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Abstract—In a recent paper the filter bank multicarrier spread
spectrum (FB-MC-SS) waveform was proposed as an new method
for wideband spread spectrum communications in the HF band.
FB-MC-SS is well suited for this application because of its
robustness against narrow and partial band interference and
because it has good performance over a wide range of delay and
Doppler spreads. In this paper we present a study of bit error rate
(BER) for this system. In this study channel estimation error and
correlation between subcarriers are taken into account. Tailoring
the analysis from a different application we give equations for
BER that closely match the simulated performance in most
situations.

I. INTRODUCTION

The high frequency (HF) skywave propagation channel
is a challenging environment for digital communications. In
highly disturbed ionospheric conditions the channel has large
spreads in both time and frequency. In these conditions channel
estimation and equalization are difficult. At the other extreme,
in quiet HF conditions a narrow band HF waveform will expe-
rience frequency flat fading with fade rates of several seconds.
HF waveforms typically include interleaving and forward error
correction (FEC) to overcome this fading. Another significant
challenge in the HF channel is interference from other users.
This interference exists because HF signals propagate long
distance making frequency allocation difficult.

Recently FB-MC-SS was introduced for wideband spread
spectrum communications in the HF band [1]. Traditionally
3 kHz channels have been used for HF communications.
In [1] waveforms with bandwidths ranging from 24 to 200
kHz were proposed. Using signals of this bandwidth offer
several advantages over narrow band signals. First, spreading
the signal energy over a wide bandwidth results in a more
stealthy communication. This is a important characteristic for
certain military applications. Second, the wider bandwidth
gives increased frequency diversity which results in more
robust communications and less latency because interleaving
may not be needed.
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FB-MC-SS is multicarrier spread spectrum technique that
is based on filtered multitone (FMT) [5]. It was initially
introduced in [3], [4] and was aimed at terrestrial communica-
tions. A significant benefit of this waveform over other spread
spectrum modulation techniques is superior performance in
partially jammed channels [3], [6]. In addition FB-MC-SS has
good performance in time varying multipath channels. In [1]
FB-MC-SS was proposed for HF skywave communications.
In [1] new algorithms for signal detection were given that are
suitable for the harsh HF channel. Simulation results showed
that the waveform operated reliably over a wide range of delay
and Doppler spreads. In addition, a peak to average power ratio
(PAPR) reduction algorithm was introduced in [1] that resulted
in PAPRs of 4 to 5 dB.

In [1] bit error rate (BER) simulation results were given.
In this paper we provide a theoretical study of these simu-
lated BER results. An analysis of the BER performance is
an important tool for designing and verifying a waveform.
The simulation results in section VI of [1] show varying
amount of implementation loss which depends on the channel
conditions. Two of the main causes of this implementation
loss are channel estimation error and fading. When the FB-
MC-SS signal is detected, estimates of the channel are used
to calculated maximum ratio combining (MRC) coefficients.
For the system we are considering these channel estimates may
have significant error resulting from large Doppler spreads and
negative SNR for each subcarrier. The other significant source
of implementation loss is fading. To accurately predict the loss
from fading, the correlation between the subcarrier channels
has to be considered. Assuming that the subcarrier channels
are independent will give overly optimist results.

Most paper that analyze the performance of MRC do not
consider both channel estimation error and correlation between
MRC branches. In the text book analysis of MRC [7] ideal
channel estimation and independent and identically (i.i.d)
branches are assumed. In [8], [9] channel estimation error is
taken into account but i.i.d. branches are assumed. In [10], [11]
correlation between subcarriers is considered but not channel
estimation error. In [2] the BER performance of a combining
algorithm called maximum ratio eigen combining (MREC) is
considers for single input multiple output (MISO) systems.
This analysis takes into account channel estimation error and
branch correlation. The authors also show how this analysis



can be used to analyze the performance of MRC. In this paper
we tailer these results to analyze the BER performance of the
HF band FB-MC-SS system.

This paper is organized as follows. The FB-MC-SS wave-
form is described in Section II and the wideband HF channel
model is briefly reviewed in Section III. In Section IV some
probabilities related to channel estimation error are given. In
Section V BER performance is analyzed. Simulation results
are presented in Section VI and finally the conclusions are
given in Section VII.

Notations: Our presentation is a mix of continuous-time and
discrete-time signals. We use x(t) when reference is made
to a continuous time signal, and x[n] when referring to a
discrete-time signal. Scalars are upper and lower case letters
and are not bold. Arrays are bold lower case letters. Matrices
are bold upper case letters. The superscripts (·)∗, (·)T and
(·)H represent complex conjugate, transpose and Hermitian
transpose, respectively. The notation E[·] means statistical
expectation.

II. FB-MC-SS WAVEFORM

In this section we describe the FB-MC-SS waveform.
Throughout this paper perfect frame, carrier and timing syn-
chronization are assumed. Algorithms for synchronization are
given in [1]. Also, note that the transmitter and receiver struc-
tures described in this section can be implemented efficiently
using polyphase techniques [4], [12], [13].

The FB-MC-SS waveform is based on filtered multitone
(FMT) (i.e. the subcarrier are non-overlapping) and the sym-
bols are spread over all subcarriers and are not spread over
time. A block diagram of the FB-MC-SS transmitter is shown
in Fig. 1. In this diagram s[n] are binary phase-shift-keying
(BPSK) data symbol with unit magnitude, T is the symbol
period and n is discrete time index of the symbols. The
symbols are upsampled by L resulting in a sampling period
of T/L. The time index m is used for the upsampled data.
For each of the N subcarriers the symbols are multiplied by a
spreading gain γk, filtered by h and upconverted to frequency
fk. Here k = 0, 1, ..., N − 1 is the subcarrier index, γk are a
set of spreading gains with unit magnitude that apply a phase
shift to each of the subcarriers, h is a square-root raised-cosine
(SRRC) filter with the roll-off factor α = 1 and ‖h‖2 = 1 and
fk are the centers of the subcarrier bands which have 2k/T
spacing. The subcarriers are summed to form the transmitter
output x[m].

A block diagram of the channel model is shown in Fig. 2. In
the diagram c[m] = c(mT/L) where c(t) is the time varying
impulse response of the channel, v[m] is white Gaussian
noise with variance σ2

v and y[m] is the channel output. We
define C(f, t) to denote the Fourier transform of c(t). Each
subcarrier band is approximated by a flat gain given by
Ck[m] = C(fk,mT/L). Section III describes the HF channel
model that specifies c(t) in more detail.

A block diagram of the receiver is shown in Fig. 3. For each
subcarrier the receive signal is down converted, match filtered
and decimated to the symbol rate. Since Nyquist filtering is
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Fig. 1. FB-MC-SS transmitter block diagram.
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Fig. 2. Channel model.

being used and because perfect timing and carrier recovery are
assumed, the subcarriers after decimation are given by:

zf [n] = s[n]cf [n] + vf [n] (1)

where zf [n] = [z0[n], z1[n], . . . , zN−1[n]]
T,

cf [n] = [C0[n], C1[n], . . . , CN−1[n]]
T and vf [n] =

[v0[n], v1[n], . . . , vN−1[n]]
T. The elements of vf [n], vk[n],

are independent white Gaussian noise with variance σ2
v .

The f subscript is to indicate that the array is formed from
element taken across the subcarriers (i.e. frequency). Finally,
each zk[n] is multiplied by a combining coefficient w∗

k[n]
and the subcarriers are summed resulting in an estimate of
the transmit symbol, ŝ[n]. This step may by written as:

ŝ[n] = wH[n]zf [n] (2)

where w[n] = [w0[n], w1[n], . . . , wN−1[n]]
T.
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Fig. 3. FB-MC-SS receiver block diagram.

A packet based waveform is considered in this paper. Each
packet consists of a preamble section p[n] that is Mp BPSK



symbols and a data section that is Md BPSK payload symbols.
The preamble section is used to detect the beginning of each
packet and perform initial synchronization before detection of
the packet.

The channel estimate for each subcarrier, denoted as Ĉk[n],
is estimated using a single tap recursive least squares (RLS)
filter. Channel estimation is data directed at the beginning of
the packet using the pilot and decision directed during the
data section of the packet. For this analysis all hard decision
are assumed to be correct. In the simulation section we show
that in some circumstances decision error can cause additional
implementation loss.

The MRC algorithm is used to calculate the combining
coefficient. For this analysis the noise variance is assumed
to be equal for all subcarriers . Making this assumption, the
MRC coefficients are given by:

w[n] = ĉf [n− 1] (3)

where ĉf [n] = [Ĉ0[n], Ĉ1[n], . . . , ĈN−1[n]]
T.

III. HF CHANNEL MODEL

The HF channel is simulated using the wideband HF (WB-
HF) channel model described in [14]. The widely used Wat-
terson channel model [15] cannot be used because it is not
valid for the wideband signals that are being considered in
this paper. A summary of the WB-HF channel model is given
in [1]. The WB-HF channel model is a wide-sense stationary
uncorrelated scattering (WSSUS) channel model. For each
of the ionospheric modes that support propagation, a power
delay profile, a delay dependent Doppler shift and a Doppler
spectrum specify the channel model. The Doppler spectrum
is Gaussian with variance σ2

D. The channel model parameters
are adjusted to simulate specific HF conditions. In this paper
a daytime quiet, a nighttime disturbed and a scaled channel
are considered. The scattering function of the scaled channel
has the same shape as the nighttime disturbed channel but the
Dopper spread and delay spread are varied. The scaled channel
allows simulating the waveform over a range of delay and
Doppler spreads. The daytime and nighttime channel model
parameters are summarized in Table I.

TABLE I
CHANNEL MODEL PARAMETERS

Channel Parameters Daytime Quiet Nighttime Disturbed
2σ delay spread 80 μs 615 μs

2σ Doppler spread 0.09 Hz 6.8 Hz
Npp 1 1
A1 0 dB 0 dB
Δ1 45 μs 360 μs
α1 3 3
At -30 dB -30 dB

For the subsequent performance analysis, the autocorrela-
tion of C(f, t) with respect to time, φCΔt

(Δt), and the auto-
correlation of C(f, t) with respect to frequency, φCΔf

(Δf),
are required. The Fourier transform of the power delay profile
of the channel impulse response gives φCΔt

(Δt) [7]. The

channel frequency response, C(f, t), at a given frequency has
the same power spectral density as c(t). Thus, C(f, t) for a
constant f has a Gaussian power spectral density with variance
σ2
D. The inverse Fourier transform gives the autocorrelation

function, φCΔt
(Δt), which is also Gaussian, i.e.,

φCΔt
(Δt) = σ2

Ck
exp

(
−
Δt2

2σ2
φ

)
(4)

where σ2
Ck

= E[|Ck[n]|
2] and σ2

φ = 1/(4π2σ2
D).

IV. RLS CHANNEL ESTIMATION ERROR

In this section we derive several probabilities related to
channel estimation error that are required to calculate the
bit error probability. Assuming that s[n] = 1, the channel
estimation algorithm for the kth subcarrier can be modeled
as shown in Fig. 4. The block labeled G(z) is the single
RLS channel estimation filter. A single tap RLS filter can be
approximated as an FIR filter with impulse response:

g(λ) = (1− λ)[1, λ, λ2, . . . , λL−1]T (5)

where λ is the forget factor of the RLS filter and L is the FIR
filter length. The filter length is chosen so that λL is close to
zero. The channel estimate is given by:

Ĉk[n− 1] = gT(λ)zt,k[n] (6)

where zt,k[n] = [zk[n − 1], zk[n − 2], zk[n − 3], . . .]T. The t
subscript is to indicate that the array is formed from element
taken across time. The channel estimation error is given by:

ek[n] = Ck[n]− Ĉk[n− 1]. (7)

The channel estimation error is calculated using Ĉ[n − 1]
because ŝ[n] is calculated using Ĉ[n− 1].
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Fig. 4. Channel estimation for the kth subcarrier.

The cross-correlation matrix is defined as

pk = E[zt,k[n]C
∗
k [n]] (8)

and the autocorrelation matrix is defined as

Rk = E[zt,k[n]zHt,k[n]]. (9)

The ith element of pk is pi = φCΔt
(iT ) and the ijth element

of Rk is ri,j = φCΔt
((i− j)T ) + σ2

vδ(i− j).
Using 6, 7, 8 and 9 the following expectation can be

calculated:
E[|Ĉk[n]|

2] = σ2

Ĉk
= gTRkg, (10)

and
E[C∗

k [n]Ĉk[n]] = σ2

CkĈk
= gTpk. (11)



V. BER PERFORMANCE ANALYSIS

In [2], [16] a BER performance analysis of a combining
algorithm called maximal ratio eigen combining (MREC) is
given. In this analysis channel estimation error and correlated
subcarrier are accounted for. The focus of this analysis is
single input multiple output (SIMO) antenna arrays. In MREC
the Karhunen-Loeve Transform (KLT) is performed on the
diversity branches and then the outputs of the KLT are
combined using the MRC algorithm. In [2] the authors note
that their MREC BER analysis can also be used to analyze the
BER performance of MRC systems. In the remainder of this
section we summarize this BER analysis as it applies to the
HF band FB-MC-SS MRC system that we are considering.

To begin, the KLT is applied to (1). The channel correlation
matrix across subcarries is defined as

Rcf
= E[cHf [n]cf [n]]. (12)

This matrix is Hermitian and nonnegative definitive. It has
eigenvalues λk where λk > λi+1 for k = 0, 1, ..., N − 1
and corresponding eigenvectors ek . This matrix may be
decomposed as:

Rcf
= ENΛNEH

N . (13)

Here EN = [e0, e1, . . . , eN−1] is a unitary matrix and
ΛN = diag([λ0, λ1, . . . , λN−1]). The variables in (1) are
transformed as follows: z′f [n] = EH

Nzf [n], c′f [n] = EH
Ncf [n]

and v′
f [n] = EH

Nvf [n]. The elements of c′f [n] are independent
with E[|C′

k[n]|
2] = λi and the elements of v′

f [n] are indepen-
dent with variance σ2

v . Using (1) these variable may be related
as:

z′f [n] = s[n]c′f [n] + v′
f [n]. (14)

The MRC coefficients for (14) are

w′[n] = ĉ′f [n− 1] (15)

and the symbol estimate using (14) and (15) is

ŝ′[n] = w′H[n]z′f [n] (16)

Using (6) the transformed channel estimates are related to the
non-tranformed channel estimates as follows:

ĉ′f [n] = Z′[n]g = EH
NZ[n]g = EH

N ĉf [n] (17)

where Z[n] = [zf [n], zf [n − 1], . . . , zf [L − 1]] and Z′[n] =
[z′f [n], z

′
f [n−1], . . . , z′f [L−1]] . Now the relationship between

ŝ[n] and ŝ′[n] can be found:

ŝ′[n] = ĉ′Hf [n−1]z′f [n] = ĉHf [n−1]ENEH
Nzf [n] = ŝ[n] (18)

Since the symbol estimates are equal the BER analysis can be
performed using the transformed variable.

In [16] equations for BER are derived using the transformed
variables. Using the KLT greatly simplifies the analysis beca-
sue the transformed subcarries are independent. The BER is
given by [2, equation (39)]:

Pe =
1

2

N∑
k=1

Sk(1− μkνk) (19)

where

Sk =

N∏
j=1
j �=k

1

a2j(sj,1 − sk,1)(sj,2 + sk,2)
(20)

and where

a2k =
1

4
σ2
vσ

2

Ĉ′

k

(1 + (1− μ2
k)Γk) (21)

and where

sk,{1,2} =
2νk√
σ2

Ĉ′

k

σ2
C′

k

1

1∓ μkνk
(22)

and where
Γk = λk/σ

2
v (23)

and where

νk =

√
Γk

Γk + 1
(24)

and where

μk =
σ2

C′

k
Ĉ′

k√
σ2
C′

k

σ2

Ĉ′

k

. (25)

Note that σ2
C′

k
= λk and that σ2

Ĉ′

k

and σ2

C′

k
Ĉ′

k

can be calculated
using (10) and (11), respectively.

VI. SIMULATION RESULTS

In this section the analytically predicted performance is
compared with simulation results. In the preceding analysis
perfect synchronization was assumed, frequency flat fading
over the subcarrier bandwidth was assumed and decision error
were not taken into account. These simplifications were not
made in the simulation. The simulations used the algorithms
described in [1] for packet detection, timing recovery, channel
and noise variance estimation and MRC.

The simulation results are given for the symbol period
T = 4 ms. This corresponds to a symbol rate fs = 1/T = 250
symbols/second. We examine two choices of N , 48 and 400.
The first choice results in a transmission bandwidth of 24 kHz,
a value that matches the existing wideband HF waveforms,
[17]. The second choice results in a transmission bandwidth
of 200 kHz. Since we have fixed T a wider bandwidth results
in a larger processing gain and a more robust communication
but not a higher data rate. The packet length parameters used
in the simulations are Mp = 96 and Md = 1000. The
simulations do not include forward error correction (FEC) and
interleaving. Accounting for the overhead from the preamble,
the information bit rate is 228 bits/second.

The BER results are presented as SNR (signal power divided
by in-band noise power) varies. SNR is used instead of Es/No

to highlight that the receive signal is well below the noise
floor. SNR can be converted to Es/No using the conversion
Es/No = 2N × SNR.

BER curves are plotted in Fig. 5 for the daytime quiet
channel and in Fig. 6 for the nighttime disturbed channel.
The nightime disturbed plot includes simulation results where
the receiver had knowledge of the transmit symbols for RLS



adaption (i.e. there were no decision errors). Table II gives
the simulated and theoretical SNR required for BER = 10−3

over a range of delay spread values and Table III gives these
same values over a range of Doppler spread values. For some
cases BER = 10−3 cannot be reached even at high SNR.
These cases are labeled CL, for channel limited. The following
observations can be made from these results:

• The daytime quiet channel simulated curves closely
match the analysis curves.

• The nightime disturbed simulated curves closey match the
analysis curve when the reciever has knowledge of the
symbols. When the reciever does not have knowledge of
the symbols the simulated performance is worse than the
predicted performance. This shows that decision errors
are causing implementation loss.

• The 24 kHz waveform BER curve experience flaring from
fading. The 200 kHz waveform BER performance does
not have this flaring because it has eight time greater
frequency diversity.

• The implementation loss from decision errors is greater
for higher Doppler spreads. When the Doppler spread is
large there is less averaging in the RLS algorithm (the
RLS forget factor is small). Thus, decision error to have
a greater impact.

• From Table table xx. Analysis does not match simulations
when delay spread is large. This is because assumption
that subcarriers are flat is not valid. (note: maybe we
could do analysis to how much this impact performance.)

• From Table II the analysis and the simulation do not
match for large values of delay spread. As the delay
spread becomes large the assumption that the subcarriers
experience flat fading is not accurate.

• The close match between the simulated results and the
analysis shows that the synchronization algorithms given
in [1] are working well. There would be additional
implementation loss not predicted by the analysis if the
synchronization algorithms were causing implementation
loss.

• The 200 kHz and 24 kHz waveforms can function re-
liably at SNR values as low as −19 dB and −10 dB,
respectively. This allows operation well below the noise
floor, resulting in stealthy communication.

• The superior performance of the 200 kHz waveform over
24 kHz waveform comes from the larger processing gain
of the former.

TABLE II
SNR REQUIRED FOR BER = 10−3 . SCALED NIGHTTIME DISTURBED

CHANNEL WITH 2 HZ DOPPLER SPREAD

2σ delay
spread (ms) 0.125 0.25 0.5 1 2 4 8
Sim. 24 kHz CL -9.8 -10.5 -10.7 -9.9 -7.3 CL
Ana. 24 kHz -8.7 -10.0 -10.7 -11.1 -11.2 -11.2 -11.2
Sim. 200 kHz -17.9 -18.0 -18.2 -18.0 -17.1 -14.8 CL
Ana. 200 kHz -17.8 -18.0 -18.2 -18.2 -18.2 -18.2 -18.2

SNR (dB)
-28 -26 -24 -22 -20 -18 -16 -14 -12 -10 -8 -6 -4
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E
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10-1

100

AWGN theory N=48

Simulation N=48

Analysis N=48

AWGN theory N=400

Simulation N=400

Analysis N=400

Fig. 5. Daytime quiet channel BER curves (Add footnote about not matching
[1]?).

SNR (dB)
-30 -28 -26 -24 -22 -20 -18 -16 -14 -12 -10 -8 -6
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10-3

10-2

10-1
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AWGN theory N=48

Sim. N=48

Sim. known sym. N=48

Analysis N=48

AWGN theory N=400

Sim. N=400

Sim. known sym. N=400

Analysis N=400

Fig. 6. Nighttime disturbed channel BER curves.

VII. CONCLUSION

In this paper we gave a analystical analysis of the BER
performance of the HF FB-MC-SS system describe in [1]. For
this analysis we tailor the results of [2] for RLS channel esti-
mation and the wide band frequency channel. For most cases
the predicted BER performance is very close to simulated
performance. This shows that the synchornization algorithms
are working well. When the delay spread or Doppler spead
is very large the simlated implementation loss may be higher
than predicted by the equations.
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