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Abstract—Using pilot-symbol assisted modulation, we develop
a method to acquire channel information from signals received
in low-SNR environments. First, we estimate the power-delay
profile (PDP) of the channel. Then, we apply information from
that estimate to obtain the channel coefficients only at points
where the PDP is nonzero. Because we estimate a reduced
number of channel coefficients, the complexity and estimation
error are simultaneously reduced. We present a case study of the
proposed estimation method when applied to a wideband skywave
high frequency (HF) channel. Through this study, we find that
the proposed approach has significantly enhanced performance
when compared to an existing method that does incorporate
sparsity information into its estimate. The improved low-SNR
performance of the proposed estimator makes it particularly well
suited for spread-spectrum and underlay waveforms.

I. INTRODUCTION

N low signal-to-noise ratio (SNR) environments, channel

estimates at the receiver become highly corrupted by noise
which degrades system performance. In doubly-dispersive
channels, this issue is compounded by the need to track or
update the channel estimate over time, introducing even more
noise into the channel estimates [1].

A key observation for many communications systems is that
channels are often sparse in delay; that is, the channel impulse
response has only a small number of nonzero coefficients rela-
tive to the total delay spread. An example of such a channel is
the skywave high-frequency (HF) channel, where the impulse
response may endure for several milliseconds but contains only
a few significant paths [2]. By incorporating foreknowledge
of sparsity into a channel estimator, the resulting error and
complexity of the estimate can be reduced simultaneously [3].

Estimating sparse channels has been the topic of numerous
studies. For instance, in [4]-[6], adaptive matching-pursuit
based algorithms are developed and applied to estimating the
doubly-dispersive channel responses of acoustic underwater
channels. In [7] and [8], estimators are presented which
assume the channel energy is concentrated at the beginning
of the response, and so consider only a small number of
taps spanning that region of time. The authors of [3] present
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a method referred to as ‘most significant taps’ where the
channel is estimated for only those taps which are known to
be nonzero. In [9], through the use of compressive sensing
techniques, estimators which promote sparse solutions are
shown to outperform traditional channel estimators, such as
least-squares [10], using fewer training symbols.

However, despite these benefits, determining the positions
of the nonzero taps requires the additional step of estimating
the channel tap positions, several methods of which can be
found in [11]-[13]. Unfortunately, estimating these nonzero
tap positions at low SNRs using existing methods can lead to
a large number of incorrectly-selected channel delays due to
the magnitude of the noise.

Furthermore, in doubly-dispersive channels, the time-
variation of the channel taps requires some tracking mech-
anism be employed by the receiver. A common tracking
approach is to use decision feedback equalizers, such as those
used in [1], [S], [14]; however, these remain prone to error
propagation in low-SNR environments.

Hence, there is a need for a low-SNR channel estimator
which can: 1), reliably estimate the nonzero-valued delays of
a sparse channel response; and 2), effectively track the time-
variation of the channel coefficients. To this end, in this work,
we address these points by periodically inserting known pilot
symbols into the data portion of the payload, a method referred
to as pilot-symbol assisted modulation (PSAM) [15]. In doing
so, we gain the ability to both determine the positions of
nonzero channel taps as well as track their time variation at
the expense of some reduction in spectral efficiency.

To develop the proposed estimator, we first estimate the
channel power-delay profile (PDP) by exploiting positional
knowledge of the inserted pilot symbols. From the estimated
PDP, the nonzero channel taps are thus known and the channel
estimate is obtained using only those nonzero-valued taps. Al-
though the developed method is independent of the underlying
modulation, we present results as it is applied to a filter-bank
multicarrier spread-spectrum (FBMC-SS) communication sys-
tem [16].

We note that the use of PDP information by a receiver to
enhance data and channel recovery, particularly as it applies to
OFDM, has been previously studied; e.g., [17]-[19]. However,
the proposed approach in this work differs from these existing
methods in three ways: first, the existing PDP estimators rely
on exploiting the particular structure of multicarrier waveforms
and do not generalize to single-carrier waveforms. Second, the



existing methods do not fully incorporate the prior information
of the PDP in the channel estimate. Thirdly, and of greatest sig-
nificance, the developed methods are neither applicable to low-
SNR environments nor channels which admit lengthy delay
spreads. The estimator that we propose herein is ambivalent to
the underlying modulation, incorporates prior PDP information
in the channel estimator, and demonstrates robust performance
in both low-SNR and doubly-dispersive channel environments.

The remainder of this paper is organized as follows. In
Section II, we begin with an overview of PSAM and the
signal construction at the transmitter. The impact of the
channel on the transmitted signal is also provided through
relevant equations. In Section III, the proposed sparse channel
estimation method is developed. In Section IV, we explore the
proposed estimator through a case study as applied to HF sky-
wave channels using FBMC-SS modulation [16]. Concluding
remarks of the paper are made in Section V.

Notation: A combination of continuous-time, discrete-time,
and vector notations are used in this paper with each denoted
as z(t), x[n], and x, respectively. Matrices are represented by
bold uppercase letters, such as X. X[l, k| is used to indicate
the element at the [-th row and k-th column of X. We also use
the common notations X[l,:] and X[:, k] to refer to I-th row
and k-th column of X. Variables and parameters of functions
are separated by a semicolon; e.g., z(a;b) is a function of the
input variable o and parameterized by b. The matrix F is a
DFT matrix that is normalized such that F'F = I. We use
the notation  to indicate an estimate of x. The convolution
of two sequences is denoted by the symbol “x’.

II. PILOT-SYMBOL ASSISTED MODULATION

For each packet, we assume that the transmission begins
with a periodic preamble sequence used for packet detection
and channel training. This preamble is immediately followed
by a mixed data/pilot symbol frame that we broadly refer to
as the symbol frame; here, we provide some details of this
section of the packet.

Consider a general transmitter setup where a mixed data-
symbol and pilot-symbol vector s is given as

s = [po, do, . -

Ap—1 elements

Sdan—2,-- T (D)

Ap—1 elements

oy da,—2,D1,dx,— 1, -

where d,, is the n-th data symbol in the frame and py, is the
k-th pilot symbol. The pilot symbols are regularly placed every
Ap symbols in s. In this work, we consider the pilot symbols to
be complex-valued unity-magnitude scalars. Given a constant
number of data symbols Ny, the total number of symbols N
in the frame is

where |-| denotes the floor operator.

To synthesize the transmitted signal, s is expanded and sub-
sequently convolved with a pulse-shaping filter g(t), yielding

N;—1

x(t) = Z s[n)o(t — nTy) % g(t)

[}

3)

23

s

= Z s[nlg(t — nTy),

n=0
where T}, is the symbol interval.

The signal z(t) is then transmitted through a time-varying
channel ¢(7;t). The signal contribution at the receiver input
is thus -

z(t) = / c(r;t)x(t — 7)dr. 4)
Correspondingly, the complete signal at the receiver input is
given by z(t) = x.(t) + v(t), where v(t) is a noise plus
interference term. The received signal is then passed through
the receiver matched filter g*(—t), yielding

y(t) = 9" (=t) * 2 (1)
N,—1

= g s[n] /OO c(r;t)n(t — 7 — nTy)dr )
n=0 -
+ g7 (=t) xv(?),

where 7(t) = g(t) * g*(—1).

Following [20], we express the channel response c¢(7;t) as
the sum of complex path gains at various delays, both of which
may vary with time; i.e.,

o(mit) =Y ci(t)o(r — 7)), (6)
where ¢;(t) and 7;(t) represent the gain and delay of the i-th
path, respectively.

Substituting (6) into (5) and rearranging gives

y(t) = Z i(t) + 0 (t), (7

where ¥(t) = g*(—t)*v(t) is a colored noise plus interference
term and x;(¢) is the component of x.(t) associated with the
i-th channel path; specifically,

N1
x;(t) = ¢i(t) Z s[nln(t — 7:(t) — nTy). (8)
n=0

The channel estimation and tracking method proposed in the
following section uses a sampled version of the signal y(t).
We obtain the sampled, discrete-time signal y[m] by sampling
y(t) at the rate f; = L fp; equivalently, y[m] = y(t)|i=mn /-
We use ‘m’ to denote the sample index, distinguishing it from
the symbol index ‘n’.

To present a sampled version of z;(t), we quantize the
path delays 7;(¢) to some integer values denoted by m;. We
also remove their possible variation with time to simplify the
following equations. With this assumption, the discrete time
versions of (7) and (8) are

ylm] = Z @i[m] + [m], )
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Fig. 1. A channel scattering plot measured between Idaho Falls, Idaho, in the
United States and Sydney, Australia. We show only the channel components
that are within 10 dB of the peak value.

where 9[m] = 0(t)|¢=m1, . and

x;[m] = ¢;[m] 2_: s[n]n[m — m; — nlL).

n=0

(10)

Removing the time variation of the path delays m; is justified
if we assume that the path delays appear in time-contiguous
clusters, such as those in skywave HF channels [2].

III. CHANNEL ESTIMATION

The channel estimator that we propose consists of two
estimation stages: the first stage estimates the positions of
the nonzero channel taps, and the second stage estimates the
channel at those nonzero positions. To this end, in the first
stage, we estimate the PDP of the channel. Then, in the second
stage, we use the estimated PDP to modify a minimum mean-
squared error (MMSE) channel estimator so that only the
nonzero-valued channel paths are estimated.

A. PDP Estimator

To estimate the PDP of the channel, we first note that
doubly-dispersive channels are statistically characterized by
their scattering plots [21]. An example of a scattering plot
that we measured over a skywave HF link between Idaho
Falls, USA and Sydney, Australia is presented in Fig. 1.
This plot reflects both the time dispersion (along the delay
axis) and the time variation (along the Doppler axis) of the
channel. Correspondingly, the PDP of the channel impulse
response may be obtained by integrating the signal energy
along the Doppler dimension for each value of delay [21].
Here, we develop a PDP estimation procedure that follows this
methodology using the inserted pilot symbols in the symbol
frame.

We assume that at the present stage of the receiver process-
ing, the data packet has been detected and buffered in full. We
thus have access to all the samples of y[m)] that carry the pilot
symbols. To begin, we form a set of vectors yy, each of length
M, centered around each of the pilot symbols. The indices of

the pilot symbols within the vector y[m] can be determined
from the initial timing phase. The number of samples M in yy
should be chosen to contain the entire duration of the channel
response from each respective pilot.

Next, given that there are a total of IV, pilot symbols, we
organize the vectors into the M-by-IV, matrix

Y=[yoyi .- yn,-1]- (11)

From Y, we generate a delay-time representation of the
channel impulse response that we will then use to estimate
the scattering function of the channel. To this end, we begin
by forming the matrix

C, = YP*, (12)

where P is the diagonal matrix with elements pg, p1, -,
PN,—1, and superscript ‘x’ indicates conjugation. Note that
this leads to

Cn[:vk] :pZYk~ (13)

Next, we define a compound row-column index as my, =
I+ kA, L. Combining (13) with (9) and (10), we find that

(AJ,,[Z7 k] = Z cilmag] ip}‘;s[n]n[mlk —m; —nL] + 0[my].

l (14)
In (14), the symbol index where n = kA, coincides with the
k-th pilot symbol. Then, recalling that p;p, = 1, (14) may be
rearranged as

Cyll k] = Z cilmug]n[mu, — mi]
+ Y almu] Y pislalnlmy —m; —nl]
i n#k\,

—i—ﬂ[mlk]. (15)

In (15), the first summation contains the channel impulse
response convolved with 7n[m] and the second summation is
interference introduced by the adjacent data symbols.

Next, we take the DFT along each row of Cn and then
square the magnitude of the result. This leads to the scattering
function Sn, [22], whose kl-th element is expressed as

Bl = 3 Inlmue — mi) Pec (1L K] + D[k (16)
Here, ®.,.,[l,k], Kk = 0,1,--- , N, — 1 represents the power
spectral density of the time-varying path gain sequence
ci[miol, ¢ilmui], - - -, which is equivalently the Doppler spread
of the i-th path gain. Similarly, ®.¢[l, k] contains the contri-
butions arising from inter-symbol interference (ISI) and noise.

We can obtain the PDP by summing across the rows of the
scattering function 3,]; however, the result will be adversely
affected by the ISI plus noise term ®.¢. To minimize the
impact of ISI and noise on the estimate, we take advantage of
the fact that the Doppler spread ®.,., occupies a limited range
of frequencies. That is, the Doppler spread is significant only
over a small region in 377. Considering this point, we instead
obtain the PDP p, using a weighted sum as

poll] = wiSy L, K, (17)
k



where wy, are the elements of w, and w is a weighting vector
that covers the Doppler range of the channel; in effect, w
correlates with the band-limited Doppler spectrum.

Next, from (16) we observe that p, contains the channel
PDP filtered by |n[m]|®>. Hence, using p. to denote the
underlying PDP of the channel, we can express p, as

[)77 = Np. + ¢,
where N is a square circulant matrix that implements convo-
lution with |n[m]|?, and ¢ is the ISI and noise term after the
weighted summation along the Doppler dimension.

When the channel is sparse in the delay dimension, the
estimation error is reduced by using ¢;-norm optimization

methods which promote sparse solutions [23]. We thus for-
mulate the following optimization:

(18)

pec=argmin|[pclle, st [y —Npclle, <e.  (19)

pe
This optimization is termed basis pursuit [23] and can be
solved using a number of different algorithms; e.g., matching
pursuit and its extensions [4], [24], [25]. In this work, we use
the orthogonal matching pursuit (OMP) algorithm [24].

B. Channel Estimator

As discussed in Section II, the transmitted packet begins
with a preamble that is used for both packet detection as well
as a few initialization steps such as timing acquisition and
equalization. In the previous subsection, we used the acquired
timing phase and inserted pilots to identify the nonzero-valued
delay taps in the channel response. Here, we first apply this
nonzero-tap information to get a channel estimate from the
received preamble sequence. This estimate is used to initialize
the equalizer. We then describe how the inserted pilot symbols
may be used to modify the equalizer weights and enable
reliable channel tracking.

We assume that the preamble consists of a few cycles of
a periodic signal containing Z symbols per cycle, and we
assume the channel response has a negligible variation over
each cycle. For such a preamble structure, following [26], we
may express the r-th period of the received cyclic preamble
as

Yprer = GHPGZc + Glv, (20)

where G is a ZL-by-ZL circulant matrix that implements
circular convolution with the filter g[m]. Similarly, the matrix
Z is a circulant matrix constructed from a single period of the
cyclic preamble symbols that have been expanded by L.
Next, from [27], any circulant matrix A can be factored as

A = FIAF, (1)

where Ay is a diagonal matrix whose elements are the DFT of
the first column of A. Applying (21) to (20) and incorporating
knowledge of the nonzero tap positions, we can express Ypre,r
as

Yprer = FUGfGiZiFpc, + Glv, (22)

where ¢, is a pruned version of ¢ containing only the nonzero
taps of the channel, and similarly, F, is obtained by selecting
the columns of F corresponding to c, [3].

From (22), the minimum mean squared error (MMSE)
estimate of cp, [10], is obtained as
¢ = (2.} +DI'S; 1 D) DS L Fype s,

Vfut

(23)

where .. . and 3z are the covariance matrices of ¢, and
vi = FGHy, respectively, and

D¢ = G{ GZiFp. (24)

The matrix Ecpcp is a matrix which provides information
about the prior probability of ¢, [10]. Assuming the channel
has uncorrelated scattering, ﬁ]cpcp is a diagonal matrix whose
entries are the estimated PDP, p..

The equalizer weights can be initialized by applying the
estimator in (23) to the received preamble. To ensure these
weights do not become outdated, we use the known pilot
symbols to update the channel, and accordingly the equalizer,
as we traverse the payload. To this end, we assume the
inserted pilots are periodic with a period of Z symbols in
s. We construct a circulant matrix, Pe(k), whose size is ZL-
by-Z L and corresponds to the k-th pilot symbol. This matrix
is formed in the same manner as Z, except here, the pilot
symbols are separated by A\,L — 1 zeroes. Additionally, the
VeCtor ypre, is replaced with the associated samples from
y[m] corresponding to the k-th pilot. Making the necessary
replacements, (23) is then used to obtain the corresponding
MMSE estimate of the channel from each pilot symbol.

We take the final step of denoising the channel estimates
along the time axis by convolving them with a filter whose
passband matches the expected Doppler spread of the channel.
Note that at this stage, the Doppler spread of the channel
is available from the estimate 5’,7. We then interpolate the
estimates to obtain the channel response for each data symbol
within the symbol frame.

C. Complexity discussion

Here, we consider the complexity of the developed two-
stage system, beginning with the PDP estimator. The PDP is
estimated by the following five steps:

1) Obtain Cn = YP*. This step takes M sz complex

multiplications and M Np2 complex additions.

2) Take the FFT of each row in C,,; this comprises M total
N,-point FFT operations.

3) Obtain the real-valued matrix Sn by squaring each el-
ement from the resulting matrix in step 2; this requires
M N, complex multiplications and 0 additions.

4) Obtain p,, by performing a weighted sum across S,,; this
step requires M N, real multiplications and M N, real
additions.

5) Estimate p. from p,, using the OMP algorithm. Because
the algorithm performs a variable number of loops that
depends on the channel sparsity, we use the asymptotic
behavior of this function. Using an efficient implemen-
tation of OMP [28], this algorithm has a complexity
of O (ZL(1+1i)) per iteration, where 4 is the iteration
number and the algorithm terminates after I iterations.

When the number of samples in the preamble is much greater
than the number of pilot symbols, ie., ZL > N,, the



Fig. 2. The FBMC-SS transmitter structure. The input symbol stream s(¢)
is spread across each of the parallel branches. Along each branch, the signal
copy is phase-shifted by ~y, filtered by h(t), and translated to the respective
subcarrier frequency.

complexity of the PDP estimator is dominated by the OMP
algorithm.

Considering the channel-estimation stage defined in (23),
the complexity is dominated by the matrix inversion which has
complexity O(dim(¢,)?), where dim(-) denotes the number of
elements in €,. This inversion must be performed once for
every preamble sequence as well as for each of the N, pilot
symbols. Note that, when the channel vector is not pruned
(i.e., ¢, = c), this operation has complexity O((ZL)?).

Hence, although estimating the PDP adds complexity to
the system, it significantly reduces the dimensionality of the
channel estimate ¢,. Because the overall complexity of the
proposed two-stage approach will be asymptotically dominated
by the length of the channel estimate vector, we argue that
the additional computational burden incurred by estimating
the channel PDP beforehand will be redeemed by the com-
putational savings observed in the channel estimation stage.

IV. A CASE STUDY: RESULTS WITH FBMC-SS
MODULATION OVER A SKYWAVE HF CHANNEL

To evaluate the performance of the developed two-stage
channel estimation technique, we examine its performance as
applied to a filter-bank multicarrier spread-spectrum (FBMC-
SS) waveform in HF channels. We use the FBMC-SS wave-
form for its demonstrated robust performance at low-SNRs;
e.g., [29], [30]. Similarly, we study the performance in HF
channels because they are both doubly-dispersive and sparse
in delay [2], and therefore pair well with the proposed channel
estimation technique. Here, we provide a brief overview of the
FBMC-SS waveform for completeness; see [16], [26], [30] for
further details.

FBMC-SS is a multicarrier waveform in which data symbols
are spread over K non-overlapping subcarriers. Fig. 2 provides
a block diagram of the transmitter structure. The prototype
filter h(t) is a square-root raised cosine filter with a rolloff
factor of a = 1. The subcarrier frequencies are denoted by
fx and are spaced by (1 + «)f, Hz. The 7 coefficients are
complex, unity-magnitude scalars that phase-shift each branch
to reduce the PAPR of the synthesized waveform [30].

The transmit filter structure can be compactly represented
as

1 K-1 )
9(t) = = h(t)Y e’ (25)
k=0

When the FBMC-SS waveform is constructed with the se-
lection of rolloff factor @« = 1 and frequency spacing
(1+ ) fy, Hz, from [16] it is found that

—0.5 fort==£T;/2
n(t) =<1 fort =0
0 else.

(26)

For the results presented here, we use an FBMC-SS wave-
form with K = 32 subcarriers at a symbol rate of f, =
1000 sym/s, leading to a sampling rate of f; = 64000
samples/s. We let A, = 8, and each symbol frame has
Ng = 448 data symbols. Each preamble period contains
Z = 16 symbols, and the pilot symbol sequence is periodic
with a period of 2 pilots. Data encoding is performed using
orthogonal multicodes [31]. The delay search range of the
receiver spans 10 ms, leading to M = 641 samples. The
weighting vector w is a Gaussian shape tuned for a Doppler
width of 10 Hz; that is, the 20 width of w extends from —10
to +10 Hz.

We test the channel estimator in a simulated HF channel
following the form described in [32]. The simulated channel
has two equal-power modes separated in time by 2 ms.
Following [32] and [2], the PDP of each mode follows a
Gamma distribution and each path fades with a Gaussian
Doppler spectrum. The RMS delay spread of each mode is
80 ps and each path fades with a Doppler spread of 4 Hz
(equivalently, a 20-width of 8 Hz).

A. PDP Estimator

We begin by considering the performance of the PDP
estimator in isolation. For illustrative purposes, in Fig. 3, the
PDP estimate obtained using (19) is compared to the actual
PDP for only a single channel realization. The OMP algorithm
terminated when the magnitude of the next tap estimate fell
below 20% of the largest estimated tap magnitude. In this case,
the algorithm terminated after estimating 12 PDP values.

Although the weighting vector w was set for a Doppler
spread of 10 Hz and the channel faded at a rate of only
4 Hz, the dominant nonzero tap-values of the PDP were still
recovered. This result suggests that exactly matching w to the
Doppler spread of the channel is not critical.

We note that the termination threshold value as well as the
Doppler window range must be specified a priori, and that,
in practice, the optimal values for these quantities may be
difficult to obtain. For this reason, here, our receiver uses the
predetermined values of 20% for a threshold and a Doppler-
profile width of 10 Hz. We note that pre-selecting certain
values for practical implementations is a method adopted when
estimating the parameters would be otherwise functionally
prohibitive; e.g., in OFDM, where a certain length of CP is
assumed to ensure ISI-free communication [19]. In our case,
the chosen values provide enhanced performance across a
variety of channel conditions despite being poorly matched
to the actual parameters of the realized channel (specifically,
when the channel Doppler spread is much narrower than the
anticipated Doppler).
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B. Channel Estimator

We now proceed to evaluate the performance of the PDP
estimator when used in tandem with the channel estimator of
Section III-B. The error of the proposed two-stage estimator is
quantified as £ = ¢—¢, where c is the actual channel response
and c¢ is the estimated response. For the simulated results, we
measure the normalized mean-squared error (NMSE) as

H
NMSE = g

cHe’

27)

Taking the expectation of (27) provides a theoretical per-
formance of the MMSE estimator from (23). Following [10]
and assuming the noise is AWGN, we obtain

-1
w|(B5] + HFRGI Gz 7 F,) |

NMSE[heory = E[CHC} )

(28)

where o2 is the noise variance and tr[-] denotes trace of. Here,
the J, matrices contain the columns corresponding to each
nonzero tap position present in the actual channel response.
We relate the noise variance to the SNR as

o3
SNR = =, 29)
O—’U
where 02 = E[|z.(¢ %1 is power of the signal contribution at
Te p g

the receiver input.

In Fig. 4, we compare the results of the proposed estimator
to an alternative channel estimation approach from [8], to the
performance when the estimator is given perfect knowledge
of the channel PDP, and to the theoretical bound of (28).

For the proposed estimator, in this case, the OMP algorithm
terminates when either the magnitude of the tap estimate falls
below 5% of the maximum tap or when the number of nonzero
taps reaches 100. At a termination threshold of 5%, many taps
of p. may be either missed or falsely selected, resulting in an
elevated error compared to the theoretical bound.

For the approach taken in [8], the estimator does not account
for the sparsity of the channel response. Instead, the channel
response is assumed to be limited to a span of L. samples.
In this case, we select L, = 256 which corresponds to a

102 T T

—— Full knowledge, (28)
—o— Full knowledge, sim.
Proposed, thresh.= 5%
1ol ——— Method of [8], L. = 256
7
= 1004 ]
Z.
107!
R
102 L L | |
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SNR [dB]

Fig. 4. NMSE comparison of the proposed estimator, the method of [8], and
an estimator with perfect knowledge of the channel information when applied
to a single received preamble sequence.

channel duration of 4 ms. For this estimator, the PDP estimate
is neglected and the MMSE estimator of (23) is used where
the pruned DFT matrix and channel vectors, F, and cp,
respectively, correspond to the first L. taps of the channel
vector. Moreover, since the PDP of the channel is unknown,
the channel tap covariance matrix is 3., = L

Lastly, in the case where the channel estimate is obtained
with perfect (i.e., full) PDP knowledge, the NMSE perfor-
mance aligns with (28) at low SNRs, but appears to diverge
with increasing SNR. The difference between these curves is
a constant error offset resulting from the 4 Hz of Doppler,
leading to a slight variation in the channel response over the
duration of the preamble.

C. Time varying channel estimate

Here, we demonstrate the tracking performance of the esti-
mator. Following the procedure detailed in Section III-B, for
each inserted pilot symbol, a channel estimate is generated and
subsequently smoothed using a filter whose impulse response
has a Gaussian shape tuned for a Doppler spread of 10 Hz.

Fig. 5 compares the estimated and actual magnitudes of
a single channel path as it varies with time for a signal
received at 0 dB SNR. There are two observations to be made
from this figure: first, the channel estimate remains accurate
even when the magnitude of the channel path is low. Second,
despite being smoothed by a filter whose passband was much
wider than the Doppler spread of the channel, the estimated
magnitudes remain close to the actual channel response.

V. CONCLUSION

In this paper, we developed a method for estimating sparse
and doubly-dispersive channels. This method comprises two
stages, the first of which uses known pilot symbols inserted
throughout the packet to estimate the power-delay profile
(PDP) of the channel. In the second stage, the PDP estimate
is used to reduce the number of parameters in the channel
estimator, reducing the complexity of channel acquisition and
tracking while also reducing the error in the resulting estimate.
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A case study of the proposed estimator was compared with an
existing estimation method presented in [8]. The results show a
significant improvement over this existing method in the low-
SNR and doubly-dispersive operating environments typical for
spread-spectrum systems.
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