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Abstract

In light water nuclear reactors, waterside corrosion of the cladding material leads to the production of

hydrogen, a fraction of which is picked up by the zirconium cladding and precipitates into brittle hydride par-

ticles. These nanoscale hydride particles aggregate into mesoscale hydride clusters. The principal stacking

direction of the nanoscale hydrides precipitated in the cladding tube changes from circumferential without

applied stress to radial under circumferential applied stress. A quantitative phase field model has been de-

veloped to predict the hydride morphology observed experimentally and identify the mechanisms responsible

for nanoscale hydride stacking. The model focuses on nanoscale hydride precipitation in a single zirconium

grain with a detailed description of the anisotropic elastic contribution. The model predictions concerning

the shape, orientation, and stacking behavior of nanoscale hydride are analyzed and compared with exper-

imental observations. The model accurately accounts for the experimentally observed elongated nanoscale

hydride shape and the stacking of hydrides along the basal plane of the hexagonal zirconium matrix. When

investigating the role of applied stress in hydride morphology, the model challenges some of the mechanisms

previously proposed to explain hydride reorientation. Although hydride reorientation has been hypothesized

to be caused by a change in nanoscale hydride shape, the current study shows that these mechanisms are

unlikely to occur.
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Highlights

• A quantitative phase field model of the α-Zr/δ-ZrH system was developed.

• Elastic anisotropy influences hydride shape, hydrogen distribution, and hydride interaction.

• Circumferential stacking of nanoscale hydrides is predicted.

• The model’s predictions successfully compare with experimental observations.
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1. Introduction

1.1. Zirconium hydride morphology

Zirconium alloys offer good high temperature corrosion resistance in water, low thermal neutron absorption

cross-section, good thermal conductivity, and adequate mechanical properties. These properties make them

appropriate as cladding materials for Light Water Reactors [1, 2]. However, zirconium cladding can be prone

to hydrogen embrittlement due to the formation of brittle hydrides. As the cladding corrodes, hydrogen is

created as a byproduct, and a fraction of the hydrogen produced is picked up by the cladding [3–5]. While

corrosion is the primary source of hydrogen, hydrogen produced by radiolysis of the surrounding water

due to irradiation and the hydrogen present in the materials of the reactor can also be picked up by the

cladding. Once the hydrogen concentration reaches the solubility limit in the material, it precipitates into

brittle hydride particles [6–9]. Different hydride phases precipitate, depending on the conditions [2, 10, 11].

At normal reactor operating conditions, the precipitation of δ-hydrides is favored over other hydride phases,

especially for slower cooling rates [11–14]. Because hydrides are commonly observed as δ-ZrH1.66 in nuclear

fuel cladding [2], the current work focuses on δ-hydride morphology.

Hydride particles form a multi-scale structure, in which nanoscale hydrides of a few dozens of nanometers

aggregate to form long mesoscale hydrides [2, 15, 16]. Observed at low magnification, mesoscale δ-hydrides

appear as platelets, whose length, density, and orientation depend on several factors, including substrate tex-

ture, grain boundary density and orientation, cooling rate during precipitation, external stress, and thermo-

mechanical treatment [2, 17–19]. In particular, whereas mesoscale hydrides tend to orient circumferentially

in a zirconium cladding tube, the presence of an external tensile stress applied in the circumferential direction

during cooling can lead to mesoscale hydride structures with an overall radial orientation. The change from

circumferential to radial hydrides is called hydride reorientation and has been extensively studied because

of its importance in crack propagation [2, 20–29]. Because hydrides are brittle, hydride reorientation can

ease crack propagation through the cladding thickness, which may result in the release of fission products.

Understanding mesoscale hydride morphology is thus crucial to assess cladding integrity. Previous experi-

mental studies have quantified the stress needed to observe hydride reorientation (the threshold stress), and

reported values vary between 50 and 220 MPa [2, 29–34]. Several factors can influence hydride morphology

and the threshold stress, including stress state, hydrogen content, texture, grain size, cold work, and cooling

rate during precipitation, which can account for the disparity in the reported measurements.

The hydride structures observed at the mesoscale are believed to be the result of mechanisms happening
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at lower length scales [2]. Unfortunately, mesoscale hydrides are often thought of as single hydride par-

ticles with a different orientation relationship with the matrix depending on applied stress, rather than a

stacking of nanoscale hydrides. This confusion has hindered the understanding of the formation of long

mesoscale hydrides and of the reorientation process. High magnification micrographs reveal that the long

mesoscale hydrides are, in fact, aggregates of nanoscale hydrides disks stacked either circumferentially or

radially [2, 15, 35, 36] across many grains. Moreover, Transmission Electron Microscopy (TEM) and Electron

Backscatter Diffraction (EBSD) studies show the multi-scale structure of the hydrides at high magnifica-

tion and determine their orientation relationship with the matrix of individual grains. Independent of their

stacking direction, the orientation relationship between the α-Zr matrix and the δ-ZrH1.66 precipitates has

been observed to be {0001}α||{111}δ; < 112̄0 >α || < 11̄0 >δ [2, 16, 37–43], with some reporting a very low

frequency of {101̄7}α||{111}δ [35, 41]. This suggests that hydride reorientation might be caused by different

hydride particle stacking to accommodate the external stress rather than resulting from a change in the

habit planes of the precipitates.

1.2. Previous work on zirconium hydride morphology modeling

Hydride precipitation into specific microstructures with or without applied stress is a complex phenomenon

that has been extensively studied experimentally. Modeling efforts have been produced to complement exper-

imental work and understand the underlying mechanisms governing hydride morphology. At the mesoscale,

phase field modeling has emerged as a powerful and adaptable method to study microstructure evolution in

materials [44–47]. As such, phase field modeling is relevant for the study of complex multi-physics systems

like zirconium hydrides [2, 48–55].

Several models have been proposed to account for hydride morphology, both without and with applied

stress. Some assume that mesoscale hydrides can be described as single platelets that would grow along

the basal plane without applied stress, and perpendicular to the basal plane under applied stress. In

Refs. [50, 51, 56], authors showed that the anisotropy of the strain due to volume misfit between the two

phases is responsible for the elongated shape of the hydrides along the circumferential direction. Then, they

assumed that if a sufficient tensile stress is applied in the circumferential direction, this anisotropy could

reduce or invert and hydride platelets would grow radially rather than circumferentially to accommodate

the stress. Unfortunately, the anisotropy of the volume misfit is rather large and the stress required to lead

to reorientation is between 1.5 and 2.5 GPa [50, 51, 56]. Even when the potential effect of the successive

phase transformations of other hydride phases into δ-hydrides is taken into account [50], the threshold stress
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calculated by the phase field model remains unreasonably high compared to experimental observations [2, 33].

This discrepancy is attributed to the fact that the mesoscale hydride microstructure cannot be accurately

modeled without describing the mechanisms governing the stacking of nanoscale hydride into mesoscale

hydrides.

More recent phase field models have introduced the nanoscale hydride structure to explain the mesoscale

hydride microstructure. This mechanism was investigated in recent studies by Han et al. and Heo et

al. [52, 53]. In the model proposed by Han et al., the anisotropy of the interfacial free energy is defined

so that nanoscale hydrides stack along the {101̄7}α plane without applied stress to correspond to some of

the experimental observations [35, 41]. Then, as the magnitude of the applied stress increases, the stack-

ing direction progressively becomes more radial due to a change in nanoscale hydride shape, as shown in

Fig. 18 in Ref. [52]. In this model, the magnitude of the applied stress is reasonably close to experimental

measurements, which is a significant improvement compared to previous efforts. The approach from Heo

et al. is slightly different. Rather than using an anisotropic free energy, they argue that the applied stress

results in a loss of coherency at the α-Zr/δ-ZrH1.66 interface which reduces the strains in specific directions.

As the magnitude of the applied stress increases, the loss of coherency increases, which leads to a change

in nanoscale hydride shape and stacking direction, as shown in Fig. 5 in Ref. [53]. In this model, the link

between the magnitude of the applied stress and the loss of coherency is not quantitatively defined. It is

thus difficult to relate which applied stress would lead to which microstructure for validation purposes.

However, both these recent models involve the presence of a large shear strain in the elastic description

of the δ-hydrides. In addition to the strain due to the 17% volume misfit between the two phases [2], these

authors introduce a large shear strain of 19% in the model, arguing that it originates from the HCP to FCC

phase transformation. We discuss the validity of such a large shear strain further in Section 2.2.3, but such

an assumption contradicts the shear mechanism proposed by Zhang et al. [57] and supported by Louchez et

al. [58], which offers a formation path for δ-hydrides leading to shear components equal to zero. For that

reason, the current study did not introduce a shear strain, which significantly changes the elastic description

of the system. Nevertheless, Han et al. and Heo et al. have found the shear strain necessary to explain

nanoscale hydride stacking and hydride morphology [52, 53].

1.3. Motivation and aims of the current work

As discussed above, despite considerable experimental and modeling efforts to understand hydride mor-

phology and reorientation under applied stress, the mechanisms behind mesoscale hydride morphology are
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still unknown. This study aims at answering the following question: which physics and mechanisms gov-

ern the formation of specific hydride microstructures? This work hypothesizes that the elastic property

anisotropy of the α-Zr and δ-ZrH1.66 phases is primarily responsible for the nanoscale hydride elongated

shape and stacking behavior. To test this hypothesis, a quantitative phase field model of nanoscale hydrides

has been developed to predict the hydride morphology observed experimentally and identify which mech-

anisms are responsible for circumferential and radial hydride precipitation. The current phase field model

differs significantly from previous modeling efforts by the description of the elastic properties of the α-Zr and

δ-ZrH1.66 phases and in the potential mechanisms that are being accounted for to explain hydride morphol-

ogy. The elastic properties are derived from lower-scale modeling efforts, crystallographic considerations,

and experimental measurements and do not include the large shear strain introduced by previous studies.

Moreover, the current study focuses on the effect of elastic interaction between hydride particles to investi-

gate their stacking behavior. The phase field model’s predictions are carefully compared with experimental

observations to support the mechanisms proposed in this study.

The quantitative phase field model applied to the α-Zr/δ-ZrH1.66 system is described in Section 2, where

the elastic contribution is carefully detailed. The phase field model is then used to investigate hydride

morphology in a single zirconium grain under different precipitation conditions in Section 3. In Section 3.1,

we focus on the morphology of a single hydride as predicted by the phase field model in the absence of applied

stress. The effect of applied stress on an isolated nanoscale hydride particle is investigated in Section 3.2.

Because mesoscale hydride morphology depends on the stacking behavior of nanoscale hydrides, the following

sections, i.e. Sections 3.3 and 3.4, present how hydrides interact and stack, without and with external applied

stress, respectively. These results are then compared to experimental observations in Section 4 to support

the validity of the model and its assumptions. We then discuss the results and their significance regarding

the phase field predictions of hydride morphology in Section 5, where potential ideas for future work are also

discussed. We conclude the manuscript in Section 6.

2. Phase field modeling of the α-Zr/δ-ZrH1.66 system

In the phase field approach, the microstructure is defined by a set of continuous field variables such as

the solute concentration that are evolved in time and space based on the reduction of the free energy of

the system [44, 45]. It allows the coupling of different thermodynamical driving forces for microstructure

evolution, making it possible to include the effect of bulk and interfacial energy, elastic energy, plastic
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deformation, as well as other sources of energy. As such, phase field modeling is relevant for the study of

complex multi-physics systems such as zirconium hydrides [2, 48–53, 55]. Modeling can complement the

understanding from experimental studies by isolating individual physical processes and identifying which

mechanisms govern hydride morphology, and which ones do not.

The main hypothesis of this work is that the elastic property anisotropy of the α-Zr and δ-ZrH1.66 phases

is primarily responsible for the nanoscale hydride elongated shape and stacking behavior. Accordingly, the

current phase field model attempts to capture most of the possible sources of elastic anisotropy of the system,

including in the stiffness tensors or the lattice strains present. The model presented in this work differs from

previous models by the description of the elastic contributions included, which is described in Section 2.2.3.

The interfacial chemical energy treatment of the current phase field model is based on the approach

developed by Kim, Kim, and Suzuki (KKS) [59]. It decouples the bulk and interfacial free energies by

defining the interface as a mixture of different phases. This decoupling allows for the interfacial length

to be defined independently from the bulk and interfacial energy, thus resulting in lower computational

costs than the approach developed by Wheeler, Boettinger, and McFadden (WBM model) [60]. The grand

potential formulation is another approach that defines the interfacial thickness independently of the bulk and

interfacial free energies [61–70]. However, the grand potential model requires more restrictive assumptions

and makes modeling the impact of lattice strain on hydrogen diffusion challenging [70], which is a critical

mechanism in the behavior of hydrogen in zirconium alloys. Because of its lower computational costs and

higher versatility, the KKS model was chosen to model the microstructure evolution of the α-Zr/δ-ZrH

system.

2.1. General formulation of the phase field model

In our phase field model, the microstructure of the α-Zr/δ-ZrH system is described by a composition

variable field c, which represents the total atomic fraction of hydrogen, and order parameter fields ην with ν

representing a given phase variant (ν = αi, δi). Each variable field ην is a phenomenological phase descriptor

that is equal to 1 in its phase, equal to 0 in other phases, and varies continuously from 0 to 1 at the interface.

In this study, the α-Zr phase is described by a single order parameter ηα, and the δ-ZrH phase is described

by two different order parameters ηδ1 and ηδ2 to represent the different elastic variants introduced below. In

the rest of the manuscript, ~η will designate the vector of order parameters ηα, ηδ1 , and ηδ2 .

The evolution of the continuous variables of the phase field model is governed by the reduction of the total
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free energy. In this study, the total free energy is given as

Ftot =

∫
V

ftotdV

=

∫
V

(fchem(c, ~η) + fint(~η) + fel(c, ~η))dV ,

(1)

where ftot is the total free energy density, fchem is the chemical free energy density, fint is the contribution

from the interface to the total free energy, and fel is the elastic energy density.

In the KKS model formulation [59], the total atomic fraction of hydrogen c is described as an interpolation

of the hydrogen atomic fractions in the α and δ phases and variants, respectively cα and cδi (i = 1, 2),

c =
∑
ν

hν(~η)cν , (2)

where hν is an interpolation function for phase ν that varies continuously from hν(ην = 0) = 0 to hν(ην =

1) = 1 with ∂hν/∂ην(ην = 0) = 0 and ∂hν/∂ην(ην = 1) = 0. Several different interpolation functions exist,

but in this study, hν are defined as described in [71] as

hν =
η2ν∑
ν′ η2ν′

. (3)

Using the interpolation functions described in [71] ensures that the total weight of the phase free energy

contributions is equal to 1 since
∑
ν hν = 1. In addition, the total potential in each phase is defined to be

equal to each other at a given location using [59]

µ =
∂ftot
∂cα

=
∂ftot
∂cδi

(4)

to ensure that the interface is defined as a mixture of the two phases with different compositions, but with

the same total potential.

The evolution of the continuous variables of the phase field model is governed by the Cahn-Hilliard and

the Allen-Cahn equations. Since the model does not include the gradient energy in composition, the Cahn-

Hilliard equation [59, 72] becomes a diffusion equation

∂c

∂t
= ∇ ·M∇

(
δFtot
δc

)
, (5)

which dictates the evolution of the hydrogen composition. The hydrogen mobility M will be derived in

Section 2.3. The Allen-Cahn equation [59, 73]

∂ην
∂t

= −L
(
δFtot
δην

)
(6)

governs the evolution of the phase descriptors ην . The mobility of the interface L is assumed to be equal for

all interfaces, and will be defined in Section 2.3.
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2.2. Description of the α-Zr/δ-ZrH system

Accurate values of the phase field parameters such as the chemical, elastic, and interfacial energies are

crucial for the development of a quantitative phase field model. To the extent possible, in this work, these

values are based either on previously published experimental measurements or on atomistic calculations.

Although only isothermal simulations are considered in this study, when available, the temperature depen-

dence of some of the parameters of the model is included. This ensures that the proper parameters are

being used at the desired temperature of the study, it makes it easier to perform isothermal simulations at

different temperatures, and it allows the model to be easily extended to perform simulations with varying

temperatures.

2.2.1. Chemical free energy

The chemical free energy density of the system fchem is defined as

fchem(cν , ~η) =
∑
ν

hν(~η)fνchem(cν), (7)

where fαchem and fδchem are the chemical free energy densities of the α and δ phases, respectively [59]. It

is important to note that the chemical free energy density fδchem is valid for all δ variants, as only the

elastic description changes. In this study, the chemical free energy densities are based on CALPHAD Gibbs

free energies. CALPHAD-based Gibbs free energies as a function of composition and temperature were

determined by Dupin et al. [74] and are reproduced in Appendix A. However, the presence of natural

logarithm terms in these formulas can make these expressions numerically challenging to use. As a result,

parabolic approximations are used in this work for fαchem and fδchem:

fνchem(cν) =
1

2
λν(cν − cvν)2 + f0ν , (8)

with ν indicating the α or δ phases, λν the free energy coefficient, cν the hydrogen atomic fraction in phase

ν, cvν the atomic fraction of the minimum of the parabola, which differs from equilibrium concentration ceqν ,

and f0ν the minimum energy value of the parabola for phase ν. For each temperature, these parameters are

derived to fit the CALPHAD free energies Gα and Gδ. First, the equilibrium concentrations ceqα and ceqδ are

obtained using the common tangent method between Gα and Gδ. Then, solving

fνchem(ceqν ) = Gν(ceqν ), (9)

∂fνchem
∂c

(ceqν ) =
∂Gν
∂c

(ceqν ), (10)
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and
∂2fνchem
∂c2

(ceqν ) =
∂2Gν
∂c2

(ceqν ) (11)

for ν = α and δ ensures that the parabolic energies and their first and second derivatives are equal to those

from the CALPHAD free energies at the equilibrium compositions.

Figure 1 shows the results of the parabolic approximation of the CALPHAD free energies of the two

phases at T = 550 K, and Table 1 presents the values of the parameters used in Eq. (8) for the parabolic

approximation. It is important to note that the parameters cvν are not defined equal to the equilibrium

concentrations ceqν . The use of the parabolic approximation (dashed lines) is justified because they provide the

same equilibrium atomic fractions, similar energies, the same common tangent, and the same curvatures as

the CALPHAD free energies (solid lines). The departure from the CALPHAD free energies happens further

away from the equilibrium compositions, whereas the phase atomic fractions tend to stay near equilibrium

in the model. Moreover, the use of parabolic approximations significantly reduces the computational cost

of the simulations. Moreover, it is important to note that, as shown in Appendix B, this description of the

chemical free energy is directly related to the solubility limit (TSSD) of the system.
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Figure 1: Parabolic approximations of the CALPHAD free energies of the α-Zr/δ-ZrH1.66 (c ≈ 0.62) system at T = 550 K. The

common tangent is shown, as well as the intersection points between the CALPHAD free energies, the common tangent, and

the parabolic approximations (dashed lines). The CALPHAD free energies and the parabolic approximation share the same

common tangent, thus providing the same equilibrium compositions. The departure from the CALPHAD free energies becomes

significant only far from the equilibrium concentrations, which is acceptable since the phase atomic fractions tend to stay near

equilibrium in the model.
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Table 1: Parameters of the parabolic approximation of the chemical free energy densities for the α-Zr/δ-ZrH system at T = 550

K.

Parameter Value Parameter Value Units

λα 589.19 λδ 361.29 eV
nm3

cvα 587.5 cvδ 22746 wt.ppm

f0α -11.36 f0δ -28.34 eV
nm3

2.2.2. Interfacial free energy

The interface contribution to the total free energy is given by

fint(~η) = wg(~η) +
κ

2

∑
ν

‖∇ην‖2, (12)

where κ is a gradient energy coefficient [59], g is a double-well potential defined as

g(~η) =
∑
ν

(
η4ν
4
− η2ν

2

)
+
∑
ν

∑
ν′ 6=ν

γνν′

2
η2νη

2
ν′

+
1

4
, (13)

where w is the height of this double-well potential, and γνν′ = 1.5 [75, 76]. The values for κ and w are set

by the values of the interfacial width l and the interface energy γ as [59, 75, 76]

κ =
3

4.4
γl (14)

and

w = 6.6
γ

l
. (15)

The energy of the α-Zr/δ-ZrH1.66 interface is likely anisotropic. However, because an anisotropic descrip-

tion of the hydride interfacial energy is not available, the interfacial energy is assumed to be isotropic, as

has been done in previous studies [48, 50, 77, 78]. Notably, assuming that the interfacial energy is isotropic

might influence the predicted shape of the hydride particles. Ideally, an anisotropic interfacial energy would

be provided by lower length scale simulations such as DFT calculations. However, to the authors’ knowledge,

these are currently unavailable due to the difficulty of accurately simulating the α-Zr/δ-ZrH1.66 interfaces.

Due to a lack of available data on the interfacial energy, the current study thus focuses on the effect of
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the anisotropy of elastic properties of the system on hydride shape and stacking behavior. The potential

consequences of this assumption are discussed in more detail in Section 5. The value of the interfacial energy

was taken from ab-initio calculations shown in Table 2 [79]. The properties of interfaces between hydride

variants are also unknown. In this study, for consistency and simplicity, they are assumed to have the same

thickness and energy as α-Zr/δ-ZrH1.66 interfaces. Following a convergence study, the value of the interfa-

cial thickness is taken equal to l = 1 nm to limit computational costs while resolving the microstructure for

features on the order of 10 nm. The values derived for κ and w are given in Table 2.

Table 2: Interfacial parameters for the α-Zr/δ-ZrH system.

Parameter Value Units Ref.

γ 1.2483 eV
nm2 [79, 80]

l 1 nm

κ 0.85 eV
nm

w 8.24 eV
nm3

2.2.3. Elastic free energy

This study hypothesizes that the anisotropy of eigenstrains and the stiffness tensors is responsible for

the elongated shape of the nanoscale hydrides and hydride stacking. As a result, the elastic contribution is

described with particular attention in the current model. In this model, the elastic free energy density fel

is derived using the Khachaturyan’s strain interpolation scheme (KHS) [81–83] as opposed to the Voight-

Taylor’s elastic energy interpolation scheme (VTS) [84] or other schemes [70, 85–91]. The KHS scheme has

been commonly used in phase field models. Some of these elastic schemes introduce an excess interfacial

energy at the interface of the phase field model, which can influence predictions. The KHS scheme has been

shown to introduce a smaller excess of energy than the VTS model [70, 90]. Recent efforts have proposed

schemes that introduce no excess elastic energy at the interface [91] and should be considered for future

work. The KHS scheme consists of deriving the strain independently in each phase, and then interpolating

the strains and stiffness tensors across phases before deriving the stress and the elastic energy. In the KHS
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model, the stiffness tensor and the eigenstrain are interpolated to result in

Cijkl =
∑
ν

hν(~η)Cijkl,ν , (16)

and

εelij = εtotij −
∑
ν

hν(~η)ε∗ij,ν , (17)

where Cijkl,α and Cijkl,δ are the stiffness tensors for the α-Zr and δ-ZrH phases, respectively, εelij is the elastic

strain, εtotij is the total strain, and ε∗ij,α and ε∗ij,δ are the eigenstrains that define the lattice strains.

Once the stiffness tensor and the strain are defined, the stress σij is derived assuming linear elasticity. As

discussed below, assuming linear elasticity simplifies the model but ignores the plastic deformation happening

during hydride precipitation [2, 11, 92–94]. The mechanical equilibrium equation is then solved assuming

quasi-static conditions

∇ · σij = 0. (18)

The elastic free energy contribution to the system is then derived as

fel =
1

2
Cijklε

el
ijε

el
kl. (19)

To account for the anisotropy of the elastic contribution, the stiffness tensors and the eigenstrains should

accurately describe the crystal structures and properties of the α-Zr and δ-ZrH phases. In the following

paragraphs, we describe the stiffness tensors and the eigenstrains of the zirconium and the hydride and how

they vary with temperature. We explain how they were derived for the current work, and how it differs from

previous models. When available, we use experimental measurements of the desired properties. However,

when experimental measurements are not available, we use lower-scale calculations and discuss their validity.

Stiffness tensors: The stiffness tensor of the HCP α-zirconium has been experimentally determined

from 4 K to 1155 K using an ultrasonic wave interference technique [95]. The individual components of

the stiffness tensor for α-zirconium have been found to vary linearly with temperature, so, using the Voigt

notation, the value of the component ij can be described as

Cij(T ) = C
Tref
ij + ∆Cij(T − Tref ), (20)

where T is the temperature in K, Tref = 4 K is the reference temperature, C
Tref
ij is the stiffness tensor com-

ponent at the reference temperature, and ∆Cij is the slope with temperature. Due to hexagonal symmetry,

the stiffness tensor can be described with only five unique components. If the direction of the subscript 11
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of the stiffness tensor corresponds to the {112̄0}α direction, 22 corresponds to the {1̄100}α direction, and

33 corresponds to the {0001}α direction, then C11 = C22, C13 = C23, C44 = C55, and C66 = (C11 − C12)/2.

Table 3 provides the values for the stiffness tensor coefficients published by Fisher et al. [95], as well as the

linear temperature coefficients.

Table 3: Stiffness tensor values at Tref = 4 K and linear temperature dependence coefficients from Ref. [95].

11 12 13 33 44 Units

C
Tref
ij 155.4 67.2 64.6 172.5 36.3 GPa

∆Cij(×102) 4.5 1.6 0.11 3.21 1.39 GPa·K−1

Measuring the stiffness tensor of the hydride phases is extremely challenging and no experimental data

is readily available. However, several DFT studies have determined the stiffness tensors of the δ-ZrH1.66

phase [96–100]. Each study selected several possible spatial groups for δ-hydrides, and derived their lattice

parameters, stiffness tensors, and stability. Unfortunately, most of the stable structures predicted by these

studies are not FCC, which contradicts experimental observations [12, 14, 101–103]. The difference between

experimental measurements and DFT predictions can be explained by the fact that these atomistic models

cannot take into account the effect of temperature and correspond to T = 0 K. The relative structure

stability, as well as their tetragonality, are expected to vary as temperature increases, as noted by Zhu et

al. [99]. Moreover, whereas δ-hydrides are a non-stoichiometric phase with random hydrogen occupancy,

DFT calculations model them as stoichiometric structures with a well-defined hydrogen occupancy. This

approximation might bias the δ-ZrH1.66 into being tetragonal rather than FCC. Since the δ-ZrH1.66 structure

has consistently been experimentally observed to be FCC, we have averaged the values of the stiffness tensors

Cij using

Cavg11 = Cavg22 = Cavg33 = (C11 + C22 + C33)/3, (21)

Cavg12 = Cavg13 = Cavg23 = (C12 + C13 + C23)/3, (22)

Cavg44 = Cavg55 = Cavg66 = (C44 + C55 + C66)/3, (23)

where Cavgij represents a stiffness tensor with cubic symmetry. Figure 2a shows the C11, C12, and C44 values

of the different averaged stiffness tensors derived from Refs. [96–100]. The direction of the subscripts 11, 22,

and 33 correspond respectively to the [100], [010], and [001] directions. Although all the averaged tensors
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Figure 2: Different values for the stiffness tensors of the FCC δ-ZrH1.66 predicted by DFT calculations [96–100]. (a) shows the

averaged values for C11, C12, and C44 as provided in the literature and (b) shows the ratios C11/C11, C12/C11, and C44/C11.

The direction of the subscripts 11, 22, and 33 correspond respectively to the [100], [010], and [001] directions. The range of

these values have been used in a sensitivity analysis to study the effect of stiffness tensor values on hydride morphology in

Section 3.1.1. The values from Ref. [97] are clear outliers and were not used in this study.

presented in Fig. 2a respect FCC symmetry, discrepancy remains between DFT predictions. The values

provided by Zhu et al. [97] are clear outliers and will not be used in the rest of this study. The remaining

tensors, however, are still significantly different. These differences can be clearly seen when we normalize the

unique components of the stiffness tensor by the 11 component, as shown in Fig. 2b. These DFT predictions

thus present significant limitations: the available data offer large variations and correspond to the stiffness

tensor value at T = 0 K. Based on the values provided in Fig. 2, a sensitivity analysis was performed

to understand the effect of the stiffness tensor values on nanoscale hydride shape. This analysis provides

insights to guide the choice of stiffness tensor values for the δ-ZrH phase in the phase field model. This

study is described below in Section 3.1.1.

Independently of their values, these elastic tensors need to be rotated before being used in the phase

field model to ensure that the orientation relationship between the two phases is respected. As stated

in Section 1, the orientation relationship between the α-Zr matrix and the δ-ZrH precipitates has been

consistently observed to be {0001}α||{111}δ; < 112̄0 >α || < 11̄0 >δ [2, 37, 38, 40, 104]. While the rotation

of the stiffness tensors has been overlooked by several studies [49, 50, 52], it appears to have a significant

impact on the nanoscale hydride morphology because of its anisotropy. To ensure that the stiffness tensors
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of the two phases are accurately aligned to describe the orientation relationship, tensors need to be properly

rotated with respect to each other, as shown in Fig. 3. Due to the symmetry of the two phases, two different

(a) (b)

Figure 3: Rotation of the face-centered cubic δ-ZrH structure with respect to the hexagonal α-Zr structure to respect the

orientation relationship between the two phases. The green hexagon represents α-Zr, the blue cube represents the FCC δ-ZrH,

the gray triangles represent the {111}δ planes, and the blue dotted lines represent the [11̄0]δ, [112̄]δ, and [111]δ directions,

which need to align with the [112̄0]α, [1̄100]α, and the [0001]α direction, respectively. (a) shows the arrangement before the

rotation, and (b) shows the arrangement after rotation, once the orientation relationship is respected. These figures have been

produced using a Python code developed with Jesse Carter from the Naval Nuclear Laboratory.

arrangements respect the orientation relationship between the face-centered cubic δ-ZrH and hexagonal

α-Zr structures, leading to two different hydride variants which differ by a rotation of 60◦ around the

[0001]α//[111]δ axis. This aspect of the current model differentiates it from previous efforts where the

hydride variants came from the eigenstrain description [52, 53]. More details on how the rotation matrix

and rotation angles can be derived are available in Appendix C.

Eigenstrains: The eigenstrains of the system take into account the different internal anisotropic stress-

free strains for the elastic description of the system. In this study, the eigenstrains include three different

effects: first, the misfit strain due to the volume difference between the α-Zr phase and the δ-ZrH1.66 phase

(ε∗,misij,δ ), second, the internal strain due to the presence of hydrogen atoms in solid solution in the hexagonal

zirconium matrix (ε∗,Hssij,α = cαλij with λij the local distortion tensor [105]) and third, the strain due to
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the thermal expansion of the two phases ((T − T refα )ε∗,Thij,α and (T − T refδ )ε∗,Hssij,δ with T the temperature in

Kelvin, and T refν the reference temperature for phase ν). The eigenstrains in the α and the δ phases are

thus defined as

ε∗ij,α = cαλij + (T − T refα )εThij,α, (24)

and

ε∗ij,δ = ε∗,misij,δ + (T − T refδ )εThij,δ. (25)

These physical properties have been measured experimentally or computed numerically and are introduced

in the phase field model to accurately describe the elastic contribution.

The anisotropic strain due to the volume misfit between the α-Zr phase and the δ-ZrH1.66 phase can be

derived from the crystallographic structures. The full derivation can be found in Appendix D. Importantly,

the eigenstrain values used in this study listed in Table 4 do not include a shear strain, as supported by

Zhang et al. [57] and Louchez et al. [58]. This description differs from the assumptions made in Refs. [52, 53],

where a large shear strain of around 19% was added to the models. Although this shear strain was found to

be a key aspect of the models from Refs. [52, 53], the current work accurately predicts hydride morphology

without it.

The strains due to the thermal deformation in both phases are taken from the experimental measurements

provided in Refs. [103, 106] and are listed in Table 4. The values for the strain in the α-Zr phase due to the

presence of hydrogen atoms in solid solution are provided by neutron diffraction measurements performed by

MacEwen et al. [105]. It is important to note that the KKS model was chosen over the grand potential model

specifically to include the concentration-dependent eigenstrain ε∗,Hssij,α [70]. This concentration-dependent

elastic contribution captures the interaction between hydrogen in solid solution and the stress field in the

materials, which is crucial to an accurate physical description of the system, as shown in Section 3.

The elastic description of the model accounts for several sources of anisotropy in the system. Due to

the high strain created inside and around the nanoscale hydrides, part of the elastic energy is relaxed by

plastic deformation [2, 11, 92–94]. However, this model does not include plastic relaxation. As a result, the

model overestimates the magnitude of the elastic strains, stress, and energies predicted in the vicinity of

the hydride interface. This approximation is expected to magnify the effect of the elastic energy on hydride

shape and interaction.
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Table 4: Eigenstrain tensors for the α-Zr/δ-ZrH system.

Tensor 11 22 33 Ref.

ε∗ij,δ 0.0477 0.0477 0.0745 [12]

λij 0.0329 0.0329 0.0542 [105, 107]

εThij,α (×106) 5.5 5.5 10.8 [106]

εThij,δ (×106) 14.1 14.1 14.1 [103]

2.3. Kinetic parameters

A quantitative phase field model must use appropriate kinetic parameters to capture hydrogen diffusion

and interface motion. The hydrogen mobility M introduced by the Cahn-Hilliard equation is defined by

Kim et al. [59] as

M =
D

fcc
, (26)

where D is the isotropic diffusion coefficient of hydrogen described as an Arrhenius law of the type

D = D0 exp

(
−Q

∗
D

RT

)
, (27)

where D is in m2/s, D0 is the diffusion coefficient obtained at high temperature in m2/s, Q∗D is the activation

energy for solid state diffusion of hydrogen in zirconium in J/mol, T is the temperature in Kelvin, and R

is the ideal gas constant. The current study relies on the calculations by Zhang et al. [108], which compare

well with experimental measurements [3, 109, 110]. The hydrogen diffusivity depends only slightly on the

crystallographic direction in the alloy. Zhang et al. predict that the ratio Dc/Da of the diffusion coefficients

in the a-direction and the c-direction of the hexagonal zirconium is lower than 1.15 for T < 600 K [108].

This observation is consistent with other experimental and modeling studies [111, 112].

fcc is defined as

fcc =
∂2cf

α
chem ∂2cf

δ
chem∑

ν

[
hν
∏
ν′ 6=ν ∂

2
cf

ν′
chem

] (28)

with ν = α, δi and ∂2fνchem/∂c
2
ν written as ∂2cf

ν
chem for clarity [59]. Because the chemical free energy

density of each phase is described as a parabola and all δ-ZrH variants have the same chemical energy,
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∂2fνchem/∂c
2
ν = λν and fδ,ichem = fδchem. This means that fcc can be simplified as

fcc =
λαλδ

hαλδ + hδλα
. (29)

While hydride precipitation is usually assumed to be a diffusion-controlled phenomenon, recent experi-

mental studies have shown that this transformation transitions from a diffusion-controlled phenomenon at

low temperatures to a reaction-controlled phenomenon at high temperatures, with a transition temperature

around 580 K [8]. Because most simulations in this study take place at 550 K, the kinetic constant L is de-

fined to be equal to M . This definition has been observed to be sufficient to ensure that hydride precipitation

is mostly diffusion-controlled while being computationally efficient.

2.4. Numerical method

Our phase field model is implemented using the finite element method with the Multiphysics Object-

Oriented Simulation Environment (MOOSE) [113–116]. Simulations are performed at T = 550 K with a

total concentration of hydrogen equal to ctot = 200 wt.ppm. The temperature of T = 550 K was chosen

to correspond to the early stages of hydride precipitation. Since hydride nucleation is not included in the

model, hydride nuclei are introduced in the domain at t = 0 s as circular particles with a radius of 5 nm and

with a hydrogen atomic fraction of 0.60, corresponding to a δ hydride. The remaining hydrogen is uniformly

distributed in the rest of the domain.

The size of the three-dimensional (3D) domain is limited by the computational cost of the simulations.

Most simulations presented in this manuscript require around 250 cores for several weeks. The domain size

of the simulations in this study is 100 nm × 100 nm × 100 nm. Since the interfacial thickness is fixed at

1 nm for the 3D simulations to resolve the smallest features of the domain, the Cartesian mesh is defined

with four or more levels of adaptivity so that a minimum of five elements are present across the interface.

These parameters enabled domain sizes on the order of hundreds of nanometers and can be compared to

nanoscale hydrides observed experimentally [15]. The time step size starts at 2× 10−4 ms and an adaptive

time stepper readjusts the time step throughout the simulations up to 0.1 ms.

A zero flux is imposed at the boundaries for the variables c and ~η to isolate the growing hydrides. The

boundary conditions for the displacements are defined to prevent rigid-body motion of the domain while

limiting the effect of the boundary conditions on the stress field generated by the hydride. The center of the

domain is fixed, and the displacement in the x, y, and z direction is null at the center point of the bottom,

back, and left faces of the cubic 3D domain, respectively. To study hydride growth under stress, an applied

19



stress is introduced by applying a pressure on the desired faces of the 3D domain. The pressure corresponds

to an applied stress of 250 MPa, unless otherwise specified.

A simulation is considered to have reached equilibrium when the derivative of the total free energy of the

system provided by Eq. (1) falls below a specified threshold. The threshold value for equilibrium was fixed

at dFtot/dt|eq = 50 eV/ms.

3. Phase field model predictions of hydride morphology

The phase field model is used to investigate hydride morphology in a single zirconium grain under different

precipitation conditions. We first focus on the morphology of a single hydride without applied stress in

Section 3.1 and with applied stress in Section 3.2. Then, because mesoscale hydride morphology depends on

the stacking behavior of nanoscale hydrides, Sections 3.3 and 3.4 present how hydrides interact and stack,

without and with external applied stress, respectively.

3.1. Morphology of a single nanoscale hydride

In Section 2, we defined the phase field model used in this work. The value of the stiffness tensor of the

δ-ZrH1.66 phase, however, was not fixed due to a lack of available data. In Section 3.1.1, we describe how

a value was selected for this model. Section 3.1.2 then presents the hydride morphology predicted by the

phase field model with the values fixed in the previous section. The effect of a hydride particle on the elastic

energy in the matrix and its influence on hydrogen distribution is then described in Section 3.1.3.

3.1.1. Effect of stiffness tensor values on nanoscale hydride morphology

As described in Section 2.2.3, no experimental measurements are available for the δ-ZrH1.66 phase stiffness

tensor and the current model relies on DFT predictions at T = 0 K. Moreover, DFT calculations of the δ-

ZrH1.66 stiffness tensor offer a wide range of values [96–100]. We performed a parametric study to determine

the effect of the stiffness tensor values on the nanoscale hydride shape, aspect ratio, and bulk properties

predicted by the phase field model. We then determined which stiffness tensor parameter values should be

used in the phase field model. 3D simulations of the growth of single nanoscale hydrides were performed for

different values of C11 between 130 GPa and 165 GPa, C12/C11 between 0.6 and 0.95, and C44/C11 between

0.3 and 0.5 to cover the different values presented in Fig. 2. Simulations were performed using MOOSE until

equilibrium was reached using the specifications provided in Section 2.4.
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As shown in Fig. 4, hydride shape strongly depends on the stiffness tensor values. The final results for

the different stiffness tensor values are numbered for identification. The phase field model predicts the

experimentally reported disk-like shape for lower values of C12/C11, but not for other stiffness tensor values.

Although the hydride edge lies in the basal plane for high values of C11 and C44/C11 and low values of

C12/C11 (see results 3, 5, and 8 in Fig. 4), Fig. 4 shows that the hydride edge becomes wavy for lower C11

and C44/C11 values and higher C12/C11 values (see results 1, 2, 6, and 7 in Fig. 4). This departure from the

disk-like shape can lead to complex shapes for higher values of C12/C11 and lower values of C11 (see results

1, 6, and 7 in Fig. 4). Such complex shapes do not correspond to the hydride shape experimentally observed

Figure 4: Effect of stiffness tensor values on nanoscale hydride shape, aspect ratio, and bulk elastic properties. The 3D

morphology of nanoscale hydrides is shown for different δ-ZrH1.66 phase stiffness tensor values, here characterized by C11,

C12/C11, and C44/C11. The hydrides are numbered, and the corresponding aspect ratio (AR) of a hydride particle, defined as

the ratio between its height and width is specified next to it, along with the effective Young’s modulus (E) derived from the

stiffness tensor values [98]. The top-left corner image shows how the hydride edge can become wavy and become misaligned

with the basal plane. Hydride shape strongly depends on the stiffness tensor values. The stiffness tensor value selected for the

rest of this study is marked with a red dot.
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with TEM and EBSD observations reported in the literature [2, 16, 40, 41, 117]. Smaller departures from

cylindrical symmetry, however, would not be clearly evident in experimental observations. Moreover, as

shown in Fig. 4, the aspect ratio of the disk-like hydrides, defined as the ratio between its height and width,

still varies. Hydrides grow more elongated, with smaller aspect ratios, as C44/C11 decreases (see changes

from result 4 to result 2 in Fig. 4). Figure 4 also shows the effective Young’s modulus of the δ-ZrH1.66

phase, which can be derived from C11, C12, and C44 using the formula from Ref. [98]. The Young’s modulus

decreases with decreasing C11 and C44/C11 values and increasing C12/C11 values.

The stiffness tensor values significantly influence the predicted hydride shape and the bulk elastic properties

of the δ-ZrH1.66 phase, even within the limited range provided by DFT calculations. The choice of stiffness

tensor strongly affects phase field modeling predictions. It is important to select stiffness tensor values

that lead to reasonable predictions of the nanoscale hydride particle shape. As discussed above, nanoscale

hydrides are described as disk-like [2]. This observation justifies selecting a lower C12/C11 value. Moreover,

nanoscale hydride particles are rather elongated, which corresponds to low aspect ratio values, provided by

lower values of C11 and C44/C11. Besides, for the δ-ZrH1.66 stiffness tensor to represent the elastic properties

at T = 550 K rather than at T = 0 K, the Young’s modulus should correspond to experimentally measured

values. At T = 550 K, the Young’s modulus of the δ-ZrH1.66 phase was experimentally measured to be

between 80 and 107 GPa [15, 118–120]. Moreover, the values should be consistent with the majority of the

DFT-calculated values presented in Fig. 2. Given these considerations, C11 = 140 GPa, C12/C11 = 67.5,

and C44/C11 = 0.35 provide a reasonable hydride shape, aspect ratio, and elastic properties for T = 550 K.

This value has been marked with a red dot in Fig. 4.

3.1.2. Single hydride morphology

Figure 5 shows a single nanoscale hydride simulated using the model described in Section 2 with the

specific values for the δ-ZrH1.66 stiffness tensor that we selected above. Simulations were performed using

the specifications provided in Section 2.4. The hydride particle presents an elongated shape along the basal

plane of the hexagonal α-Zr matrix with an aspect ratio of 0.359. The Young’s modulus is equal to 97

GPa, which falls within the range of experimental values listed above at T = 550 K. Remarkably, due to

the anisotropy of the stiffness tensor, the nanoscale hydride is not exactly disk-like. Rather than exhibiting

a cylindrical symmetry around the [0001]α//[111]δ direction, it presents a three-fold rotational symmetry,

which corresponds to the three-fold symmetry between the HCP and the FCC structures. As described in

Section 2.2.3, the orientation relationship and symmetry of the two crystals lead to two hydride variants.
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As shown in Fig. 5, the two variants differ only by a rotation of 60◦ around the [0001]α//[111]δ axis. This

description of the α-Zr/δ-ZrH1.66 system will be used in the remainder of this study to investigate nanoscale

hydride morphology and stacking behavior.

3.1.3. Influence of a single hydride on the stress field and hydrogen distribution in the matrix

Due to the misfit between the two phases, the matrix is strained to accommodate the growing hydride.

Parts of the matrix around the hydride are in compression, and other parts are in tension. The resulting

anisotropic stress field in the matrix influences hydrogen distribution, as hydrogen atoms tend to diffuse

(a) (b) (c)

(d) (e) (f)

Figure 5: Nanoscale hydride shape with selected stiffness tensor values of C11 = 130 GPa, C12/C11 = 67.5, and C44/C11 = 0.35

at t = 1 ms. This figure shows the two hydride variants from different points of view. (a,b,c) show one variant and (d,e,f) show

the other. The two variants differ by a rotation of 60◦ around the [0001]α//[111]δ axis. The hydride aspect ratio is equal to

0.359. The domain size is 100 nm × 100 nm × 100 nm.
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towards zones in tension to minimize the eigenstrain introduced in Eq. (24). The interaction between the

hydrogen in solid solution and the stress field is described as the elastic interaction [121–123]

f int,Hel = −σijε∗,Hssij,α , (30)

where ε∗,Hssα is the stress-free strain due to the presence of hydrogen in solid solution in the zirconium matrix

introduced in Eq. (24). Zones with positive f int,Hel values tend to attract hydrogen atoms. Similarly, the

presence of a hydride influences the ability of the matrix to accommodate another hydride particle, as zones

in tension can better accommodate the volume change during phase transformation. The energy of this

hydride-hydride interaction can be derived as

f int,δel = −σij(ε∗ij,δ − ε∗ij,α), (31)

where the eigenstrains ε∗δ and ε∗α are provided by Eqs. (24) and (25), respectively.

Figure 6 shows the elastic interaction energies f int,Hel , f int,δel , and the hydrogen distribution around a

nanoscale hydride. The stress field around the hydride particle is anisotropic and influences hydrogen

distribution, hydride growth, and hydride interaction. Zones above and below the hydride platelet are in

compression and form hydrogen depleted areas, while zones near the hydride edge are in tension, which

attracts hydrogen atoms. Zones in tension also tend to promote hydride precipitation, while zones in

compression impede it, leading to the elongated hydride shape. While Section 3.3 specifically focuses on

hydride interaction, Fig. 6c provides valuable information on how hydrides are expected to interact. Due to

the high elastic interaction energy on top and below the hydride platelet, the stacking of nanoscale hydrides

along the [0001]α//[111]δ direction is probably not energetically favorable. The radial stacking of nanoscale

hydrides is thus expected to be unfavorable.

The elastic interactions between the hydrogen in solid solution, the δ-ZrH1.66 hydride, and the α-Zr

matrix result in the observed hydride shape and hydrogen distribution around the hydride. These elastic

interactions are highly sensitive not only to the elastic tensor, as discussed in the previous section, but also

to the eigenstrain that results from hydrogen in solid solution and from the lattice mismatch between the two

phases. Changes to these elastic interactions are likely to have a significant impact on hydride morphology.

3.2. Effect of applied stress on single hydride growth

As shown in Fig. 5, without applied stress, the hydride shape reflects the three-fold symmetry of the

arrangement between the HCP α-Zr and the FCC δ-ZrH1.66 phases discussed in Appendix D in Fig. D.17.
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(a) fint,Hel
(b) Hydrogen distribution (c) fint,δel

Figure 6: Effect of the presence of a nanoscale hydride particle on elastic interaction terms and hydrogen distribution. (a)

shows the elastic interaction energy f int,Hel , (b) shows the hydrogen content c, and (c) shows the elastic interaction energy

f int,δel . These images show 3D contours, one for low values (blue), high values (red), and for f intel = 0 (gray) when appropriate.

Zones on top and below the hydride platelet are in compression and form hydrogen depleted areas, while zones near the hydride

edge are in tension and attract hydrogen atoms. The domain size is 100 nm × 100 nm × 100 nm.

The presence of an applied stress can disturb this symmetry and influence hydride shape. Following the

approach described in Section 2.4, we simulate hydride growth to investigate the impact of applied stress on

the shape of a single hydride. Figure 7 shows the predicted hydride shape and its effect on the matrix and

hydrogen distribution when precipitation happens under tensile applied stress. Comparing these results with

those presented in Figs. 5 and 6 reveals the effect of applied stress on hydride morphology. The morphology

depends on the applied load direction, and in both cases, the orientation of the hydride, the shape of the

hydride, and the hydrogen distribution around the hydride all change.

As shown in Figs. 7a to 7c, when the stress is applied in the y-direction (in the [1̄100]α//[112̄]δ direction),

the loss of symmetry due to the applied load causes the hydride to become disk-like and form an angle

approximately equal to 35◦-40◦ with the basal plane in the [1̄100]α//[112̄]δ direction, which corresponds

to the direction of the applied stress. Markedly, its edges have lost the wavy features observed without

applied stress in Fig. 5. It is interesting to note that Fig. 7b shows that the hydride grew preferentially in

the [112̄0]α//[11̄0]δ direction, i.e. perpendicular to the applied stress. This can be explained by the tension

created in the matrix by the applied stress, which modifies the strain field around the hydride and promotes

hydride growth in certain directions. As shown in Fig. 7c, the zones around the hydride edges are still in

tension and attract hydrogen, and the top and bottom parts are in compression, thus preventing hydrogen
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(a) σASx = 0, σASy = 1 (b) σASx = 0, σASy = 1 (c) σASx = 0, σASy = 1

(d) σASx = 1, σASy = 0 (e) σASx = 1, σASy = 0 (f) σASx = 1, σASy = 0

Figure 7: Effect of a 250 MPa applied stress on hydride shape and orientation. The direction of the applied stress is shown

in the figures and is provided by the ratios σASx , σASy which corresponds to the fraction of applied stress applied in the x and

y directions, respectively. (a,b,d,e) show the hydride shape at t = 1.4 ms, and (c,f) show the hydrogen distribution around

the hydride. The direction of the applied stress influences the shape and orientation of the nanoscale hydride particle and the

hydrogen distribution. The results are similar with an applied load of 20 MPa. The domain size is 100 nm × 100 nm × 100

nm.
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agglomeration and hydride growth.

When the stress is applied in the x-direction (in the [112̄0]α//[11̄0]δ direction), as shown in Figs. 7d

to 7f, the hydride platelet forms an angle of approximately 20◦ with the [1̄100]α//[112̄]δ direction (i.e. the

normal to the hydride disk forms a 20◦ angle with the [0001]α//[111]δ direction). In contrast to the hydride

obtained with an applied stress along the y-axis, the edges of the hydride shown in Figs. 7d to 7f are still

wavy, indicating only a partial loss of symmetry. However, once again, the hydride grows preferentially

perpendicular to the direction of the applied stress, i.e. along the [1̄100]α//[112̄]δ direction. While the

changes in hydride shape and orientation influence the stress field and hydrogen distribution around the

hydride particle, the same basic observations remain true. The matrix is in compression below and above

the hydride, leading to hydrogen depletion, and the zone near the edge of the hydride is in tension, favoring

hydride growth and hydrogen agglomeration.

The applied stress thus influences the stress field in the matrix, which influences hydride shape during

growth, which further affects the stress field around the hydride particle. As a result, hydrogen distribution

and elastic interaction are affected by the presence of the applied stress. However, it is important to note

that in all cases, the top and bottom of the hydride particle are in compression and depleted in hydrogen,

while the zone next to the hydride edges is in tension and rich in hydrogen. The difference in the shape

of the hydride when the load is applied in the y-direction versus the x-direction can be explained by how

the applied stress aligns with the HCP and FCC crystals. The crystal structures shown in Fig. 3 are not

equivalent in the different directions of the applied stresses introduced in Fig. 7. Because of the anisotropy

of the δ-ZrH1.66 stiffness tensor, the delta phase reacts differently when the stress is applied along [112̄]δ

or along [11̄0]δ. This observation reinforces the importance of properly orienting the two crystals and their

elastic tensors to accurately predict the effect of stress on hydride growth.

While Fig. 7 shows results for an applied stress of 250 MPa, a similar shape and loss of symmetry were

obtained with applied stresses of 20 MPa, which is much lower than the experimentally observed threshold

stresses for hydride reorientation. This change in hydride orientation is thus unlikely to correspond to

hydride reorientation at the mesoscale. Rather, the phase field model seems to suggest that in real materials

with defects and anisotropic stress field, hydrides are expected to orient more like those shown in Fig. 7 than

those shown in Fig. 5.

In light of the results presented here, it is clear that the internal stress state in the zirconium matrix

has a significant impact on hydride morphology. The presence of an applied stress breaks the three-fold

symmetry of the hydrides and leads to a slight misorientation of the hydride disc with the basal plane of
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the hexagonal matrix. However, additional hydrides also change the internal stress state and thus may also

impact the overall hydride morphology. Therefore, to understand hydride morphology, we need to investigate

how nanoscale hydrides interact with each other.

3.3. Interaction between nanoscale hydrides

The anisotropic strain field generated around nanoscale hydrides not only dictates how hydrides grow and

influence hydrogen distribution, but governs hydride interaction as well. The strain fields interact and affect

hydride growth, as hydrides arrange themselves in a way that minimizes the total free energy of the system.

In this section, we simulate the growth of two neighboring hydride nuclei in different configurations and

stacking directions. In Section 3.3.1, both hydrides represent the same variant, while hydrides represent the

two different variants in Section 3.3.2. These simulations provide insights into the most favorable or unlikely

hydride configurations and stacking directions.

3.3.1. Interaction between hydrides of the same variant

Figure 8 presents how two hydrides from the same variant grow and interact for different initial relative

positions. The simulations were performed with the same parameters as in previous sections (see Section 2.4),

only this time with two initial hydride nuclei. Spherical hydride nuclei are positioned 30 nm apart either

along the [112̄0]α//[11̄0]δ, [1̄100]α//[112̄]δ, or [0001]α//[111]δ direction and grow under no applied stress.

Hydrides interact and influence each other’s position, shape, and orientation during growth to minimize the

total energy of the system. The behavior of the hydride particles depends markedly on the initial stacking

of the nuclei.

In Figs. 8a to 8c, hydrides stacked along [112̄0]α//[11̄0]δ misalign themselves with the basal plane by

rotating together around the same axis. They are attracted to each other as they grow, until they merge into

one single hydride. The resulting hydride exhibits a similar disk-like shape and orientation as the hydrides

observed in Figs. 7a to 7c under applied stress. In Figs. 8d to 8f, hydrides stacked along [1̄100]α//[112̄]δ

attract each other, rotating around parallel axes. They elongate towards each other and take on a similar

shape and orientation as shown in Figs. 7d to 7f. However, in this configuration, hydrides align in the

[1̄100]α//[112̄]δ direction without merging. They rotate around the [112̄0]α//[11̄0]δ direction, which misaligns

their edges and prevents them from merging. In the case of the stacking along the [0001]α//[111]δ direction

shown in Figs. 8g to 8i, hydrides repel each other along the [0001]α direction, before taking on the disk-like

shape and orientation observed previously in Figs. 7a and 8c and leaving their [0001]α stacking direction.
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(a) t = 0 ms (b) t = 0.32 ms (c) t = 1.02 ms

(d) t = 0 ms (e) t = 0.29 ms (f) t = 1.24 ms

(g) t = 0 ms (h) t = 0.31 ms (i) t = 1.5 ms

Figure 8: Hydride interaction during growth when both hydrides represent the same variant. Two spherical hydride nuclei

are positioned close to each other either along the [112̄0]α//[11̄0]δ (a,b,c), [1̄100]α//[112̄]δ (d,e,f), or [0001]α//[111]δ (g,h,i)

direction and grow without applied stress. Hydrides interact and affect each other’s position, shape, and orientation to find the

most favorable configuration given the initial positions. In (a,b,c), the hydrides merge together, in (d,e,f), they align along the

[112̄0]α//[11̄0]δ direction without merging, and in (g,h,i), they repel each other along the [0001]α direction. The domain size

is 100 nm × 100 nm × 100 nm.
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These three configurations show that the initial hydride stacking influences hydride interaction. They can

merge, repel each other, or align without merging. Explaining these behaviors requires investigating the

elastic interaction energy between hydrides introduced in Eq. (31). Figure 9 shows f int,δel on 2D slices of the

simulations presented in Fig. 8. As explained above, negative values of elastic interaction energy promote

hydride growth, while positive values impede it [123]. Zones with negative values are located near the edges

of the hydride particles, while positive values are located above and below them. Figure 9a shows that the

elastic interaction energy is negative between the two hydrides for the [112̄0]α//[11̄0]δ stacking. Thus, there

is a driving force for the hydrides to merge and form a single hydride. When the elastic interaction energy

is positive between the two hydrides, there is no driving force for them to merge. Figure 9b shows that the

two hydrides align with a distance that optimizes the elastic interaction for the [1̄100]α//[112̄]δ stacking.

The positive elastic interaction energy between them prevents them from merging. However, having them

(a) (b) (c)

-0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05 0.06

f int;/
el (ev/nm3)

Figure 9: Elastic interaction f int,δel between hydrides from the same variant when stacked along the (a) [112̄0]α//[11̄0]δ, (b)

[1̄100]α//[112̄]δ, and (c) [0001]α//[111]δ directions at respectively t = 0.24 ms, t = 1.24 ms, and t = 1.25 ms. The white line

shows the contour for f int,δel = 0 ev/nm3. In (a), the elastic interaction energy is negative due to the large tensile stress present

at the edges of the hydrides, leading to the two hydrides merging. In (b), the elastic interaction energy is positive between the

two hydrides and they keep each other at a set distance where the elastic interaction term is null. In (c), the elastic interaction

term is positive between the two hydrides and they repel each other. The domain size is 100 nm × 100 nm × 100 nm.
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further away from each other would create an area with negative elastic interaction energy, which would

act as a driving force to bring them closer. When the elastic interaction energy is too large, however,

hydrides repel each other. This is the case for the [0001]α//[111]δ stacking, shown in Fig. 9c. Hydrides

are in the compression zones created by the other hydride and the elastic interaction energy is high. They

thus repel each other along the [0001]α direction to find a more favorable configuration. The configuration

shown in Fig. 8i is not at equilibrium. The hydrides are slowly translating further away from each other in

the [1̄100]α//[112̄]δ and [0001]α//[111]δ directions. In the meantime, the top hydride is dissolving and the

bottom hydride is growing to minimize interaction. The selection of one particle over the other is attributed

to random numerical fluctuations.

The translation of the hydrides away from the [0001]α//[111]δ stacking direction means that another

configuration is more favorable. To find this configuration, two hydride nuclei were positioned 26 nm apart

in the [0001]α//[111]δ and 20 nm apart in the [1̄100]α//[112̄]δ direction, as shown in Fig. 10. Except for the

initial position of the hydride nuclei, the simulation is the same as those shown in Fig. 8. Hydrides quickly

take on the same shape already observed in Figs. 7c, 8c and 8i, and then align themselves in the direction

of the elongation to minimize elastic interaction.

The relative stability of the configurations shown in Figs. 8 and 10 can be established by comparing the

(a) t = 0 ms (b) t = 0.69 ms (c) t = 1.05 ms

Figure 10: Hydride interaction during growth when both hydrides represent the same variant. Two spherical hydride nuclei are

positioned close to each other, 26 nm apart in the [0001]α//[111]δ direction and 20 nm apart in the [1̄100]α//[112̄]δ direction

and grow without applied stress. Hydrides interact and affect each other’s position, shape, and orientation to find the most

favorable configuration given the initial positions. In this case, hydride particles stack along the elongated direction, forming

an angle of around 40◦ with the basal plane of the hexagonal matrix. The domain size is 100 nm × 100 nm × 100 nm.
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total free energies of the systems. This will be done at the end of the next section in Section 3.3.3 after

studying the configurations for hydrides from different variants.

3.3.2. Interaction between the two different hydride variants

Due to the different crystal orientations of the two hydride variants, two hydride particles interact dif-

ferently when they represent different variants. Figure 11 shows how the two hydride variants interact.

Simulations were performed with the same parameters as in Fig. 8, except that each hydride nuclei represent

one of the two hydride variants.

When hydrides of different variants are stacked along [112̄0]α//[11̄0]δ, they misalign themselves with the

basal plane by rotating around the same axis and take on the shape and orientation previously observed.

However, because they represent two different variants, they rotate in opposite directions, as shown in

Figs. 11a and 11b. This results in the two hydrides forming an X in the (112̄0)α plane as they come in

contact. Because these two hydrides represent different variants, a grain boundary separates them when

they touch. In Figs. 11c and 11d, hydrides stacked along [1̄100]α//[112̄]δ attract each other. They grow

elongated towards each other and come in contact. This configuration differs from the one observed in

Figs. 8d to 8f where hydrides represented the same variant. Rather than stacking without merging due to

the positive elastic interaction term between them, the two hydrides merge and form a V shape. In the case

of the stacking along the [0001]α//[111]δ direction shown in Figs. 11e and 11f, hydrides repel each other along

the [0001]α direction, before one of them takes on the disk-like shape and orientation observed previously,

while the other starts dissolving.

The last two sections have shown how nanoscale hydrides interact and stack depending on their initial

relative positions and the variants being represented. The basic mechanisms between hydride particle in-

teraction can be explained using the elastic interaction energy f int,δel . Hydrides interact to minimize the

elastic interaction energy. When f int,δel is positive between the hydrides, they repel each other. When f int,δel

is negative, this promotes hydride growth and hydrides tend to merge. Interestingly, very different stacking

behaviors result from these mechanisms depending on the initial hydride configuration. The following section

compares the energy of these morphologies to determine which ones are the most favorable.

3.3.3. Stability of nanoscale hydride stacking

The previous sections have shown that neighboring hydrides interact with each other and influence each

other’s shape, orientation, and position. Different hydride morphologies were obtained depending on the
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(a) t = 0 ms (b) t = 0.94 ms

(c) t = 0 ms (d) t = 0.47 ms

(e) t = 0 ms (f) t = 1.8 ms

Figure 11: Hydride interaction during growth when both hydrides represent different variants. Two spherical hydride nuclei are

positioned close to each other either along the (a,b) [112̄0]α//[11̄0]δ, (c,d) [1̄100]α//[112̄]δ, or (e,f) [0001]α//[111]δ direction and

grow without applied stress. Hydrides interact, affect each other’s position, shape, and orientation to find the most favorable

configuration given the initial positions. In (a,b), because each variant selects a different orientation, the two hydrides come

in contact to form an X. In (c,d), the two hydride variants come in contact to form a V shape. In (e,f), they repel each other

along the [0001]α direction. The domain size is 100 nm × 100 nm × 100 nm.
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initial hydride configurations. The relative stability of these configurations can be established by comparing

the total free energies of the systems.

The stackings along the [112̄0]α//[11̄0]δ direction (x-axis) are some of the most stable ones. When both

hydrides represent the same hydride variant, as shown in Fig. 8a, the stacking along the x-axis allows the

hydrides to break the three-fold symmetry observed in Fig. 5 and to merge as one hydride. As shown in

Fig. 12a, these events significantly decrease the total free energy of the system at around t = 0.4 ms, leading

to the most favorable configuration. When the two hydrides represent different variants, as in Fig. 11a,

the change in orientation and the contact between the two hydrides also significantly reduces the total free

energy of the system at around t = 0.4 ms.

The stackings along the [1̄100]α//[112̄]δ direction (y-axis), both with one and two variants, shown in

Figs. 8d and 11c, leads to stable configurations in which two distinct hydrides stack along the basal plane.

However, despite their stability, these configurations are not the most favorable, as shown in Fig. 12a.

The initial stacking along the [0001]α//[111]δ direction (z-axis) was shown to be unstable in Figs. 8

and 11. Hydrides repel each other to find a more stable configuration to minimize the total free energy of

the system. In Fig. 8i, by changing their orientation and growing away from a [0001]α stacking into a more
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Figure 12: Evolution of the free energies during hydride growth for the different hydride configurations shown in Figs. 8, 10

and 11. The total free energy Ftot shown in (a) is decomposed into the chemical free energy (b), the elastic free energy (c), and

the interfacial free energy (d). While the reduction of the chemical free energy is the main driving force for hydride precipitation,

the elastic and interfacial free energies govern hydride shape and orientation. Configurations with a lower total free energies

are more stable. Hydride stacking along the x direction ([112̄0]α//[11̄0]δ) appear to be the most stable, closely followed by the

diagonal alignment shown in Fig. 10, referred to as the alignment along y-z. Stacking along the y direction ([1̄100]α//[112̄]δ)

are not as favorable, but stackings along the z direction ([0001]α//[111]δ) are the least favorable until they change to another

stacking direction.
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aligned position, the two hydrides found a more stable configuration, as shown by the drop in total free

energy in Fig. 12a. In Fig. 11f, one of the hydrides dissolves to minimize elastic interactions and promote

the growth of the resulting hydride. While the [0001]α stacking had a higher total free energy than the

[1̄100]α//[112̄]δ stacking, the later hydride arrangements present similar energies and are thus almost as

favorable.

Aligning the initial hydride in the y-z direction as shown in Fig. 10 allows the hydrides to find a favorable

configuration that remains stable for a while. While not as energetically favorable as a stacking along the

[112̄0]α//[11̄0]δ direction (x-axis), this configuration is more favorable than a stacking in the [1̄100]α//[112̄]δ

direction (y-axis). Hydrides then merge to further reduce the total free energy of the system.

In general, the contribution from the chemical energy is the largest and is dominant over the elastic and

interfacial contributions. However, the elastic energy has a clear impact on hydride shape and interaction.

Contrasting Figs. 12b and 12c shows that hydride precipitation is initially driven by the chemical energy

rather than the elastic energy. The elastic energy increases significantly at first, indicating little impact.

However, the elastic energy then starts significantly impacting hydride shape and orientation and decreases

as the system minimizes the total free energy of the system. The elastic contribution can also indirectly

prevent hydride growth, which keeps the chemical energy high in some cases. The interfacial energy, however,

is small enough to have little impact. As shown in Fig. 12d, it even increases significantly as hydrides find

the most stable configurations.

3.4. Effect of applied stress on hydride interactions

Previous sections have shown that the hydride shape presented in Fig. 5 is influenced by the presence of

applied stress or other hydrides, as shown in Figs. 7, 8 and 11. Depending on the stacking direction or the

direction of the applied stress, the hydrides tend to orient in two different ways shown in Figs. 7a and 7d.

The effect of the initial hydride stacking and the applied stress can either complement each other or compete.

For example, in the case of a stacking along [112̄0]α//[11̄0]δ with an applied stress along [1̄100]α//[112̄]δ,

the two promote the same hydride orientation. If the hydrides are stacked along the direction of the applied

stress, the two configurations are then expected to compete.

However, performing the simulations of hydride interaction under an applied stress of 250 MPa did not

lead to different hydride morphologies than without stress, which were shown in Figs. 8 and 11, nor to

a change in the relative stability of the different hydride configurations. Since we observed no significant

change, we do not show the results from our simulations with applied stress. Despite the competing effect of
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an applied load of 250 MPa, hydride shape and orientation were governed by hydride interaction. Hydride

shape and orientation were not noticeably influenced by the presence of an applied stress, which appears

negligible compared to the effect of the presence of a secondary hydride. The stacking of hydrides along

[0001]α remains unfavorable with or without applied stress due to the elastic interactions between hydride

particles. Hydride reorientation as a change in nanoscale hydride stacking under applied stress is thus not

accounted for in the current phase field simulations.

4. Comparison against experimental observations

In this section, we compare the predictions made by the phase field model against experimental observa-

tions. Because the current study focuses on hydride precipitation in single grains, it is important to compare

its predictions with experimental observations of intragranular hydride precipitation in large grains. Zirco-

nium hydride samples have been prepared following the process described in Appendix E to complement

published microstructures [16, 40, 117]. The samples were recrystallized to obtain large grains, i.e. conditions

closer to the single grain conditions simulated in this study. The microstructure showing several nanoscale

hydrides in large zirconium grains is presented in Fig. 13a, which, along with published microstructures, can

be qualitatively compared with the simulation results presented in this study. A quantitative comparison

is made challenging by the difference in scale between the phase field predictions and the experimental re-

sults, which is discussed in Section 5, and the lack of information on the crystallographic orientation on the

experimental images.

As discussed above, the morphology of an isolated hydride in a perfect single crystal without applied stress

presented in Fig. 5 is unlikely to be observed experimentally. A small applied stress of 20 MPa was shown to

be enough to break the hydride symmetry and lead to a change in hydride shape and orientation. In a real

material, residual stresses, grain boundaries, other particles, defects, and other imperfections are expected

to break this symmetry and hydrides are more likely to appear as shown in Figs. 7, 8 and 11. The phase

field model thus predicts that in real materials, even isolated hydride particles are thin and elongated. In

Fig. 13a, like in the literature [2, 15], some of the more isolated hydrides indeed appear as thin, elongated

particles, like the model predicts. However, hydride particles are rarely isolated. They are often observed to

grow next to each other and stack.

The current phase field model predicts several possible hydride morphologies and stacking behavior de-

pending on the configuration of hydride nuclei. These stacking behaviors have also been observed experi-
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(a) (b) (c)

Figure 13: Experimental observations of hydrides at high magnitude and comparison with phase field prediction. (a) is an SEM

Image of hydrides in a sample containing a total of 200 wt ppm of hydrogen. Courtesy of Evrard Lacroix. This image was

taken using an FEI Helios Focused Ion Beam microscope in scanning electron microscope (SEM) mode. Sample preparation

and imaging are described in Appendix E. It shows the nanoscale hydride stacking circumferentially in a large α-Zr grain. (b)

shows an inclined stack of parallel hydrides in pure Zr containing 30 wt.ppm of hydrogen captured using TEM [117]. (c) shows

a 2D slice of the stacking behavior observed in Fig. 10c at t = 1.05 ms. The phase field predicted hydride stacking behavior

corresponds to experimental observations.

mentally. For example, the stacking behavior predicted in Fig. 10c corresponds to experimental observations

presented in Fig. 13. Figure 13 shows a 2D slice of the simulation results from Fig. 10c alongside exper-

imental observations of stacking hydrides. In both experimental observations and simulation predictions,

elongated hydride particles stack to form a longer mesoscale hydride. Hydride tips are slightly misaligned,

which prevents them from merging, and gives the mesoscale hydrides a slightly different orientation relative

to the matrix crystallography than that seen in the nanoscale hydrides.

The other stacking behavior predicted by the phase field model, presented in Fig. 8f, corresponds better

to a TEM observation shown in Fig. 14a. A dark field image using hydride reflection reveals less regular

hydrides stacking with greater overlap than in Fig. 13. The 2D slice from Fig. 8f shows a similar stacking

behavior to that observed experimentally in Fig. 14a. The peanut-like hydride shape, the overlap, and the

angle between the hydride orientation and the orientation of the stacking direction are all similar.

Hydride stacking of several variants has also been observed experimentally by Perovic et al. [40, 117].

The TEM images presented in Fig. 15 show hydrides with different orientations forming angles between

50◦ and 120◦. The discrepancy in the measured angle formed by the two hydride variants has not been

fully understood. Perovic offered some arguments in favor of elastic strains and elastic interactions between

37



(a)

(b)

Figure 14: Experimental observations of hydrides at high magnitude and comparison with phase field predictions. (a) shows

the stacking of nanoscale hydrides in a TEM dark field image using hydride reflection [40], which is similar to the stacking

behavior predicted by the phase field model as shown in (b). (b) is a 2D slice of the modeling results presented in Figs. 8d to 8f

at t = 1.24 ms. Both experimental observations and modeling results show overlapping peanut-shaped hydrides.

hydride platelets to explain these stacking behaviors [117]. It is also possible that the interfacial energy

terms, plasticity dissipation mechanisms, or other mechanisms are at play here. However, the behavior

predicted by the phase field model, which includes the anisotropic elastic strains and elastic constants,

seems to explain these observations. These experimental observations can be compared with the phase

field predictions presented in Fig. 11, where stacking of the two hydride variants was observed. While only

two different stacking behaviors were predicted, one forming an X shape and another forming a V shape,

these morphologies can account for the different angles formed between hydrides observed experimentally.

As shown in Figs. 15d to 15h, the measured angle between the two hydride variants forming an X varies

between 60◦ and 180◦ depending on the plane of observation. Because experimental observations only provide

2D representations of a 3D hydride configuration, the different stacking behaviors observed experimentally

could all originate from the configuration predicted by the phase field model shown in Fig. 11b. The V

shape formed by the two hydrides variants stacked along the [1̄100]α//[112̄]δ forms an angle of around 145◦,

as shown in Fig. 15i, which is also similar to the configuration observed experimentally. Since experimental

observations seem to be reproduced at least qualitatively by the phase field model presented in this study,

other mechanisms not included in the model are believed to have secondary effects.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 15: Experimental observations of hydrides at high magnitude and comparison with 2D slices of the configurations

predicted by the phase field model. (a,b,c) shows the stacking of different nanoscale hydride variants in TEM images [40, 117],

where different angles can be measured between hydride variants. (d,e,f,g,h) show 2D slices of the modeling results presented

in Fig. 11b along different planes shown in blue on the top right corner of each image, and (i) show a 2D slice of the modeling

results presented in Fig. 11d. The measured angle between the hydride variants in the X configuration from Fig. 11b varies

from 60◦ to 180◦ depending on the plane of observation. The phase field predictions thus account for the different stacking

behavior observed experimentally between different hydride variants.
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Although the predicted angles do not correspond exactly to the values reported by Perovic et al. [40, 117]

(50◦-120◦ vs. 60◦-180◦), the disparity can reasonably be explained by three facts. First, although every angle

from θ = 60◦ to θ = 180◦ can be observed, the chance of observing the hydrides forming a specific angle θ0

decreases as θ0 increases. In other words, there is a bias towards the observation of lower values of θ due

to the hydride morphology. Assuming that the plane of the experimental observation randomly falls on one

of the planes shown in Figs. 15d to 15h, which uniformly cover the possible planes, the reported angle is

three times more likely to fall within the 60◦-120◦ range than within the 120◦-180◦ range. Secondly, hydride

variants aligning with an angle close to 180◦ might have been indistinguishable from a single hydride. Such

high angles might thus not have been reported, thus further biasing the report of lower angles. Finally, the

current model does not account for the anisotropic interfacial energy of the system, which, as is discussed

in Section 5, could affect the orientation of the hydride with respect to the basal plane. If the anisotropic

interfacial energy were to decrease the orientation of the hydride with respect to the basal plane from 30◦ to

25◦, then the smallest predicted angle between the two hydride particles shown in Fig. 15d would become

50◦ and correspond to experimental observations.

The phase field predictions concerning hydride shape and stacking behaviors have been compared against

experimental observations of hydride morphology obtained without applied load. Although our simulation

domain is smaller than the size of the experimental microstructures due to the large computational cost

of the 3D simulations, similar results are expected to be obtained in larger simulation domains. This is

because hydride orientation, shape, and interaction are driven by elastic energy, which would scale with

domain size. These comparisons thus support the hypothesis of this work stating that the anisotropy

of the elastic properties of the α-Zr and δ-ZrH1.66 phases is primarily responsible for the observed stacking

behavior of nanoscale hydrides. The phase field model accounts for the observed elongated shape of nanoscale

hydrides and their stacking behavior. Moreover, these phenomena are attributed to the anisotropy of the

elastic properties of the α-Zr/δ-ZrH1.66 system. The model can also explain some of the disparities between

experimental observations. Differences in observed hydride morphology at the lower scales might be due

to differences in hydride stacking direction or the different hydride variants involved, as shown in Figs. 13

to 15.

However, the current version of phase field model cannot account for stress induced hydride reorientation.

As explained in Section 1, an applied tensile stress between 55 and 240 MPa has been experimentally observed

to cause hydride reorientation, where nanoscale hydrides stack radially rather than circumferentially in the

zirconium cladding. Although this model accounts for some changes in single hydride shape and orientation
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under applied load, it does not predict any significant changes in hydride stacking behavior, even for an

applied stress of 250 MPa. This is in contradiction with experimental studies, which, as presented in

Section 1, observe reorientation at the mesoscale for tensile stresses between 55 and 240 MPa.

5. Discussion

In this study, we used phase field modeling to study nanoscale hydride morphology in a single crystal. This

work aims to determine the mechanisms governing hydride morphology with and without external applied

stress. In particular, we hypothesized that the anisotropy of the elastic properties of the α-Zr/δ-ZrH system

and the zirconium grain structure play a significant role in hydride morphology. Therefore, the quantitative

phase field model developed in this work includes many sources of anisotropy in the elastic contribution to

the α-Zr/δ-ZrH system. This phase field model differs from previous efforts in several ways. For example,

the rotation of the stiffness tensors to respect the orientation relationship is particularly unique. Moreover,

the quantification of the effect of the variations in DFT calculations of the δ-ZrH stiffness tensor on phase

field model predictions is also novel. Due to a lack of data on the value of the δ-ZrH1.66 phase stiffness

tensor at high temperature, the phase field predictions were compared for different stiffness tensor values. It

appears that hydride shape and orientation strongly depend on the elastic properties of the two phases. The

particular attention paid to the stiffness tensor orientation, symmetry, and values in this study differentiates

it from previous studies [48, 50–53, 56, 124]. We assumed a specific value for the δ-ZrH1.66 phase stiffness

tensor based on the measured Young’s modulus, on the aspect ratio of a single hydride, and consistency with

the majority of the DFT-calculated values. Future work is needed to obtain a more accurate value for the

stiffness tensor. Furthermore, unlike other recent phase field hydride models, no shear strain was introduced

in the elastic description of the current model [52, 53]. Although this shear strain was shown to be crucial

to predict hydride morphology in those studies, the phase transformation mechanism proposed by Zhang et

al. and described above contradicts the presence of such a large shear strain [57].

Using the assumed δ-ZrH1.66 stiffness tensor, the model predicts that a single hydride particle growing in

a single grain tends to grow along the basal plane and its shape exhibits three-fold symmetry between the

α-Zr HCP structure and the δ-ZrH1.66 FCC structure. However, disturbances such as an applied stress or

the presence of other hydrides can break this symmetry, in which case hydrides tend to misorient themselves

with respect to the basal plane of the matrix. In a real material, defects, residual stresses, and other

imperfections are expected to break this symmetry as well. As a result, the hydride shapes shown in Figs. 7a

41



and 7d are expected to be significantly more common than those shown in Fig. 5. Nanoscale hydride

shape and orientation are thus attributed to the anisotropy of the elastic properties and eigenstrains of the

α-Zr/δ-ZrH1.66 system and its interaction with outside stresses.

The phase field model predicts different stacking behaviors depending on the hydride configuration (posi-

tions and variants). The predicted morphologies have been successfully compared with high-magnification

images of hydride particles. The large disparity in experimental observations can thus be explained by the

current phase field model, which supports our hypothesis. However, we were only able to compare slices of

the 3D simulations of the phase field model with the 2D experimental observations. 3D TEM tomography

of nanoscale zirconium hydrides would provide invaluable insights on the three-dimensional hydride particle

shape and could be compared more directly with phase field model predictions.

Moreover, comparing the total free energy of the different predicted morphologies provides insights into

the relative stability of the different stacking behaviors. The simulations of hydride interaction have shown

that while nanoscale hydrides are prone to stacking along the basal plane to optimize elastic interaction,

stacking along the [0001]α//[111]δ direction is not favorable, even under significant applied stress. Zirconium

cladding materials are heavily textured [2, 112], so basal planes tend to align with the cladding circumferential

direction. The current phase field model thus accounts for the experimentally observed circumferential

stacking of nanoscale hydrides, at least within a single zirconium grain. However, despite showing an effect

of applied stress on nanoscale hydride shape, the current model offers no mechanism for radial stacking

of nanoscale hydrides since these configurations were found to be unstable. As such, the current study

challenges some of the mechanisms for hydride reorientation considered in previous studies [50–53, 56],

which require either an extremely large applied stress of around 2 GPa or a shear strain of 19% between the

two phases to take place.

The model currently neglects some physical phenomena that are known to occur in zirconium cladding

and that may impact the ability of our model to predict accurate hydride behavior, including hydride

reorientation. One of these phenomena is plastic deformation. Dislocations have been observed around

hydrides to accommodate the large elastic deformation [10, 11]. Moreover, the stress field predicted by the

current phase field model is higher than the yield strength of zirconium. Introducing plastic deformation

in the model would reduce the elastic energy in some areas, which would affect the stress field around the

hydride and influence hydride shape and hydride interaction. However, since plasticity would likely decrease

the impact of stress and elastic energy, it is unlikely it would make radial stacking of hydrides more favorable

than circumferential stacking under applied stress. Another missing phenomenon is the anisotropy of the
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interfacial energy between the α-Zr and δ-ZrH1.66 phases. Because of a lack of available data, the interface

energy is assumed to be isotropic in the current model, which is unlikely. More DFT or MD simulations are

required to provide accurate anisotropic values for the interfacial energy, but accurately simulating the alpha-

Zr/delta-ZrH interfaces is challenging. Until lower scale results are available, quantifying the potential effect

of the interfacial energy anisotropy on hydride shape would require a parametric study on the interfacial

energy anisotropy, which lies beyond the scope of the current paper. Introducing anisotropic interfacial

energy might affect hydride shape and orientation. For example, the complex shapes shown in Fig. 4 could

be flattened, and the orientation of the hydride particle with respect to the basal plane as shown in Fig. 7

could be reduced by introducing interfacial energy anisotropy. However, the main conclusions on hydride

stacking drawn in this study based on the role of elastic anisotropy are expected to remain valid, even when

anisotropic interfacial energy is introduced in the model. Although the hydride shape and orientation might

change slightly from what is predicted in this paper, the elongated shape of the hydrides has been observed

experimentally, and the presence of a zone in compression above and under the hydride platelets, and in

tension around their edge is unlikely to be significantly affected. The preferential stacking of hydrides along

the basal plane, and the high energy of radial stacking would thus likely still be observed. Moreover, as

shown in Fig. 12, the impact of the interfacial energy was small compared to the chemical and elastic energy,

and therefore interfacial energy anisotropy is not expected to compensate for the elastic anisotropy of the

system and lead to radial stacking. However, future work is still needed to quantify the effect of interfacial

energy anisotropy on hydride shape and stacking behavior.

It is also important to realize that the zirconium grain structure interacts closely with hydrides. In

zirconium cladding material, grain sizes range from 1 to 10 microns, which means that nanoscale hydrides

stack across hundreds of grains to form mesoscale hydrides [2, 112]. Moreover, several authors described

the significant effects of the grain structure and texture on both the circumferential and radial hydrides.

In particular, reorientation is more difficult in a material with larger grains [112], suggesting that the

mechanisms for reorientation are influenced by the grain structure. Simulating hydride precipitation in a

single grain corresponds to assuming infinitely large grains, which might suppress the mechanisms responsible

for reorientation. Introducing the zirconium grain structure in the model might be the key to predicting

hydride reorientation under applied stress, which is the subject of ongoing work.

Another limitation of the current phase field model is its inability, due to computational costs, to simulate

hydride precipitation at the mesoscale. Whereas mesoscale hydrides can grow over several hundreds of

microns in length, the current model can only simulate microstructures of several hundreds of nanometers in
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size. As such, the phase field model can only simulate the growth and interaction of a few nanoscale hydrides.

It is believed, however, that because mesoscale hydrides are aggregates of nanoscale hydride particles, the

mechanisms governing hydride morphology at the mesoscale should be first studied at the nanoscale [2].

While the current phase field model cannot scale up and simulate mesoscale hydride precipitation due to

large computational costs, it can provide valuable insights on how nanoscale hydrides interact to form large

mesoscale structures.

6. Conclusion

Despite considerable experimental and modeling efforts to understand hydride morphology, the mech-

anisms governing nanoscale and mesoscale hydride morphology remain mostly unknown. A quantitative

phase field model has been developed to identify the mechanisms behind δ-ZrH1.66 nanoscale hydride shape,

orientation, and stacking behavior in a single α-Zr crystal. The parameters of the model are defined using

experimental measurements when available, or lower scale modeling predictions. The current phase field

model differs from previous modeling efforts by the details in the description of the elastic contribution to

the system. The model accounts for the anisotropic volume misfit between the two phases, the anisotropic

thermal expansion of the two lattices, and the anisotropic internal strain due to the presence of hydrogen

atoms in solid solution in the zirconium matrix. Moreover, the values and orientation of the stiffness tensors

of the two phases are implemented in the model in a way that (1) ensures that the experimentally observed

orientation relationship between the two crystals is respected, and (2) accounts for the disparities in available

δ-ZrH1.66 stiffness tensor values.

The model can predict the experimentally observed stacking of nanoscale hydrides in a single zirconium

grain. In particular, it explains some of the disparities between TEM observations of hydride particles

by illustrating different stacking behaviors. This study shows that the anisotropy of the different elastic

properties and strains of the system govern nanoscale hydride shape, orientation, and stacking behavior.

The experimentally observed circumferential stacking of nanoscale hydrides into mesoscale hydrides is thus

driven by the anisotropic elastic interaction between nanoscale hydrides.

However, the current model does not predict radial hydride stacking under applied stress. On the contrary,

it shows that the radial stacking of nanoscale hydrides is unlikely in a single zirconium crystal, even under

external applied loads up to 250 MPa. Future work will focus on expanding the current phase field model to

account for hydride reorientation. Inspired by experimental observations showing that hydride reorientation
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is easier in materials with smaller grains, one of the main focuses will be to incorporate the role of the

polycrystalline structure of zirconium materials on hydride morphology and reorientation.
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Appendix A. CALPHAD free energies

The CALPHAD free energies of the α-Zr/δ-ZrH system were first developed by Dupin and then used by

Jokisaari [48, 74]. The molar mixing free energies are derived using Gmix = Gref + Gideal + Gexcess where

Gref is the reference free energy of mixing of the different phases, Gideal is the free energy of mixing for an

ideal solution, and Gexcess is the excess free energy of mixing due to the deviation from the ideal mixing.

The expressions of the free energies of the α and δ phases are

Goα,mix(xα, T ) =

[
(1− 2xα)

(
Go,hcpZr (T )−Ho,SER

Zr

)
+ xα

(
Go,hcpZrH (T )−Ho,SER

Zr − 1

2
Ho,SER
H2

)]
+RT

[
xαln

(
xα

1− xα

)
+ (1− 2xα) ln

(
1− 2xα
1− xα

)]
,

(A.1)

and

Goδ,mix(xδ, T ) =
1

2

[
(2− 3xδ)

(
Go,fccZr (T )−Ho,SER

Zr

)
+ xδ

(
Go,fccZrH2

(T )−Ho,SER
Zr −Ho,SER

H2

)]
+RT

[
xδln

(
xδ

2 (1− xδ)

)
+ (2− 3xδ) ln

(
2− 3xδ

2 (1− xδ)

)]
+

3x2δ − 2xδ

4 (xδ − 1)
2

[
(xδ − 1)L0,fcc(T ) + (1− 2xδ)L

1,fcc(T )
]
,

(A.2)
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with Go,hcpZr (T ) − Ho,SER
Zr , Go,fccZr (T ) − Ho,SER

Zr , Go,gasH2
(T ) − Ho,SER

H2
, Go,hcpZrH (T ) − Ho,SER

Zr − 1
2H

o,SER
H2

,

Go,fccZrH2
(T )−Ho,SER

Zr −Ho,SER
H2

, L0,fcc(T ), and L1,fcc(T ) derived from thermodynamic databases, as described

below

Go,hcpZr (T )−Ho,SER
Zr = −7827.595 + 125.64905T − 24.1618T ln (T )

− 4.37791x10−3T 2 + 34971T−1 J/mol,
(A.3)

Go,fccZr (T )−Ho,SER
Zr = −227.595 + 124.74905T − 24.1618T ln (T )

− 4.37791x10−3T 2 + 34971T−1 J/mol,
(A.4)

Go,gasH2
(T )−Ho,SER

H2
= −9522.98 + 78.5274T − 31.357T ln (T )

+ 0.002759T 2 − 7.4639× 10−7T 3 + 56582.3T−1 J/mol,
(A.5)

Go,hcpZrH (T )−Ho,SER
Zr − 1

2
Ho,SER
H2

= −45965 + 41.6T +
(
Go,hcpZr (T )−Ho,SER

Zr

)
+

1

2

(
Go,gasH2

(T )−Ho,SER
H2

)
J/mol,

(A.6)

Go,fccZrH2
(T )−Ho,SER

Zr −Ho,SER
H2

= −170490 + 208.2T − 9.47T ln (T )

+
(
Go,hcpZr (T )−Ho,SER

Zr

)
+
(
Go,gasH2

(T )−Ho,SER
H2

)
J/mol,

(A.7)

L0,fcc(T ) = 14385− 6.0T J/mol, (A.8)

and

L1,fcc(T ) = −106445 + 87.3T J/mol. (A.9)

These molar energies can be converted in free energy densities by using the molar volume of α-Zr VM =

1.4× 1022 nm3/mol.

Appendix B. Link between free energies and TSSD

Using the CALPHAD free energies of the α-Zr and δ-ZrH phases reproduced in Appendix A, it is possible

to derive the value of the hydrogen solubility limit (TSSD). By using the common tangent method to derive
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the equilibrium concentration of hydrogen in the α phase at different temperatures T , we determine the

TSSD(T ). These values can then be fitted using an Arrhenius law to find

TSSD(T ) = A exp

(
− Q

RT

)
(B.1)

where A = 197081 wt.ppm is a constant, Q = 38960 J/mol is the activation barrier, R is the gas constant

in J/K/mol, and T the temperature in Kelvin. Figure B.16 shows how the TSSD(T ) derived using the

CALPHAD free energies compare with experimentally measured TSSD(T ) values. The value derived here

falls within the scatter of the experimental measurements.

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
101

102

103

Figure B.16: Comparison of the TSSD(T ) derived using the CALPHAD free energies against experimental measurements

[3, 31, 41, 125–129]. The solubility limit derived theoretically falls within the scatter of the experimental measurements.

Because the parabolic approximations derived in Section 2.2.1 conserve the same equilibrium concentra-

tions as the CALPHAD free energies, the phase field model presented in this paper predicts the TSSD at

the simulated temperature. It is important to note that deriving the supersolubility limit (TSSP ) cannot

be done based on the CALPHAD free energies alone. The TSSP is related to the hydride nucleation barrier

[7, 8], not the value of the thermodynamical equilibrium energies alone.
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Appendix C. Derivation of the rotation angles to respect the orientation relationship between

the α-Zr and δ-ZrH phases for stiffness tensors

Appendix C.1. Derivation of the rotation matrix

Assuming that an orthogonal base (a1,a2,a3) has to be rotated to become the base (e1,e2,e3), the rotation

matrix is defined as

Rot =


a1(1) a2(1) a3(1)

a1(2) a2(2) a3(2)

a1(3) a2(3) a3(3)



e1(1) e2(1) e3(1)

e1(2) e2(2) e3(2)

e1(3) e2(3) e3(3)


−1

. (C.1)

Appendix C.2. Derivation of the Euler angles with the z-x-z convention from MOOSE

A rotation matrix can be defined using the Euler angles. However, this definition of the rotation matrix

depends on the convention. The convention used in MOOSE is the extrinsic rotation z-x-z, which leads to

R =


cos(φ) cos(ψ)− cos(θ) sin(φ) sin(ψ) cos(ψ) sin(φ) + cos(φ) cos(θ) sin(ψ) sin(θ) sin(ψ)

− cos(φ) sin(ψ)− cos(θ) cos(ψ) sin(φ cos(φ) cos(θ) cos(ψ)− sin(φ) sin(ψ) cos(ψ) sin(θ)

sin(φ) sin(θ) − cos(φ) sin(θ) cos(θ)

 . (C.2)

where (φ,θ,ψ) are the Euler angle for the rotations around the axis x, z, and x, respectively. Assuming

that φ and ψ are not equal to π
2 and θ is not equal to 0, the Euler angles (φ,θ,ψ) can thus be derived from

the rotation matrix derived in Eq. (C.1) using

φ = atan2(Rot31,−Rot32), (C.3)

θ = acos(Rot33), (C.4)

and

ψ = atan2(Rot13, Rot23). (C.5)

For a 3D simulation, (e1,e2,e3)=([100],[010],[001]), (a1,a2,a3)α = ([112̄0],[1̄100],[0001]), and (a1,a2,a3)δ =

([11̄0],[112̄],[111]). This leads to (φ,θ,ψ)=(30,0,0) for the Euler angles for the rotation of the α-Zr phase,

and (φ,θ,ψ)=(135,54.7356,180) or (φ,θ,ψ)=(135,54.7356,0) for the two δ-ZrH1.66 variants.
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Appendix D. Derivation of the eigenstrain for the volume misfit between the α-Zr and δ-

ZrH1.66 phases.

The values of the eigenstrain due to the volume misfit between the two phases can be derived from the

crystallographic structures. First, it is important to use appropriate values for the lattice parameters of the

two phases. The lattice parameters of pure HCP α-zirconium have been measured at different temperatures

ranging from 298 K to 1143 K using X-ray diffraction [106]. The lattice parameters were found to be

a = 0.323 nm and c = 0.514 nm at T = 298 K, which is consistent with other measurements [12, 14, 95].

The thermal expansion coefficients were measured to be 5.50× 10−6 ◦C−1 and 10.8× 10−6 ◦C−1 along the

a and the c axis, respectively [106]. The presence of hydrogen atoms in solid solution in the hexagonal

crystal structure of the α-Zr phase can increase the lattice parameter. Using neutron diffraction, MacEwen

et al. have measured the dilatation of HCP α-Zr by interstitial deuterium at 727 K and 777 K [105]. The

lattice strain is proportional to the hydrogen content in solid solution. The coefficient of proportionality is

isotropic along the basal plane and measured at λa = 0.033 and λc = 0.054 along the a and c direction,

respectively.

The lattice parameter of the FCC δ-ZrH1.66 phase has been measured by performing synchrotron X-ray

diffraction experiments on powder δ-hydrides [103]. At the reference temperature T = 293.15 K, the lattice

parameter was measured to be a = 0.478 nm, and the thermal expansion coefficient of pure δ-ZrH1.66 was

measured to be 14.1× 10−6 ◦C−1. These measurements are consistent with other studies [12, 14, 101, 102].

It is important to note, however, that these values differ when the hydrides are inside a zirconium matrix

because hydrides are then under compression.

As shown in Fig. D.17, the two crystallographic structures with lattice parameters listed above do not

accommodate each other. Along the [0001]α direction, the basal planes of the HCP α-Zr phase need to

align with the {111}δ planes, as shown in Figs. D.17a and D.17b. Within the basal planes, the hexagonal

structure needs to accommodate the atoms on the (111)δ plane, as shown in Fig. D.17c. These conditions

imply that the volume misfit between the two phases leads to the following deformations:
[
0001

]
α

: cα −→ 2√
3
aδ

[112̄0]α : aα −→
√
2
2 aδ .

[1̄100]α : aα −→
√
2
2 aδ

(D.1)

In addition to these deformations, the ABABAB stacking of the hexagonal structure needs to shear into

an ABCABC stacking to accommodate the FCC structure. Figure D.17c shows that the third basal plane
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(a) (b)

(c) (d)

Figure D.17: Illustration of the deformation required to accommodate the FCC and HCP crystal structures. The green and

yellow hexagons represent the (0001)α planes of type A and B of the hexagonal α-Zr phase respectively, the blue cube represents

the FCC δ-ZrH structure, and the gray triangles represent the {111}δ planes. (a) shows the misfit between the two phases in

[0001]α direction, where the basal planes of the hexagonal structure are supposed to align with the {111}δ planes. (b) shows

how the crystal structure align after appropriate deformation in the [0001]α direction. (c) shows how the basal plane of the

HCP α-Zr phase (yellow) align with the atoms of the first (111)δ plane after appropriate deformations. It also shows that

the third basal plane does not accommodate the atoms on the second (111)δ plane. For these to align, a shear is necessary

to change the ABAB stacking of the HCP structure to the ABCABC stacking of the FCC structure, as shown in (d). These

figures have been produced using a Python code developed with Jesse Carter from the Naval Nuclear Laboratory.
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(green) does not accommodate the atoms on the (111)δ plane, until a shear in the [101̄0]α, [1̄100]α, or [01̄10]α

direction takes place, as illustrated in Fig. D.17d. Assuming that these shear deformations all happen in the

same direction, authors of Refs. [52, 53] argue that the phase transformation results in a large shear strain

of around 19% at the scale of the hydride. However, Zhang et al. and Louchez et al. have shown that these

shear deformations are more likely to happen in all three possible directions, thus resulting in no shear strain

at the scale of the hydride [57, 58]. Without shear strain, the lattice transformation matrix from α-Zr to

δ-ZrH1.66 is equal to

U =


√
2
2
aδ
aα

0 0

0
√
2
2
aδ
aα

0

0 0 2√
3
aδ
cα

 . (D.2)

Which, using a small-strain approximation, provides the eigenstrain values for the volume misfit

ε∗,misij,δ =
1

2
(UT + U)− I, (D.3)

where UT is the transpose of U and I is the identity matrix. It is reassuring to note that these ε∗,misij,δ

coefficients at T = 298.15 K, provided in Table 4, sum up to 0.17. These values correspond to the coefficients

and 17.2% volume change value reported by Carpenter [12].

Appendix E. Sample preparation

To validate the model and compare the simulation results with experimental observations, hydrided sam-

ples were prepared and imaged. The samples were made from Zircaloy-4 sheet material provided by ATI

Specialty Alloys and Components. The native oxide of the samples was removed using an etching solution of

10% hydrofluoric acid (49% concentrated), 45% nitric acid (89% concentrated), and 45% of deionized water

until the surface had a mirror finish. A 20 nm layer of nickel was then sputtered onto the etched surface of

the samples to protect them against air corrosion and favor hydrogen uptake, using a Kurt J. Lesker CMS

(Combinatorial Material Science) series sputter machine. Hydrogen was introduced in the samples by using

the gaseous charging technique, which was described in [6].

Once hydrided, the zirconium matrix was first recrystallized at 873 K for 3 hours to obtain conditions

closer to the single grain conditions simulated in this study. After a 3h hold at 873 K, the sample was cooled

down to 573 K at a rate of 15 K/min and held at that temperature for 5 hours, to allow for isothermal

hydride growth to happen, as was simulated in this study. The sample was then cooled down to room
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temperature at 15 K/min, set in epoxy, polished and etched for 5 seconds with a cotton swab. A 4 nm

layer of iridium was deposited on the surface of the sample to reduce the charging of the epoxy during SEM

imaging. SEM images were acquired using an FEI Helios scanning electron microscope secondary electron

detector, which allowed to capture high-resolution images of sub-micron features in the zirconium matrix

such as grain boundaries, second phase particles, and nanoscale hydrides.
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