𝑋𝐴)

𝑋𝐴
) ≅

√{𝑢([𝑅𝐴+1(𝑇)]𝑚)}
2 + {𝑢([𝑅𝐴+1(0)]𝑚)}

2

[𝑅𝐴+1(𝑇)]𝑚 − [𝑅𝐴+1(0)]𝑚
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The relative uncertainty of the denominator is simply expressed as: 𝑢
(𝑌𝐴)

𝑌𝐴
=

𝑢([𝜙̅𝑇]
𝑚
)

[𝜙̅𝑇]
𝑚

 since the 

uncertainty of the term (1 + [𝑅𝐴+1(𝑇)]𝑚)is negligible because, for most practical applications, 
[𝑅𝐴+1(𝑇)]𝑚 ≪ 1. Hence, for most practical applications the relative uncertainty of 𝜎𝐴𝑐  can be estimated as: 
 

(
𝒖(𝝈̅𝑨

𝒄 )

𝝈̅𝑨
𝒄 )~√(

√{𝒖([𝑹𝑨+𝟏(𝑻)]𝒎)}
𝟐 + {𝒖([𝑹𝑨+𝟏(𝟎)]𝒎)}

𝟐

[𝑹𝑨+𝟏(𝑻)]𝒎 − [𝑹𝑨+𝟏(𝟎)]𝒎
)

𝟐

+ (
𝒖([𝝓̅𝑻]𝒎)

[𝝓̅𝑻]𝒎
)

𝟐

 

 
Similarly, the expression for the inferred capture cross-section of A+1 being 
 

𝜎𝐴+1
𝑐 ~2

[𝑅𝐴+2(𝑇)]𝑚−[𝑅𝐴+2(0)]𝑚

([𝑅𝐴+1(𝑇)]𝑚 + [𝑅𝐴+1(0)]𝑚)[𝜙̅𝑇]𝑚
 

it then comes that:  
 

(
𝒖(𝝈̅𝑨+𝟏

𝒄 )

𝝈̅𝑨+𝟏
𝒄 )~√(

√{𝒖([𝑹𝑨+𝟐(𝑻)]𝒎)}
𝟐 + {𝒖([𝑹𝑨+𝟐(𝟎)]𝒎)}

𝟐

[𝑹𝑨+𝟐(𝑻)]𝒎 − [𝑹𝑨+𝟐(𝟎)]𝒎
)

𝟐

+ (
√{𝒖([𝑹𝑨+𝟏(𝑻)]𝒎)}

𝟐 + {𝒖([𝑹𝑨+𝟏(𝟎)]𝒎)}
𝟐

[𝑹𝑨+𝟏(𝑻)]𝒎 + [𝑹𝑨+𝟏(𝟎)]𝒎
)

𝟐

+ (
𝒖([𝝓̅𝑻]𝒎)

[𝝓̅𝑻]𝒎
)

𝟐

 

 
Similar expressions can be derived for the A+2, A+3… capture cross-sections, but are not repro-

duced here because they become quickly cumbersome. They can be used to determine the uncertainty of 
the inferred cross-sections given the uncertainty of the measurement of the nuclide densities and that of 
the measurement of the time-integrated flux. Inversely, they can be used as well to determine the experi-
mental uncertainties that are necessary to obtain the inferred cross-sections with a given target uncertain-
ty. This will be presented later in this document. 
 

The uncertainty of the time-integrated flux is obtained the same way. Indeed, since the time-
integrated flux in a U-235 sample is given by the expression (see section 2.2): 
 

𝜙̅𝑇~ [
𝑁𝑁𝑑8(𝑇)

𝑁𝑈5(𝑇)
]
𝑚

1

𝛾𝑁𝑑8𝜎̅𝑈5
𝑓

 

 
it then comes that: 
 

𝒖([𝝓̅𝑻]𝒎)

[𝝓̅𝑻]𝒎
~√(

𝒖([𝑹𝑵𝒅𝟖(𝑻)]𝒎)

[𝑹𝑵𝒅𝟖(𝑻)]𝒎
)
𝟐

+ (
𝒖(𝜸𝑵𝒅𝟖)

𝜸𝑵𝒅𝟖
)
𝟐

+ (
𝒖(𝝈̅𝑼𝟓

𝒇
)

𝝈̅𝑼𝟓
𝒇 )

𝟐

 with [𝑅𝑁𝑑8(𝑇)]𝑚 ≡ [
𝑁𝑁𝑑8(𝑇)

𝑁𝑈5(𝑇)
]
𝑚

  

 
The uncertainty of the Nd-148 fission yield (𝛾𝑁𝑑8) and that of the U-235 fission cross-section 

(𝜎𝑈5
𝑓 (𝐸)) are only of the order of half a percent. However, since the U-235 effective one-group fission 

cross-section is calculated as 𝜎𝑈5
𝑓
=

∫ 𝜎̅𝑈5
𝑓 (𝐸)𝜔(𝐸)𝑑𝐸

∫𝜔(𝐸)𝑑𝐸
, where 𝜔(𝐸) is the neutron spectrum in the sample, 

the term 
𝑢(𝜎̅𝑈5

𝑓
)

𝜎̅𝑈5
𝑓  should then take into account the uncertainty of the basic nuclear data 𝜎̅𝑈5

𝑓 (𝐸) as well as 

that of the calculated neutron spectrum 𝜔(𝐸). The latter comes from the calculations themselves (e.g. 
statistical uncertainty if 𝜔(𝐸) is calculated with a Monte-Carlo code) and from the uncertainties related to 
the conditions of the measurement that could potentially impact 𝜔(𝐸). 
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5. EXPERIMENTAL DETERMINATION OF THE ATOM DENSITIES OF THE TRANSMUTATION PRODUCTS WITH MULTI-
COLLECTOR INDUCTIVELY COUPLED PLASMA MASS SPECTROMETER (MC-ICP-MS) 
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𝑀𝐵𝐿𝑖𝑛𝑒𝑎𝑟 =

((𝑇𝑅𝐴
𝐵

 / 𝑀𝑅𝐴
𝐵

)−1)

(𝐴 −𝐵)
          ;       𝑀𝐵𝐶𝐹𝐴/𝐵 = 1 + (𝐴 − 𝐵)𝑀𝐵𝐿𝑖𝑛𝑒𝑎𝑟  

 

𝑀𝐵𝐸𝑥𝑝 = 
log(𝑇𝑅𝐴

𝐵

 / 𝑀𝑅𝐴
𝐵

)

log(𝐴 / 𝐵)
                ;         𝑀𝐵𝐶𝐹𝐴/𝐵 = (𝐴/𝐵)𝑀𝐵𝐸𝑥𝑝  

 
Where:  
 𝑀𝐵𝐿𝑖𝑛𝑒𝑎𝑟  = Linear mass bias 
𝑀𝐵𝐸𝑥𝑝  = Exponential mass bias 
𝑀𝐵𝐶𝐹𝐴/𝐵  = Mass bias correction factor for isotope ratio A/B 
𝑇𝑅𝐴

𝐵

 = True (certified) ratio of isotope A to isotope B 

𝑀𝑅𝐴
𝐵

 = Measured ratio of isotope A to isotope B 

A = atomic mass of isotope A 
B = atomic mass of isotope B 

 
The reported uncertainty for each measured ratio was determined using GUM (Guide to the Ex-

pression of Uncertainty Measurements) with k=2. 
 
5.2 Results – Actinides and fission products samples 
 

The MC-ICP-MS measurement campaign was very successful with about 65 samples (initial + ir-
radiated) characterized in a relatively short period of time. All the isotopic ratios of interest have an asso-
ciated 2-sigma uncertainty comprised between 0.5% and 1% which was what was requested.  

 
As of today, the MC-ICP-MS analyses have been completed for the samples irradiated with the 5-

mm-boron filter and with the cadmium filter. The isotopic ratios in the pre-irradiated and irradiated sam-
ples together with their associated 2-sigma uncertainties are presented in the table below. The MC-ICP-
MS analyses for the samples irradiated with the 10-mm-boron filter will be completed in 2015.  

 
This table shows that the samples used were of excellent purity, i.e. they are all at least 99% 

pure. After irradiation, less than 1% of the initial material was transmuted when the 5-mm-boron filter was 
used whereas up to 25% was transmuted when the cadmium filter was used (see Pu-240-3 sample). This 
was expected as the capture reaction rates in the resonance region seen by the cadmium-filtered sam-
ples are higher than those in the faster neutron region seen by the 5-mm-boron-filtered samples. 
 
 

Table 5.1: Characterization of the irradiated and non-irradiated samples with MC-ICP-MS 
 

Th-232-2     

 m/z 96589  Pre-irradiated 
Ratio ± U  Ratio ± U 

Th232 231/232 (3.23 ± 0.41) E-04  < 7.90E-08 

 232/232 ---  --- 

 233/232 (6.562 ±  0.032) E-03  < 1.00E-08 

 234/232 ( 2.1 ± 1.2) E-03  < 7.30E-07 

 235/232 (5.86 ± 0.39) E-02  (3.76 ± 0.82) E-06 

 236/232 < 1.0 E-03  (1.32 ± 0.49) E-06 
Th-232-1     

 m/z 96590  Pre-irradiated 
Ratio ± U  Ratio ± U 

Th232 231/232 (7.85 ± 0.71) E-06  < 7.90E-08 

 232/232 ---  --- 

 233/232 (9.711 ± 0.052) E-04  < 1.00E-08 

 234/232 < 9.3 E-06  < 7.30E-07 

 235/232 (1.538 ± 0.074) E-04  (3.76 ± 0.82) E-06 
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 236/232 < 5.6 E-06  (1.32 ± 0.49) E-06 
U-233-1     

 Ratio 96596  Pre-irradiated 
Ratio ± U  Ratio ± U 

U233 233/233 ---  --- 

 234/233 (2.385 ± 0.011) E-03  (1.7383 ± .0015) E-03 

 235/233 (7.33 ± 0.18) E-04  (6.5696 ± 0.0083) E-04 

 236/233 (2.46 ± 0.16) E-04  (2.1510 ± 0.0060) E-04 

 237/233 < 1.2 E-05  (7.2262 ± 0.57) E-06 
U-233-2     

 Ratio 96595  Pre-irradiated 
Ratio ± U  Ratio ± U 

U233 233/233 ---  --- 

 234/233 (7.878 ± 0.032) E-03  (1.7383 ± .0015) E-03 

 235/233 (2.356 ± 0.014) E-03  (6.5696 ± 0.0083) E-04 

 236/233 (2.38 ± 0.13) E-04  (2.1510 ± 0.0060) E-04 

 237/233 < 1.2 E-05  (7.2262 ± 0.57) E-06 
U-235-2     

 m/z 96592  Pre-irradiated 
Ratio ± U  Ratio ± U 

U235 234/235 (4.6849 ± 0.0084) E-04   
 235/235 ---  --- 

 236/235 (1.1600 ± 0.0061) E-03  (5.9100 ± 0.012) E-04 

 237/235 < 8.6 E-06  < 6.7E-07 

 238/235 (4.282 ± 0.012) E-03  (8.4271 ± 0.028) E-04 

 239/235 < 9.0 E-06  < 7.0E-07 
U-235-1     

 m/z 96591  Pre-irradiated 
Ratio ± U  Ratio ± U 

U235 234/235 (6.566 ± 0.050) E-04   
 235/235 ---  --- 

 236/235 (8.636 ± 0.045) E-03  (5.9100 ± 0.012) E-04 

 237/235 < 8.3 E-04  < 6.7E-07 

 238/235 (6.78 ± 0.60) E-03  (8.4271 ± 0.028) E-04 

 239/235 < 7.0 E-04  < 7.0E-07 
U-236-2     

 m/z 96593  Pre-irradiated 
Ratio ± U  Ratio ± U 

U236 236/236 ---  --- 

 237/236 (1.0006 ± 0.0011) E-02  < 7.40e-06 

 238/236 (1.5107 ± 0.0016) E-02  (1.4964 ± .0015) E-02 

 239/236 (2.687 ± 0.033) E-04  (7.6 ± 3.1) E-06 

 240/236 < 2.6 E-06  (8.3 ± 3.3) E-06 
U-236-1     

 m/z 96594  Pre-irradiated 
Ratio ± U  Ratio ± U 

U236 236/236 ---  --- 

 237/236 (1.296 ± 0.030) E-03  < 7.40e-06 

 238/236 (1.9437 ± 0.0023) E-02  (1.4964 ± .0015) E-02 

 239/236 (2.030 ± 0.016) E-03  (7.6 ± 3.1) E-06 

 240/236 (9.61 ± 0.94) E-05  (8.3 ± 3.3) E-06 
Np-237-1     

 m/z 96621  Pre-irradiated 
Ratio ± U  Ratio ± U 

Np237 236/237 (6.282 ± 0.052 ) E-06   
 237/237 ---  --- 

 238/237 (1.7705 ± 0.0085) E-03  (5.455 ± 0.014) E-05 

 239/237 < 4.6 E-06  (2.882 ± 0.200) E-05 

 240/237 < 2.9 E -06  < 6.00 E-07 

 241/237 < 3.3 E -06  < 6.10 E-07 

 242/237 < 1.9 E-06  (3.069 ± 0.220) E-05 
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Np-237-5     

 m/z 96619  Pre-irradiated 
Ratio ± U  Ratio ± U 

Np237 236/237 (1.026 ± 0.010 ) E-05   
 237/237 ---  --- 

 238/237 ( 4.185 ± 0.019) E-02  (5.455 ± 0.014) E-05 

 239/237 (2.685 ± 0.049) E-04  (2.882 ± 0.200) E-05 

 240/237 (1.41 ± 0.45) E-05  < 6.00 E-07 

 241/237 < 4.8 E-06  < 6.10 E-07 

 242/237 < 3.7 E-06  (3.069 ± 0.220) E-05 
Np-237-4     

 m/z 96620  Pre-irradiated 
Ratio ± U  Ratio ± U 

Np237 236/237 (8.330 ± 0.073) E-06   
 237/237 ---  --- 

 238/237 (3.223 ± 0.014) E-02  (5.455 ± 0.014) E-05 

 239/237 (1.548 ± 0.076) E-04  (2.882 ± 0.200) E-05 

 240/237 < 5.9 E-06  < 6.00 E-07 

 241/237 < 6.1 E-06  < 6.10 E-07 

 242/237 < 5.1 E-06  (3.069 ± 0.220) E-05 
Np-237-2     

 m/z 96622  Pre-irradiated 
Ratio ± U  Ratio ± U 

Np237 236/237 ( 7.596 ± 0.068) E-06   
 237/237 ---  --- 

 238/237 (2.0927 ± 0.0094) E-03  (5.455 ± 0.014) E-05 

 239/237 < 5.6 E-06  (2.882 ± 0.200) E-05 

 240/237 < 6.7 E-06  < 6.00 E-07 

 241/237 < 4.5 E-06  < 6.10 E-07 

 242/237 < 4.5 E-06  (3.069 ± 0.220) E-05 
U-238-2     

 m/z 96585  Pre-irradiated 
Ratio ± U  Ratio ± U 

U238 237/238 (8.236 ± 0.074) E-06  (1.642 ± 0.058) E-06 

 238/238 ---  --- 

 239/238 (1.0267 ± 0.0046) E-02  < 9.50E-07 

 240/238 ( 1.155 ± 0.097) E-04  <6.02E-07 

 241/238 < 1.4 E-05  (1.051 ± 0.620) E-06 

 242/238 < 7.3 E-06  (1.767 ± 0.100) E-05 
U-238-1     

 m/z 96586  Pre-irradiated 
Ratio ± U  Ratio ± U 

U238 237/238 (9.092 ± 0.073) E-06  (1.642 ± 0.058) E-06 

 238/238 ---  --- 

 239/238 (7.266 ± 0.066) E-04  < 9.50E-07 

 240/238 < 8.5 E-06  <6.02E-07 

 241/238 < 9.7 E-06  (1.051 ± 0.620) E-06 

 242/238 (1.53 ± .67) E -05  (1.767 ± 0.100) E-05 
Pu-239-2     

 m/z 96623  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu239 239/239 ---  --- 

 240/239 (1.290  ± 0.016) E-02  (2.2752 ± 0.0014) E-04 

 241/239 (2.4764 ± 0.0059) E-03  < 5.70E-07 

 242/239 (3.19 ± 0.15) E-04  (1.454 ± 0.066) E-05 

 243/239 < 4.6E-06  < 4.30E-07 
Pu-239-1     

 m/z 96624  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu239 239/239 ---  --- 

 240/239 (1.150 ± 0.014) E-03  (2.2752 ± 0.0014) E-04 
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 241/239 < 5.0 E-06  < 5.70E-07 

 242/239 (1.358 ± 0.088) E-04  (1.454 ± 0.066) E-05 

 243/239 < 5.7 E-06  < 4.30E-07 
Pu-240-3     

 m/z 96627  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu240 240/240 ---  --- 

 241/240 (2.93956 ± 0.00029) E-01  (3.2415 ± 0.0061) E-05 

 242/240 (3.357 ± 0.067) E-03  (2.9433 ± 0.0180) E-04 

 243/240 (7.04 ± 0.41) E-05  < 3.10E-07 

 244/240 (1.020 ± 0.043) E-04  < 6.60E-07 
Pu-240-1     

 m/z 96628  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu240 240/240 ---  --- 

 241/240 (7.331 ± 0.092) E-03  (3.2415 ± 0.0061) E-05 

 242/240 (4.647 ± 0.086) E-04  (2.9433 ± 0.0180) E-04 

 243/240 (1.51 ± 0.76) E-05  < 3.10E-07 

 244/240 (2.21 ± 0.53) E-05  < 6.60E-07 
Am-241-4     

 m/z 96616  Pre-irradiated 
Ratio ± U  Ratio ± U 

Am241 238/241 (5.347 ± 0.056) E-02  (3.128 ± 0.056) E-04 

 239/241 (4.02 ± 0.36) E-04  (3.45 ± 0.65) E-05 

 240/241 (3.4 ± 3.1) E-05  < 3.8 E-06 

 241/241 ---  --- 

 242/241 (2.865 ± 0.030) E-02  (3.601 ± 0.047) E-05 

 243/241 ( 5.8631 ± 0.0069 ) E-04  (1.82 ± 0.43) E-05 

 244/241 (4.8 ± 2.8) E-05  < 4.1 E-06 

 245/241 < 3.0 E-05  < 4.3 E-06 
Am-241-3     

 m/z 96615  Pre-irradiated 
Ratio ± U  Ratio ± U 

Am241 238/241 (6.860 ± 0.072) E-02  (3.128 ± 0.056) E-04 

 239/241 (5.07 ± 0.30) E-03  (3.45 ± 0.65) E-05 

 240/241 (5.70 ± 3.8) E-04  < 3.8 E-06 

 241/241 ---  --- 

 242/241 (4.209 ± 0.048) E-02  (3.601 ± 0.047) E-05 

 243/241 ( 8.972 ± 0.061 ) E-04  (1.82 ± 0.43) E-05 

 244/241 < 3.7 E-04  < 4.1 E-06 

 245/241 < 2.8 E-04  < 4.3 E-06 
Am-241-1     

 m/z 96617  Pre-irradiated 
Ratio ± U  Ratio ± U 

Am241 238/241 ( 9.04 ± 0.120 )E-03  (3.128 ± 0.056) E-04 

 239/241 ( 3.22 ± 0.12 ) E-04  (3.45 ± 0.65) E-05 

 240/241 < 2.1 E-05  < 3.8 E-06 

 241/241 ---  --- 

 242/241 ( 3.590 ± 0.057 ) E-03  (3.601 ± 0.047) E-05 

 243/241 ( 8.1 ± 1.1 ) E-05  (1.82 ± 0.43) E-05 

 244/241 < 2.7 E-05  < 4.1 E-06 

 245/241 < 9.7 E-06  < 4.3 E-06 
Am-241-2     

 m/z 96618  Pre-irradiated 
Ratio ± U  Ratio ± U 

Am241 238/241 (1.511 ± 0.016) E-03  (3.128 ± 0.056) E-04 

 239/241 (2.59 ± 0.28) E-04  (3.45 ± 0.65) E-05 

 240/241 (1.04 ± 0.26) E-04  < 3.8 E-06 

 241/241 ---  --- 

 242/241 (9.79 ± 0.12) E-04  (3.601 ± 0.047) E-05 

 243/241 < 2.2 E-05  (1.82 ± 0.43) E-05 
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 244/241 < 1.9 E-05  < 4.1 E-06 

 245/241 < 2.5 E-05  < 4.3 E-06 
Pu-242-3     

 m/z 96600  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu242 242/242 ---  --- 

 243/242 (2.425 ± 0.017) E-02  (1.7824 ± 0.0051) E-05 

 244/242 (1.2000 ± 0.0046) E-03  (2.2224 ± 0.0690) E-05 

 245/242 (1.65 ± 0.64) E-05  < 7.60E-07 

 246/242 < 4.1 E-06  < 8.6 E-07 
Pu-242-4     

 m/z 96599  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu242 242/242 ---  --- 

 243/242 (2.420 ± 0.017) E-02  (1.7824 ± 0.0051) E-05 

 244/242 (1.1125 ± 0.0044) E-03  (2.2224 ± 0.0690) E-05 

 245/242 (1.94 ± 0.60) E-05  < 7.60E-07 

 246/242 < 4.7 E-06  < 8.6 E-07 
Pu-242-1     

 m/z 96601  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu242 242/242 ---  --- 

 243/242 (6.171 ± 0.043) E-04  (1.7824 ± 0.0051) E-05 

 244/242 (1.59 ± 0.58) E-05  (2.2224 ± 0.0690) E-05 

 245/242 < 6.4 E-06  < 7.60E-07 

 246/242 < 4.5 E-06  < 8.6 E-07 
Pu-242-2     

 m/z 96602  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu242 242/242 ---  --- 

 243/242 (5.569 ± 0.039) E-04  (1.7824 ± 0.0051) E-05 

 244/242 (9.2 ± 5.4) E-06  (2.2224 ± 0.0690) E-05 

 245/242 < 5.1 E-06  < 7.60E-07 

 246/242 < 4.7 E-06  < 8.6 E-07 
Am-243-4     

 m/z 96608  Pre-irradiated 
Ratio ± U  Ratio ± U 

Am243 243/243 ---  --- 

 244/243 (6.731 ± 0.071) E-02  (4.9261 ± 0.0180) E-05 

 245/243 (1.126 ± 0.013) E-03  < 7.0 E-06 

 246/243 < 1.7 E-05  < 6.1 E-06 

 247/243 < 1.3 E-05  < 5.9 E-06 
Am-243-1     

 m/z 96609  Pre-irradiated 
Ratio ± U  Ratio ± U 

Am243 243/243 ---  --- 

 244/243 (1.821 ± 0.019) E-03  (4.9261 ± 0.0180) E-05 

 245/243 < 4.3 E-05  < 7.0 E-06 

 246/243 <3.9 E-05  < 6.1 E-06 

 247/243 < 2.9 E-05  < 5.9 E-06 
Am-243-3     

 m/z 96607  Pre-irradiated 
Ratio ± U  Ratio ± U 

Am243 243/243 ---  --- 

 244/243 (6.539 ± 0.068) E-02  (4.9261 ± 0.0180) E-05 

 245/243 ( 9.25 ± 0.14 ) E-04  < 7.0 E-06 

 246/243 < 7.1 E-05  < 6.1 E-06 

 247/243 (8.9 ± 5.7) E-05  < 5.9 E-06 
Am-243-2     

 m/z 96610  Pre-irradiated 
Ratio ± U  Ratio ± U 
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Am243 243/243 ---  --- 

 244/243 (1.878 ± 0.020) E-03  (4.9261 ± 0.0180) E-05 

 245/243 < 1.7 E-05  < 7.0 E-06 

 246/243 < 1.7 E-05  < 6.1 E-06 

 247/243 < 1.1 E-05  < 5.9 E-06 
Pu-244-4     

 m/z 96604  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu244 244/244 ---  --- 

 245/244 (2.021 ± 0.027) E-03  (2.0180 ± 0.0840) E-05 

 246/244 < 4.1 E-06  < 4.80E-07 

 247/244 < 4.2 E-06  <3.60E-07 
Pu-244-5     

 m/z 96603  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu244 244/244 ---  --- 

 245/244 (2.004 ± 0.026) E-03  (2.0180 ± 0.0840) E-05 

 246/244 (1.10 ± 0.48) E-05  < 4.80E-07 

 247/244 < 3.8 E-06  <3.60E-07 
Pu-244-1     

 m/z 96605  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu244 244/244 ---  --- 

 245/244 (4.029 ± 0.054) E-04  (2.0180 ± 0.0840) E-05 

 246/244 < 4.1 E-06  < 4.80E-07 

 247/244 < 4.5 E-06  <3.60E-07 
Pu-244-2     

 m/z 96606  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pu244 244/244 ---  --- 

 245/244 (3.592 ± 0.048) E-04  (2.0180 ± 0.0840) E-05 

 246/244 < 4.1 E-06  < 4.80E-07 

 247/244 < 5.5 E-06  <3.60E-07 
Cm-244-2     

 m/z 96625  Pre-irradiated 
Ratio ± U  Ratio ± U 

Cm244 240/244 (9.5922 ± 0.0046) E-02  (9.1259 ± 0.0036) E-02 

 241/244 (1.9775 ± 0.0030) E-02  (3.86 ± 0.13) E-04 

 242/244 (1.341 ± 0.043) E-03  (7.6 ± 1.1) E-05 

 244/244 ---  --- 

 245/244 (7.257 ± 0.096) E-02  (4.3541 ± 0.0190) E-02 

 246/244 (2.43206 ± 0.00060) E-01  (2.3349 ± 0.0004) E-01 

 247/244 (5.276 ± 0.025) E-03  (3.8519 ± 0.0089) E-03 

 248/244 (2.480 ± 0.024) E-03  (2.2614 ± 0.0085) E-03 
Cm-244-1     

 m/z 96626  Pre-irradiated 
Ratio ± U  Ratio ± U 

Cm244 240/244 (9.6720 ± 0.0046) E-02  (9.1259 ± 0.0036) E-02 

 241/244 (1.9245 ± 0.0029) E-02  (3.86 ± 0.13) E-04 

 242/244 (8.00 ± 0.26) E-04  (7.6 ± 1.1) E-05 

 244/244 ---  --- 

 245/244 (7.128 ± 0.095) E-02  (4.3541 ± 0.0190) E-02 

 246/244 (2.43095 ± 0.00058) E-01  (2.3349 ± 0.0004) E-01 

 247/244 (5.217 ± 0.031) E-03  (3.8519 ± 0.0089) E-03 

 248/244 (2.401 ± 0.026) E-03  (2.2614 ± 0.0085) E-03 
Cm-248-4     

 m/z 96612  Pre-irradiated 
Ratio ± U  Ratio ± U 

Cm248 248/248 ---  --- 

 249/248 (8.986 ± 0.071) E-03  (3.1546 ± 0.018) E-05 

 250/248 ( 3.783 ± 0.028 )E-04  < 5.6 E-06 
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 251/248 ( 6.166 ± 0.062 ) E-05  < 4.8 E-06 

 252/248 < 1.5 E-05  < 4.8 E-06 
Cm-248-1     

 m/z 96613  Pre-irradiated 
Ratio ± U  Ratio ± U 

Cm248 248/248 ---  --- 

 249/248 (4.865 ± 0.039) E-04  (3.1546 ± 0.018) E-05 

 250/248 < 1.6 E-05  < 5.6 E-06 

 251/248 < 1.5 E-05  < 4.8 E-06 

 252/248 < 1.3 E-05  < 4.8 E-06 
Cm-248-3     

 m/z 96611  Pre-irradiated 
Ratio ± U  Ratio ± U 

Cm248 248/248 ---  --- 

 249/248 (8.347 ± 0.066) E-03  (3.1546 ± 0.018) E-05 

 250/248 (3.26 ± 0.025) E-04  < 5.6 E-06 

 251/248 ( 4.961 ± 0.051 ) E-05  < 4.8 E-06 

 252/248 < 4.7 E-05  < 4.8 E-06 
Cm-248-2     

 m/z 96614  Pre-irradiated 
Ratio ± U  Ratio ± U 

Cm248 248/248 ---  --- 

 249/248 (4.709 ± 0.038) E-04  (3.1546 ± 0.018) E-05 

 250/248 < 1.4 E-05  < 5.6 E-06 

 251/248 < 2.3 E-05  < 4.8 E-06 

 252/248 < 2.1 E-05  < 4.8 E-06 
Eu-Cs_Rh-2     

 Ratio 96587  Pre-irradiated 
Ratio ± U  Ratio ± U 

Rh103 103/103 ---  --- 

 104/103 (7.535 ± 0.052) E-04  (6.78 ± 0.55) E-06 

 105/103 (6.06 ± 0.47) E-05  (6.61 ± 0.60) E-06 

 106/103 (6.46 ± 0.57) E-05  (5.43 ± 0.73) E-06 
     Cs133 133/133 ---  --- 

 134/133 (1.89847 ± 0.00071) E-02  < 8.3 E-06 

 135/133 (1.118 ± 0.064) E-04  < 1.5 E-05 
     Eu153 153/153 ---  --- 

 154/153 (6.332 ± 0.014) E-02  (4.176 ± 0.054) E-04 

 155/153 (2.224 ± 0.024) E-03  < 9.80 E-04 

 156/153 (4.22 ± 0.19) E-04  <8.40 E-04 
Eu-Cs_Rh-1     

 Ratio 96588  Pre-irradiated 
Ratio ± U  Ratio ± U 

Rh103 103/103 ---  --- 

 104/103 (4.41 ± 0.41) E-04  (6.78 ± 0.55) E-06 

 105/103 (5.41 ± 0.71) E-04  (6.61 ± 0.60) E-06 

 106/103 (2.66 ± 0.38) E-04  (5.43 ± 0.73) E-06 
     Cs133 133/133 ---  --- 

 134/133 (6.49 ± 0.41) E-04  < 8.3 E-06 

 135/133 < 4.6 E-05  < 1.5 E-05 
     Eu153 153/153 ---  --- 

 154/153 (2.7191 ± 0.0058) E-03  (4.176 ± 0.054) E-04 

 155/153 (6.7 ± 2.3) E-05  < 9.80 E-04 

 156/153 (1.1015 ± 0.2110) E-04  <8.40 E-04 
Sm-Ru-Nd-5     

 Ratio 96597  Pre-irradiated 
Ratio ± U  Ratio ± U 

Ru101 101/101 ---  --- 

 102/101 (2.1894 ± 0.0071) E-02  (1.4562 ± 0.0001) E-02 

 103/101 (1.586 ± 0.022) E-03  (5.43 ± 0.24) E-05 
     Nd143 143/143 ---  --- 
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 144/143 ( 5.7102 ± 0.0014) E-02  (4.9421 ± 0.0001) E-02 

 145/143 ( 7.3595 ± .0097) E-03  (7.2540 ± 0.0007) E-03 

 146/143 (1.6424 ± 0.0010) E-02  (1.6169 ± 0.0001) E-02 
     Sm149 149/149 ---  --- 

 150/149 (5.79472 ± 0.00080) E-01  (5.7171 ± 0.0170) E-03 

 151/149 (4.234 ± 0.025) E-03  < 1.3 E-05 

 152/149 (5.852 ± 0.030) E-03  (3.9957 ± 0.0180) E-03 
Nd-Pd-4     

 Ratio 96598  Pre-irradiated 
Ratio ± U  Ratio ± U 

Pd105 105/105 ---  --- 

 106/105 (4.3138 ± 0.0013) E-02  (3.8391 ± 0.0002) E-02 

 107/105 (2.679 ± 0.071) E-04  (1.9945 ± 0.0066) E-04 

 108/105 (3.636 ± 0.011) E-03  (3.2999 ± 0.0006) E-03 
     Nd145 145/145 ---  --- 

 146/145 (5.74473  ± 0.00053) E-02  (4.7990 ± 0.0001) E-02 

 147/145 (1.0497 ± 0.0038) E-03  (9.8693 ± 0.0084) E-04 
Sm-6     

 Ratio 96629  Pre-irradiated 
Ratio ± U  Ratio ± U 

Sm149 149/149 ---  --- 

 150/149 (1.0215 ± 0.0031) E-02  (5.7171 ± 0.0170) E-03 

 151/149 (5.1 ± 2.3) E-05  < 1.3 E-05 

 152/149 (3.997 ± 0.025) E-03  (3.9957 ± 0.0180) E-03 
 
 
5.3. Results – U-235 wires 
 

The U-235 flux wires were also analyzed at INL’s Analytical Lab. Gamma spectrometry as well as 
Quadrupole ICP-MS were used to determine the absolute amount of Cs-137 and Nd-148 in the wires 
(MC-ICP-MS provides only isotopic ratios not absolute values).  

 
The 2-sigma uncertainties associated to the gamma and Q-ICP-MS measurements are, respec-

tively, 1% and 5%. These measurements show that the neutron flux in the Cd-filtered irradiation is close 
to being symmetric which is what is expected based on our knowledge of the reactor. On the other hand, 
the wires present in the 5-mm- and 10-mm-boron-filtered irradiation show a significant asymmetry of the 
neutron flux which is currently not fully understood and is still subject to investigations. 
 
 

Table 5.2: Characterization of the irradiated U-235 wires with gamma spectrometry and Q-ICP-MS 
 

 AL sample no 
Cs-137  

(Gamma) 
Mass 137  

(Q-ICP-MS) 
Mass 148  

(Q-ICP-MS) 
 µCi/wire µg/wire µg/wire 

Cd filter 
96577 61.30 0.6980 0.2180 
96578 78.80 0.9000 0.2850 
96579 74.80 0.8550 0.2700 
96580 65.80 0.7450 0.2330 

5-mm-B filter 
96581 7.00 0.0753 0.0216 
96582 16.20 0.2020 0.0600 
96583 11.50 0.1520 0.0420 
96584 6.84 0.0875 0.0241 

10-mm-B filter 
97939 4.99 0.0604 0.0170 
97940 7.90 0.0950 0.0269 
97941 5.56 0.0688 0.0189 
97942 6.11 0.0745 0.0209 
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From these measurements, knowing the mass of U-235 in each wire, it is possible to infer the at-
om ratios necessary to normalize the flux calculations. Table 5.3 shows that the Cs-137 over U-235 atom 
ratios obtained from gamma and Q-ICP-MS measurements are very similar, which is a reassuring sanity 
check. 
 

Table 5.3: Inferred Cs-137 and Nd-148 over U-235 atom ratios in the U-235 wires 
 

 AL sample no 
Cs-137/U-235  

(Gamma) 
Mass 137/U-235  

(Q-ICP-MS) 
Mass 148/U-235  

(Q-ICP-MS) 
 Atom ratios 

Cd filter 
96577 9.38E-04 9.24E-04 2.67E-04 
96578 1.15E-03 1.13E-03 3.32E-04 
96579 1.16E-03 1.15E-03 3.36E-04 
96580 9.93E-04 9.73E-04 2.82E-04 

5-mm-B filter 
96581 9.02E-05 1.02E-04 2.71E-05 
96582 2.42E-04 2.61E-04 7.17E-05 
96583 1.69E-04 1.94E-04 4.95E-05 
96584 9.69E-05 1.07E-04 2.73E-05 

10-mm-B filter 

97939 7.47E-05 7.83E-05 2.04E-05 
97940 1.18E-04 1.23E-04 3.23E-05 
97941 8.33E-05 8.91E-05 2.27E-05 
97942 9.15E-05 9.65E-05 2.51E-05 

 
 
6. ATR AS-RUN PHYSICS CALCULATIONS WITH MCNP 
 
 
The objectives of the physics calculations are the following: 
 

• Perform detailed Monte Carlo neutron transport calculations of the tests in the ATR  
• Minimize approximations 
• Develop a multi-step transport process/techniques/models 
• Calculate very accurate one-group neutron cross sections (<0.5%) 
• Understand the sensitivities affecting the 1-group cross sections 
• Deplete rodlet samples using: 

– Measured ATR reactor data 
– Calculated 1-group neutron cross sections 
– Measured initial sample isotopic masses 
– Calculated irradiation flux (re-normalized per measured fluence wires) 

• Compare measured versus calculated isotopics (A+1)/A ratios in the irradiated samples 
 
 
6.1. The MCNP code 
 

MCNP is a general purpose, continuous energy, generalized geometry, and coupled neutron-
photon-electron Monte Carlo transport code. Neutrons and gamma-rays are typically and routinely trans-
ported using the MCNP code for applications related to ATR analyses. A wide variety of nuclide cross 
sections and nuclear reactions are available from the ENDF. The MCNP code is a product of the Los 
Alamos National Laboratory. 

 
The MCNP code can handle a variety of nuclear interactions for neutrons with nuclei usually only 

limited by the data available on ENDF and the MCNP ACE cross section files (ACE is an acronym for A 
Compact ENDF or processed cross section data specifically for use by MCNP). Typically, all MCNP ACE 
files include the following neutron reaction cross sections: total, elastic scattering, inelastic scattering, fis-
sion, radiative capture, (n,2n), (n,p), (n,a), and (n,p). Other cross sections may be provided as well de-
pending on important nuclear interaction characteristics of a particular nucleus. In addition, for neutron 
inelastic and radiative capture reactions, MCNP will produce de-excitation gamma-rays and track these 
gamma-rays in the photon portion of the transport calculation.  
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The models used in MCNP represent a system’s physical geometry with a collection of volumetric 
cells described by defined geometric surfaces (planes, cylinders, spheres, cones, etc.). These code-
recognizable defined surfaces are appropriately combined and sensed to allow the analyst wide latitude 
in describing even very complicated three-dimensional system geometries. A complex reactor system, 
such as the ATR, is readily transformed into an MCNP cell geometry model (although thousands of cells 
are typically needed to fully describe the entire ATR core). The MCNP code also requires the model cells 
to contain a material. This material is composed of natural or isotopic elements that describe the cell ma-
terial. An elemental or isotopic number density and associated neutron and/or photon cross section library 
are required for each element or isotope. 

 
The MCNP cell tally capability allows for the calculation of a variety of reactor physics parame-

ters. For example, one can calculate particle or energy currents and fluxes in any cell, or across any cell 
surface. Nuclear reaction rates (e.g., fission or radiative capture reaction rates) can be calculated in any 
cell. Similarly, energy deposition due to neutron scattering or absorption and gamma-ray scattering 
events (heating rates) can also be calculated. In addition, these tally quantities can be calculated as a 
function of energy group to determine spectral characteristics of certain reaction and heating rates. Cell 
tallies are averaged over the cell’s volume and possess an inherent Monte Carlo statistical error. 

 
Because the MCNP computer code is a Monte Carlo code, the MCNP-calculated results are re-

ported by the code with an associated statistical uncertainty or relative error. The relative errors translate 
into a one-sigma statistical uncertainty by multiplication of the relative error by the calculated result (tally 
value). Two-sigma and three-sigma confidence intervals are obtained by multiplying the one-sigma values 
by factors of two and three, respectively. The confidence levels associated with one-, two-, and three-
sigma values are 68.3%, 95.4%, and 99.7%, respectively. 
 
6.2. ATR MCNP model 
 

The main goal of the MANTRA physics modeling was to calculate appropriate one-group neutron 
cross sections, reaction rates, and fluxes at each MANTRA sample location. So far, the MANTRA-1 (thin 
boron filter) and the MANTRA-3 (cadmium filter) experiments have been modeled and analyzed. The 
MANTRA-1 experiment had 25 sample locations and MANTRA-3 had 28 sample locations. The one-
group neutron cross sections and fluxes are then used as input for the sample depletions in order to esti-
mate the end-of-irradiation sample concentrations and compare them with the measured concentrations.  

 
The Monte Carlo physics depletion analysis is a multi-step process that begins with the construc-

tion of a detailed, fully-explicit, three-dimensional full-core model of the Advanced Test Reactor (ATR) 
and the particular MANTRA experiment. Figure 6.1 shows three MCNP plots: (1) cross sectional view of 
the ATR core model, (2) magnified cross section view of the B9 test facility in the north beryllium reflector 
region, and (3) an even greater magnified cross sectional view of the MANTRA-1 test train. All three plots 
are from the MCNP ATR model for the MANTRA-1 experiment. The MCNP model contains the serpentine 
ATR driver fuel, nine flux traps, surrounding experiments, beryllium reflector, outer shim control cylinders 
(orange circles), neck shim housing, neck shim rods, ATR pressure vessel, and the MANTRA-1 experi-
ment. The ATR driver fuel is loaded based on the actual element loadings specified prior to each ATR 
irradiation power cycle.  

 
The second step is the Monte Carlo depletion of the ATR driver core. The ATR driver fuel in the 

MCNP model is then depleted on a daily-basis over the appropriate number of ATR cycles and daily 
timesteps in which the MANTRA experiment was irradiated. The JMOCUP depletion utility program is 
used to perform the depletion calculation which incorporates the MCNP code and the ORIGEN2.2 com-
puter code. The JMOCUP depletion calculations deplete the driver core (40 fuel elements or 840 cells) on 
a daily timestep basis taking into account the daily-average rotation of the ATR outer shim control ele-
ments and the daily neck shim removals. The MCNP KCODE calculation produces a k-effective close to 
1.0 over the cycle. In addition to the driver core depletion, the MANTRA filters are also depleted (boron or 
cadmium). The MANTRA-1 experiment was irradiated for two ATR cycles (151B and 152B), whereas the 
MANTRA-3 experiment was irradiated for only one cycle (152B).  There were 57 timesteps for cycle 151B 
and 53 timesteps for 152B which creates 57 and 52 MCNP input/output files; each MCNP input model is 
approximately 100,000 lines long. 
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The neutron energy self-shielding causes the neutron reaction rates in a material to be a non-
linear function of the mass of material. Indeed, if the amount of material is sufficient, it will experience 
neutron energy self-shielding and, consequently, the neutron reaction rate R  will be expressed as 
 

𝑹 = ∫[𝑵 × 𝝈(𝑬) × 𝝋(𝑬,𝑵, 𝒈)]𝒅𝑬 
 
where the neutron flux  𝝋(𝑬,𝑵, 𝒈) depends on the neutron energy E , on the amount of material present N, 
and to a lesser extent on the geometrical configuration g. As illustrated in Figure 6.3, when the sample 
mass reaches in certain value, the neutron flux will exhibit a larger and larger dip as the sample mass 
increases. In these situations adding more mass to a sample increases the reaction rates less than pro-
portionately, i.e. 

𝑹 (𝜶𝑵) < 𝜶 𝑹 (𝑵) 
 

On the other hand, if the amount of material is small enough it will not experience neutron energy 
self-shielding. The neutron flux is not impacted by the presence of the sample material. In this case the 
neutron reaction rate will be expressed as 
 

𝑹 = ∫[𝑵 × 𝝈(𝑬) × 𝝋(𝑬)]𝒅𝑬 

 
where the neutron flux  𝝋(𝑬) depends only the neutron energy E and not on the (very small) amount of 
material. In these situations adding more mass to a sample increases the reaction rates proportionately, 
i.e. 

𝑹 (𝜶𝑵) = 𝜶 𝑹 (𝑵) 
 

Whenever possible, the latter situation is preferred because less detail is required for modeling 
the samples accurately. In particular, it makes isotopic ratios in irradiated samples independent of 
the initial mass of material. 
 

To obtain a more detailed understanding of the neutron physics of the experiment, the reaction 
rates in the samples have been decomposed as a function of the neutron energy for each sample (see 
examples in Figure 6.4 to 6.6). This approach allows pin-pointing which energy region is responsible for 
the neutron interactions in a given sample and will guide the self-shielding analysis by providing the im-
portant energy ranges for each sample/filter combination.  

 
 

 
 

Figure 6.4. Normalized capture reaction rate in a U-235 sample filtered with 5-mm enriched boron (left) 
and cadmium (right) 
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Figure 6.5. Normalized capture reaction rate in an Pu-239 sample filtered with 5-mm enriched boron (left) 

and cadmium (right) 
 

 

 
 

Figure 6.6. Normalized capture reaction rate in an Am-241 sample filtered with 5-mm enriched boron (left) 
and cadmium (right) 
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7. COMPARISON BETWEEN CALCULATIONS AND EXPERIMENT 
 
 

This section presents the results of the analyses carried out for the cadmium-filtered samples. 
The analyses for the two boron-filtered irradiations are still underway, in particular to understand the axial 
asymmetry of the flux. The calculations related to the cadmium-filtered irradiations showed that the neu-
tron spectra are practically independent of the axial position (see figure 7.1) and burn up conditions (see 
figure 7.2). The MCNP calculations provided one group cross sections, with low statistical uncertainty 
(typically less than 0.5%) to be subsequently used in a burn up code for calculating the isotope build up 
due to neutron irradiation. 
 

The hypothesis made in the Monte Carlo calculations was that infinite dilution cross sections 
could be used. However, as mentioned earlier, it was soon realized that although the masses (typically in 
the 1mg range) were small, still significant self-shielding effects were present, especially for those iso-
topes with large resonances in the epithermal spectrum that was produced at the sample location by the 
Cd filter. 

 
 

Figure 7.1. MANTRA Cd filtered neutron spectra axial independence (different cell numbers correspond 
to different axial locations). 

 

 
 

Figure 7.2. MANTRA Cd filtered neutron spectra burn up independence (different identifier numbers cor-
respond to different number of days of irradiation). 
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The self-shielding effects are both energy and geometry dependent. To quantify the effect of the 
geometry, different wafer heights were explicitly modeled (Figure 7.3), each wafer containing the same 
amount of material. This allowed quantifying the dilution effects. Figure 7.4 shows, for instance, the effec-
tive capture cross section dependence of the Pu-240 sample in function of the mass and the height (oc-
cupied volume in the capsule). Unfortunately, at the moment of the sample preparation a large uncertain-
ty (typically ~30%) was associated to the mass sample. This mass sample was measured after the PIE 
with a lot more precision (~1%) but the original volume was not known because the sample was dis-
solved. In practice, the unknown quantity was the original sample density. In order to cope with this prob-
lem a strategy was devised for calculating the most reliable C/E for the sample cross sections. This is 
detailed in the following. 
 

 
 

Figure 7.3. Sample wafer with different heights inside a rodlet 
 

 
Figure 7.4. Cadmium-filtered effective Pu-240 capture cross section dependence form sample mass and 

height in the capsule (wafer). 
 

 
Starting points are the fluxes calculated using the detailed MCNP model (~ hundreds billions of 

histories), ENDF/B-VII.0 cross sections, and total ATR power from thermal-hydraulics measurements. In 
the next step flux normalization factor is calculating using 6 burn up indicators measured in 4 different 
wires: 137Cs (gamma) and buildup of 137Cs+137Ba, 139La, 145Nd, 146Nd, and 148Nd. Final factor is 
calculated by inverse weighting of square of the uncertainty. Following this step the MCNP fluxes are 
normalized with the obtained factor. It was checked that nonlinear effect (i.e. recalculation of normaliza-
tion factor using the normalized fluxes) is negligible (~0.2%). These normalized fluxes are used in the 
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Bateman equation solver for calculating the sample isotope buildup due to irradiation. Dispersion of re-
sults is ~±2% (results regarding the burn up indicators are shown in table 7.1 for the second iteration, 
used for checking nonlinear effect). 

 
Table 7.1. Wires C/E for determining flux normalization factor (second iteration). Normalization Fac-

tor=1.002 ± 2.06%. 
 

 
 

The next step deals with the crucial task of determining the effective (self-shielded cross sec-
tions). Indication from the experiment preparation was that actual height of the sample should vary be-
tween 0.1 mm and 3mm. Moreover, the actual masses with low uncertainty were provided by the PIE re-
sults. Therefore, a parametric cross section calculations was performed corresponding to: 0.1 mm, 
0.5mm, 1mm, 2mm, and 3mm. Using these cross sections, C/E for capture cross section were deter-
mined by iterative process changing the capture cross section in the Bateman equation until the meas-
ured build up is matched. This method is more accurate than traditional one (i. e. just using ratio of A+1/A 
densities) especially when the father is the A+1 isotope, A+2, or higher. 
 

Sample height was determined by consistency (within uncertainty) of C/E for samples when the 
father is isotope A, and then when the father is isotope A+1. In fact in the case of the A+1 father, because 
the produced build up is a very negligible mass, practically no self-shielding effect is present. This very 
lengthy process (several hundreds of burn up calculations) allowed determining the height of the sample 
which was found to be dependent on the initial chemical form of the sample. Actually, there were two 
main chemical forms: oxide and nitrate. The height of the oxide was found to be close to 0.1 mm, where-
as for the nitrate form was 0.35mm. 

 
Table 7.2 and 7.3 summarize the obtained C/E respectively for the actinides samples and fission 

product samples. It has to be pointed out that there are four components, statistically combined, used in 
calculating the uncertainty associated to the C/E. The four components are: 
 

- Experimental from PIE measurements (typically less than 0.5%) 
- Statistical form the Monte Carlo calculations (typically less than 0.5%) 
- Flux normalization factor dispersion (~2%) 
- Effective (self-shielded) cross sections depending on the amount of self-shielding (varying from 1 

to 3% uncertainty). 
 
As mentioned in section 2.1, the sensitivity of the A+1 atom density with regards to the capture cross 

section of isotope A is very close to 1. In other words, a 1% difference between the calculated and meas-
ured A+1 density after irradiation implies a 1% difference between the calculated effective capture cross 
section of A and the “true” one. 

 
The C/E yellow flagged are still under investigation regarding inconsistencies either in the measured 

mass of the father, or the measured mass of the daughter. Subsequent measurements regarding these 
dubious results are expected soon. 
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Table 7.2. Actinide C/E for capture cross sections 
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Table 7.3. Fission products C/E for capture cross sections 
 

 
 
 
8. CONCLUSIONS 
 

This report presents the status of the MANTRA integral reactor physics experiment whose objec-
tive is to infer the effective neutron capture cross-sections for most of the actinides of importance for reac-
tor physics and fuel cycle studies in both fast and epithermal spectra. Some fission products are also be-
ing considered. This experimental program has been funded by the ATR National Scientific User Facility 
(ATR-NSUF) and by the DOE Office of Science in the framework of the Recovery Act. 

The principle of the experiment is to irradiate very pure actinide samples in the Advanced Test 
Reactor at INL and, after a given time, determine the amount of the different transmutation products. The 
determination of the nuclide densities before and after neutron irradiation will allow inference of effective 
neutron capture cross-sections. The list of actinides that were irradiated is the following: Th-232, U-233, 
U-235, U-236, U-238, Np-237, Pu-239, Pu-240, Pu-242, Pu-244, Am-241, Am-243, Cm-244 and Cm-248. 
The list of fission products is the following: Sm-149, Eu-153, Cs-133, Rh-103, Ru-101, Nd-143, Nd-
145and Pd-105. 

In order to obtain effective neutron capture cross sections corresponding to different neutron 
spectra, three sets of actinide samples have been irradiated: the first one is filtered with cadmium and 
the other two are filtered with enriched boron of different thicknesses (5 mm and 10 mm). This allowed 
the samples to be irradiated in epithermal and fast neutron spectra whereas the unfiltered neutron spec-
trum is largely thermal. The cadmium-filtered and the 5-mm-boron-filtered irradiations were completed in 
January 2013 after, respectively, 55 days and 110 days in the reactor. The last irradiation with the 10-mm 
boron filter was completed in January 2014 after approximately 110 days in the reactor. 

The measurements of the isotopic ratios in the irradiated samples were carried out at the Materi-
als and Fuels Complex (MFC) using the newly acquired Multi-Collector Inductively Coupled Plasma Mass 
Spectrometer (MC-ICP-MS). As of today, the MC-ICP-MS analyses have been completed for the samples 
irradiated with the 5-mm-boron filter and with the cadmium filter. The MC-ICP-MS analyses for the sam-
ples irradiated with the 10-mm-boron filter will be completed during in FY15. 

The first analyses of the MANTRA experimental results of the cadmium filter configuration are 
encouraging. In particular, a premiere has been achieved for the evaluation of Pu-244 and Cm-248 never 
measured before with an integral experiment. Some lessons have been learned and will be taken into 
account for future experimental campaigns. In particular: (1) Improve sample preparation to know the ex-
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perimental conditions better: density and geometry, (2) Further minimize the sample masses and (3) Im-
prove wire characterization and choice of detectors. 

 
Once the best-estimate MCNP calculations are finalized MANTRA will contribute to an iterative 

process involving reactor physicists and nuclear data evaluators necessary to the generation of accurate 
nuclear data files. 

 

 
 

Even though we expect the MANTRA experimental program to be a success, there is already a need 
for a second phase (a MANTRA-2) of such a type of experiment. There are several reasons that justify 
this request. First there are several actinide samples that, for different reasons, have not been irradiated 
among others: Pu238, Pu241, and especially Cm-244 (irradiated only with thin filters). Moreover, at the 
time of the second campaign efficient mass separators should be available at INL. This should allow puri-
fying samples of isotopes already irradiated in MANTRA and avoid one of the main concerns related to 
contamination from other isotopes, in the post irradiation analysis.  

Finally, due to the limited room available in most cases only one sample per isotope (and in a couple 
of cases two) will be irradiated in MANTRA. In the PROFIL French experiments there were three and 
even six samples (PROFIL-2) of the same isotopes that were irradiated, the reason being that in certain 
cases in the post irradiation analysis, due to bad manipulation, some samples were contaminated. We, 
hopefully, can expect a low rate of failure for MANTRA, but, in case something happens, the MANTRA-2 
campaign should provide an opportunity for repeating the compromised irradiation of some isotopes.  

In complement to the MANTRA campaign a separate experimental program can be foreseen to be 
performed at the NRAD facility. The INL NRAD is a TRIGA reactor that has enough room to allow the 
presence of thick neutron filters (including U238 blocks) that will really simulate a large range of spectra 
going form thermal, epithermal, soft fast, and hard fast. Measurement of fission rate spectral indices using 
fission micro-chamber can allow to assess the knowledge on a vast range of actinides (major and mi-
nors). Moreover, reactivity sample oscillations measurements with apparatus that are been implemented 
at the ISU (Idaho State University) reactors (including open and closed loop) and easily installed at NRAD 
can be foreseen. Measurements of actinides samples in different spectra will be invaluable for the valida-
tion of cross sections useful for advanced fuel cycles. 
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