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Milestone title

Implement advanced contact approaches for use in emerging reactors with geometries that differ
from LWR/EBR-II cylindrical fuel. Due 5/20/2021

Milestone description

Contact remains a challenging and crucially important component of our modeling toolkit. While
significant improvements have been made through mortar and automatic differentiation, we would
like to explore further approaches such as Nitsche’s method, which yields better-conditioned sys-
tems and will improve the robustness and performance of BISON contact problems. This effort is
relevant to emerging reactor types (e.g., microreactors) and their numerous corresponding com-
plex contact surfaces.

1 Background

This section outlines the available formulations for contact modeling in BISON, ongoing work,
and longer-term development goals proposed in response to the modeling of emerging reactor
designs.

1.1 Node-to-segment formulation

BISON features a number of contact formulations routinely used for well-established models such
as light-water reactor (LWR) pellet-clad thermomechanical interaction. In particular, node-to-
segment (NTS) formulations compute fluxes and contact pressures by enforcing constraints in
a point-wise manner. Within this category, we may distinguish the following options:

1. Kinematic A mechanical contact kinematic approach enforces the gap constraint exactly (i.e.,
at each nonlinear step), and the node locations of the secondary surface that are identified to
be in contact are forced to lie on the primary surface.

2. Tangential penalty The normal contact component is enforced exactly, whereas the tangen-
tial component resulting from Coulomb’s law is computed using a penalty coefficient ap-
plied to the incremental slip vector in an iterative manner.

3. Full penalty The penalty approach used to compute tangential forces can be extended to the
normal contact forces to yield a fully penalty-based formulation.

These three variations of NTS formulations enable users to select the formulation that best per-
forms for each particular modeling scenario. For frictional problems, the tangential penalty ap-
proach frequently enables better convergence than the full kinematic approach. Numerical con-
vergence of the overall physical system usually becomes a subject of concern when using fric-
tional contact in practical problems. The stick-slip local behavior defined by inequality constraints
causes the nonlinear system to lack the necessary smoothness requirements. The following strate-
gies are available to alleviate this effect:

1. Augmented Lagrange method This approach adds and outer nested loop which, by increas-
ing a penalty factor, solves the contact problem to a prescribed tolerance.
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2. Slip damper This damper object artificially controls the stick-slip behavior of the nodes on
the secondary surface. The basic idea is that, by disallowing abrupt changes in the stick-slip
behavior of the contacting nodes, the overall system convergence is improved.

These tools have been used with varying degrees success for solving nuclear fuel models using
contact. Strategies such as the use of a slip damper and the application of augmented Lagrangian
nested solution algorithms have enabled the solution of challenging full-fuel-rod BISON simu-
lations using frictional contact, but significantly add to the computational time. Furthermore,
there are a number of fundamental shortcomings of point-wise enforcement. For instance, it is
not guaranteed to pass contact patch tests and the solution may exhibit jumps [4]. These aspects
of node-on-face enforcement motivated the development of a mortar contact framework that, as
analyzed in Section 5, features improved numerical results for realistic case scenarios.

1.2 Mortar formulation

Variational enforcement of contact constraints can be carried out using finite element methods
(FEMs) that integrate the constraints over contacting surfaces or segments. Mortar and Nitsche’s
FEMs are examples of such methods, which can be applied to thermomechanical interactions. In
MOOSE and BISON, the ability to generate normal and tangential contact constraints resolved
on segments is available for general two-dimensional (2-D) applications, including those featur-
ing plane strain and axisymmetry. Recent progress on mortar contact includes the application of
variationally consistent mechanical constraints with dual basis functions (i.e., “dual mortar”) to a
variety of assessment cases (including smeared and discrete pellets). While there are outstanding
tasks regarding the development and generalization of mortar contact, our recent work shows this
approach can achieve the expected solution smoothness for relevant 2-D problems.

1.3 Outstanding issues and vision

The current effort was motivated by the fact that there are still a number of outstanding issues with
contact enforcement in BISON that limit its ability to solve fuel performance problems, both for
current LWRs as well as emerging nuclear reactor designs. Some of the emerging reactor designs
are expected to require the solution of significantly more complex contact problems than is cur-
rently required in the fuel performance simulations that are routinely performed with BISON. For
example, simulation of liquid metal fast reactor (LMFR) core deformation requires enforcement of
contact between multiple ducts, and requires three-dimensional (3-D) models. Similarly, microre-
actor concepts also involve contact between multiple bodies that generally need to be modeled in
3-D.

The issues with the current contact modeling capabiliites in BISON are summarized as follows:

1. Smoothness Node/face algorithms have issues with smoothness that affect both the quality
of the solutions, as well as the ability to robustly obtain a converged solution. Variationally
consistent contact formulations (e.g., mortar FEM) are known to provide smooth evolution
of contact forces and temperature. The accurate and consistent creation of mortar segments
is key to ensuring smoothness of the contact solution [1].

2. Scalability The iterative preconditioning algorithms that are well known to give good scal-
ability for solving large problems do not work well with the existing contact algorithms in
MOOSE. As a result, BISON simulations typically use parallel direct solvers, which scale
well up to moderately-sized problems (∼100 cpus), but cannot be used for larger problems
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because of high memory demands. To solve larger problems, such as those that would be en-
countered on 3D LWR simulations with more than a few pellets or emerging reactor designs,
it is expected that it will be essential to develop approaches to use iterative preconditioning
with contact.

3. Frictional treatment The nonlinearities introduced by contact constraints become more de-
manding when adding the stick-slip behavior, due to Coulomb friction. This numerical
challenge often causes simulations to fail by the mere addition of frictional tangential me-
chanical pressure governed by a Coulomb’s law. Solution of these problems is significantly
more difficult when the contact algorithm gives non-smooth behavior in the computation
of the response normal to the surfaces. Additional strategies to improve convergence of
frictional mortar constraints may need to be developed.

4. 3-D multibody Most LWR fuel simulations currently run with BISON are 2-D because of lim-
itations with contact robustness and scalability in 3-D. Additional work is needed to extend
the existing 2-D mortar contact formulation to three dimensions and multi-surface contact.

From this general description of necessary enhancements to BISON’s contact capabilities, for
fiscal year 2021 we focused on the following areas:

1. Scalability Enable dual mortar to use iterative solvers (e.g., algebraic multigrid) whose effi-
ciency is relevant for simulating very large problems. The variable condensation precondi-
tioner (VCP) was also developed (see Section 3).

2. Smoothness Dual mortar has shown satisfactory results in benchmark problems and assess-
ment cases (see Sections 4 and 5).

3. Frictional problem This item is initially addressed within the context of mortar mechan-
ical contact through the implementation of variationally consistent frictional forces. Con-
vergence behavior of frictional problems will be analyzed and their constraint Jacobian im-
proved.

2 Governing equations

We consider the case of two bodies coming into thermomechanical contact. The domains Ω(γ),
with γ ∈ {1, 2} represent two separate bodies. We utilize Γ(γ)

c to denote the potential contact
interface, which is a subset of the boundary ∂Ω(γ). The governing equations for the mechanical
and thermal contact are included in the following subsections.

2.1 Mechanical model

To describe the mechanical behavior, the following quasi-static conservation of momentum equa-
tion is solved in each subdomain Ω(γ):

∇ · σ(γ) + b(γ) = 0 in Ω(γ),

u(γ) = ū(γ) on Γ(γ)
u ,

σ(γ) ·n(γ)
t = t̄(γ) on Γ(γ)

t ,

(1)

whereσ(γ) is the Cauchy stress tensor, u(γ) is the displacement vector, b(γ) is the body force,n(γ)
t is

the unit normal to the traction boundary, ū(γ) is the prescribed displacement boundary condition,

3



and t̄(γ) is the prescribed traction boundary condition. The displacement, traction, and contact
boundaries are disjoint from each other (i.e., Γ(γ)

u ∩ Γ(γ)
t = Γ(γ)

t ∩ Γ(γ)
c = Γ(γ)

u ∩ Γ(γ)
c = Ø).

The contact constraints are defined on Γ(1)
c as:

gn ≥ 0, pn ≤ 0, pngn = 0,
Φ := ||tτ|| − µ|pn| ≤ 0,
vτ,rel + βtτ = 0, β ≥ 0, Φβ = 0.

(2)

Here, gn is the gap function that measures the proximity of the two bodies, such that:

gn = −n(1) ·
(
x(1) −Px(2)

)
, (3)

where P represents a projection of variables from the mortar to the non-mortar side and n(1)

denotes the outward unit normal on the non-mortar surface. µ is the friction coefficient, vτ,rel is
the relative tangential velocity, tτ is the tangential contact force, and pn denotes the contribution
of the contact traction along the normal direction. The contact traction can thus be decomposed
into normal and tangential parts as t(1)c = pnn

(1) + tτ, where tτ is the tangential contact force. For
more details on this mechanical contact constraint, refer to [8].

The balance of the linear momentum at the contact interface is typically enforced by introduc-
ing a Lagrange multiplier vector λ. For mechanical contact, λ = −t(1)c represents the negative
contact traction on the non-mortar side. The weak (integral) form of the mechanical model is
expressed as:

2

∑
γ=1

{∫
Ω(γ)

(
δε(γ) : σ(γ)

)
dΩ−

∫
Ω(γ)

b(γ) · δu(γ) dΩ

−
∫

Γ(γ)
t

(
t̄(γ) · δu(γ)

)
ds
}

+
∫

Γ(1)
c

λ
(

δu(1) −Pδu(2)
)

ds = 0,

(4)

supplemented by (see [8]):∫
Γ(1)

c

(δλn − λn) gn ds ≥ 0 and
∫

Γ(1)
c

(δλτ − λτ) · vτ,rel ds ≥ 0. (5)

Here, λn is the normal contribution of λ. λn and λτ are the normal and tangential contributions of
λ, respectively.

The integral form of frictional mortar constraints is:∫
Γ(1)

c

(λmδgn + δλm + tτ · δgτ)dΓ(1)
c , (6)

where λm is a mechanical contact Lagrange multiplier, gn is the contact gap, δ denotes the vari-
ational operator, tτ is the tangential pressure, gτ is the tangential distance, and Γ(1)

c is the non-
mortar contact surface where the contact constraints are enforced [15].
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2.2 Thermal model

To describe the thermal behavior, the heat conduction equation is solved in two bodies:

ρ(γ)c(γ)
∂T(γ)

∂t
= ∇κ(γ)∇T(γ) + f (γ), in Ω(γ)

T(γ) = T̄(γ), on Γ(γ)
T

−κ(γ)∇T(γ) ·n(γ)
q = q̄(γ), on Γ(γ)

q

(7)

where ρ(γ) is the density, c(γ) is the specific heat, κ(γ) is the thermal conductivity, T(γ) is the
temperature variable, n(γ)

q is the unit normal to the flux boundary, f (γ) is a heat source, T̄(γ) is
the prescribed temperature boundary condition, and q̄(γ) is the prescribed heat flux boundary
condition. Again, the temperature, heat flux, and contact boundaries are non-overlapping (i.e.,
Γ(γ)

T ∩ Γ(γ)
q = Γ(γ)

q ∩ Γ(γ)
c = Γ(γ)

T ∩ Γ(γ)
c = Ø).

When the two bodies come into contact (i.e., gn = 0, pn ≤ 0 in Equation (2)), we consider
heat transfer phenomena between the two material bodies. Under the assumption of no frictional
dissipation or energy stored on Γ(γ)

c , the heat flux can be described as:

q(1)c = h(T(1) − T(2)) on Γ(1)
c ,

q(2)c = h(T(2) − T(1)) on Γ(2)
c ,

(8)

where h is a heat transfer coefficient.
The weak formulation for the thermal contact problem can be written in a compact form by

introducing an additional Lagrange multiplier variable [12] to represent the heat flux:

λT = q(1)c = −q(2)c . (9)

The weak formulation for the heat conduction in two contacting bodies is as follows:

2

∑
γ=1

{∫
Ω(γ)

(
ρ(γ)c(γ)

∂T(γ)

∂t

)
δT(γ) dΩ+

∫
Ω(γ)

(
k(γ)∇T(γ) · ∇δT(γ) − f (γ)δT(γ)

)
dΩ+∫

Γ(γ)
q

q̄(γ)δT(γ) ds
}
+
∫

Γ(1)
c

λT

(
δT(1) −PδT(2)

)
ds = 0

(10)

and ∫
Γ(1)

C

[
λT − h

(
T(1) −PT(2)

)]
δλT ds = 0. (11)

The operator P (see Equation (3)) projects the primal variable from the mortar side to the non-
mortar side.

2.3 Finite element discretization

There are two common approaches to discretizing the mortar Lagrange multipliers: the standard
approach and the dual approach. The standard approach leads to a combination of shape func-
tions that must satisfy the inf-sup condition. In contrast, the dual approach constructs dual La-
grange multiplier shape functions, based on a biorthogonal condition with the primal variable
shape functions.
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The standard finite element interpolation is employed to approximate the primal variables
u(x) and T(x):

u(x) ≈
nu

∑
k=1

φ
(k)
u (x)u(k),

T(x) ≈
nT

∑
k=1

φ
(k)
T (x)T(k),

(12)

where nu and nT represent the number of DoFs of u and T, respectively. u(k) and T(k) denote the
nodal discrete variables. φ

(k)
u (x) and φ

(k)
T (x) are the standard shape functions.

The Lagrange multipliers λ and λT are approximated by:

λ(x) ≈
nλ

∑
k=1

ψ(k)(x)λ(k),

λT(x) ≈
nλT

∑
k=1

ψ
(k)
T (x)λ

(k)
T ,

(13)

where nλ and nλT represent the number of DoFs of λ and λT, respectively. λ(k) and λ(k)
T denote the

nodal discrete values. ψ(k)(x) and ψ
(k)
T (x) are the basis functions.

In this work, the shape function ψ(k)(x) takes the form of a dual basis function, fulfilling the
following biorthogonal condition along the contact interface Γ(1)

c :∫
Γ(1)

c

ψ(j)(x)φ(k)(x) ds = δjk

∫
Γ(1)

c

φ(k)(x) ds, (14)

where δjk is the Kronecker delta function. There are many possible choices of dual basis function
that satisfy Equation (14). The interested reader is referred to Ref. [14].

In our study, the dual basis functions are assumed to be linear combinations of the standard
finite element shape functions:

ψj(x) =
ne,λ

∑
j=1

akjφk(x), (15)

where ne,λ is the number of DoFs of the Lagrange multiplier in the lower-dimensional element and
ajk denotes the undetermined coefficients. One can obtain ajk by substituting Equation (15) into
the biorthogonal condition (i.e., Equation (14)) and solving the resultant local system of equations.

Next, we focus on discretization of the contact constraints. The discretized version of the
mechanical contact constraint in Equation (2) is equivalent to the following conditions [8]:

(g̃n)j ≥ 0, (λn)j ≥ 0, (g̃n)j (λn)j = 0,

Φj := || (λτ)j || − µ| (λn)j | ≤ 0,

(ṽτ,rel)j + βi (λτ)j = 0, β j ≥ 0, Φjβ j = 0,

(16)

where j = 1 . . . nλ. (g̃n)j is the discrete weighted gap and (ṽτ,rel)j is the discrete weighted relative
tangential velocity vector at the non-mortar node j. Specifically:

(g̃n)j =
∫

Γ(1)
c

ψjgn ds,

(ṽτ,rel)j =
∫

Γ(1)
c

ψjvτ,rel ds.
(17)
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Equations (16) and (17) represent a variationally consistent discrete formulation of the original me-
chanical contact constraint (see Equation (2)), with an additional weighting based on the Lagrange
multiplier shape functions [6, 8].

Computation of the mortar integrals relies on gap functions that depend on primal variables
and can lead to inaccuracies if proper care is not taken. A numerical analysis on the computation
of mortar integrals and projection matrices can be found in [5].

2.4 Code implementation

The formulation presented in Section 2.3 has benefited from various implementation improve-
ments:

• Contact constraint equations A variationally consistent formulation of normal and friction
contact constraints [14] is followed. The constraints use weak (“weighted”) contact quanti-
ties, such as normal gap and tangential velocities. The frictional constraints are expressed
mathematically such that it can distinguish between nodes in contact, slipping, and sticking,
in a primal-dual active set strategy (see [3]).

• Consistency in mortar segment creation To improve the consistency of the geometric def-
inition of mortar segments, normal vector fields from the secondary (non-mortar) surface
are now employed for projecting both the primary and secondary surface’s nodes. A de-
tailed description of how mortar segments are generated is given in [5]. Additionally, minor
tune-ups to the generation of segments enabled simulations of new problems.

• Normal vector field in contact constraints Instead of the non-smooth normal vectors to
the element faces, the normal field from the mortar segments is now used in the contact
constraints.

• Computation of dual basis functions The quadrature rule used to compute dual coefficients
was improved. This allows for simulating second-order meshes and second-order dual La-
grange multipliers with improved convergence behavior.

• 3 Dual mortar and preconditioner

The addition of the dual mortar capability offers three major advantages: (1) removing the
numerical instability often encountered in the standard mortar approach [10] (see Sections 4
and 5); (2) reducing the number of nonlinear and linear iterations, thus improving the overall
convergence (see Section 4); (3) allowing for static condensation of the Lagrange multipliers,
which restores the positive definiteness of the system matrix and thus improves the scaling
property by enabling usage of a broader range of robust preconditioners/solvers.

During FY20, we demonstrated the potential of this approach by solving a simple diffusion
problem with equal value constraint (see FY20 progress in [9]). For FY21, we extended this
capability, successfully applying dual mortar to more complicated problems (e.g., mortar-
based thermal contact, mechanical contact, and thermomechanical contact) in BISON.

3.1 Dual mortar for contact

The typical saddle point structure (e.g., zero diagonal entries in a Jacobian matrix) associ-
ated with mortar-based contact problems prevents usage of a wide range of robust itera-
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tive solvers and preconditioners. Using the dual basis function simplifies the mortar matrix
that represents the coupling between the primal variable (e.g., displacements or tempera-
ture) and the corresponding Lagrange multiplier. This enables static condensation of the
Lagrange multipliers with minimal computation, restoring a positive definite system that
can be solved efficiently using robust iterative solvers.

Note that the saddle point structure comes from the mechanical contact formulation, in
which the Lagrange multiplier (λ) is not coupled with its own test function (see Equations (5)
and (6)). For thermal contact, the weak formulation of the thermal constraint (see Equa-
tion (11)) has a coupling term between the thermal Lagrange multiplier (λT) and its own test
function. This indicates that no saddle point will result from the thermal contact constraints,
regardless of basis function type. Therefore, thermal contact generally does not add to the
complexity for dual mortar in terms of the static condensation step for avoiding a saddle
point structure. Therefore, in this subsection, we will focus our discussion on mechanical
contact.

After the finite element discretization (see Section 2.3), we can write out the block-wise Jaco-
bian matrix of a mortar-based mechanical contact problem as follows:



Kωω Kωm Kωi Kωa 0 0
Kmω Kmm Kmi Kma −Mᵀ

i −Mᵀ
a

Kiω Kim Kii Kia Di 0
Kaω Kam Kai Kaa 0 Da

0 0 0 0 Ii 0
0 M̃a Sai Saa 0 0
0 0 Fai Faa 0 Ta





∆uω

∆um
∆ui
∆ua
∆λi
∆λa

 =



∆rω

∆rm
∆ri
∆ra

0
∆ga

0


, (18)

where the right-hand side denotes the change in the residual, due to contact. g contains the
residual entries associated with a weighted gap. u denotes the vector of displacement DoFs,
and λ denotes the vector of the Lagrange multiplier. The subscripts m, i, a, and ω indicate
the mortar side, the inactive non-mortar side, the active non-mortar side, and the rest of the
domain, respectively.

With the use of dual shape functions, the mortar integral matrix

D =

[
Di 0
0 Da

]
(19)

becomes diagonal, thus the discrete Lagrange multipliers can be eliminated via static con-
densation at negligible computational cost:

∆λ = D−1 (∆rn −Knω∆uω −Knm∆um −Knn∆un) , (20)

where the subscript n denotes the non-mortar side that includes both the inactive and active
contributions, such that:

∆λ =

[
∆λi
∆λa

]
, ∆rn =

[
∆ri
∆ra

]
,

Knω =

[
Kiω
Kaω

]
, Knm =

[
Kim
Kam

]
, Knn =

[
Kii Kia
Kai Kaa

]
.

(21)
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This ensures that the final linear system of equations contains only the displacement DoFs:
Kωω Kωm Kωi Kωa

Kmω + M̂ᵀ
a Kaω Kmm + M̂ᵀ

a Kam Kmi + M̂
ᵀ
a Kai Kma + M̂

ᵀ
a Kaa

Kiω Kim Kii Kia

0 M̃a Sai Saa
TaD

−1
a Kaω TaD

−1
a Kam TaD

−1
a Kai −Fai TaD

−1
a Kaa −Faa



·


∆uω

∆um
∆ui
∆ua

 =


∆rω

∆rm + M̂ᵀ
a ∆ra

∆ri
∆ga

TaD
−1
a ∆ra

 ,

(22)

where we have M̂a = D−1
a Ma. Since the resulting system is positive definite, iterative

solvers such as multigrid methods are applicable. Once the displacement DoFs are obtained,
the Lagrange multipliers (∆λ) can be recovered from the displacements via Equation (20).

3.2 Variable condensation preconditioner

To carry out static condensation of the Lagrange multipliers and apply iterative solvers/pre-
conditioners to the resultant system of equations, we developed a new preconditioner type
(i.e., VCP) based on the MOOSE framework. A schematic is included in Figure 1 to demon-
strate the solution process of VCP. Compared to the standard precondition and solve pro-
cedure, VCP features two additional customized computation steps (i.e., one to condense
out the variable and the other to obtain the full solution vector) (see Figure 1). During static
condensation of the variable (e.g., λ), the DoFs are obtained for both the variable itself (λ)
and its coupled variable (u). Based on this information, the mortar matrices (i.e., D andM )
will be extracted from the original Jacobian matrix. Then a reduced system of equations will
be obtained with the necessary submatrix operations following Equation (22). After solving
the reduced system of equations, we obtain the primal variable solution vector, which is then
utilized to update the variable λ (see Equation (20)) and assemble the full solution vector.
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Figure 1: VCP workflow. Blue represents the original preconditioning steps. Orange shows the
additional steps customized for VCP.

Several special designs in VCP foster improved performance. First, we have an adaptive
variable condensation mechanism. The idea is to obtain the actual DoFs that have zero
diagonal entries by checking the Jacobian matrix at runtime. This refines the DoF list such
that variable condensation will only be carried out for those DoFs that result in a saddle
point structure, and will only happen when the bodies come into contact. Second, VCP is
designed to work with both standard and dual basis formulations. If dual bases are utilized,
the mortar matrix D is strictly diagonal. If standard bases are utilized, D has off-diagonal
entries. During the computation of D−1, when D is diagonal, inversion is trivial to obtain.
When D is not strictly diagonal, the user can choose to either use an LU solver or obtain an
approximated inverse using the diagonal entries. Third, although we are focused on using
VCP for mortar-based contact problems with a saddle point structure, VCP was developed
to be applicable to general problems in which improved conditioning is achievable via a
reduced number of DoFs.

In addition to developing VCP following literature descriptions (see Section 3.1) that are
aimed at solving mechanical contact problems, we made an initial attempt to apply VCP to
the more complicated BISON problems. Several issues were revealed in this process and
motivated special designs to address them. First, a limitation in the condensation step (see
Equation (22)) is removed. Note the Equations (18) and (22) describe the system matrix and
the condensation step for a typical mortar-based mechanical contact problem. BISON prob-
lems are often multiphysics in nature thus demonstrate sparsity patterns that are different
from what is described in Equation (18). In order to apply VCP to BISON problems, a more
general condensation step is needed. To address this issue, changes have been made in
VCP to eliminate assumptions about the sparsity of the system matrix. Specifically, during
variable condensation, more DoFs are accounted for in the mortar matrix (M ). Instead of
accounting for only the DoFs of the displacement variable on the primary surface, the rows
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of M correspond to all but the DoFs from the Lagrange multipliers. This enables the VCP
to converge for more complicated multiphysics BISON cases (see Section 5.3). Meanwhile,
we note that expanding M can make the condensation step more expensive than described
in Equation (22), in terms of both memory and computation costs. Second, improvements
are made in the initialization and the computation of the condensed system. Initial code
profiling reveals a heavy overhead while allocating memory for the condensed system of
equations. Therefore, memory estimation and pre-allocation have been developed in VCP
for improved efficiency. Indexing of the DoFs was made more efficient by switching from
searching in vectors to using unordered maps. Moreover, a specialized one-step calculation
of the reduced system of equations is implemented in place of the original multi-step com-
putation, which further improves the efficiency by avoiding the frequent matrix finalization
operations that are costly in the multi-step approach. All the above improvements in VCP
will be demonstrated later in Sections 4.1 and 5.3.

3.3 VCP for thermomechanical contact

During FY20, we tested the mortar implementation of the LWR gap conductance model by
demonstrating a problem with two blocks coming into mechanical and thermal contact [9].
With the newly developed VCP, along with dual mortar, we can solve this problem using the
algebraic multigrid method (e.g., BoomerAMG) as a sub-preconditioner embedded in VCP.
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Figure 2: Relative residual value as a function of the linear iteration count during a typical linear
solve. Both the standard and VCP approaches are shown with BoomerAMG as the preconditioner.
The two curves on the bottom left correspond to a time step before contact. The two curves on the
right correspond to a time step after coming into contact.

Figure 2 shows the relative residual values as a function of the linear iteration count during
a typical linear solve. Here, we utilize BoomerAMG as the preconditioner. For the standard
approach, we apply the preconditioner to the entire problem. For the VCP approach, the
preconditioner is applied on the condensed problem. We show the relative residual change
at two different time steps, one before coming into contact, the other after coming into con-
tact. It can be seen that VCP converges well both before and after the two bodies come into
contact. During contact, VCP requires an increased number of linear iterations, indicating
that the system of linear equations becomes numerically more challenging to solve. Before
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contact, the standard approach converges at a rate similar to that of VCP; however, the solver
stagnates due to the saddle point structure during contact.

Here, we demonstrate successful application of VCP to a thermomechanical contact prob-
lem in BISON. However, enhancing the robustness of VCP, making it applicable to exten-
sive mortar-based contact problems with increased complexity (e.g., those shown in Sec-
tions 5.2.1 and 5.2.2), and obtaining an optimal scaling property will require additional effort
throughout the rest of FY21.

4 Mechanical contact benchmark problems

This section outlines the numerical results of two benchmark problems commonly used by
the contact mechanics community to examine algorithmic robustness and correctness. For
each problem, we compare the performance between the node-on-face and mortar formula-
tions. To demonstrate the benefits achieved by recent progress, we show the results for both
the standard mortar and dual mortar approaches. Here, “standard mortar” refers to using
the standard basis function, while “dual mortar” refers to using the dual basis function. In
both cases, solution fields are plotted using linear interpolations. Additional post-processing
steps using other interpolation functions may demonstrate solution characteristics that are
different from what is shown in this report, and are beyond the scope of this report.

4.1 Hertzian contact (cylinder on a plane)

Here, we present the numerical results of a 2-D Hertzian-type contact for a cylindrical body
with a rigid planar surface under plane-strain conditions. The problem setting is shown in
Figure 3. The horizontal upper boundary of the half cylinder undergoes a linearly increasing
vertical displacement ūy until the maximum displacement of 0.2 is reached in 2 seconds. We
assume finite strain elastic behavior in both the cylinder and the block, with the cylinder
having an elastic modulus of 1 MPa and a Poisson’s ratio of 0.3, and the block having an
elastic modulus of 1000 MPa and a Poisson’s ratio of 0.3.
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Figure 3: Cylinder on a plane problem setting in 2-D. Only half the cylinder is simulated, due to
the symmetric geometry. A Dirichlet boundary condition is applied on the top surface of the half
cylinder.

As an illustration, this problem is solved using both the node-on-face and mortar approaches.
The mortar results are based on the recent weighted gap implementation in the contact con-
straints, as per Equations (16) and (17). In Figure 4, snapshots of the stress field (σyy) are
shown at two different time steps, indicating an increased magnitude of overall stress with
increased deformation.

! = 1$

(a)

! = 2$

(b)

Figure 4: Stress fields at two different time steps. The magnitude of stress increases with larger
compression. The absolute value of the y directional Cauchy stress (σyy) is shown for both cases.

The contact pressure values on the one-dimensional contact interface are plotted in Figure 5.
The contact pressure is shown for both the node-on-face and mortar (standard and dual) con-
tact formulations using different order of the basis functions (i.e., first order, second order,
and mixed order) on both a coarse and a refined mesh. Figure 5 shows excellent agreement
between the existing node-on-segment approach and the mortar finite element approach
using dual basis functions for the Lagrange multipliers. Meanwhile, the standard mortar
approach introduces some artificial oscillations, especially when the surfaces coming into
mechanical contact are not perfectly flat. This effect is especially prominent on a coarse
mesh (see Figures 5a and 5b). Refining the mesh can reduce the oscillations (see Figures 5c
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and 5d), but not completely eliminate them. On the other hand, use of dual Lagrange mul-
tipliers (dual mortar approach) can reduce/eliminate this effect. The instabilities produced
by the standard mortar approach at the boundaries of the contact zone are posited to be a
result of the localized active set strategy, as pointed out in [10]: the consistent decoupling of
contact constraints is only achieved via the dual basis, which eliminates the possibility of an
imbalance between virtual work contributions and the discretized mortar constraints.
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Figure 5: Comparison of contact pressure results using node-on-face, dual, and standard mortar
approaches. Results are shown for two meshes (i.e., a coarse mesh [a-b] and a fine mesh [c-d]).
(a, c) Results using first-order approximation. (b, d) Results using second-order approximation
(and mixed formulation for standard mortar). This simple problem highlights that dual bases
eliminates the solution instabilities caused by a standard mortar approach.

In addition, the dual mortar approach represents a turnaround advantage. To demonstrate
this, we summarize the total time steps, linear/nonlinear iterations, and wall time for all
three formulations, using different order of interpolations (see Figure 6). Since we focus on
comparing different contact formulations, we use LU as the linear solver for all cases. Proper
time step sizes are chosen in order to minimize the number of failed solve while reducing
the total number of time steps. For the same interpolation order, the total number of time
steps among different methods are the same. The standard mortar approach requires the
most linear and nonlinear iterations among the three approaches. The dual mortar approach
requires slightly more linear and nonlinear iterations than the node-on-face approach, but
outperforms both node-on-face and standard mortar in terms of the total wall time. The
better performance of dual mortar can be explained by the faster linear/nonlinear solve,
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which is a result of the simplified coupling of the contact constraints in the integral form
(see Equation (14)).

Figure 6: Performance results for the Hertzian problem. Three contact formulations (i.e., node-
on-face, dual mortar, and standard mortar) are compared. Different combinations of the basis
functions are utilized.

As described in Section 3.2, we developed a new preconditioner type (i.e., VCP) for condens-
ing out the Lagrange multipliers and thus enabling the use of a variety of iterative precondi-
tioners for mortar-based contact problems. As an illustration, we solve this Hertzian prob-
lem by using VCP with several sub-preconditioner types, including boomerAMG (AMG),
successive over-relaxation (SOR), additive Schwarz method (ASM), and block Jacobi (BJAC).
Note that here, ASM, and BJAC converge for the mortar-based mechanical contact problem,
both as a standalone preconditioner and as a sub-preconditioner. AMG and SOR stagnate
as a standalone preconditioner, while converge well as a sub-preconditioner under VCP. For
all the cases, we used the first-order dual mortar approach on the coarse mesh. In terms
of the VCP setting, we enabled adaptive variable condensation and assumed diagonal cou-
pling between the Lagrange multiplier and the displacement variables. Figure 7 shows the
performance of VCP with different sub-preconditioner types in terms of total wall time and
total number of linear iterations. VCP can pretty efficiently converge using AMG and SOR,
whereas the standard preconditioner stagnates or diverges. For the other sub-preconditioner
types, VCP is still more efficient than the standard preconditioner, despite the additional
computational cost from the variable condensation step (see Section 3). This is because a
better-conditioned system is obtained after static condensation of the Lagrange multipliers

15



(see Figure 8). Meanwhile, the recent effort in memory preallocation and DoF indexing im-
provements described in Section 3.2 greatly reduce the overhead from the additional variable
condensation steps.
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Figure 7: Performance of VCP for the Hertzian problem. Different sub-preconditioner types are
utilized for comparison. Results are shown for four processors. Note the “inf.” identifies the case
when the solver stagnates thus the wall time and total number of iterations go to infinity.
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Figure 8: The smallest 20 eigenvalues of the Jacobian matrix using VCP and using standard ap-
proaches. While using VCP, the smallest eigenvalues are removed thus a better-conditioned sys-
tem is obtained. Note the largest eigenvalues since are identical for the VCP and the standard
approach thus is not shown here.
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4.2 Ironing problem

As a second benchmark problem, we present a semi-circular tool intruding into a rectan-
gular block, as illustrated in Figure 9. The tool is first pressed into the block to a prescribed
displacement of uy = 1.2 from 0.0 s to 2.0 s, then slides along the block from 2.0 s to 8.0 s until
a horizontal displacement of ux = 8.0 is reached. This typical problem is often referred to
as an “ironing problem” in mechanical contact studies (see [3, 7]). For simplicity, we assume
finite strain elastic stress behavior in both the tool and the block. We utilize E = 6896.0,
ν = 0.32 for the tool, and E = 689.6, ν = 0.32 for the block. Some characteristic stages of
deformation are shown in Figure 10. For comparison, we ran the same problem using both
the node-on-face and mortar (standard and dual) formulations. In all cases, we employed
first-order interpolation. Note that here, the node-on-face contact requires large normal vec-
tor smoothing parameters (which modify the mesh contact geometry) to run to completion.
Mortar contact runs to completion without needing this mesh geometry artifact.
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P2

Figure 9: Ironing example of tool and block. Dirichlet boundary conditions are applied to the top
surface of the tool.
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(a) t = 2s

(b) t = 5s

(c) t = 8s

Figure 10: Stress fields at three different time steps. The absolute value of the y directional Cauchy
stress (σyy) is shown in all cases.

Figure 11 shows the contact pressure along the contact interface for a symmetric deformation
state at t = 5 s. The results are shown for both contact formulations. It can be seen that both
node-on-face and standard mortar introduce certain degrees of oscillations to the contact
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pressure profile. Dual mortar produces a very smooth representation of the contact pressure
profile, even though the results are based on a very coarse mesh with only 12 elements along
the secondary interface.
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Figure 11: Contact pressure along the contact interface at t = 5 seconds (see Figure 10b). Results
are shown for the mortar (standard and dual) and node-on-face formulations.

Figure 12 shows the nodal contact pressure history at the tip of the tool (i.e., P1 in Figure 9).
For comparison, the results are shown for both contact formulations. It can be seen that
during the vertical motion of the tool, both the dual mortar and node-on-face approaches
produce pretty smooth results, while standard mortar shows some oscillations. When the
tool moves horizontally, node-on-face becomes highly oscillatory. This is a typical effect of
the node-on-face approach when the contact nodes begin moving from one element to the
next. Standard mortar is oscillatory too, due to numerical instabilities in the formulation.
Dual mortar, on the other hand, removes the numerical artifacts.
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Figure 12: Contact pressure at the tip of the tool (i.e., point P1 in Figure 9) with respect to time.
Results are shown for the mortar (standard and dual) and node-on-face formulations.
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Figure 13 shows the displacement history at the upper-left point of the substrate (i.e., P2 in
Figure 9). Both the x- and y-directional displacements are shown for both contact formu-
lations. It can be seen that the node-on-face approach produces large oscillations for the
x-direction displacement, due to the sliding of nodes between element faces. Standard and
dual mortar produce relatively smooth displacement profiles in both directions.
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Figure 13: Displacement history at the tip of the substrate (i.e., point P2 in Figure 9). (a) x-
directional displacement. (b) y-directional displacement. Results are shown for mortar (standard
and dual) and node-on-face formulations.

5 Thermomechanical contact with mortar in BISON

A number of typical BISON assessment cases were run using the traditional node-on-segment
and recent mortar contact developments employing dual basis functions for the Lagrange
multiplier interpolation. Note that in this section, we refer to the dual mortar approach as
“mortar” and omit those standard mortar results shown to be oscillatory (see Section 4).

5.1 Pellet with missing surface

Two-dimensional plane-strain representations of fuel rods are commonly used in modeling
nuclear reactors. These cross sections can potentially suffer from manufacturing defects, as
described in [11], in which a discrete pellet with a missing pellet surface (MPS) defect is
numerically modeled and analyzed in three dimensions. These defects may be included in
the finite element analysis by modifying the circular cross section of the fuel pellet. Here, we
simulate a flawed elastic fuel rod undergoing thermal expansion, creep, fission gas release,
heat conduction, and coolant pressure. Power is increased linearly during the simulation.
The fuel rod has a diameter of 8.62 mm, the initial gap between fuel and clad is 0.08 mm,
the defect is 2 mm wide, and the cladding thickness is 0.61 mm. The initial geometry of the
problem, along with the mortar contact pressure results, is depicted in Figure 14.
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(a) Fuel rod cross section with an MPS defect (initial
configuration)

(b) Contact pressure in the final stage of the simula-
tion (mortar)

Figure 14: Circular fuel pellet cross section with an MPS defect.

As the cladding diameter decreases due to creep under high coolant pressure, the cladding
constrains the radial expansion of the fuel. Two stages of this process are depicted in Fig-
ures 15 to 17, with Stage 2 representing a higher level of coolant pressure. The node-to-
segment and mortar results show good agreement. In fact, the resulting temperature evo-
lution difference on the fuel-cladding interface is negligible, as shown in Figure 15. How-
ever, artificial oscillations in the numerical contact pressure results—influenced by mesh
discretization—are alleviated when enforcing the mechanical contact constraints in an inte-
grated manner (see Equation (17)). Contact pressure results for pellet-clad mechanical inter-
action (PCMI) are shown in Figure 16. In Figure 17, improved results can be observed away
from the defect’s location, thanks to discretization-induced oscillations being significantly
alleviated.

21



0.000 0.001 0.002 0.003 0.004
Interface dimension [m]

607.5

610.0

612.5

615.0

617.5

620.0

622.5

Te
m

pe
ra

tu
re

 [K
]

Node-segment (stage 1)
Node-segment (stage 2)
Mortar (stage 1)
Mortar (stage 2)

Figure 15: Temperature profile along the fuel surface for the quadrant of the model containing an
MPS defect. The defect is located from 0 to 0.001 m.
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Figure 16: Contact pressure profile along the contact interface for the quadrant of the MPS defect
model. The defect is located from 0 to 0.001 m.
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Figure 17: Zoomed-in view of the contact pressure profile of the MPS model in Fig. 16.

5.2 LWR fuel rods

In this section, we present the results of representative LWR fuel rod simulations using
these contact methods. The thermomechanical contact and general gap heat transfer physics
include thermal conductivities, specific heat, and elastic behavior. In addition, burnup,
plenum pressure, and nuclear-specific material models are employed here. The problem
is run using axisymmetric geometry assumptions and finite strain kinematics.
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5.2.1 Smeared pellets

Figure 18: Depiction of the geometry and temperature results of the PK62 LWR fuel rod.
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Figure 19: Spatial variation of temperature and contact pressure along a smeared LWR fuel rod at
a stage of analysis in which the power is ramping up. While the temperature results are in close
agreement, use of mortar enforcement increases the quality of the mechanical contact pressure
results.
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In this subsection, we present the numerical results of a pressurized water reactor with UO2
pellets and Zircaloy-4 cladding. The test conditions and parameters are taken from test
“PK62” of the Super-Ramp test series [2], in which high ramp rates were analyzed. This
scenario features large grains, burnup within the range of 34–37 MWd/kgU, and linear heat
ranges within 20–27 kW/m. For computational efficiency, 2-D axisymmetric models of LWR
fuel rods commonly represent the fuel in a smeared fashion, with the entire fuel stack mod-
eled as a single continuous body. This smeared representation of the pellets gives rise to a
continuous interface between the outer fuel surface and the cladding (see Figure 18). Here,
a typical smeared pellet model of a full fuel rod is run. A snapshot of interfacial thermome-
chanical variables is shown in Figure 19. When computed through mortar constraints, the
thermal problem compares well against the traditional node-on-segment approach, with this
latter approach showing minimal oscillations at locations far from the boundary. However,
kinematic enforcement of contact constraints using a node-wise enforcement yields unphysi-
cal oscillations of significant amplitude, even on rod sections where boundary effects should
be absent. Accurate prediction of contact pressure is important for these problems, as it
affects gap thermal conductance and determines the accuracy of the mechanical solution.
Oscillations in contact pressure could potentially result in higher stresses and increased ma-
terial creep at high temperatures, possibly affecting predictions of rupture time and other
quantities of engineering interest.

5.2.2 Discrete pellets

Using smeared pellet models is a simplification that may affect key simulation metrics. To
more accurately represent local behavior, LWR fuel can also be modeled as a series of dis-
crete pellets, as shown in Figure 20. The discretization of pellets adds a new numerical phe-
nomenon to the LWR simulation’s thermomechanical behavior: as the pellets move axially
relative to the cladding, discontinuities in the contacting surfaces generate sudden changes
in the contact interactions.

Here, a 10-pellet segment of an LWR fuel rod is simulated using both contact approaches.
For the thermal problem, we increase the number of Gauss points to alleviate the numerical
artifacts related to this discontinuous phenomenon that occurs when using the node-on-
segment approach, whereas the corresponding numerical integration rule is employed for
the mortar thermomechanical formulation (i.e., the minimum Gauss-Legendre quadrature
rule order is employed to integrate the weak equations outlined in Section 2.3) (see, for
example, Equation (17)).
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Figure 20: Detailed look at a discrete pellet’s contact pressure in a 10-pellet LWR model.
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(b) Mortar/node-to-segment contact pressure distri-
bution at the contact interface

Figure 21: Comparison of results on the fuel-cladding interface for a discrete LWR fuel rod at full
power.

Despite both mortar and node-on-segment approaches yielding almost identical results glob-
ally, a close look at Figure 21a reveals that mortar constraint enforcement reduces the tem-
perature spatial oscillations at the pellet interface. Similarly, mortar contact pressure results
feature fewer inflection points on discrete pellet interfaces (see Figure 21b). The time evolu-
tion of nodes near the center of the pellet (away from the rod’s boundaries) is also of practical
interest. Once mechanical contact is established, those material points are expected to un-
dergo smooth contact pressure. The time evolution of such a node is shown in Figure 22.
Despite this node being unaffected by model boundaries, the node-on-segment approach
yields artificial oscillations, especially between 5.0 and 6.0·107 s (see Figure 22). This artifi-
cial, transient chatter cannot be removed by tightening solver tolerances, since it arises from
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Figure 22: Time evolution of a discrete pellet’s interface node contact pressure.

the node-on-segment formulation.

5.2.3 Discrete pellets with friction (mortar)

Use of friction in contact mechanic simulations is often problematic as it tends to hinder the
solution convergence. The addition of friction increases the number of possible states of the
nodes in contact, i.e. once in contact, each node can be in slipping or sticking states. These
additional complexities can be tackled from different perspectives. A slip damper control
can reduce the rate of change in the state of the nodes in contact; this can be achieved, for
example, by limiting the reversal of the slip direction at nonlinear iterations, helping the
system reach the state of equilibrium. Alternatively, BISON’s simulations can use the aug-
mented Lagrangian method (ALM), which solves the entire system iteratively, increasing the
penalty factor used in the contact constraints until convergence is reached [13]. Use of ALM
can effectively address frictional nonlinearities when using node-on-segment enforcement.
However, there are challenging cases where frictional PCMI cannot be successfully solved
with the NTS formulation, or where NTS requires too small time steps. This discrete-pellet
case represents one such example in which the ALM with typical numerical parameters can-
not reach convergence within reasonable turnaround.

Here, we use a definition of frictional mortar constraints based on Ref. [3] without additional
algorithmic treatment. Frictional pressure results over the interface are shown in Figs. 23 and
24.

The tangential contact state of pellets with high and low frictional levels can be observed in
Figs. 25a and 25b. Note that these results merely represent a numerical exercise. To accu-
rately model the frictional behavior evolution on the pellet-cladding interface, more investi-
gation is needed.
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Figure 23: Frictional pressure results over the pellet-cladding interface at the final stage of the
simulation for three values of the coefficient of friction: 0.8, 0.4, and 0.1. Note the spikes at the
edges of the meshed discrete pellets.
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Figure 24: Frictional pressure detail over most elongated pellets. Changes in friction affect the
longitudinal equilibrium of the system: Lower friction (µ = 0.1, green line) causes the pellets to
slide over the cladding surface.
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(a) Pellet in overall stick state (µ = 0.8). (b) Pellet in overall slip state (µ = 0.1).

Figure 25: Comparison of pellet’s frictional states at the final stage of the simulation. Whereas
relatively high values of friction cause a sticky pellet-cladding interface (see Fig. 25a), low values
of friction change the overall system’s equilibrium and allow pellet-cladding relative tangential
displacement (see Fig. 25b).

5.3 Application of VCP in BISON

As described in Section 3, a new preconditioner type, i.e. VCP, is developed and tested with
mortar-based mechanical and thermomechanical contact problems. During this FY, we took
a step further by applying VCP to BISON assessment cases that couple thermomechanical
contact with nuclear physics. Specifically, the smeared-pellet UFE019 case and the discrete
pellet example of Section 5.2.2 (with frictionless contact) are tested. In this process, several
issues are identified and efforts are made to fix them.

An initial profiling of the cases using VCP reveals that heavy computation (around 80% of
total compute time) is spent on the condensation and creation of the reduced system of equa-
tions. Particularly, the initialization of the reduced system of equations was identified as a
bottleneck. To address this issue, memory estimate and preallocation for the reduced sys-
tem of equations are implemented, and the calculation of the condensed system is simplified.
These changes help reduce the compute time spent on the condensation step from 80% to
around 30% of the total compute time. Moreover, we improved the efficiency of DoFs index-
ing by using hash map instead of searching in vectors. This improvement further reduces
the cost of the condensation step from 30% to less than 5%. With this recent improvement,
performance of LU as a sub-solver under VCP is running at a similar speed as using LU as
a stand-alone solver for the discrete pellet example (see Table 1), despite the overhead in the
condensation step.
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Solver Type Linear Iteration Number Nonlinear Iteration Number Compute Time [sec]
VCP 3251 421 1120
LU 3394 422 1175

Table 1: Performance comparison of VCP using LU as a sub-solver with LU as a stand-alone
solver. Results are shown for the discrete pellet example in BISON using eight processors.

In addition to profiling and reducing the compute time, we employed BoomerAMG as a
subsolver under VCP. It is observed that BoomerAMG stagnates at the initial step of the
simulation, which happens before the fuel comes into contact with the cladding. Removing
contact from the simulation, however, did not improve the performance of BoomerAMG.
Therefore, to successfully use VCP with iterative subsolvers in typical BISON cases, effort
needs to be made towards successfully applying iterative solvers, such as BoomerAMG, on
nuclear and mechanical physics –without contact.

5.4 Novel reactor geometry

We demonstrate the new thermo-mechanical mortar contact capability on a surrogate ge-
ometry similar to geometries that can be found in novel reactor concepts, a hexagonal ar-
rangement of reflectors, moderators, fuel, and coolant channels in a monolithic structural
block.

Figure 26: Temperature (left) and von Mises stress (right) distribution in the surrogate micro reac-
tor model, computed using mortar based thermo-mechanical contact.

For the demonstration case we place a heat source in the two cylinder segments on the top
left and bottom right (fuel blocks). We set different thermal expansion coefficients in all three
distinct regions of the model, 10−4K−1 in the two fuel blocks, 10−7K−1 in the monolith, and
5 · 10−5K−1 in the remaining four blocks. We set six contact surface pairs along the six 1/3
circle gaps between the monolith and the six cylinder segments in each corner. The resulting
temperature and von Mises stress distributions are shown in Fig. 26.
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Figure 27: Normal (left) and tangential (right) contact forces along the six contact surfaces. Dashed
lines indicate the two fuel surrogate blocks. Blue curves are obtained with frictionless mortar
contact and red curves are obtained with frictional mortar contact. Note the spike in tangential
contact at the ends of the contact surfaces. We have identified this issue with partially covered
elements and are working on resolving it.

We show the normal and tangential contact pressures in Fig. 27. The contact pressures of
the top left and bottom right cylinder segments are are plotted with dashes. The blue curves
show the normal contact pressure with frictionless contact. Note that the tangential pressure
at the ends of the contact surface is exhibiting nonphysical artifacts to to the missing edge
contact implementation. This item remains as future work for FY22.

5.5 Migration guide

Thermomechanical mortar contact constraints have been successfully applied to typical BI-
SON cases such as two-dimensional, axisymmetric, smeared-pellet, and discrete-pellet mod-
els. Result quality is often improved and initial application to frictional fuel-cladding me-
chanical interaction shows it has the potential to take much larger time steps than the ALM
when used with the NTS formulation. For these reasons, next suggested steps involve wider
adoption of the thermomechanical mortar framework in typical nuclear fuel analysis. To
facilitate that process, a migration guide was created in BISON (see Fig. 28).
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Figure 28: Snapshot of the mortar migration guide in BISON documentation. The guide describes
the necessary steps to convert LWR’s traditional input files to use MOOSE/BISON’s thermome-
chanical contact framework.

Broader use of thermomechanical mortar will allow to perform improvements to the imple-
mentation and increase its robustness.

6 Conclusions and future work

The work carried out during FY21 has led to the following accomplishments:

– Consistent creation of mortar segments by choosing the secondary surface’s nodal nor-
mal vectors to project primary and secondary surface nodes. Contact constraints now
use normal vectors from the mortar segment field. Updates to mortar segment gener-
ation enable more complex simulation scenarios in which oblique projections are han-
dled.

– Implementation of variationally consistent normal and frictional mechanical contact
constraints, based on weighted quantities.

– Implementation of VCP to enable usage of iterative preconditioners and solvers for
mortar-based mechanical and thermomechanical problems.

– Application of thermomechanical mortar to representative BISON assessment cases,
including smeared-pellet, discrete-pellet, two-dimensional, and axisymmetric pellet
cladding contact interaction models.

– Verification of mortar approaches on benchmark problems.

32



– Improvements on the performance and robustness of VCP.

– Initial investigation of applying VCP on BISON assessment cases.

It is important to emphasize that the demonstrated ability to use VCP with iterative pre-
conditioners represents a significant step toward having the ability to use scalable iterative
solvers on large problems. As has been demonstrated in this report, iterative solvers per-
form poorly on contact problems when VCP is not used. Because of this, BISON simulations
have typically employed parallel direct solvers, which are limited in their ability to solve
very large models.

In addition, the improved smoothness of the dual mortar algorithm demonstrates that this is
a viable technique that has the potential to address longstanding deficiencies with frictional
contact enforcement in BISON.

To generalize the existing contact capabilities and enable their efficient use for emerging
reactor designs, longer-term tasks still remain. One key aspect is the extension of mortar
constraints to simulate 3-D problems. The most significant development effort in this respect
is the creation of general 2-D segments (or element projections). These segments can also be
employed in a Nitsche formulation for mechanical contact. In addition, to capture multibody
contact, as required for new reactor designs, it will also be necessary to generalize contact
implementations to allow for interactions among more than two bodies. Finally, to efficiently
run large systems with contact, more work is required to optimize the use of iterative solvers
and better parallelize contact searches.
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