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Although grain growth impacts microstructural evolution in a wide variety of materials systems, the effect of
anisotropic thermal expansion on grain boundary mobility and texture evolution has not been widely studied.
Anisotropic thermal expansion occurs in multiple non-cubic metals, and the thermomechanical processing
behavior of these materials can be better understood with further study into the impact of thermal expansion
on grain boundary mobility and texture evolution. In this work, we develop a mesoscale phase field model of
grain growth that includes the effect of anisotropic thermal expansion, which is applied to study polycrystalline
a-uranium, a highly anisotropic metal. Three-dimensional simulations on polycrystalline ¢-uranium with and
without thermal expansion eigenstrains are performed to study the grain boundary mobility and texture
evolution as a function of temperature. A strain-free temperature of 933 K is selected, and the system is studied
within the range of 873-933 K at intervals of ten degrees, resulting in increasing thermal eigenstrain with
decreasing temperature. We also estimate a grain boundary mobility prefactor and activation energy based
on existing experimental data of isothermal annealing of a-uranium. The grain boundary mobility is found
to display significant deviation from Arrhenius behavior with the inclusion of thermal expansion eigenstrain
as the amount of thermal eigenstrain (and thus elastic strain energy within the system) increases. This result
explains an experimentally observed grain boundary mobility deviation from Arrhenius behavior. Furthermore,
the texture evolution is affected, such that the grain orientations become less random with increasing thermal
eigenstrain, which could explain experimentally observed texture behavior. These results indicate that the
effect of thermal expansion should be considered when predicting the thermomechanical processing behavior
of a-uranium and other materials with anisotropic thermal expansion.

1. Introduction [5]. However, there are relatively few detailed studies of the effect

of anisotropic thermal expansion on other material behaviors, such

Anisotropic thermal expansion occurs in technologically relevant
materials that exhibit non-cubic phases [1,2] (e.g., a-titanium,
a-zirconium, zinc). Anisotropic thermal expansion causes different
crystallographic directions of a single crystal to expand at different

as grain growth, recrystallization, or residual stresses affecting defor-
mation. In situ heating X-ray diffraction experiments measured the
evolution of residual strains in a-titanium polycrystals as a result

rates. Within the realm of non-cubic metals, the anisotropy is relatively
weak, such that thermal expansion coefficients are typically positive
but differ in magnitude. However, the orthorhombic a-uranium phase
exhibits extremely anisotropic behavior, with the thermal expansion
coefficient positive in the [100] and [001] crystallographic directions,
but negative in the [010] direction [3,4].

Anisotropic thermal expansion has long been known to cause in-
ternal stresses high enough to induce plasticity within polycrystalline
metallic materials. Cadmium, zinc, and tin cycled between cryogenic
and room temperatures exhibit slip and twinning without grain growth
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of anisotropic thermal expansion [6], and a combination of exper-
imental and computational work studied the elastoplastic response
of the a-uranium system from thermal expansion. Elastoplastic self-
consistent modeling of thermal stresses in polycrystalline a-uranium
found stresses high enough to induce plastic flow, and neutron diffrac-
tion provided detailed information about slip and twinning modes [7].
Further studies examined the effect of residual thermal stresses on
additional deformation [8,9]. In addition, a computational study using
the phase field fracture method found that the negative coefficient of
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thermal expansion in a-uranium is capable of inducing plastic strains or
fracture within polycrystalline a-uranium with a change in temperature
of approximately 100 K from a stress-free state [10]. Finally, the effect
of thermal expansion and surface energy on texture selection in copper
thin films was studied with phase field modeling, though the study
utilized only three grains with two orientations [11].

Conservative grain boundary motion, which entails only short-range
atomic motion and no change in composition, is driven by differences
in free energies on either side of the interface [12], and a major area
of computational research focuses on curvature-driven grain growth.
Atomistic studies, such as Ref. [12], provided a theoretical under-
standing of the role of grain boundary curvature on grain boundary
motion and an Arrhenius relationship between grain boundary mobility
and temperature. This Arrhenius relationship requires both a mobility
prefactor and a thermal activation energy. At the mesoscale, the phase
field method has become an extremely useful tool in modeling grain
growth [13-15]. Early studies focused purely on curvature-driven grain
growth, but advances in the mathematical model frameworks extended
the capability to incorporate anisotropic grain boundary mobilities [16,
17]. Other contributions to the difference in free energy across an
interface include elastic strain energy and defects [12]. The ability to
incorporate elastic strain energy into phase field models provides a
high-fidelity, spatially-resolved method to study its impact on grain
growth. Phase field models have shown that an applied stress can
affect grain texture evolution during annealing [18-21]. Strain energy
from anisotropic thermal expansion or thermal expansion coefficient
mismatches has also been suggested as a cause for abnormal grain
growth [22]. Sometimes referred to as grain coarsening, abnormal grain
growth results in certain grains becoming extremely large versus the
overall grain population.

The phase field approach allows for the integration of multiphysics
into a single simulation, providing a way to study the effect of
anisotropic coefficients of thermal expansion on grain growth and tex-
ture evolution. Despite the evidence that anisotropic thermal expansion
influences stresses within materials such as a-uranium, and that grain
growth is affected by internal microstresses, detailed studies of the
effect of anisotropic thermal expansion on grain growth are lacking. A
thorough understanding of how anisotropic thermal expansion affects
thermal microstresses, texture development, and grain growth during
annealing and recrystallization is important for the development of
novel alloys. This knowledge will aid in developing thermomechanical
processing methods and in predicting their behavior during service in
extreme thermal environments. The anisotropic thermal expansion of
a-uranium will likely affect the grain boundary mobility and texture
evolution during isothermal annealing.

In this work, we investigate the impact of anisotropic thermal
expansion on grain growth and grain orientation (texture selection) in
a-uranium using the phase field method. We calculate a mobility pref-
actor and activation energy based on experimental data. Additionally,
we develop a phase field model of grain growth that includes the effect
of anisotropic thermal expansion, and we perform three-dimensional
simulations of grain growth with and without thermal expansion eigen-
strain. One hundred grains with random orientations are used in each
simulation and a total of 140 simulations are performed for statistical
information. The grain boundary mobility as a function of temperature
is calculated and inverse pole figures are used to study the evolution
of the texture. We find that thermal eigenstrain accelerates the grain
boundary mobility, with the deviation from the curvature-driven be-
havior increasing as the thermal eigenstrain increases. A similar type
of behavior is observed in the experimental data. We also find that the
texture becomes less random with increasing thermal eigenstrain. These
results indicate that anisotropic thermal expansion can play a signif-
icant role in the thermomechanical processing and high-temperature
behavior of a-uranium.
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2. Phase field model

The phase field model in this work is based on the grain growth
model in Ref. [17], with an additional energetic contribution from
elastic strain energy similar to the work in Ref. [19]. Each grain, g,
is represented by an order parameter, 7,(r), where r indicates spatial
position. Within a grain, 5 takes a value of one, while it takes a
value of zero outside the grain, and its value smoothly varies between
the two values within the diffuse grain boundary. Neighboring grains
are represented by different ,,. Note that for ease of reading, the
spatial dependence of the order parameter fields are not notated in
the following equations, but the spatial dependence of other factors are
notated. Similarly, the order parameter dependence of certain variables
are not notated, but will become clear following the equations. The
total free energy of the system is described as

F= /V (fo+ faraa + far) AV, o

where f is the homogeneous free energy density, f,.,q is the gradi-
ent energy density term related to the interfacial energy, and f,, ac-
counts for elastic strain energy density arising from thermal expansion
eigenstrains in the polycrystal. Following Ref. [17],

N 4
Mg
fo(m,nz,---nN)=A[Z<4 >+1522nng+— @
g=1 g=1G>g
where A is a parameter that affects the grain boundary energy. The
expression f, is formulated such that the homogeneous energy is zero
in the bulk. The gradient energy is defined as

N
K 2
fgmd (’71a'12,~~~’1N)=52(V71g) > 3)
h=1

where « is the scalar gradient energy coefficient, which corresponds to
an isotropic interfacial energy. Linear elasticity is chosen as the consti-
tutive model relating stresses to strains. Using the Einstein summation
convention, the elastic energy density contribution is described as

1
5 Cija(Des (r)ef ), @
where C;, is the local elastic stiffness tensor and eej' is the local elastic
strain. The local elastic strain is described as

fa=5

ef}(r) = e};’ta](r) - e[TjE(r), (5)
where eIE(r) is the local thermal eigenstrain and the local total strain,

s};"al(r), is calculated as

Ou;(r)  Ouy(r)
ox; * ox; ]’

tolal( )_ [ (6)
and u;(r) is the displacement.

The temperature-dependent thermal eigenstrain is described follow-
ing Ref. [10]. Each grain, g, has an associated unique orientation with
respect to the reference frame of the computational domain that is
described by a rotation tensor, Rf. This rotation tensor can also be
given by Euler angles that are transformed to a rotation tensor Thus,
the single-crystal values for the thermal eigenstrain tensor, €' 7 E, and the
elastic stiffness tensor, C g Tust be rotated to represent thelr values
for a given grain, such that

X
C,/k[ leRjanORlpCmymp (7)
and
oTE
Ij # = leleekl ’ (8)
where C’.g.kl is the rotated elastic stiffness tensor for the g" grain and

ITJE'g is the rotated thermal eigenstrain tensor for the g'" grain. Note
TE X g TE.g e .
that € Chwr Cwp and €; ° are not spatial fields, merely single

tensors The thermal eigenstrain and elastic stiffness tensor at a given
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point r within the material are defined by interpolating the tensors for
each grain with the order parameters. The local thermal eigenstrain is
defined as

e.T.E’gh(n )
EIT_E(,-) = Zg'/—g’ 9)
J Zg h(ng)
where
h(n,) = 71;(6@ — 151, + 10) (10)

is an interpolation function such that 4(0) = 0 and A(1) = 1. The local
elastic stiffness tensor is defined as

2 Ciin hng)
Ciiu) = ———o. 11)
X hng)
The stress at a point r in the material is determined by
0,;(r) = Cyjp (D)eSH(r) 12)
and the mechanical equilibrium equation is solved,
V.o, =0. (13)

In this work, we use temperature-dependent values for the elastic
stiffness of a-uranium from Ref. [23] and the anisotropic thermal
expansion descriptions from Ref. [3].

The time evolution of the non-conserved order parameters is de-
scribed with a set of Allen-Cahn equations [17],

L[, 9

+ =2 V2, |, 14
ot ang om0 as

6r]g B

where L is the Allen-Cahn mobility, a property related to the grain
boundary mobility [17], and 7 is the time. In this work, the scalar
nature of L corresponds to an isotropic grain boundary mobility, which
we assume given a lack of information to the contrary. The Arrhenius
relationship for the mobility, M, is
M(T) = My exp ﬁ, (15)
k,T

where M, is the mobility prefactor, Q is the activation energy, k, is
the Boltzmann constant, and 7 is the temperature. The values for M,
and Q are provided in Section 4, as they have been calculated for this
work.

The phase-field model parameters are related to thermodynamic
and kinetic parameters [17], with

3y

A=—, 16
41 16
3

=2y, 17

k=77 a7)

and
aM

L=—, 18
3 (18)

where / = 2 pm is the diffuse interface width in the phase field model,
and y is the grain boundary energy. We use y = 0.79 J/m? [24] as the
average grain boundary energy. This work is focused specifically on
the mechanistic effect of thermal eigenstrain, but future work studying
grain growth in g-uranium could utilize anisotropic grain boundary
energy.

3. Computational details and model limitations

The grain growth simulations are carried out using the Multiphysics
Object Oriented Simulation Environment (MOOSE) [25]. The three-
dimensional simulations are carried out with a domain size of (50 pm)3.
The simulations are meshed with (75 x 75 x 75) cubic, eight-node
hexahedral elements, and linear Lagrange shape functions are used.
The system of nonlinear equations is solved using the preconditioned
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Jacobian-free Newton—Krylov method with the BoomerAMG precondi-
tioner from the hypre library [26]. Time integration is accomplished
with the second backward differencing (BDF2) algorithm. To reduce
computational cost, the GrainTracker algorithm [27] and adaptive time
stepping are used. The grain structure is initialized via a random
Voronoi tiling. Boundary conditions involve periodic boundaries on
the order parameters, while the mechanical boundary conditions are
designed to allow the domain to deform freely without any rigid body
motion. On each coordinate axis, the plane that passes through the
origin with its normal parallel to that axis has an applied Dirich-
let boundary condition with zero displacements in the corresponding
direction, while all other displacements are unconstrained.

Data analysis is performed with a combination of postprocessors
internal to MOOSE and external Python libraries. The average grain
diameter is calculated by using the MOOSE-based postprocessor that
reports the average grain volume, V, and assuming spherical grains.
The grain boundary mobility is computed from the average squared
diameter via the analytical relationship in Eq. (19). The slope of the
linear fit of the average squared diameter versus time is then used to
calculate the mobility. The linear fit of the average squared diameter
data is performed using the Python scikit-learn library [28] over the
interval of 95 grains to 20 grains, and the justification for that interval
is given in Section 4.2.1. Inverse pole figures are plotted using the
Python library pymicro [29] to visualize the grain orientations.

This phase field model breaks down when the elastic strain energy
is large enough. The strain energy induced in the system can be so
large locally that it is energetically favorable to develop new non-zero
order parameter values within a grain to reduce the local eigenstrain
value (Eq. (9)). The reduction in the associated elastic energy of the
system due to spurious phase formation can overcome the increased
penalty of gradient and barrier energies. In the a-uranium system, a
change of approximately 40-50 K can result in local stresses on the
order of 500 MPa, which is well above the reported uniaxial yield
strength for a-uranium at 873 K [30]. The phase field model assumes
pure linear elastic behavior and does not account for the plastic flow
that would occur at high stresses, providing a physical limitation to the
range of temperatures that can be studied. We find that the phase field
model breaks down due to large elastic energies at around 873-883 K,
or more specifically, with a deviation of approximately 40-50 K from
the strain-free temperature. The temperature range of the investigation
is chosen such that the simulations stay within 50 K of the strain-
free temperature. Thus, model breakdown occurs when plastic behavior
should occur, which does not place additional constraints on the range
of temperatures that can be studied.

4. Results and discussion

The effect of thermal eigenstrain on grain growth in a polycrys-
talline material is investigated for the a-uranium system by performing
novel phase field simulations and comparing to existing experimen-
tal data. A grain boundary mobility for a-uranium is estimated from
isothermal annealing data in the literature. The estimated mobility is
then used within phase field simulations to study the effect of thermal
eigenstrain on grain boundary motion and grain coarsening. Before
presenting the results of the grain growth model with the addition of
thermal eigenstrain, the system behavior without thermal eigenstrain
is first discussed. The results are placed in the context of existing
experimental data on thermal processing of a-uranium.

4.1. Grain boundary mobility

The experimental data in Ref. [31] for a-uranium grain growth
versus time during isothermal annealing are used to estimate a grain
boundary mobility based on an Arrhenius relationship. These are the
only experimental data available to date within the literature that
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directly measure grain growth as a function of time at different tem-
peratures for a-uranium. In Ref. [31], multiple swaging and annealing
steps were performed to reduce the initial grain size of the material.
Three different sample groups were created by changing the penul-
timate sample annealing procedures, and samples were annealed for
grain growth measurements at 823 K, 873 K, 898 K, and 923 K,
though not all temperatures were studied for all groups. We note that
the mobility calculated from these experimental data is by no means
definitive, but is principally used to provide a reasonable value for
the phase field model. The data show rapid initial grain growth, then
almost-stalled grain growth. Ref. [31] indicates that carbon and silicon
impurities form precipitates that slow grain growth in a-uranium. The
initial rapid grain growth likely represents the true grain boundary
mobility due to the high driving forces at small grain sizes, while the
slower or stalled grain growth at longer times is likely the result of
grain boundary pinning by impurities and precipitates [32]. Thus, the
initial grain growth data for the first hour of reported annealing data
are used to compute grain boundary mobility according to [15]

D*(t)= D% + %ayMt, 19

where D(?) is the average grain diameter as a function of time, D, is the
initial average grain diameter, and « is a dimensional factor equal to 0.5
in three dimensions. The values of D,, and D(z) are provided in the data,
a linear fit to the equation is performed, and the equation is solved for
M. To reduce the impact of possible precipitates on the calculated grain
boundary mobility, only the grain growth data from 923 K and 898 K
are used. The mobility values calculated for two groups are similar,
but the values for the third group are significantly lower. Given the
sample preparation [31], the third group likely has more precipitates
than the other two groups, and thus, the mobility from the third data
is excluded and the values for the first two groups are used. Values of
M, =1.85%x10"8 m*/J s and Q = 1.07 eV are found.

4.2. Phase field simulations of grain growth

A series of three-dimensional phase field simulations are used to
investigate the effect of thermal eigenstrain on grain growth in poly-
crystalline a-uranium. Two broad classes of conditions are studied:
grain growth without thermal eigenstrain as a baseline for compari-
son, and grain growth with thermal eigenstrain. The simulations are
designed to approximate the isothermal annealing behavior of a cast
material cooled through the a/f phase boundary that formed small
a-phase grains, then was annealed at a target temperature. The strain-
free temperature (i.e., the temperature at which the thermal eigenstrain
is zero), is chosen as 933 K, near the «/f phase boundary of 941
K [33]. Grain growth behavior is investigated at 933 K, 923 K, 913
K, 903 K, 893 K, 883 K, and 873 K. One hundred grains are initially
represented within the computational domain with random Euler ro-
tation angles. Ten initial grain structures, with their associated grain
orientations, are investigated for each temperature with and without
thermal eigenstrain, for a total of 140 simulations.

4.2.1. Without thermal expansion strains

The behavior of the grain growth simulations without thermal
eigenstrain is first examined to understand the evolution in the number
of grains, average grain size, and grain orientation. As an example,
Fig. 1 shows the evolution of the total free energy, average grain
volume, and total number of grains present in a simulation without
thermal eigenstrain at 903 K. The light blue lines on each plot indicate
the time at which 95 grains (left line) and 20 grains (right line) exist.
There is a brief period of grain boundary motion and relaxation from
the initial Voronoi grain construction as the grain structure becomes
equiaxed, as evidenced by the steep initial drop in system energy and
almost constant number of grains. After this initial relaxation, which
occurs typically with the loss of two grains, grain growth proceeds and
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the number of grains and average grain size vary rapidly with time,
until approximately fifteen grains remain. At this point, the changes in
the number of grains and the average grain volume become obviously
discrete with long times between changes in values. Boundary effects
become significant with the further loss of grains, resulting in the loss
of bulk behavior. As a result, the data are sampled over the range
of 95 to 20 grains to capture bulk behavior during grain growth and
avoid initial condition and domain boundary effects. In other words,
the interval of 95 to 20 grains provides the largest consistent interval
of normal grain growth behavior over which to sample. In addition,
Fig. 1(d) presents the average of the grain diameter squared (D?)
assuming spherical grains. The linear fit over the interval of 95 to 20
grains is shown with the dashed red line, which samples the linear
region of the data. When actually implementing Eq. (19), the time at
the first instance of 95 grains is taken as the new initial time of zero
(i.e., the average grain diameter at this time is taken as D). The linear
fit agrees well with the plot of D?().

Finally, we compare grain orientations versus time. Each grain has
a unique identity within the simulation, which is tied to a unique
Euler angle describing the grain rotation with respect to the simulation
axes. This identification is used to determine which grains disappear
and in what order. For the systems without thermal strain, the grain
orientations for each of the ten cases evolve the same way regardless
of the temperature, as expected for a system without any thermally
varying anisotropic properties. An example of the grain orientation for
a system at 903 K without thermal strain is plotted in Fig. 2. The grain
orientations of the initial grain structure, and for 70 and 27 remaining
grains, are presented in inverse pole figures for the z-direction of the
computational domain. Grains do not rotate during grain growth, but
the overall sample texture may change due to disappearance of certain
grains. The initial grain orientations are scattered over a wide range,
and the random grain orientations are retained throughout the process
of grain growth as evinced by grains with orientations near each of the
{100}, {101}, and {111}. Due to the orthorhombic crystal structure of a-
uranium, (100) is crystallographically different from (010), etc., but for
brevity, all of the possibilities will not be listed, and the listed directions
will be used as a shorthand.

The mobility results indicate that the phase field simulations ac-
curately capture grain growth behavior without thermal eigenstrain,
providing a basis for comparison of the results with thermal eigenstrain.
Fig. 3(a) presents a box-and-whisker plot of mobility as a function of
temperature from the phase field simulations without thermal eigen-
strain, including the median value at each temperature and the spread
of the values at each temperature. The whiskers represent 1.5 times
the interquartile range. As expected, there is minor scatter of the cal-
culated mobility due to the different grain structures, and the variation
increases with increasing temperature. Fig. 3(b) presents the logarithm
of the mobility versus the inverse temperature for the analytically
calculated value and the average phase field mobility at each temper-
ature. When plotting the logarithm of the mobility versus the inverse
temperature, an Arrhenius relationship will result in a straight line in
which the slope corresponds to the activation energy and the vertical
offset is related to the mobility prefactor. The average mobility from
the phase field simulations is found to retain the same slope as the
analytical calculation, indicating a minor difference in the mobility
prefactor, though the activation energy is not affected. This small
deviation is likely due to the presence of the diffuse interface in the
phase field model [17].

4.2.2. With thermal expansion strains

Next, the grain growth behavior of the system is investigated with
the influence of thermal eigenstrain. Fig. 4 shows a cross-section of
the computational domain during grain growth with thermal eigen-
strain at 903 K with 60 remaining grains, illustrating both the grain
structure and the elastic energy density. The example presented here
with thermal eigenstrain has the same initial grain structure and grain
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Fig. 1. The evolution of the (a) total free energy, (b) average grain volume, (c) number of grains, and (d) the average squared diameter versus time for an a-uranium system
without thermal eigenstrain at 903 K. In (d), the linear fit to the data is shown with the dashed red line between the two light blue vertical lines. The data are presented from
100 to five grains, and the two light blue lines in each plot indicate the times at which 95 and 20 grains exist. There is rapid initial relaxation of the system and discretization

of the average grain volume at long simulation times.

orientation as for the results presented in Figs. 1, 1(d), and 2. The
time evolution of the number of grains, average grain size, total free
energy, and average squared grain diameter are presented in Fig. 5.
We again sample over the interval of 95 to 20 grains, which remains a
large, consistent interval of normal grain growth behavior over which
to sample. Similar behavior is observed compared to the case without
thermal eigenstrain, such as the initial relaxation period of the Voronoi
grain structure, but the kinetics are accelerated. The decrease in the
number of grains proceeds at a similar rate for the cases with and
without thermal eigenstrain until approximately 50 grains remain. The
rate then slows for the system without thermal eigenstrain, while losing
grains at the same rate for the system with thermal eigenstrain. This
difference is also reflected in the shape of the curve for the average
squared grain diameter. The average squared diameter versus time is
approximately linear without thermal eigenstrain, but a deviation from
linear behavior is observed at later times with the presence of thermal
eigenstrain.

The inverse pole figures in Fig. 7 indicate that the specific grain
orientations that disappear are impacted by the presence of thermal
strain. The inverse pole figure for the initial grain configuration is the
same as that presented in Fig. 2. However, the grains that disappear dif-
fer between the two simulations. Although the inverse pole figures are
not snapshots of the structures with identical numbers of grains, they
are at similar points of the evolution (i.e., 70 grains versus 60 grains
for the middle portion of the grain growth, and 27 versus 23 grains
for the late stage). Because the grains do not rotate, but rather only

disappear, the specific orientations may be compared. If the pattern of
grain disappearance is identical, then all the orientations present for
inverse pole figures with the fewer number of grains would be present
in the inverse pole figures with the larger number of grains. However,
orientations are present in the inverse pole figures for the simulations
with thermal eigenstrain at the middle and late stages of grain growth
that are not present at the middle and late stages for the simulations
without thermal eigenstrain. Thus, the exact grains that disappear
during grain growth are affected by the presence of thermal eigenstrain
in the polycrystalline material. Specifically, Fig. 6(c) shows that most
of the remaining grains in the z-axis of the sample are near the {001},
{101}, and {100} orientations, with virtually no grains near the {111}
and {010} orientations, unlike the case without thermal eigenstrain.
The a-uranium crystal has a positive coefficient of thermal expansion in
the [100] and [001] directions and a negative coefficient in the [010]
direction. As a result, favorably oriented grains with low elastic strain
energy will preferentially grow at the expense of unfavorably oriented
grains. As grain growth proceeds and the number of remaining grains
decreases, a preferential orientation will arise for the remaining grains.
Although the exact preferential orientation is likely to vary depending
on the initial grain orientations and morphologies, some preferential
orientation will always arise. No conclusion can be drawn about high-
energy or low-energy grain orientations, however, because the degree
of misorientation between grains drives elastic energy. Furthermore,
the degree of randomness decreases in the orientation of the grains at
the later stage of grain growth as the amount of thermal eigenstrain
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Fig. 2. Inverse pole figures for the z-direction of the computational domain illustrating the orientation of the remaining grains during grain growth for a simulation without
thermal eigenstrain at 903 K. (a) Initial condition with 100 grains, (b) 70 grains remaining, (¢) 27 grains remaining. Grains do not rotate during grain growth but the overall
sample texture may change due to disappearance of certain grains.
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Fig. 3. The calculated mobility versus temperature for the grain growth simulations of a-uranium without thermal eigenstrain. (a) Box-and-whisker plot indicating the median and
spread of the values, with each whisker equal to 1.5 times the interquartile range, (b) logarithm of the mobility versus the inverse temperature for the analytical calculation as well
as the results from the phase field simulations. The variation in mobility increases as temperature increases, while the average mobility values—as calculated by the phase field
simulations—are slightly larger than the analytical values. The activation energy is not affected, but the mobility prefactor may be slightly affected in the phase field simulations.

increases (i.e., as the temperature decreases), as seen in Fig. 7. At 933
K, the inverse pole figure indicates grains oriented in many directions,
with a progressive clustering of the grain directions as temperature
decreases. This kind of behavior is observed in other instances of the

simulations of grain growth with thermal eigenstrain. Texture evolution
is reported after thermal processing of a-uranium [34,35]. This result
indicates that thermal eigenstrain could play a significant role in this
texture evolution process.
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Fig. 4. A cross-section of the computational domain during grain growth with thermal eigenstrain at 903 K, sixty grains remaining. (a) The grain structure, and (b) the elastic
strain energy density. The elastic energy density is heterogeneous throughout the grain structure and even within individual grains.

x10~6
—— thermal strain
4.960 —— no thermal strain
4.955 1|\,
§ 4.950 1
2 ~—
u 4,945 4 \
4.940 A
~
4.935 & T
0 10000 20000
Time (s)
(a)
100 - 1‘ —— thermal strain
| —— no thermal strain
2 80 1
©
[e)]
G 60 -
@
o
€ 40
=2
o] N
0 10000 20000
Time (s)
(c)

x10715
" 84
E
[}
£
3 6
o
>
£
©
541
[}
o
o
g 2 —— thermal strain
< - —— no thermal strain
0 10000 20000
Time (s)
(b)
x10-10

--- thermal strain
—-— no thermal strain

Average (diameter)? (m?)

7
T

0 2000 4000 6000 8000
Time (s)

(d)

Fig. 5. The evolution of the (a) total free energy, (b) average grain volume, (c) number of grains, and (d) average squared grain diameter versus time for an a-uranium system
from 100 to 15 grains at 903 K. The system with thermal eigenstrain is in blue, while the data for the same system without thermal eigenstrain (Fig. 1) is shown in red. The
vertical lines show the times at which 95 and 20 grains exist (light blue for the system without thermal strain, pink for the system with thermal strain). The same initial relaxation
period of the Voronoi initial grain structure is evident, followed by grain growth. Note that in (d) the time axis is shifted and truncated to the range of 95 to 20 grains only for
the system with thermal eigenstrain. The linear fit to the thermal eigenstrain data is shown in red, while the linear fit for the system without thermal eigenstrain is reproduced

for comparison.

The disappearance of specific grains within polycrystalline
a-uranium is affected by the presence of thermal strain. As mentioned
previously, the pattern of grain disappearance (texture evolution) for
a system without thermal strain evolves the same way regardless of
temperature, which is expected due to the isotropic grain boundary

energy and no anisotropic, thermally dependent properties. When ther-
mal strain is present, the specific grains that disappear vary depending
on the temperature. At 933 K, for which the thermal strain is O, the
texture evolution is the same between both cases. As the temperature
decreases and the amount of thermal eigenstrain increases, different
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Fig. 6. Inverse pole figures for the z-direction of the computational domain illustrating the orientation of the remaining grains during grain growth for a simulation with thermal
eigenstrain at 903 K. (a) Initial condition with 100 grains, (b) 60 grains remaining, and (c) 23 grains remaining. Grains do not rotate during grain growth but the overall sample

texture may change due to disappearance of certain grains.

grains disappear; the variation in grain disappearance increases with
increasing eigenstrain (Fig. 7). This is due to the increase in elastic
strain energy in the system with decreasing temperature (i.e., a larger
change in temperature from the strain-free temperature). The elastic
strain energy density varies locally, with some grains having a lower
elastic strain energy than others dependent upon the specific configu-
ration of grain morphologies and orientations. A higher elastic strain
energy retards grain growth, such that a fast-growing grain will be
slowed or a slow-growing grain will be consumed by another growing
grain [18].

The mobility of the system with thermal eigenstrain displays the
same qualitative behavior as the mobility calculated from the experi-
mental data. The mobilities obtained from the phase field simulations
with and without thermal eigenstrain are presented in Fig. 8. The
calculated mobilities are not statistically different at 933 K, but the
results diverge with decreasing temperature (i.e., increasing thermal
eigenstrain) so mobility is larger with the presence of thermal eigen-
strain in the polycrystalline material. There are two outlier values for
the mobility with thermal eigenstrain at 883 K. These outliers are
determined as being more than three standard deviations from the
average in the 883 K data set. The outlier values are a result of a
model breakdown which occurred when stress-free grains nucleated
and grew at the expense of the strained grains. It is possible the model
breakdown also occurred at 893 K given some of the computed mobility

values are within the range of the results without thermal eigenstrain.
Another source of scatter in the mobility data for the simulations with
thermal eigenstrain is the linear fitting procedure for calculating the
mobility. As described previously, the average squared grain diameter
behavior can deviate from linear behavior in the systems with thermal
eigenstrain. An additional presentation of the data in the form of the
logarithm of the mobility versus the inverse temperature is presented in
Fig. 9. The mobility with thermal eigenstrain is the same as the mobility
without thermal strain at 933 K. This is to be expected, as the strain-
free temperature is 933 K. At lower temperatures, the mobility with
thermal strain is greater than the mobility without thermal strain, and
the difference between the values at each temperature increases as the
temperature decreases. The average mobility at 883 K with thermal
strain is actually greater than the mobility at 893 K because of the
larger strain energy at 883 K. There is more scatter in the calculated
mobility at each temperature when thermal strain is included due to
the different initial grain orientations since elastic energy varies with
different initial conditions.

The mobility calculated from the phase field simulations with the
addition of thermal eigenstrain displays an evident effect of elastic
strain energy increasing the mobility at lower temperatures than would
arise from a pure Arrhenius relationship. Interestingly, the experimen-
tal data in Ref. [31] displays a similar deviation from an Arrhenius
relationship, though due to the small sample size, any conclusions
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Fig. 7. Inverse pole figures for the z-direction of the computational domain illustrating the orientation of the remaining grains during grain growth for a simulation with thermal
eigenstrain at (a) 933 K, for which the eigenstrain is 0 with 30 grains (b) 923 K with 30 grains, (c¢) 913 K with 27 grains, and (d) 903 K with 23 grains. The thermal eigenstrain
increases with decreasing temperature, and the grain orientations become less random with increasing thermal eigenstrain.
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Fig. 8. Box plots of the mobility calculated from the phase field simulations (a) with thermal eigenstrain and (b) an overlay of the data with and without thermal eigenstrain.
Red indicates simulations with thermal eigenstrain and blue indicates simulations without thermal eigenstrain. Black circles are outlier data points for simulations with thermal
eigenstrain. The calculated mobilities are not statistically different at 933 K, but the results diverge with decreasing temperature (i.e., increasing thermal eigenstrain) so the mobility
is larger with the presence of thermal eigenstrain in the polycrystalline material. There are two outliers for the mobility with thermal eigenstrain at 883 K, which lie within the
range of the data without thermal eigenstrain. These are a result of the model breakdown.
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Fig. 9. Logarithm of the mobility versus the inverse temperature for the values
obtained from the phase field simulations with and without thermal eigenstrain, as
well as the for the experimental data from Ref. [31], and the analytical mobility as
predicted by an Arrhenius relationship. The mobility obtained from the phase field
simulations is the same for the two cases at the lowest inverse temperature at which the
thermal eigenstrain is zero, and at lower temperatures, the mobility for the system with
thermal eigenstrain is greater than the system without it. The uptick in the mobility at
883 K with thermal eigenstrain is a result of the very large elastic driving force. The
mobility obtained from the experimental data has a qualitatively similar relationship
to the phase field mobility with thermal eigenstrain, diverging significantly from the
analytical mobility and phase field mobility calculated without thermal eigenstrain..

drawn must be tentative and will require further experimental work
to confirm. As shown in Fig. 9, with decreasing temperature there is
a progressive deviation of mobility values measured from the grain
growth data versus the mobility values from an Arrhenius relationship.
The values computed from the grain growth data are larger at lower
temperatures than the values that would result from an Arrhenius
relationship. However, the deviation occurs over a larger temperature
difference (down to 823 K) than occurs with the phase field simulations.
The experimental grain growth data were gathered from specimens that
had undergone several swaging and annealing procedures to generate
an equiaxed and small (10 pm) grain structure. Recrystallization an-
nealing steps started at 873 K, causing partial recrystallization, and
proceeded at lower temperatures to recrystallize more of the material.
This thermal processing technique would result in a material comprised
of grains with different stress-free strain temperatures that are above
the isothermal annealing temperature. The experimental mobility may
display this deviation from Arrhenius behavior as a result of this
spectrum of stress-free strain temperatures.

5. Conclusions

In this work, a model is presented to study the effect of anisotropic
thermal expansion on grain growth in polycrystalline a-uranium. Al-
though anisotropic thermal expansion occurs in multiple non-cubic
metals, to date the phenomenon has not been widely studied. The phase
field approach is used to predict the impact of thermal eigenstrain
arising from anisotropic thermal expansion in the polycrystalline ma-
terial on grain boundary mobility and grain texture selection during
isothermal annealing. We study the behavior of a-uranium without
thermal eigenstrain as a basis for comparison and find that the ther-
mal eigenstrains can significantly influence both the grain boundary
mobility and the texture selection if the temperature varies by approx-
imately 30 K from the strain-free temperature. We also extract grain
boundary mobility information from experimental grain growth data
and find that the experimental grain boundary mobility deviates from
Arrhenius behavior in a qualitatively similar manner as that observed
in the simulations. This work indicates that several things should
be considered when dealing with a-uranium in particular and other
materials with anisotropic coefficients of thermal expansion in general.
First and most broadly, the effect of thermal expansion should be
considered when predicting the results of thermomechanical processing
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of a-uranium, even when relatively small temperature deviations from
a strain-free temperature occur (e.g., the temperature at which a mate-
rial recrystallized). Second, the thermal eigenstrains could drive rapid
grain boundary motion. Third, texture selection during annealing may
naturally arise and be difficult to remove during recrystallization, as in-
ternal stresses may select the preferential growth of favorably oriented
nuclei. An experimental annealing study on a-uranium in which the
initial microstructure is generated with a stress-free temperature near
the a phase boundary would confirm or invalidate the grain boundary
mobility predictions in this work. A possible material synthesis method
would be to sinter high-purity a-uranium powder at 930 K.
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