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ABSTRACT

The U.S. Department of Energy (DOE)’s Nuclear Energy Advanced Modeling and Simulation (NEAMS)
program aims to develop predictive capabilities by applying computational methods to the analysis and
design of advanced reactor and fuel-cycle systems. This program has been providing engineering-scale
support for the continued development of BISON, a high-fidelity, high-resolution fuel performance tool.
Fuel behavior in nuclear reactors is governed by a complex network of mechanisms that interact with
various other physics aspects in the reactor system. Any model developed to represent fuel behavior
will likely be idealized, resulting in uncertainties when comparing their predictions against the observed
data. In Fiscal Year (FY)-23, we initiated the Uncertainty Quantification (UQ) work by using Bayesian
methods to establish a level of model trustworthiness and further improve it, with a particular emphasis
on TRI-Structural isOtropic (TRISO) nuclear fuel. This year, we further expanded on that UQ work by
investigating an approach to quantifying model inadequacy and accounting for lower-length scale (LLS)
effects in TRISO silver (Ag) release modeling. Furthermore, we are implementing parallel active learning
capabilities to reduce the computational cost (i.e., required computational resources and elapsed time) of
performing UQ.

Specifically, we utilized The Kennedy O’Hagan framework for Bayesian uncertainty quantification
(KOH) to account for model inadequacy in TRISO Ag release predictions made by BISON. The KOH
framework represents an improvement over the standard Bayesian framework used in FY-23. Explicitly
accounting for model inadequacy in the Bayesian framework helps establish the level of experimental
noise uncertainty in the Advanced Gas Reactor (AGR) data. We compared the inverse UQ results obtained
from both the standard Bayesian and KOH frameworks in light of the AGR-2/3/4 data, and also compared
the predictive UQ results obtained from these two frameworks in light of the AGR-1 data.

Next, we investigated the impact of considering LLS effects in the Ag release simulations. We de-
veloped an expanded database of LLS simulated effective diffusivities for Ag, covering a wide range
of microstructures and temperatures. Using this database, we developed a framework for incorporating
LLS effects into the engineering-scale Ag release UQ. We developed both parametric and non-parametric
approaches for bridging the length scales. We then investigated the inverse UQ results in light of the
AGR-2/3/4 data and the predictive UQ results in light of the AGR-1 data, and compared the LLS-informed
approach and the Arrhenius equation, which does not include microstructure information.

Finally, we discussed implementing parallel active learning capabilities in the Multiphysics Object-
Oriented Simulation Environment (MOOSE)/BISON to reduce the computational cost (i.e., computational
resources and elapsed time) of Bayesian UQ. For verification purposes, we first tested these new capabil-
ities on a species interaction problem. We then demonstrated them on the TRISO Ag release application,
showing that parallel active learning capabilities can enhance the accuracy of UQ while also substantially
reducing the computational cost in comparison to the reference methods developed in FY-23.
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I. INTRODUCTION

Beyond the possibility of some known inadequacy, however, models will virtually always be wrong
in unknown ways and to unknown degrees.

–MacCallum and O’Hagan (2015)

As one of the main programs supporting modeling and simulation activities under the DOE Office
of Nuclear Energy, NEAMS is committed to conducting model validation and calibration based on
experimental data. The real-world phenomena that take place in nuclear reactors are complex and entail
many different physics aspects all occurring in tandem and interacting with each other. While these
physics aspects may each be well understood in isolation, their interactions create challenges in terms
of developing models to replicate the behavior of nuclear reactor components. Thus, any model should
be viewed as a simplified representation of the actual phenomena observed in a nuclear reactor. This
simplification creates fundamental model deficiencies in light of actual observations, and these manifest
as model inadequacy. Moreover, the development of models introduces model parameters perhaps not
directly observable. These parameters must be calibrated based on experimental observations. Finally,
the experimental observations themselves may not be completely trustworthy. The process of collecting
experimental data using instruments can introduce random noise. Even the data collection process itself
can alter the natural course of a physical process in a reactor, introducing random noise. As a result of
these model parameters, model inadequacy, and noise in the experimental data, any comparison between
model predictions and experiment results will be uncertain.

In FY-23, UQ was performed based on the standard Bayesian framework and applied to the case of Ag
release in TRISO fuel. In the standard Bayesian framework, uncertainties stemming from experimental
noise and model inadequacy are characterized in lumped fashion, meaning they cannot be measured
individually. Moreover, failing to account for model inadequacy in the UQ framework can explicitly
lead to inaccuracies in the quantified uncertainties in the model parameters, as well as when performing
forward UQ (MacCallum and O’Hagan, 2015; Brynjarsdottir and O’Hagan, 2014; Wu et al., 2024; Sung
and Tuo, 2024; Maupin and Swiler, 2020; White and Mahadevan, 2023; Leoni et al., 2024; Bayarri
et al., 2009). Therefore, in this FY, we explicitly accounted for model inadequacy by using the KOH
framework. This framework, proposed by Kennedy and O’Hagan (2001), characterizes model inadequacy
as a GP. The GP model identifies hidden experimental-data trends not captured by the computational
model. In doing so, it aims to isolate the amount of experimental noise uncertainty during the inverse
UQ process of calibrating the model parameters. In the forward UQ process, it also adds a correction
term to the model predictions, potentially enhancing their accuracy and quality.

In FY-23, we used the Arrhenius equation to model Ag release in TRISO fuel. However, this model does
not consider microstructure effects—particularly in the SiC layer, which is mostly responsible for acting
as a barrier to Ag release. Thus, in the current FY, we consider LLS effects in modeling Ag diffusivity
through the SiC layer. For this purpose, we simulate effective Ag diffusivities in consideration of a wide
range of microstructures and temperatures. We then develop a framework by using both parametric and
non-parametric approaches to integrate the LLS simulation data into the engineering-scale UQ of TRISO
Ag release. We use both the standard Bayesian and KOH frameworks to perform the UQ, considering
both the Arrhenius equation and the LLS-informed models. In this regard, AGR-2/3/4 data are used to
perform the inverse UQ, and AGR-1 data to test the predictive uncertainties.
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With computational models, Bayesian inverse UQ is computationally expensive in terms of com-
putational resources and elapsed time. In FY-23, we developed massively parallelizable algorithms in
MOOSE/BISON to address the significant amount of elapsed time necessary to perform Bayesian inverse
UQ with computational models (Dhulipala et al., 2023). Still, the computational resources required to solve
inverse UQ problems remain highly significant. For example, as the number of experimental configurations
and the complexity of the UQ problem rise, the number of processors required to perform Bayesian UQ
increases exponentially. Thus, in this FY, we discussed the development of new parallel active learning
capabilities in MOOSE/BISON to reduce the overall computational cost of solving the Bayesian UQ
problem, as measured in terms of processor hours. We then demonstrated these new capabilities and
the associated reduction in computational resources by applying them to both a species interaction test
problem and the TRISO Ag release application.
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II. DECOMPOSING TOTAL PREDICTIVE UNCERTAINTY AND QUANTIFYING THE UNCERTAINTY DUE

TO MODEL INADEQUACY

This chapter discusses the KOH framework for decomposing uncertainties and quantifying model
inadequacy, with application to TRISO fractional Ag release. The KOH framework is an improvement
over the standard Bayesian framework used in FY-23 (Dhulipala et al., 2023). Explicitly accounting for
model inadequacy in the Bayesian framework helps establish the level of experimental noise uncertainty
in the AGR data, and can improve BISON predictions. Accounting for model inadequacy via the KOH
framework, its use for inverse UQ based on the AGR-2/3/4 experimental data, and its application to
forward predictive UQ based on the AGR-1 data are discussed. A comparison between the KOH and
standard Bayesian frameworks is also given.

A. Mathematical Formulation of the Kennedy-O’Hagan Framework for Decomposing Predictive Uncer-
tainties

1) Generative model
A generative model defines the relationship between the experimental data and the model predictions,

while accounting for any uncertainties. In FY-23, we used a generative model that took the following
form:

D(Θi) =M(θθθ, Θi) + εt

where, εt ∼ L(.)
(1)

where ΘΘΘi is the ith experimental configuration; D(.) and M(.) are, respectively, the experimental obser-
vation and model prediction corresponding to ΘΘΘi; θθθ is the model parameter vector; and εt is the correction
factor assumed to originate from the probability distribution L(.). εt is generally assumed to originate
from a distribution of the form:

εt ∼ L(σ) (2)

where σ defines the combined uncertainty stemming from both model inadequacy and experimental noise.
In other words, in FY-23, we modeled the uncertainties due to model inadequacy and experimental noise
in lumped fashion, via the σ term in Equation (2).

However, in this FY, by adopting the KOH framework, we aim to decompose the uncertainties stemming
from model inadequacy and experimental noise. Mathematically, the generative model in this case is given
by (Kennedy and O’Hagan, 2001; Arendt et al., 2012):

D(Θi) =M(θθθ, Θi) + δ(Θi) + ε

where, ε ∼ L(σε)
(3)

where δ(.) is the model discrepancy or inadequacy term dependent on the experimental configuration
Θi, and ε is the correction term representing the experimental noise. ε is assumed to originate from
a distribution L(.), with σε representing the experimental noise uncertainty. The inadequacy term is
modeled, for all experimental configurations Θi and Θ′

i, as a GP defined by:

δ(Θi) ∼ N
(
m(Θi), k(Θi,Θ

′
i)
∣∣γγγδ) (4)
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where γγγδ represents the GP hyperparameters to be solved for by utilizing an optimization process. Further
details on the GP model for simulating the inadequacy term are given in Section II-A2.

2) Gaussian processes for modeling the model inadequacy term
Under the GP framework, the model inadequacy term δ(.) is treated as a probability distribution over

the function space of the experimental configurations in a finite domain (Rasmussen, 2004). A function
δ(ΘΘΘ) is said to be a GP if it follows a joint normal distribution with mean and covariance functions
m(ΘΘΘ) and k(ΘΘΘ, ΘΘΘ′) (Rasmussen, 2004):

δ(ΘΘΘ) ∼ N
(
m(ΘΘΘ), k(ΘΘΘ,ΘΘΘ′)|γγγδ

)
(5)

Given the general flexibility of a GP to model the relation between input and output data, GPs are often
used as surrogate models to predict new output values at previously unsampled input values. That is,
given some training data {ΘΘΘ, δδδ}, a GP can predict the output δδδ∗ at a new input value ΘΘΘ∗ by exploiting
the joint Gaussian distribution between the training data and the new sample points:{

δδδ
δδδ∗

}
∼ N

(
000,

[
k(ΘΘΘ,ΘΘΘ) k(ΘΘΘ,ΘΘΘ∗)
k(ΘΘΘ∗,ΘΘΘ) k(ΘΘΘ∗,ΘΘΘ∗)

] ∣∣∣∣γγγδ
)

(6)

The posterior predictive distribution of δδδ∗, given the training/new inputs and training outputs, is:

p(δδδ∗ | ΘΘΘ,ΘΘΘ∗, δδδ,γγγδ) ∼ N
(
k(ΘΘΘ∗,ΘΘΘ) k(ΘΘΘ,ΘΘΘ)−1 δδδ,

k(ΘΘΘ∗,ΘΘΘ∗)− k(ΘΘΘ∗,ΘΘΘ) k(ΘΘΘ,ΘΘΘ)−1 k(ΘΘΘ,ΘΘΘ∗)
∣∣γγγδ ) (7)

To determine the precise mean and variance of δδδ∗, it is necessary to infer/learn a set of hyperparameters
γγγδ for the covariance function k(ΘΘΘ, ΘΘΘ′). This parameter learning is often accomplished by minimizing
the negative marginal log-likelihood with respect to the hyperparameters:

− ln p(δδδ | ΘΘΘ, γγγδ) ∝
1

2
ln |k(ΘΘΘ,ΘΘΘ)|+ 1

2
δδδT k(ΘΘΘ,ΘΘΘ)−1 δδδ (8)

The covariance function k(., .) is defined through a kernel function κ(., .) (Rasmussen, 2004). Here, we
specifically adopted the squared exponential kernel:

κ(Θi,Θ
′
i) = τ2 exp

(
− 1

2

D∑
d=1

(Θi,d −Θ′
i,d)

2

l2d

)
(9)

where γγγδ = {τ2, ld} ∀ d ∈ {1, . . . , D}, with D representing the dimensionality of each experimental
configuration. These hyperparameters are solved for by optimizing Equation (8).

3) Bayesian inverse analysis
With the generative model now defined by Equation (3) and the model inadequacy/discrepancy term

defined by a GP described in Equations (5)–(7), the goal of the Bayesian inverse analysis is to quantify
the unknown θθθ, σε, and γγγδ given the experimental observations. Formally, we aim to infer the following
joint probability distribution:

f(θθθ, σε, γγγδ|ΘΘΘ,M,DDD) ∝ L(θθθ, σε, γγγδ|ΘΘΘ,M,DDD) f(θθθ, σε) f(γγγδ) (10)
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where L(θθθ, σε, γγγδ|ΘΘΘ,M,DDD) is the likelihood function describing the relation between the experimental
observations and the model predictions—in consideration of the model inadequacy term—and f(θθθ, σε)
and f(γγγδ) are prior distributions over {θθθ, σε} and γγγδ, respectively. The likelihood function is further
defined as:

L(θθθ, σε, γγγδ|ΘΘΘ,M,DDD) ∝
N∏
i=1

L(θθθ, σε, γγγδ|Θi,M,Di) (11)

where N is the number of experimental configurations. Inferring the joint distribution of {θθθ, σε} and γγγδ, as
shown in Equation (10), implies that the model parameters, experimental noise, and GP hyperparameters
should be jointly inferred given the experimental data. If the prior distribution over these parameters is
non-informative or poorly constrained, it will be highly complex to jointly infer these parameters, both
from a numerical convergence perspective and in terms of the practical utility of these joint distribution
(Kennedy and O’Hagan, 2001; Jiang et al., 2020). Thus, several studies adopting the KOH framework (e.g.,
Jiang et al. (2020); Liu et al. (2019); Wu et al. (2018)) first infer the GP inadequacy term hyperparameters
γγγδ , then infer the joint distribution of only {θθθ, σε}. With this practical consideration, the inference problem
boils down to characterizing the following distribution:

f(θθθ, σε|ΘΘΘ,M,DDD, γγγδ) ∝ L(θθθ, σε|ΘΘΘ,M,DDD, γγγδ) f(θθθ, σε)

where, L(θθθ, σε|ΘΘΘ,M,DDD, γγγδ) ∝
N∏
i=1

L(θθθ, σε|Θi,M,Di, γγγδ)
(12)

Details on inferring the GP inadequacy term hyperparameters a priori and performing the inverse UQ
are given in Section II-B.

Specifically, for the TRISO fuel fractional Ag release case, the likelihood function is defined as:

L(θθθ, σε|ΘΘΘ,M,DDD, γγγδ) =
N∏
i=1

T N
(
D(Θi)−M(θθθ, Θi)− δ(Θi), σε, 0.0, 1.0

)
(13)

where T N is a truncated normal distribution between 0.0 and 1.0, representing the upper and lower
bounds, respectively, of the fractional Ag release.

4) Forward prediction and uncertainty quantification
The previous subsection discussed calibrating the model inadequacy term δ(Θ), model parameters, and

experimental noise {θθθ, σε} given the experimental data. For any new experimental configuration Θ̂, this
section discusses calculating the posterior predictive distribution, given mathematically by:

f
(
M(Θ̂, θθθ)|ΘΘΘ,DDD, γγγδ

)
=∫

δ(Θ̂)

∫
σε

∫
θθθ
L(θθθ, σε|Θ̂,M, γγγδ) f(θθθ, σ|ΘΘΘ,M,DDD) f

(
δ(Θ̂)|γγγδ

)
dδ(Θ̂) dθθθ dσ

(14)

where L(θθθ, σε|Θ̂,M, γγγδ) has the same form as the likelihood function as in Equations (12) and (13), which
describes the probability distribution over the model prediction M for a new experimental configuration
Θ̂, and is given by:
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L(θθθ, σε|Θ̂,M, γγγδ) = T N
(
M(θθθ, Θ̂) + δ(Θ̂), σε, 0.0, 1.0

)
(15)

From the probability distribution of the model prediction described in Equation (14), statistics such
as the median prediction and confidence bands can be inferred. Although the above equation is a
multi-dimensional integral involving a computational model, it can be solved by a simple Monte Carlo
simulation because we have samples from the posterior distribution f(θθθ, σε|ΘΘΘ,M,DDD, γγγδ) as well as a
calibrated GP model for the inadequacy term as a function of the experimental configurations. Using these
samples, we can perform a simple re-sampling, either directly or via kernel techniques, and compute the
corresponding model outputs and inadequacy GP term. Each of these model outputs—plus the inadequacy
term—can be treated as the mean of the probability distribution L given in Equation (15) for the model
parameter realization θθθ, and the scale of this distribution is the realization σε. Therefore, for each Monte
Carlo output, a random draw is made from the distribution L while also randomizing the model inadequacy
term drawn from the GP distribution f

(
δ(Θ̂)|γγγδ

)
. The resulting samples stem from the posterior predictive

distribution in Equation (14).

B. Implementation Details for the Kennedy-O’Hagan Framework

The mathematical details of the KOH framework that were discussed in Section II-A will be now
explained from an implementation perspective. Figure 1 presents a schematic of the KOH framework
implementation.

Standard Bayesian 
calibration

or
Deterministic 
optimization

Best estimate of the 
model parameters 𝜽

Module 1 Module 2
GP inadequacy term 
hyper-parameters 𝜸!

Exp. configuration

G
P 

in
ad

eq
ua

cy

Inverse UQ of {𝜽, 𝜎!}

Module 3

𝜽 𝜎"

Module 4
Posterior predictive 

distribution

Bootstrapping the experimental data into two 
batches for fitting the GP inadequacy term and 
performing inverse UQ. Associated sensitivity 

analyses.

Fig. 1. Implementation of the KOH framework for Bayesian UQ while quantifying model inadequacy.

From an implementation perspective, the KOH framework can be divided into the following four
modules:

• Module 1: A key component of the KOH framework is fitting the GP to capture the model inadequacy
term in Equation (3). For this purpose, we must compute the differences between the experimental
data and the corresponding model predictions. However, to compute the model predictions, we
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require the model parameters to be used, and we do not know these a priori. Several studies
that have implemented the KOH framework (e.g., Jiang et al. (2020); Liu et al. (2019); Wu et al.
(2018)) proposed strategies such as using the best estimate of the model parameters from the prior
distribution or finding the best parameter estimate by performing a deterministic optimization. The
strategy of using the best estimate of the model parameters from the prior distribution can lead to
significant inaccuracies in the calibrated GP inadequacy term when the priors are poorly designed or
non-informative (Wu et al., 2024; Sung and Tuo, 2024). And while performing a deterministic
optimization to find the best parameter estimate seems reasonable, it usually requires gradient
information pertaining to the model output, which is difficult to compute for complex multiphysics
models such as TRISO fuel models. Hence, we used the standard Bayesian approach, with the
generative model being defined per Equation (1), and considered all the available experimental data
in order to find the best estimate of the model parameters θθθ.

• Module 2: The available experimental data are divided randomly into two equal batches. Using one
batch in tandem with the best estimate of the model parameters that was determined in Module
1 allows for obtaining the difference between the experimental data and the model predictions.
With these differences and the corresponding experimental configurations as the training outputs
and inputs, respectively, the GP inadequacy term is fit by optimizing the hyperparameters γγγδ. The
second batch of experimental data can then be used as a testing set to evaluate the fitness of the GP
inadequacy term predictions.

• Module 3: The second batch of experimental data is used to inversely quantify the model parameters
and the experimental noise term {θθθ, σε}. Their posterior distribution is described in Equation (12). To
perform this inverse UQ, massively parallel MCMC methods implemented in the MOOSE Stochastic
Tools Module (STM) in FY-23 were utilized. Thanks to these MCMC methods, the elapsed time
for the inverse UQ has been significantly reduced (see Chapters II and III of the FY-23 milestone
report (Dhulipala et al., 2023) for further computational details).

• Module 4: Once the GP inadequacy term is fit and the model parameters and experimental noise
uncertainty inversely quantified, the posterior predictive distribution is computed for a new experi-
mental configuration for which the experimental data are unavailable. In this case, Equation (14) was
solved using the Monte Carlo method. From the quantified posterior of the model parameters and
experimental noise (Equation (12)), random samples were selected. The GP inadequacy values were
also randomly sampled from the underlying distribution, given the new experimental configuration.
The corresponding model predictions for the new experimental configuration were computed with
the GP inadequacy samples added in a manner consistent with the likelihood function in Equation
(15). The resulting samples stemmed from the posterior predictive distribution in Equation (14).

• Bootstrapping and sensitivity analyses: In Modules 2 and 3, the available experimental data are
randomly divided into two batches, one for fitting the GP model inadequacy term and the other for
inversely quantifying the posterior distribution of {θθθ, σε}. Thus, it is practically advisable to create
several bootstrapped batches of the experimental data and to analyze the corresponding sensitivity in
fitting the GP inadequacy term and quantify the posterior of {θθθ, σε}. The sensitivity of the posterior
predictive distribution for a new experimental configuration can also be analyzed. Reporting the
average values obtained across the bootstrapping sensitivity analysis results will contribute to the
robustness of the KOH framework and likely mitigate any over- or under-fitting.
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C. Inverse Uncertainty Quantification Considering the AGR-2/3/4 Experimental Datasets

The present report especially focuses on fractional Ag release for TRISO fuel. The multiphysics
modeling approach for simulating fractional Ag release using BISON is given in Hales et al. (2021);
Toptan et al. (2022); Dhulipala et al. (2023). The details and results of the inverse UQ process following
the KOH framework are discussed below.

1) Experimental datasets
AGR-2 is the second of a series of irradiation tests sponsored by the DOE AGR program. Details

on AGR-2 can be found in Collin (2018). The experiment involved six capsules, each with three stacks
of four compacts—for a total of 72 compacts. Surface temperature, power level, fast neutron flux, and
experiment duration were obtained from the AGR program and used for the BISON analysis. Solely
focusing on Ag release and the Uranium oxycarbide (UCO) fuel kernel gives us 36 experimental data
points from the AGR-2 series.

AGR-3/4 is a combination of the third and fourth of a series of irradiation tests sponsored by the
DOE AGR program. Details on AGR-3/4 are provided in Skerjanc and Jiang (2022). The experiment
involved a multi-monitored capsule test train with compacts containing “driver” TRISO fuel particles and
20 designed to failed (DTF) fuel particles, surrounded by rings of carbonous material. The AGR-3/4 fuel
compacts were irradiated up to a burnup of 5.35–15.24% fissions per initial metal atom (FIMA), with
a fast neutron fluence of 1.50–5.31 × 1025 n/m2 (E > 0.18MeV ) and a time-average volume-average
(TAVA) temperature of 854–1345◦C. The experiment involved eight capsules, each with three stacks of
four compacts—for a total of 32 compacts (data points)—along with the UCO fuel kernel.

In total, the AGR-2 and AGR-3/4 series led to 68 experimental observations of fractional Ag release
when considering the UCO fuel kernel. In utilizing BISON, we made sure to use the correct experimental
configurations for the AGR-2 and AGR-3/4 series, including aspects such as temperature, power level,
and fast neutron flux. Furthermore, for the AGR-3/4 series, we re-weighted the BISON output to factor
in the DTF particles, and excluded the ring simulations. Moreover, before performing the Bayesian UQ
with the KOH framework, we verified that the outputs of the BISON input file used for the analysis in
this report matched the BISON assessment results for both the AGR-2 and AGR-3/4 series.

2) Defining the experimental configuration for fitting the GP inadequacy term
To fit the GP inadequacy term, we must define the experimental configuration. Here, temperature

history served as the experimental configuration. Figure 2 shows the temperature histories from the
AGR-2 and AGR-3/4 series. One difficulty in using these in their entirety is that they are not consistently
discretized with time across the AGR-2 and AGR-3/4 series. Temperature history interpolation and/or
extrapolation led to significant errors in fitting the GP inadequacy term. On the other hand, selecting
only the mean temperature for each experiment is insufficient, as the entire temperature history may be
important for predicting fractional Ag release in BISON. Thus, we used temperature history summary
statistics for fitting the GP inadequacy term. For each experiment’s temperature history, we computed
summary statistics such as those presented in Table I. Also included among these summary statistics is
the number of sudden temperature changes reflected in the history. These summary statistics generally
led to good fitting of the GP inadequacy term, as assessed on the test sets in Section II-C3.

3) GP inadequacy term results
As discussed in Section II-B, the 68 available experimental data points were randomly divided into

two equal batches. One batch was used for fitting the GP inadequacy term. To accomplish this, a standard
Bayesian analysis was performed that considered all the available experimental data so as to obtain the
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Fig. 2. Temperature histories from the AGR-2 and AGR-3/4 series.

TABLE I. Summary statistics of the temperature histories (i.e., experimental configurations) used for fitting the GP
inadequacy term.

Summary statistic index Value
1 Minimum temperature
2 Maximum temperature
3 Starting temperature
4 Ending temperature
5 Mean temperature
6 Standard deviation of temperature
7 Number of sudden temperature changes

best estimate of the model parameters. This best estimate was then used to compute the residuals for fitting
the GP inadequacy term. Five iterations were performed by randomizing the division of the experimental
data into two batches and fitting the GP inadequacy term on one of those batches in each iteration. This
bootstrapping was performed to improve the robustness of the KOH framework and mitigate any over-
or under-fitting, as has been explained.

Figure 3 shows the performance of the GP inadequacy/discrepancy term predictions, based on compar-
ison against the true inadequacy/discrepancy for the training set, meaning the batch from the experimental
dataset used for fitting the GP term. Overall, for the training set in each iteration, the GP predictions
compare very satisfactorily with the true values, as indicated by the MSE values.

Figure 4 presents the performance of the GP inadequacy/discrepancy term predictions, based on
comparison against the true inadequacy/discrepancy for the testing set, meaning the batch from the
experimental dataset not used for fitting the GP term. Overall, for the testing set in each iteration, the
GP predictions also compare satisfactorily with the true values, as indicated by the MSE values. In the
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Fig. 3. Comparison of the GP-predicted and true model discrepancies when considering the training sets for (a)
iteration 1, (b) iteration 2, (c) iteration 3, (d) iteration 4, and (e) iteration 5. The five iterations represent random
selection of the 34 data points for training the GP discrepancy/inadequacy term on the AGR-2/3/4 experimental
datasets, which encompass 68 data points in total. The MSE values are also shown in each plot.

case of iteration 2 (Figure 4b), the MSE value is slightly higher, due to the random selection of the
training and testing sets. This is as expected, since during such randomization or bootstrapping we can
sometimes end up with an inferior training set for the GP inadequacy term. Thus, it is recommended to
pursue multiple iterations of the KOH framework with random selection of the training set for the GP
term, then average the results across these iterations.

4) Parameter and experimental noise term posterior results
For each iteration of the KOH framework, upon fitting the GP inadequacy term using one batch of

the random experimental data, the other batch is then used to infer the posterior distribution of {θθθ, σε}.
Figure 5 presents the posterior distribution of the model parameters θθθ for all five KOH iterations. Also
shown in this figure is the θθθ posterior obtained by applying the standard Bayesian framework, using the
entire experimental dataset denoted as the “Base” dataset in the figure. Note that the θθθ posteriors across
the five iterations of the KOH framework are consistent with the posterior obtained via the standard
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Fig. 4. Comparison of the GP-predicted and true model discrepancies when considering the testing set for (a)
iteration 1, (b) iteration 2, (c) iteration 3, (d) iteration 4, and (e) iteration 5. The five iterations represent random
selection of 34 data points not used for training but rather for testing the GP discrepancy/inadequacy term from
the AGR-2/3/4 experimental datasets, which encompass 68 data points in total. The MSE values are also shown in
each plot.

Bayesian framework. This consistency justifies using the standard-Bayesian-framework best estimate of
the model parameters to fit the GP inadequacy term (see Section II-C3).

Figure 6 presents the posterior distribution of σε for each of the five KOH iterations. Also shown
in this figure is the σ posterior obtained based on the standard Bayesian framework, using the entire
experimental dataset denoted as the “Base” dataset in the figure. Note that σ from the standard Bayesian
framework represents the uncertainties stemming from model inadequacy and experimental noise. In
contrast, the sigma value σε from the KOH framework represents the experimental noise uncertainty,
thus it is smaller than σ in each case. Table II presents the most likely sigma values from the five
iterations of the KOH and the standard Bayesian approach. The mean sigma value over all five iterations
of the KOH framework is σε = 0.149. The mostly likely sigma value from the standard Bayesian
framework is σ = 0.254. Since σε is supposed to represent the experimental noise uncertainty and σ
represents both the model inadequacy and experimental noise uncertainties, it is interesting to decompose

12 of 55



Fig. 5. Correlation matrix plot of the TRISO silver release model parameters when comparing the base (i.e., standard
Bayesian) and the KOH Bayesian UQ frameworks.

the percentage that each of the two component uncertainties contributed to the total predictive uncertainty.
In the TRISO fractional Ag release case, the average percentage of total uncertainty due to experimental
noise was σ2

ε

σ2 ×100 = 0.1492

0.2542 ×100 = 35%. And the average percentage of total uncertainty due to model
inadequacy was 100−35−5 = 60%, with the 5% being assumed to represent the parametric uncertainty,
which in prior studies (e.g., (Dhulipala et al., 2023)) is usually quite small. While this type of uncertainty
decomposition analysis is quite interesting, care must be taken to ensure that the model inadequacy term
is properly accounted for, and sensitivity analyses should be conducted to mitigate any possible over-
or under-representation of this term. If adequate care is not taken, there is potential for confounding
between model inadequacy and experimental noise uncertainties and a misrepresentation in the uncertainty
decomposition analysis. Mitigation of such confounding of uncertainties in the KOH framework is an
active area of research (e.g., MacCallum and O’Hagan (2015); Brynjarsdottir and O’Hagan (2014); Wu
et al. (2024); Sung and Tuo (2024); Maupin and Swiler (2020); White and Mahadevan (2023); Leoni
et al. (2024); Bayarri et al. (2009)).
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Fig. 6. Sigma values of the TRISO Ag release model in comparison to the base (i.e., standard Bayesian) and
KOH Bayesian UQ frameworks. Note that the sigma value (σ) from the base framework represents both the model
inadequacy and experimental noise uncertainties. In contrast, since the sigma value (σε) from the KOH framework
represents the experimental noise uncertainty only, it is smaller than σ in each case.

TABLE II. The most likely σε values from five iterations of the KOH framework. The mean σε value across all
iterations of the KOH framework is also shown, along with the σ value from the base UQ framework.

Value
KOH iteration 1 σε = 0.129
KOH iteration 2 σε = 0.189
KOH iteration 3 σε = 0.162
KOH iteration 4 σε = 0.131
KOH iteration 5 σε = 0.135

KOH mean σε = 0.149
Standard Bayesian (Base) σ = 0.254

σε represents the experimental noise uncertainty.
σ represents both the model inadequacy and experimental noise uncertainties.

D. Forward Prediction and Uncertainty Quantification in Light of the AGR-1 Experimental Dataset

The forward UQ was applied to the AGR-1 dataset that was not part of the experimental data, in order
to perform inverse analysis based on either the KOH framework or standard Bayesian framework. AGR-1
is the first in a series of irradiation tests sponsored by DOE’s AGR program. Details on AGR-1 are given
in Collin (2015). Surface temperature, power level, fast neutron flux, and experiment duration data were
extracted from a data file prepared by the AGR program, and are available in BISON. For the UCO
fuel kernel, 16 experimental values are available for fractional Ag release, disregarding two compacts for
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which the corrected Post-Irradiation Examination (PIE) values are unavailable. These 16 experimental
values were used to evaluate both the quality and predictive accuracy of uncertainties obtained via the
KOH and standard Bayesian frameworks.

Posterior predictive distributions were obtained by solving Equation (14) via a Monte Carlo approach,
based on the likelihood value defined in Equation (15). Predictive distributions were also computed for
specific components of the total uncertainty. The (1) parametric uncertainty was computed by evaluating
the BISON model over the parameter sets obtained from the posterior distribution of θθθ, then adding the
mean GP inadequacy term; the (2) GP inadequacy term uncertainty was computed by randomly sampling
the GP inadequacy term from the underlying distribution f

(
δ(Θ̂)|γγγδ

)
, then adding to the BISON model

prediction while ignoring the uncertainty due to σε; and the (3) experimental noise uncertainty was
computed by randomly sampling from the likelihood value determined via Equation (15) using σε but
ignoring the uncertainty in the GP inadequacy term. Figure 7 presents the posterior predictive distributions
representing the total uncertainty and its various components for 2 of the 16 AGR-1 compacts: namely,
5-3-3 (Figures 7a and 7c) and 6-4-1 (Figures 7b and 7d). Two iterations of the KOH framework are
represented. Figures 7a and 7b reflect iteration 1. Figures 7c and 7d reflect iteration 3. Generally, as
concluded in Dhulipala et al. (2023) and Dhulipala et al. (2024), the parametric uncertainty is a very
small component of the total uncertainty. Also, in each case, the uncertainty in the GP inadequacy term
is less than that due to experimental noise, as indicated by the flatness of the corresponding probability
distributions. The probability distribution due to the experimental noise is almost as flat as the total
uncertainty distribution, thus identifying the primary diver behind the total uncertainty.

Figure 8 presents the total uncertainty from the KOH and standard Bayesian frameworks for 2 of the
16 AGR-1 compacts: namely, 5-3-3 (Figures 8a and 8c) and 6-4-1 (Figures 8b and 8d). Two iterations
of the KOH framework are represented. Figures 8a and 8b reflect iteration 1. Figures 8c and 8d reflect
iteration 3. Generally, the most likely value (i.e., the fractional Ag release with the highest probability
density) is closer to the experimental value predicted by the KOH framework than the one predicted by
the standard Bayesian framework. Moreover, for Compact 5-3-3 (Figures 8a and 8c), where the predicted
most likely values are far from the experimental value, the distributions from the KOH framework more
adequately capture the experimental value than do those from the standard Bayesian framework. Next, a
more quantitative comparison is made in terms of both the median accuracy and quality of the uncertainty
estimates.

Figure 9 presents the median posterior predictions and 5-95 percentile confidence bands—along with
the experimental values—for the KOH and standard Bayesian frameworks. More specifically, Figures
9a and 9b reflect KOH framework iterations 1 and 3, respectively, and Figure 9c reflects the standard
Bayesian framework. It is generally argued that the KOH framework (all iterations) not only gives median
predictions that more accurately reflect the experimental values, but also confidence bands that better
represent those experimental values. To reinforce this argument, the MSE and CAL values were compared.
The CAL value represents how well the confidence bands capture the experimental data for C possible
confidence levels. If the C possible confidence levels are defined as 0 ≤ p1 ≤ p2 · · · ≤ pC ≤ 1, the
empirical frequency for each pj is computed as (Kuleshov et al., 2018; Tran et al., 2020):

p̂j =

∣∣{D(Θ̂t)|F
(
M(Θ̂t, θθθ)|ΘΘΘ,DDD, γγγδ

)
≤ pj s.t. t = 1, . . . , T}

∣∣
T

(16)

where t is the index of the experimental testing set, T is the total number of experimental points for
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Fig. 7. Forward prediction, UQ, and decomposition on the AGR-1 dataset when using the KOH framework, with
results shown for two compacts: (a) Compact 5-3-3, iteration 1; (b) Compact 6-4-1, iteration 1; (c) Compact 5-
3-3, iteration 3; and (d) Compact 6-4-1, iteration 3. Each sub-plot shows the predictive uncertainty contributions
stemming from different sources (model parameters, GP inadequacy, and experimental noise), the total predictive
uncertainty, and the recorded experimental value.

testing, D(Θ̂t) is the experimental value for the tth configuration in the testing set, and F (.) is the
cumulative distribution function of the probability distribution in Equation (14). From Equation (16),
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Fig. 8. Comparison of the predictive uncertainty estimates obtained from the KOH framework and standard Bayesian
framework on the AGR-1 dataset when considering two compacts: (a) Compact 5-3-3 KOH, iteration 1; (b) Compact
6-4-1 KOH, iteration 1; (c) Compact 5-3-3 KOH, iteration 3; and (d) Compact 6-4-1 KOH, iteration 3. In general,
the KOH framework leads to better median predictions and uncertainty estimates when comparing against the
experimental values.

we can compute the CAL value so as to assess the quality of the predictive uncertainty estimates, per:
(Kuleshov et al., 2018; Tran et al., 2020):
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CAL =

∑C
j=1(pj − p̂j)

2

C
(17)

A lower CAL value indicates higher quality of the uncertainty estimates in terms of encompassing the
experimental values.
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Fig. 9. Median predictions and 5-95 percentile confidence bands for the AGR-1 dataset, obtained using: (a) KOH
framework, iteration 1; (b) KOH framework, iteration 3; and (c) the standard Bayesian framework. In general, the
KOH framework leads to better median predictions and confidence bands when comparing against the experimental
values.

Table III presents the MSEs between the median posterior predictions and the experimental values for
the KOH and standard Bayesian frameworks. The average MSE value across the five KOH iterations is
32.4% less than that for the standard Bayesian framework. Table IV presents the CAL values quantifying
the uncertainty quality. The average CAL value across the five KOH iterations is 42.5% less than that for
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the standard Bayesian framework. These comparisons indicate that the KOH framework generally leads
to better median predictions and uncertainty estimates than does the standard Bayesian framework.

TABLE III. MSEs between the median predictions and experimental values from the AGR-1 dataset, demonstrating
the accuracy of the UQ approaches. Median predictions were obtained via the KOH framework (five iterations) and
standard Bayesian framework. The average MSE across the five iterations is 32.4% less than that for the standard
Bayesian framework, indicating greater accuracy.

MSE
KOH iteration 1 0.088
KOH iteration 2 0.108
KOH iteration 3 0.087
KOH iteration 4 0.119
KOH iteration 5 0.112

KOH mean 0.102
Standard Bayesian (Base) 0.151

TABLE IV. CAL values between the median predictions and the experimental values from the AGR-1 dataset,
demonstrating the quality of the uncertainty estimates of the UQ approaches by comparing against the experimental
values. CAL values were computed for the KOH framework (five iterations) and standard Bayesian framework.
The average CAL value across the five iterations was 42.5% less than that for the standard Bayesian framework,
indicating better uncertainty estimates.

CAL
KOH iteration 1 0.0394
KOH iteration 2 0.0396
KOH iteration 3 0.0568
KOH iteration 4 0.0679
KOH iteration 5 0.0511

KOH mean 0.0509
Standard Bayesian (Base) 0.0886

E. Summary and Conclusions

This chapter discussed the theory of accounting for model inadequacy through application of the KOH
framework, which was used for inverse UQ based on the AGR-2/3/4 experimental data, and for forward
predictive UQ based on the AGR-1 data. The results obtained from comparing the KOH and standard
Bayesian frameworks were also presented. The following main conclusions were drawn:

• The model parameter θθθ posteriors are consistent between the KOH framework and the standard
Bayesian framework.

• The experimental noise uncertainty from the KOH framework averages about σε = 0.149. The sigma
value from the standard Bayesian framework is about σ = 0.254. The average percentage of total
uncertainty due to experimental noise is σ2

ε

σ2 × 100 = 0.1492

0.2542 × 100 = 35%. The average percentage
of total uncertainty due to model inadequacy is 100 − 35 − 5 = 60%, with the 5% being assumed
to represent parametric uncertainty, which prior studies have revealed to usually be quite small.
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However, note that the KOH framework is affected by potential confounding of uncertainties. Thus,
to limit the potential for such confounding, we ran multiple iterations of the KOH framework and
then used the average values.

• When predicting on the AGR-1 dataset, the KOH framework led to both higher predictive accuracy
and uncertainty quality than did the standard Bayesian framework. The KOH framework reflected
a 32.4% and 42.5% improvement in predictive accuracy and uncertainty quality, respectively, as
assessed in terms of the MSE and CAL metrics, respectively.
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III. INCORPORATING LOWER-LENGTH-SCALE EFFECTS INTO THE UNCERTAINTY QUANTIFICATION

FRAMEWORK

This chapter discusses the incorporation of LLS effects into the Bayesian UQ framework. Specifically,
we discuss the generation of LLS simulation data pertaining to effective diffusivity as a function of
temperature and the microstructure information and explore the development of models to bridge the
scales. Next, inverse UQ on the AGR-2/3/4 data and forward UQ on the AGR-1 data are compared
in light of the Arrhenius equation and two LLS-informed models for Ag diffusivity in the SiC layer.
Inverse UQ is performed using both the standard Bayesian and KOH approaches. Forward predictive UQ
is compared in regard to each of the different approaches (i.e., the Arrhenius equation and LLS-informed
models for the diffusivity and standard Bayesian, and KOH for the UQ) in terms of both the accuracy
and quality of the UQ, using the MSE and CAL metrics, respectively.

A. Strategies for Incorporating Lower-Length-Scale Effects

Figure 10 presents two strategies for incorporating LLS effects into the UQ framework. We simulated
effective diffusivity at the LLS by considering a wide range of microstructures, which are characterized by
their average minor and major axis lengths. Details on the LLS simulations are provided in Section III-B.
Using the LLS data, we fit a parametric equation of the effective diffusivity as a function of temperature
and the microstructure information (particularly, the minor axis length). We also fit a non-parametric
GP model of the effective diffusivity as a function of temperature and the microstructure information
(i.e., both the minor and major axis lengths). Using these LLS-informed models for Ag diffusivity in the
SiC layer, we performed a Bayesian inverse UQ analysis on the AGR-2/3/4 datasets. We used both the
standard Bayesian and KOH frameworks to perform the inverse UQ. We then performed a forward UQ
by computing the posterior predicitive distributions for the AGR-1 dataset, which was not used in the
inverse UQ process. Further details on these strategies, along with the results thereof, are presented next.

B. Updated Lower-Length-Scale Simulation Database

In previous years, the NEAMS program has supported development of multi-scale models (called LLS
models) of Ag diffusion in SiC in order to increase BISON’s fidelity at predicting fission product release
from TRISO particles. This work was first described in Simon et al. (2022), in which a temperature-
and microstructure-dependent effective Ag diffusivity model was developed that improved BISON’s
predictions of Ag release from TRISO particles under AGR-1 conditions. Using atomistic simulations of
bulk and grain boundary (GB) diffusivity and a mesoscale evaluation of the effect of grain size, performed
using the fuel performance code MARMOT, the new model captured and quantified microstructural effects
that empirical fits could not (Simon et al., 2022).

However, in this first version of the model, only a limited number of SiC microstructures (20 in
total) were used to capture microstructure effects. The effect of mirostructure was captured, but with
significant uncertainty. To decrease this uncertainty and increase the model’s range of definition, additional
microstructures were generated and the effective diffusivity model was fitted to a wider, more refined
range of grain sizes. This recent update is described in Simon et al. (2024), and is detailed below for the
sake of completeness.

The same approach as implemented in Simon et al. (2021) was used to generate polycrystalline
structures. However, as stated above, more microstructures were used than in Jiang et al. (2021); Simon
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Fig. 10. Strategies for incorporating LLS effects into the UQ framework.

et al. (2022) so as to better capture the microstructure effects. We used 169 2-D domains of dimensions 9
µm × 9 µm generated with the desired grain sizes, grain aspect ratios, and GB widths (as opposed to the
20 domains in Jiang et al. (2021); Simon et al. (2022)). Their grain major/minor axis lengths vary from
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Fig. 11. (a) Simulated grain dimensions (black dots) compared against the AGR-1 as-fabricated SiC grain dimensions,
with twins included for all batches provided by Gerczak et al. (2016b). The simulated microstructures cover the
variations in grain dimensions found in the AGR-1 fuel batches. (b) and (c) reflect two examples of polycrystalline
SiC microstructures created for this study, corresponding to the (b) bottom-left and (c) top-right points shown in
(a). The domain size is 9 × 9 µm. Grains are shown in red, the centers of the 60-nm-thick GBs are in blue, and
the continuous transition between the two are shown in shades of white. This figure was reproduced from Jiang
et al. (2021); Simon et al. (2022).

0.3 to 3 µm to cover the grain sizes measured from the AGR-1 and AGR-2 SiC layers Gerczak et al.
(2016b), as shown in Fig. 11. Though the GB size of the polycrystalline SiC is approximately equal to 1
nm, with variations between high- and low-angle GBs, the GB width was scaled up to 60 nm to reduce
the computational costs. To compensate for the artificially expanded GBs, the GB and bulk diffusivities
were carefully scaled down and up, respectively, using the approach developed in Jiang et al. (2021);
Simon et al. (2022). This approach ensures lower computational costs while also minimizing scaling
errors. As mentioned above, the simulated microstructures cover the variations in grain dimensions found
in the AGR-1 and AGR-2 fuel batches, thus affording results relevant to realistic SiC grain sizes for
TRISO fuel particles.

Moreover, we extended the temperature range of the LLS model to better capture the temperature
regimes of AGR-1 and AGR-2. Simulations were performed for all 169 microstructures, with temperatures
ranging from 1000 to 2000 K, at 200 K increments, significantly increasing the temperature range from
Jiang et al. (2021); Simon et al. (2022) (i.e., 1450–2073 K) toward temperatures relevant to AGR-1 and
AGR-2 (Hunn et al., 2015; Stempien et al., 2021; Collin, 2015, 2016; Collin et al., 2015; Gerczak and
Hunn, 2022). Additional details on the LLS simulations and the derivation and validation of the LLS
model are given in Simon et al. (2022, 2024).

This new augmented and refined LLS simulation database is shown in Fig. 12, with the Ag effective
diffusivity being plotted as a function of temperature, grain minor/major axis length, and grain size
(i.e., average grain diameter). The effect of temperature and grain minor axis length is clearly visible in
Fig. 12a. The lack of impact of the major axis length is apparent in Fig. 12b.
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Fig. 12. Augmented LLS simulation database for the effective Ag diffusivity. The diffusivity is presented as a
function of temperature, grain (a) minor and (b) major axis length, and (c) size.

C. Models for Bridging the Lower-Length-Scale and the Engineering-Scale

Bridging the gap between the LLS and the engineering scale required development of a function to
capture the LLS data presented in Section III-B. Such a function could then be implemented in BISON
to accurately capture multiscale, high-fidelity insights while limiting computational costs. To that end,
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Simon et al. (2024) captured the LLS data as:

Dth(T,mi) = Dm,0(mi/m0)
Dm,1 exp (−(Qm,0 +miQm,1)/RT )

where: Dm,0 = exp(−30.49) m2/s

Dm,1 = −0.65 (-)

Qm,0 = 210620.825 J/mol

Qm,1 = 3328326006.32 J/mol/m

m0 = 1.0 m

mi = the grain minor axis length.

(18)

This function appropriately captures the LLS data, as shown in Fig. 13.
Another approach we took to bridge the LLS and engineering scale was to fit a GP model of the

thermal diffusivity as a function of temperature and both the minor and major axis lengths. Finding the
best parametric functional form given the training dataset can be challenging. Thus, a GP is a data-driven
approach to link the thermal diffusivity to the temperature and the microstructure information. It can serve
as an alternative to the traditional parametric functional form approach followed in Simon et al. (2022,
2024). The theory of GP was presented in Chapter II, Section II-A2. Essentially, thermal diffusivity is
expressed as:

Dth(T,mi,ma) ∼ N
(
m({T,mi,ma}), k({T,mi,ma}, {T,mi,ma}′)

∣∣γγγDth
)

where, γγγDth
= {1.416, 1.768, 8.965, 28.396} (19)

where N is a normal distribution with mean m(.) and covariance k(., .), and γγγDth
are the GP hyperpa-

rameters to be optimized from the LLS simulation dataset. The optimized values of the hyperparameters
are also presented in Equation (19); the first value represents the amplitude scale, and the next three
represent the length scales for temperature, minor axis length, and major axis length. We again used the
squared exponential kernel for the GP. Its definition was presented in Equation (9).

For comparison purposes, we also fit the standard Arrhenius equation to the LLS simulation data as a
function of the temperature only. The functional form and the optimized parameters are:

Dth(T ) = D0 exp
(
− Q0

RT

)
where, D0 = 1.013e− 10 m2/s

Q0 = 193153.66 J/mol

(20)

We fit this standard Arrhenius equation to compare the impacts of including microstructure information
when predicting effective diffusivity at the LLS.

Figure 14 compares the LLS simulated effective diffusivity against the prediction made by the model
previously discussed. Specifically, Figures 14a, 14b, and 14c correspond to the Arrhenius equation (20),
LLS-informed equation (18), and LLS-informed GP (Equation (19)), respectively. Also presented in
these figures are the MSE values computed in the logarithmic space. Both the LLS-informed models
have a substantially low MSE value in the logarithmic space as compared to the Arrhenius equation.
This indicates that the two LLS-informed equations better capture the effective diffusivities, due to
incorporating the microstructure information. The impact of including microstructure information in the
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Fig. 13. Derivation of the thermal contribution to the effective Ag diffusion coefficient as a function of temperature
T , grain minor axis length mi, and grain major axis length ma. (a,b) show how D0 depends on (a) ma and (b)
mi, and (c,d) show how Q depends on (c) ma and (d) mi. While both D0 and Q are independent of ma, D0

decreases with increasing mi, and Q increases linearly with mi. (e,f) show how the thermal contribution to the
effective diffusion coefficient Deff,th depends on the (e) ma and (f) mi for different temperatures. In (a, c, e),
the points provided for one ma value (and one temperature for [e]) correspond to the different minor axis lengths.
Similarly, in (b,d,f), the points provided for a given value of mi (and one temperature for [f]) correspond to the
different major axis lengths. This figure was reproduced from Jiang et al. (2021); Simon et al. (2022).

diffusivity model when it comes to engineering-scale Ag release predictions is investigated next. Going
forward, we will give particular consideration to the LLS GP model, as it and the LLS functional form
model both have very similar MSE values, as shown in Figure 14.
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Fig. 14. Comparison between the LLS simulated effective diffusivity and the predictions made by the different
LLS-informed models: (a) standard Arrhenius equation (no microstructure information considered), (b) parametric
equation as a function of temperature and minor axis length, and (c) GP as a function of temperature, minor axis
length, and major axis length. The MSE value, computed in the logarithmic space, for each model is also shown.

D. Inverse Uncertainty Quantification on the AGR-2/3/4 Experimental Datasets

Using the LLS-informed GP model for Ag diffusivity in the SiC layer, we first performed a standard
Bayesian analysis. That is, we lumped together the uncertainty components for model inadequacy and
experimental noise. We included a multiplicative factor, which is to be calibrated, to the LLS-informed GP
model to help add flexibility when making engineering-scale predictions. The prior distributions used for
performing the standard Bayesian analysis are presented in Table V. Note that the minor and major axis
lengths are also included as model parameters for the Bayesian analysis. The priors for these axis lengths
were obtained from experimental measurements of TRISO SiC microstructure Gerczak et al. (2016a).
Unlike the type of Bayesian analysis that utilizes the standard Arrhenius equation without microstructure
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information (see the FY-23 report Dhulipala et al. (2023)), we did not include inequality constraints on
the activation energies for the fuel kernel, inner PyC (IPyC), and SiC. That is, Qkernel < Qpyc < Qsic

is not imposed when using the LLS-informed GP model, due to the lack of an explicit activation energy
term for the SiC layer. The associated impact on the quantified uncertainties when making predictions
will be negligible, as is discussed next.

TABLE V. Prior distributions over the parameters, along with the σ (or σε) term for the TRISO model, when
considering the LLS-informed GP model for Ag diffusivity in SiC.

Model parameter Distribution
Qkernel U(10.0, 300.0)
Qpyc U(10.0, 300.0)
Factor U(0.0, 1000.0)

Minor axis length T N (0.35e− 6, 0.05e− 6, 0.05e− 6, 0.65e− 6)
Major axis length T N (0.85e− 6, 0.1e− 6, 0.65e− 6, 1.2e− 6)

σ2 (or σ2
ε ) T N (0.01, 0.02, 0.0, 1.0)

Figure 15 presents the prior and posterior distributions of the parameters θθθ obtained via the standard
Bayesian framework. The parameters Qkernel, Qsic, and Factor seem to be concentrated in one or two
regions of the parameter space compared to their corresponding priors. The posteriors for the minor and
major axis lengths closely match their priors. Figure 16 presents the σ value posterior. Also presented for
comparison in this figure is the σ value posterior obtained when using the standard Arrhenius equation.
The two σ posteriors closely match each other, indicating that the LLS-informed GP model for SiC Ag
diffusivity has a similar level of predictive uncertainty in comparison to the Arrhenius equation. Although
the LLS-informed GP model outperforms the Arrhenius equation in predicting the effective diffusivity
at the LLS, at the engineering-scale, temperature seems much more dominant than SiC microstructure
in terms of controlling the Ag diffusivity. Next, uncertainty decomposition via the KOH framework is
performed and the results compared to those of the standard Arrhenius equation from Chapter II.

As discussed in Chapter II, Sections II-B and II-C, the same procedure was adopted to model the
inadequacy term in the KOH framework. The 68 experimental data points were once again split into two
batches, one for fitting the inadequacy term and the other for inversely estimating {θθθ, σε} for five iterations
of the KOH framework (see Chapter II for more details of the KOH framework). Figure 17 compares the
performance of the GP inadequacy/discrepancy term predictions against the true inadequacy/discrepancy
for the training set. Overall, for the training set in each iteration, the GP inadequacy predictions compare
very satisfactorily with the true values, as indicated by the MSEs.

Figure 18 presents the performance of the GP inadequacy/discrepancy term predictions by comparing
them against the true inadequacy/discrepancy for the testing set, meaning the batch from the experimental
dataset not used for fitting the GP term. Overall, for the testing set in each iteration, the GP predictions
also compare satisfactorily with the true values, as indicated by the MSEs. As with the Arrhenius equation
in Chapter II, for iteration 2 (Figure 18b), the MSE is slightly higher, due to the random selection of
the training and testing sets. As was recommended, multiple iterations of the KOH framework should
be pursued, with random selection of the training set for the GP term, then averaging the results across
these iterations.

For each iteration of the KOH framework, upon fitting the GP inadequacy term using one batch of the
random experimental data, the other batch was used to infer the posterior distribution of {θθθ, σε}. Figure
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Fig. 15. Posterior distributions of the model parameters θθθ obtained using the standard Bayesian framework when
considering LLS effects on the SiC diffusivity through a GP model. Also shown for comparison are the prior
distributions.

19 presents the posterior distribution of the model parameters θθθ for all five KOH iterations, considering
the LLS-informed SiC diffusivity model. Also shown in this figure is the θθθ posterior obtained based
on the standard Bayesian framework when using the entire experimental dataset denoted as the “Base”
dataset in the figure, and again considering the LLS-informed SiC diffusivity model. Note that the θθθ
posteriors across the five iterations of the KOH framework are consistent with the posterior obtained via
the standard Bayesian framework.

Figure 20 presents the posterior distribution of σε for all five KOH iterations when considering the
LLS-informed SiC diffusivity model. Also shown in this figure is the σ posterior obtained based on the
standard Bayesian framework when using the entire experimental dataset denoted as the “Base” dataset
in the figure. Table II presents the most likely sigma values from the five iterations of the KOH and from
the standard Bayesian approach. The sigma values from the five iterations of the KOH framework are
well constrained. The mean sigma value from the five iterations of the KOH framework is σε = 0.155.
The mostly likely sigma value from the standard Bayesian framework is σ = 0.253. When considering
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Fig. 16. Posterior distribution of the sigma term σ obtained by using the standard Bayesian framework and
considering LLS effects in the SiC diffusivity through a GP model. Also shown for comparison is the posterior
obtained when considering the Arrhenius equation for the SiC layer.

the LLS-informed model, these values are very consistent with those obtained via the Arrhenius equation.
Thus, two important conclusions can be drawn:

• There is a high degree of similarity between the most likely σε for both the Arrhenius equation
and the LLS-informed model. Theoretically, the inferred experimental noise uncertainty should
not be influenced by the model used, given the same experimental data. Thus, this is numerically
demonstrated in Table II—specifically when comparing the KOH mean values from the Arrhenius
equation against those from the LLS-informed model.

• The total sigma σ values from the standard Bayesian framework are also quite consistent when
comparing the Arrhenius equation and the LLS-informed model. Given the same/similar amount of
experimental noise uncertainty produced by these two modeling approaches, the similarity between
the total sigma σ values indicates a similar degree of modeling inadequacy.

As emphasized in Chapter II, while such an uncertainty decomposition and comparison across mod-
eling approaches is quite interesting, care must be taken to ensure that the model inadequacy term is
properly accounted for and that sensitivity analyses are conducted to mitigate any possible over- or
under-representation of this term. There is potential for confounding between the model inadequacy
and experimental noise uncertainties and a misrepresentation in the uncertainty decomposition analysis.
Mitigation of such confounding of uncertainties in the KOH framework is an active area of research.

E. Forward Prediction and Uncertainty Quantification on the AGR-1 Experimental Dataset

Forward UQ was applied to the AGR-1 dataset, which was not part of the experimental data, so as to
perform inverse analysis using either the KOH framework or the standard Bayesian framework. For the
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Fig. 17. Comparison of the GP-predicted and true model discrepancy/inadequacy when considering the training
set and the LLS-informed SiC diffusivity model: (a) iteration 1, (b) iteration 2, (c) iteration 3, (d) iteration
4, and (e) iteration 5. The five iterations represent random selection of 34 data points for training the GP
discrepancy/inadequacy term on the AGR-2/3/4 experimental datasets, which consisted of 68 data points in total.
The MSE values are also shown in each plot.

UCO fuel kernel, 16 experimental values of the fractional Ag release were available (disregarding two
compacts for which the corrected PIE values were unavailable). These 16 experimental values were used
to evaluate both the quality and predictive accuracy of uncertainties obtained using the KOH and standard
Bayesian frameworks. Microstructure information for performing the predictive UQ was obtained from
Gerczak et al. (2016a). More specifically, microstructure information on the AGR-1 V3 and AGR-1 B-
45T variants were independently used, having major and minor axis lengths of {0.71, 0.31} µm and
{1.33, 0.47} µm, respectively.

Figures 21a and 21b present the predictive distributions for Compacts 5-3-3 and 6-4-1 when using the
KOH and standard Bayesian frameworks, respectively. Results corresponding to both the AGR-1 V3 and
AGR-1 B-45T microstructure variants are presented. For the KOH framework, only the iteration 3 results
are shown. The predictive distributions for the KOH and standard Bayesian frameworks are consistent
across both microstructure variants. In comparing the KOH and standard Bayesian frameworks, the former
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Fig. 18. Comparison of the GP-predicted and true model discrepancy/inadequacy when considering the testing set and
the LLS-informed SiC diffusivity model: (a) iteration 1, (b) iteration 2, (c) iteration 3, (d) iteration 4, and (e) iteration
5. The five iterations represent random selection of 34 data points for training the GP discrepancy/inadequacy term
on the AGR-2/3/4 experimental datasets, which consisted of 68 data points in total. The MSE values are also shown
in each plot.

leads to better predictive distributions that encompass the experimental values. This is especially true for
Compact 5-3-3 in Figure 21a. Figure 22 presents the median predictions and 5-95 percentile confidence
bands for four cases: (a) KOH, iteration 3, V3 microstructure; (b) KOH, iteration 3, B-45T microstructure;
(c) standard Bayesian V3 microstructure; and (d) standard Bayesian B-45T microstructure. It is generally
argued that the KOH results for both these microstructures increase the accuracy and quality of uncertainty
estimates, based on comparison to the experimental values. This statement is analyzed more rigorously
next.

Tables VII and VIII, respectively, present the MSE and CAL values for the Arrenhius and LLS-informed
GP (both V3 and B-45T microstructures) models for the five KOH iterations. Results corresponding to
the standard Bayesian framework are also shown. Both microstructures lead to similar values of MSE
and CAL, as averaged across the five KOH iterations. For both microstructures, the mean KOH MSE
and CAL values are less than those corresponding to the standard Bayesian framework, indicating better
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Fig. 19. Correlation matrix plot of the TRISO silver release model parameters for comparing the base (i.e., standard
Bayesian) and the KOH Bayesian UQ frameworks when considering the LLS-informed SiC diffusivity model.

accuracy and uncertainty estimates provided by the KOH framework. This conclusion is consistent with
what is presented in Chapter II when considering the Arrhenius equation. In comparing the Arrhenius
equation and the LLS-informed GP model, both seem to reflect similar performance in terms of the MSE
and CAL values for both the KOH and standard Bayesian frameworks. However, being the simpler of
the two models, the Arrhenius equation has slightly better MSE and CAL values.

F. Summary and Conclusions

In this chapter, comparison was made between the inverse UQ with AGR-2/3/4 data and the forward
UQ results with AGR-1 data, in light of the Arrhenius equation and the two LLS-informed models for
Ag diffusivity in the SiC layer. Inverse UQ was performed using both the KOH and standard Bayesian
approaches. Forward predictive UQ was compared in light of the different approaches (i.e., Arrhenius
equation and LLS-informed models for the diffusivity, and standard Bayesian and KOH for the UQ),
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Fig. 20. Sigma values of the TRISO Ag release model that considers LLS effects in comparing the base (i.e.,
standard Bayesian) and KOH Bayesian UQ frameworks. Note that the sigma value (σ) from the base framework
represents both the model inadequacy and experimental noise uncertainties. In contrast, the sigma value (σε) from
the KOH framework represents the experimental noise uncertainty only and is thus smaller than σ in each case.

TABLE VI. The most likely σε values from the five iterations of the KOH framework, comparing the Arrhenius
equation and the LLS-informed GP approach. The mean σε value across all iterations of the KOH framework, along
with the σ value from the base UQ framework, are also shown.

Arrhenius LLS-informed GP
KOH iteration 1 σε = 0.129 σε = 0.167
KOH iteration 2 σε = 0.189 σε = 0.181
KOH iteration 3 σε = 0.162 σε = 0.160
KOH iteration 4 σε = 0.131 σε = 0.129
KOH iteration 5 σε = 0.135 σε = 0.142

KOH mean σε = 0.149 σε = 0.155
Standard Bayesian (Base) σ = 0.254 σ = 0.253

σε represents the experimental noise uncertainty.
σ represents both the model inadequacy and experimental noise uncertainties.

based on both the accuracy and quality of UQ, with MSE and CAL, respectively, serving as the metrics.
The following observations were made:

• For fitting the LLS simulation data, both the parametric approach of finding the best functional form
and a non-parametric approach using GP performed equally well. The Arrhenius equation, lacking
microstructure information, had larger predictive errors when considering the LLS data.

• For the inverse UQ at the engineering scale, when considering fractional Ag release data from
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Fig. 21. Comparison of the predictive uncertainty estimates obtained from the KOH and standard Bayesian
frameworks on the AGR-1 dataset, considering two compacts: (a) Compact 5-3-3, KOH iteration 3; and (b) Compact
6-4-1, KOH iteration 3. In general, the KOH framework enables better median predictions and uncertainty estimates,
based on comparison with the experimental values.

TABLE VII. The MSE between the median predictions and experimental values from the AGR-1 dataset,
demonstrating the accuracy of the UQ approaches. The median predictions were obtained from both the KOH
framework (five iterations) and standard Bayesian framework in light of the Arrhenius and LLS-informed GP
models.

MSE Arrhenius (V3 microstructure)
MSE LLS-informed GP

(B-45T microstructure)
MSE LLS-informed GP

KOH iteration 1 0.088 0.131 0.128
KOH iteration 2 0.108 0.125 0.125
KOH iteration 3 0.087 0.103 0.104
KOH iteration 4 0.119 0.148 0.141
KOH iteration 5 0.112 0.131 0.127

KOH mean 0.102 0.127 0.125
Standard Bayesian (Base) 0.151 0.176 0.173

AGR-2/3/4 and using the standard Bayesian framework, both the Arrhenius equation and the LLS-
informed model had a similar value of σ, which represents experimental noise plus model inadequacy
uncertainty.

• When using the KOH Bayesian framework, both the Arrhenius equation and the LLS-informed model
produced a similar level of experimental noise uncertainty. Theoretically, the inferred experimental
noise uncertainty should not be influenced by the model used, given the same experimental data.
Here, this theory was numerically demonstrated.
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Fig. 22. Median predictions and 5-95 percentile confidence bands for the AGR-1 dataset, as obtained using the
KOH and standard Bayesian frameworks and considering microstructure information: (a) KOH iteration 3, with V3
microstructure; (b) KOH iteration 3, with B-45T microstructure; (c) standard Bayesian with V3 microstructure; and
(d) standard Bayesian with B-45T microstructure.

• The total sigma σ values from the standard Bayesian framework are also quite consistent when
comparing the Arrhenius equation and the LLS-informed model. Given the same/similar amount of
experimental noise uncertainty between these two modeling approaches, similarity between the total
sigma σ values indicates a similar amount of modeling inadequacy.

• For the forward UQ at the engineering scale when considering fractional Ag release data from
AGR-1, the KOH framework resulted in better predictive accuracy and UQ quality than did the
standard Bayesian framework, as indicated by the MSE and CAL values, respectively. Specifically,
when using the LLS-informed model, the improvements offered by the KOH framework exceeded
those when using the Arrhenius equation.
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TABLE VIII. The CAL values between the median predictions and experimental values from the AGR-1 dataset,
demonstrating the quality of the uncertainty estimates of the UQ approaches in terms of being able to encompass
the experimental values. The CAL values were computed for the KOH framework (five iterations) and the standard
Bayesian framework, in light of both the Arrhenius equation and LLS-informed GP models.

CAL Arrhenius (V3 microstructure)
CAL LLS-informed GP

(B-45T microstructure)
CAL LLS-informed GP

KOH iteration 1 0.0394 0.039 0.037
KOH iteration 2 0.0396 0.053 0.05
KOH iteration 3 0.0568 0.077 0.0747
KOH iteration 4 0.0679 0.067 0.066
KOH iteration 5 0.0511 0.0639 0.0616

KOH mean 0.0509 0.05990 0.0578
Standard Bayesian (Base) 0.0886 0.103 0.102

• In comparing the Arrhenius equation and the LLS-informed model in terms of predictive forward
UQ on the AGR-1 data, both resulted in somewhat similar accuracy and uncertainty quality. The
Arrhenius equation, being the simpler model of the two models, fared slightly better.
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IV. PARALLEL ACTIVE LEARNING FOR ACCELERATING BAYESIAN INVERSE UNCERTAINTY

QUANTIFICATION IN MOOSE

This chapter discusses the parallel active learning capabilities currently being implemented in MOOSE
to accelerate Bayesian inverse UQ. Bayesian inverse UQ with computational models is computationally
expensive in terms of both the elapsed time and computational resources. In FY-23, we developed
massively parallelizable algorithms in MOOSE to address the large amount of elapsed time necessary to
perform Bayesian inverse UQ with computational models (Dhulipala et al., 2023). Still, the computational
resources required to solve inverse UQ problems remains very significant. For example, Figure 23 presents
the number of processors required for Bayesian inverse UQ as a function of the number of both parallel
Markov chains and experimental configurations. In this figure, the factor n on the y-axis represents the
number of processors required for a single evaluation of the MOOSE model. It is seen that the number
of processors required increases by over several orders of magnitude with the number of experimental
configurations and parallel Markov chains. (Essentially, this is a function of the problem complexity).
In multiplying the number of processors to the elapsed time in order to solve the problem, the resulting
computational cost can be very significant. Specifically, for the TRISO case (n = 1) considering the
AGR-2/3/4 experimental dataset, around 3,400 processors are required, for a period of 72 hours. This
makes the computational cost 244,800 processor hours. This chapter thus discusses the development of
new parallel active learning capabilities to reduce the overall computational cost of solving the Bayesian
inverse UQ problem, measured in terms of processor hours.
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Fig. 23. Computational resources required for Bayesian inverse UQ as a function of the number of both parallel
Markov chains and experimental configurations. The factor n on the y-axis is the number of processors required
for a single evaluation of the MOOSE application. For TRISO Ag release simulations in BISON, n = 1.
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A. Parallel Active Learning Approach

Figure 24 presents a flowchart describing the parallel active learning approach. In traditional active
learning, the input space of the model is described in terms of probability distribution. This input space
is supplied to a machine learning (ML) model (e.g., a GP model) that quantifies the uncertainties in its
predictions. Then the ML model, using the uncertainty information, computes an acquisition function to
determine the best input for evaluating the computational MOOSE model. The model is the evaluated
and the output sent back to the ML model for re-training. With each iteration, the ML model improves its
predictive ability by selecting the best input-output pair, aided by the acquisition function. However, this
traditional approach to active learning is very sequential, and its computational efficiency can be hindered
by evaluating the many serial evaluations of the expensive computational model. Therefore, we here adopt
a parallel version of the active learning approach. Instead of selecting one best input-output pair in each
iteration, we select P best input-output pairs. This is achieved by modifying the acquisition function via
a local penalization so as to prevent clustering of the P best input-output pairs. The mathematical details
of this approach are discussed next.

ML model with 
UQ

Decision making 
with acquisition 

function

Input space

Best input 1

Retraining

Best input P

.

.

Parallel inputs Computational 
model 

evaluation

Fig. 24. Schematic of the parallel active learning approach.

1) Machine learning model with uncertainty quantification: Gaussian process
ML models that can quantify their prediction uncertainties are known as probabilistic ML models. A

GP is a probabilistic ML model that works very well in active learning settings, thanks to its robust UQ
abilities (El Gammal et al., 2023; Wang and Li, 2018; Dhulipala et al., 2022; Chakroborty et al., 2023;
Shields et al., 2023; Peherstorfer et al., 2018; Ginsbourger et al., 2010; Chen et al., 2022). We used a
GP model to approximate the log-likelihood as a function of model parameters and sigma term {θθθ, σ},
considering the experimental data DDD, corresponding configurations ΘΘΘ, and model predictions M(ΘΘΘ):

lnL(θθθ, σ|ΘΘΘ,M,DDD) =
N∑
i=1

lnL(θθθ, σ|Θi,M,Di) (21)

As such, the GP training and testing is only a function of {θθθ, σ} and not the experimental configurations
due to the aggregation performed in the above equation. The theory behind GP was described in Chapter
II, Section II-A2. To put it succinctly, given the model parameters {θθθ, σ}, a GP approximation of the
log-likelihood is described as:
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lnL({θθθ, σ}) ∼ N
(
m({θθθ, σ}), k({θθθ, σ}, {θθθ, σ}′)) (22)

where m(.) is the mean function and k(., .) is the covariance function. The GP model outputs both the
mean prediction of lnL and the standard deviation denoted as µGP and σGP .

2) Acquisition function
The acquisition function is a critical component of the active learning framework, as it determines the

inputs under which to evaluate the expensive computational model so as to re-train the GP. As such, the
acquisition function is responsible for improving the GP model with each iteration of the active learning.
Several acquisition functions are available in the literature. Among the classic examples are EIGF, Upper
Confidence Bound (UCB), and Probability of Improvement (PI) Zhan et al. (2017); Chen et al. (2022);
Contal et al. (2013); Wang et al. (2016). For example, the EIGF acquisition function is defined as (Lam
and Notz, 2008):

EIGF ({θθθ, σ}) = (µGP − lnL({θθθ, σ}∗))2 + σ2
GP (23)

where {θθθ, σ}∗ is the point the training set that is closest to {θθθ, σ} in terms of the Euclidean distance. While
EIGF is the good choice for an aquisition function, it prioritizes improving the GP model throughout
the parameter space. For Bayesian UQ, however, we are interested in sampling from regions of high
log-likelihood. El Gammal et al. (2023) proposed an acquisition function that aims to improve the GP
model in regions of high log-likelihood or log-posterior. This function is mathematically described as:

aL({θθθ, σ}) = exp(2ξ µGP )
(
exp(σGP )− 1

)
(24)

where ξ is a factor to boost the exploratory behavior, and is set to M−0.85, with M being the number
of model parameters. Figure 25 compares the EIGF and the posterior targeted acquisition functions
(Equations (23) and (24), respectively) by plotting the number of re-training points vs. the corresponding
log-likelihood values. It is observed that the EIGF results in re-training points with both small and large
log-likelihood values. In contrast, after some initial iterations, the posterior targeted acquisition function
results in small log-likelihood values that correspond to the important regions for Bayesian inverse UQ.
Hence, we adopt the posterior targeted acquisition function described in Equation (24).

3) Parallelization with local penalization
Instead of selecting one best point for re-training the GP model by optimizing the acquisition function,

we selected P best points by modifying the acquisition function. There are several approaches to accom-
plishing parallelization. For example, Ginsbourger et al. (2010) proposed a Kriging believer approach to
parallelize active learning. More recently, Zhan et al. (2017) proposed the pseudo acquisition function
criterion, which essentially prevents clustering of the selected P re-training points while optimizing the
acquisition function. We adopted this approach for its simplicity. To illustrate it, the correlation function
between two inputs is first defined as:

Corr({θθθ, σ}, {θθθ, σ}′) = 1− exp
(−||({θθθ, σ} − {θθθ, σ}′)/γγγl||

2

)
(25)

where γγγl are the length scales for {θθθ, σ}, and these are a part of the GP hyperparameters obtained through
optimization (i.e., γγγl ⊂ γγγ). Now, the first optimal re-training point is defined as:
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Fig. 25. Comparison of the EIGF and the posterior targeted acquisition functions (Equations (23) and (24),
respectively). EIGF results in re-training points that have both small and large values of log-likelihood, whereas the
posterior targeted results in points that mostly have small values of log-likelihood and are important for Bayesian
UQ.

{θθθ, σ}1 = argmax aL({θθθ, σ}) (26)

The second optimal re-training point is defined as:

{θθθ, σ}2 = argmax aL({θθθ, σ}) Corr({θθθ, σ}, {θθθ, σ}1) (27)

The pth optimal re-training point is defined as:

{θθθ, σ}p = argmax aL({θθθ, σ})
p−1∏
i=1

Corr({θθθ, σ}, {θθθ, σ}i) (28)

In this manner, we can select P re-training points sequentially within each iteration of active learning
by performing local penalization to mitigate any clustering of those points.

4) Re-parameterization to account for the sigma term
The log-likelihood, which we intend to emulate as a GP, is a function of both the model parameters θθθ

and the sigma term σ. However, a varying σ term can make the active learning process quite complex,
as it influences the spread of the log-likelihood. Tests conducted on some example problems showed that
considering σ as an input parameter to the GP for active learning can significantly increase the active
learning iterations but also lead to errors when performing subsequent Bayesian UQ. Thus, we designed
a strategy that uses re-parameterization to avoid including σ as an input parameter during active learning.
This strategy operates under the assumption that the likelihood is Gaussian distributed. During the active
learning process, a value of σ = 1 is used. Essentially, σ is then excluded from the input parameters for
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the GP. During the evaluation stage, where the trained GP model is used for performing Bayesian UQ,
the following re-parameterization steps are followed in the same sequence in order to account for the
correct σ value:

ln L̂(θθθ|ΘΘΘ,M,DDD)← ln L̂(θθθ|ΘΘΘ,M,DDD)−N ln(
1√
2 π

)

ln L̂(θθθ, σ|ΘΘΘ,M,DDD)← ln L̂(θθθ|ΘΘΘ,M,DDD) 1

σ2

ln L̂(θθθ, σ|ΘΘΘ,M,DDD)← ln L̂(θθθ|ΘΘΘ,M,DDD) +N ln(
1

σ
√
2 π

)

(29)

where L̂(θθθ|ΘΘΘ,M,DDD) is the log-likelihood, with σ = 1 predicted by the GP (i.e., µGP ). Through the steps
listed in Equation (29), L̂(θθθ|ΘΘΘ,M,DDD) is transformed into ln L̂(θθθ, σ|ΘΘΘ,M,DDD), which is now a function
of both {θθθ, σ}.

B. MOOSE Implementation Details

We will now discuss the parallel active learning capabilities being implemented in MOOSE. These
capabilities build upon the parallel MCMC capabilities that were implemented in FY-23 and discussed
in the associated milestone report Dhulipala et al. (2023). Readers are recommended to review these
previously implemented capabilities first. Parallel active learning in MOOSE consists of two components:
training and evaluation. Figures 26 and 27 present the MOOSE objects and their dependencies in regard
to performing the training and evaluation components of active learning, respectively. The associated
details are discussed next.

The training component of parallel active learning in MOOSE contains the following important objects:
• BayesianActiveLearningSampler: This sampler object is derived from a
GenericActiveLearningSampler object. It is tailored for Bayesian inverse UQ applications
in that it considers the experimental configurations. At each iteration of active learning, this object
proposes a set of P parallel input samples and combines them with the experimental configu-
rations, then finally sends these samples to the MultiApp object for model evaluations. This
object also creates a large population of input samples at each iteration, which are retrieved by the
BayesianActiveLearner reporter object in order to facilitate optimization of the acquisition
function.

• MultiApp: This object facilitates evaluation of the computational model under parallel inputs sent
by the Sampler object.

• BayesianActiveLearner: This is a reporter object that derives off of a
GenericActiveLearner object. Its function is to assemble the inputs and outputs from the
BayesianActiveLearningSampler and MultiApp, respectively, and compute the log-likelihood
function that serves as the training data for the GP. Also, this object performs the important
function of optimizing the acquisition function and selecting the next best set of inputs to the
BayesianActiveLearningSampler object. Currently, the acquisition function is optimized
by selecting the best P inputs out of the large population of samples created earlier in the iteration
by the BayesianActiveLearningSampler.

• Support objects: The BayesianActiveLearner: object relies on several support objects:
ActiveLearningGaussianProcess to facilitate re-training of the GP model object;
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Fig. 26. MOOSE objects and their dependencies in regard to performing the training component of parallel active
learning.

CovarianceFunctionBase to construct covariances for the GP model object, based on the ker-
nel specified by the user; LikelihoodFunctionBase to evaluate the likelihood function given
inputs and model outputs based on the distribution specified by the user; and AcquisitionFunctionBase
to compute the acquisition function specified by the user and to perform local penalization when
selecting the best P input samples.

The evaluation component of parallel active learning in MOOSE contains the following important
objects:

• AffineInvariantDifferentialEvolution: This is the same parallel MCMC sampler
implemented in FY-23. It can be directly used for active learning since the primary job of this
object is to propose new samples according to the differential evolution sampler algorithm.

• GPDifferentialEvolutionDecision: This object derives off of ParallelMCMCDecision,
and its job is to make accept/reject decisions for the samples proposed by
AffineInvariantDifferentialEvolution. While this object’s function is similar to that
of the AffineInvariantDifferentialEvolutionDecision object, a key difference is it
uses the GP predictions of log-likelihood and does not depend on the outputs from a MultiApp.
Hence, this object completely avoids the need to call the computational model.

• GaussianProcess: This existing object in MOOSE facilitates the load of a previously trained
GP model, as well as its evaluation by the GPDifferentialEvolutionDecision reporter
object.
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Fig. 27. MOOSE objects and their dependencies to execute the evaluation component of parallel active learning.

C. Application to a Test Case: Species Interaction Problem

We first tested the parallel active learning capabilities on a species interaction problem from FY-23.
Species interaction is described by the following Lotka-Volterra equations:

du

dt
= −α u+ β u v

dv

dt
= γ v − δ u v

with, u(0) = 10.0 and v(0) = 10.0

(30)

where u and v are the variables of interest, and α, β, γ and δ are the model parameters. To simulate
the “experimental” data, we considered 10 different time steps and computed the u and v values with
known values of the four model parameters. To the computed u and v values, a known Gaussian random
noise of 0.25 was added in the logarithmic space. Note that u and v are strictly positive; hence, we will
operate in the logarithmic space to ensure their positivity. The milestone report from FY-23 lists the
experimental data and the experimental configurations (Dhulipala et al., 2023). The prior distributions
over the model parameters α, β, γ, and δ and the σ term are presented in Table IX.

TABLE IX. Prior distributions for the species interaction test case for parallel active learning capabilities.

Model parameter Distribution
θ1 = α T N (0.8, 0.05, 0.0, 2.0)
θ2 = β T N (0.5, 0.05, 0.0, 2.0)
θ3 = γ T N (0.5, 0.05, 0.0, 2.0)
θ4 = δ T N (0.25, 0.05, 0.0, 2.0)

σ2 (inadequacy + noise) U(0.0, 0.5)

We performed parallel active learning for 100 iterations, with 8 new training points identified at each.
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As already described, we set σ = 1 during the active learning process and trained the GP model only as
a function of θθθ. During the active learning, we monitored a convergence metric; namely, the root mean
squared error between the GP predictions and the true values of the log-likelihood before re-training the
GP in the current iteration. We also monitored the maximum value of the acquisition function throughout
the active learning. Figures 28a and 28b present the convergence metric and maximum value of the
acquisition function at each iteration of active learning. Generally, both these metrics showed a downward
trend as the number of active learning iterations increased. While the convergence metric occasionally
demonstrated sudden jumps in its values, after iteration 60, these jumps were essentially absent.
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Fig. 28. Metrics for monitoring the active learning process at each iteration for the species interaction test case:
(a) a convergence metric defined as the root mean squared error between the GP predictions and the true values of
the log-likelihood before re-training the GP in the current iteration, and (b) the maximum value of the acquisition
function.

Once the GP model was actively trained for 100 iterations, we used it in a parallel MCMC scheme—
namely the Differential Evolution Sampler (DES) algorithm—to approximate the log-likelihood. Per the
discussion in Section IV-A4, the approximated log-likelihood was corrected to use the appropriate σ
value and predict ln L̂(θθθ, σ|ΘΘΘ,M,DDD) for a given {θθθ, σ}. We performed DES with the GP-approximated
log-likelihood for 500 iterations, with 48 parallel chains. We also performed the traditional DES, again
using 48 parallel chains, to obtain the reference solutions of the posterior space. Figures 29 and 30
compare the parallel active learning and parallel MCMC posterior distributions of θθθ and σ, respectively.
In general, there is a very good comparison between the parallel active learning and parallel MCMC
results.

Figure 31 compares the computational cost of performing Bayesian UQ based on the parallel active
learning and parallel MCMC approaches. Computational cost is defined as the number of processors used
times the elapsed time necessary to solve the Bayesian UQ problem. Since the species interaction problem
is a simple test case with negligible model evaluation time, we measured computational cost for this case
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Fig. 29. Comparison of the posterior distributions of the model parameters θθθ when considering parallel active
learning and parallel MCMC approaches for the species interaction problem.

as being the number of processors used times the serial model calls. This metric ignores the GP re-training
time, which can be substantial. Nevertheless, parallel active learning is seen to substantially reduce the
computational cost in comparison to active learning. However, the computational cost comparison is more
genuine for the TRISO application next discussed next.

D. Application to TRISO Fuel, Using the AGR-2 Experimental Dataset

We then applied the parallel active learning capabilities to the TRISO Ag release problem, considering
the AGR-2 experimental data, which consisted of 36 data points for the UCO fuel kernel. The parameters
of interest were the activation energies for three layers and the diffusion coefficient for the SiC layer; that
is, θθθ = {Qkernel, Qipyc, Dsic, Qsic}. The sigma term posterior was also of interest. The prior distributions
are presented in Table X. The likelihood function for this case has historically been a truncated normal
to obey the constraints on fractional Ag release, which is bounded between 0 and 1. However, using
a truncated normal violates the Gaussianity assumption for the re-parameterization approach (discussed
in Section IV-A4) to approximate the posterior of the σ term. Thus, we transformed the experimental
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Fig. 30. Comparison of the posterior distributions of the sigma term σ when considering parallel active learning
and parallel MCMC approaches for the species interaction problem.
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Fig. 31. Comparison of the computational cost of performing Bayesian UQ when considering the parallel active
learning and parallel MCMC approaches for the species interaction test case.

fractional Ag release values to an inverse logistic space that had support (−∞,∞), and used a normal
likelihood function.

We performed parallel active learning for 80 iterations, with 10 new training points identified at each.
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TABLE X. Prior distributions for the TRISO Ag release application with parallel active learning capabilities.

Model parameter Distribution
θ1 = Qkernel U(10e3, 90e3)
θ2 = Qipyc U(90e3, 180e3)
θ3 = Dsic U(0.1e− 8, 7e− 8)
θ4 = Qsic U(180e3, 300e3)

σ2 (inadequacy + noise) U(0.0, 2.0)

As already described, we set σ = 1 during the active learning process and trained the GP model only as a
function of θθθ. During the active learning, we monitored the convergence metric and the maximum value
of the acquisition function. Figures 32a and 32b present the convergence metric and maximum value
of the acquisition function at each iteration of active learning. In general, both these metrics revealed
a downward trend as the number of active learning iterations increased and eventually became almost
constant.
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Fig. 32. Metrics for monitoring the active learning process at each iteration for the TRISO Ag release application:
(a) a convergence metric defined as the root mean squared error between the GP predictions and the true values of
the log-likelihood before re-training the GP in the current iteration, and (b) the maximum value of the acquisition
function.

Once the GP model was actively trained for 80 iterations, we used it in a parallel MCMC scheme—
namely the DES algorithm—to approximate the log-likelihood. Based on the discussion in Section IV-A4,
the approximated log-likelihood was corrected to use the appropriate σ value and predict ln L̂(θθθ, σ|ΘΘΘ,M,DDD)
for a given {θθθ, σ}. We performed DES with the GP-approximated log-likelihood for 500 iterations, with
50 parallel chains. We also performed the traditional DES, again using 50 parallel chains, to obtain
the reference solutions of the posterior space. Figures 33 and 34 compare the parallel active learning
and parallel MCMC posterior distributions of θθθ and σ, respectively. In general, there is a very good
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comparison between the parallel active learning and parallel MCMC results. In examining the correlation
between Dsic and Qsic in Figure 33 more closely, there seems to be a strong exponential relationship, as
demonstrated by the parallel MCMC approach. The parallel active learning approach is able to capture
this exponential relationship for the most part. Near the sharp tail region where the probability density
is low, however, parallel active learning is unable to explore as well as parallel MCMC. Increasing the
number of active learning iterations could potentially fix this issue, if it is deemed important.

Fig. 33. Comparison of the posterior distributions of the model parameters θθθ when considering parallel active
learning and parallel MCMC approaches for the TRISO Ag release application.

Figure 35 compares the computational cost of performing Bayesian UQ in regard to the parallel active
learning and parallel MCMC approaches. Computational cost is defined as the number of processors used
times the elapsed time necessary to solve the Bayesian UQ problem. Parallel active learning is seen to
substantially reduce the computational cost in comparison to active learning, by about a factor of 20.

E. Summary and Conclusions

This chapter discussed the implementation of parallel active learning capabilities in MOOSE so
as to reduce the computational cost of performing Bayesian inverse UQ, as measured in terms of
processor hours. We discussed the theory behind parallel active learning, especially in terms of GP,
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Fig. 34. Comparison of the posterior distributions of the sigma term σ when considering parallel active learning
and parallel MCMC approaches for the TRISO Ag release application.
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Fig. 35. Comparison of the computational cost of performing Bayesian UQ in regard to the parallel active learning
and parallel MCMC approaches for the species interaction test case.

acquisition functions, and local penalization for facilitating it. We also discussed details on the MOOSE
implementation and the different objects (and interactions between them) utilized to perform parallel active
learning. We then applied parallel active learning to two cases, leading to the following conclusions:
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• For the species interaction test case, parallel active learning gave highly satisfactory posteriors for
the model parameters and the sigma term—in comparison to parallel MCMC (i.e., the reference
solution)—despite the model parameters having strong correlations and anti-correlations between
them. In terms of computational cost, parallel active learning was more efficient by a factor of at
least 10.

• For the TRISO Ag release application when considering the AGR-2 data, parallel active learning
again gave satisfactory posteriors for the model parameters and the sigma term, as compared to
parallel MCMC. In terms of computational cost, parallel active learning was more efficient by a
factor of at least 20.
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V. FUTURE WORK

Future work for the UQ of computational models may focus on one or more of the following topics:
• High-dimensional problems: Some computational models can contain tens of model parameters to

calibrate. Moreover, in some cases, it may be of interest to infer from experimental data model
properties that are field variables. This is essentially a high-dimensional inference problem. For
these cases, a combination of sensitivity analyses, dimensionality reduction, and superior Bayesian
inference algorithms can be investigated. To do so, the underlying assumptions made by a particular
approach must be understood and the results carefully evaluated. For example, sensitivity analyses
based on variance-based approaches only capture linear correlations between parameters. However,
lack of a linear correlation does not imply lack of a nonlinear one. Concurrently, dimensionality
reduction starting from linear methods and then moving toward nonlinear methods such as kernel
principal component analysis can be investigated as well.

• Identifying missing model physics: One interesting pursuit is to identify what physics missing
from the model could be included to drive down the predictive uncertainties. In this FY, the KOH
framework was explored in terms of capturing model inadequacy by using a GP. Future work can
focus on including physics in the inadequacy modeling approach by considering methods such as
formulating inadequacy from a dictionary of physics terms in combination with a data-driven term.

• Considering time-dependent quantities of interest: Modeling the uncertainties in time-dependent
quantities in nuclear fuels and materials represents a very interesting expansion of the current work.
Time-dependent quantities present interesting features to be captured in the UQ framework, such
as non-stationarity and hetereoscedasticity. Developing computational tools to capture these features
and demonstrating on nuclear fuels and materials is an avenue of future work.

• Expanding to other fuels and materials applications: Expanding the UQ capabilities to other fuel
and material applications, while including phenomena such as LLS effects, time-dependent quantities,
and high-dimensional phenomena (if required), is another very interesting avenue for future work.
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