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- Motivation

Variational inference . Moderately i
Least expensive : Very expensive
expensive
Random walk Langevin- Hamiltonian-
Markov-chain Monte Carlo based based
* No gradient * Uses gradient * Uses gradient
information information information
Particle-based inference (Stein required
variational gradient descent) « Better scalability » Best scalability
« Poor scalability with with
with dimensionality dimensionality
Normalizing flows dimensionality
« Fairly large « Small correlations
« Large correlations correlations b/w b/w samples
b/w samples samples
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I Proposed contributions

Inference with Hamiltonian Monte
Carlo-No U Turn Sampler (expensive)

« Use of Hamiltonian Neural Networks
(" theiood computational) 4 REATENTT (HNNSs) for Bayesian inference
AV without needing numerous gradients
of target posterior

Bayesian inference Required posterior distribution

Prob. density

?
OO0 <00 EGF —

Momentum

Prior

b S\ )
| * Introduction of latent variable outputs

' to HNNs (L-HNNs) for improved

HNNs learn the Hamiltonian HNNs satisfy important HNNs efficiently sample the

d : . . posterior uncertainties without HY'H
ynamics mathematical properties gradients of the target density expreSSIVlty

( \ / \ ﬂnitial \
condiions | * L-HNNs in No-U-Turn Sampling
(NUTS) with an online error
2. Time reversibility Required monltorlng SCheme

£=||@_ﬂ||+“_%_@“ posterior

> - J/ - J

1. Conservation of the
Hamiltonian
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I Background: Hamiltonian Monte Carlo

Position coordinates

Momentum coordinates

26

25

2.4

2.3

22

Value of Hamiltonian

i

-2 -1

Credit: Neal (2013)

Sampling is “similar” to MCMC:
Random momenta, compute particle
trajectory by solving the governing
equation, Metropolis acceptance

step

positions q and momenta p:
dg; _ OH
dt — op: .
d;i ) o Yol
dt g

Hamiltonian (H) definition: Potential
energy U(q) is dependent on the
target posterior and Kinetic energy
K(p) is based on “Canonical
distribution”

Exact numerical integration: all
proposed samples accepted

Better scalability than random-walk
due to use of gradient information
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I Background: Hamiltonian Neural Networks (HNNs)

Energy

Trajectory

Hamiltonian NN

[
Ground truth Hamiltonian NN Baseline NN
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Credit: Greydanus et al. (2019)

In forward pass, HNNs predict the
Hamiltonian (H) and gradients of it
are computed

HNNs minimize the loss function:

2
+ ’

Hamilton’s equations:

oH, 2

dq _ dp oMo
dt ap

dt+ oq

argmin
0

dg; _ 0H
dt N api

dpi _ OH V i€el,...,d
dt N 8qi

Better performance than Neural Nets
HNNs applied to classical mechanics
problems

Not used for Bayesian inference (to
our knowledge)
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I Bayesian inference with HNNs

Hamiltonian Monte Carlo

dg; 0H
Leap frog integration with HNNs for solving: . v ici..4
dt :_8711-

Algorithm 3.2 Hamiltonian neural networks evaluation in leapfrog integration

Algorithm 3.3 HNNs in Hamiltonian Monte Carlo

1: Hamiltonian: H = U(q) + K(p); Samples: M; Starting sample: {g°, p°}; End

2:

3
4:
5:
6
7
8

time for trajectory: T'; Steps: N; Dimensions: d

fori=1: M do
p(0) ~N(0, 1)
q(0)=¢q"'

Compute {g*, p*} = {q(T), p(T)} with Algorithm 3.2

a =min{1, exp (H({qi_l,_pi__l}) - H({g*,p*}))}
With probability «, set {¢",p'} + {¢*,p*}

. end for

U(q) o< —log [L(q|D) g(q)]
K(p) o« —1og[N (0, I)]

1: Hamiltonian: H; Initial conditions: z(0) = {q(0), p(0)}; Dimensions: d; Steps:
N; End time: T

2 At =+
3: forj=0: N—1do
4. t=j At
5. Compute HNN output gradient g ;{f) .
6: fori=1:ddo ; USlng HNNs
T gt A = qi(t) + 2L pi(t) - 5 e ” _
©  ond for 1 S (traditional:
9:  Compute HNN output gradient 6q(t+m) numerlcal gradlents)
10: fori=1:ddo

oH, oH,
11: pilt + At) = pi(t) — 5t (aq O (tht))
12:  end for
13: end for
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Bayesian inference with HNNs

1-D Gaussian mixture density
— 1) +1)?
f(q) < 0.5 exp (—;i 0-3)52) + 0.5 exp (—2((‘; 0-3)52)

—— Numerical gradients
10 ——- HNNs

4
$

?

Hamiltonian

v
N

~ = -
™

Momentum (p)

Time Position (q)

Hamiltonian
conservation for some
initial g-p values

g-p phase space plots
for some initial values
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Bayesian inference with HNNs

1-D Gaussian mixture density

— 1)2 2
f(q) < 0.5 exp (2(2( 0-?52) + 0.5 exp (2(1_22)52)

500

500

400 1 400 1

. 300+ _ 300+
: :

© 200/ ©500-

100 100

0- 04

Value Value
~Samples using Samples using HNNs in HMC.
traditional HMC. 500,000 8,000 posterior gradients
posterior gradients
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I Background: No-U-Turn Sampling (NUTS)

Theory Practice (a high-dimensional posterior)
| h ------ 02 ]
0 e O :.-: PEts O/VV .\k.‘ 0.4 -
4 /g ci o8 HMC with an end
. A 104 time of 5 units
Lo e -1.4
. &b oo  eesedis o w0 w0 m w0 o

Credit: Hoffman and Gelman (2013) 2
« Successive binary trees with doubling length either in -

positive or negative direction °] | il NUTS
« “Slice sampling” to select g-p states that satisfy 11
stationarity S
« Tree building terminated when a u-turn is made 5 ]

(correlations between samples are small) ; e

» Also terminated when integration errors are large when

simulating the Hamiltonian dynamics IDAHO NATIONAL LABORATORY




I HNNs in NUTS

1-D Gaussian mixture density

f(q) < 0.5 exp (2(1_0?52) + 0.5 exp ( lg+1) )

2 x 0.352
ESS: effective sample
500 500 size to measure
sampling quality
001 001 ESS per gradient
3001 300/ . of target density
2 2 HNNs in HMC | —C_4.59E — 3 D
S o0, S oo, Traditional HMC 8.42F — 5
HNNs in NUTS || C_4.83E —3 >—
100- 100 Traditional NUTS 4.4F — 4
T o o 1 2 0 X
Value Value 490,000 HNN gradients
Samples using Samples using HNNs in §
traditional NUTS NUTS

91,000 HNN gradients
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I HNNs in NUTS: sampling degeneracy problem

3-D Rosenbrock density

N-—1
f(g) o< exp ( — Z [100(gi41 — ¢7)° + (1 — q3)°] /20)
=1
* In the tails, HNNs may have
80 little to no training data
m » Therefore, integration errors
when simulating Hamiltonian
dynamics using HNNs can be
large
« As aresult, NUTS
prematurely terminates the
/- = I - e T tree building procedure
T e T i I 80 0 o™ ¥+ Many sample clusters in
regions of low density:
Dimension 1 Dimension 2 Dimension 3 sampling degeneracy problem
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I HNNs in NUTS with online error monitoring

Integration error in the original NUTS (H: Hamiltonian; u: * Original NUTS terminates tree building
slice value: A, threshold [1000]) when & > Amax | |
»omax « Causes sampling degeneracy in the tails
e=H(2) +Inu > Apas when using NUTS with HNNs
* Proposed online error monitoring:
o AP :when using HNNs and AY .,
when using posterior gradients

Proposed online error monitoring o AP K AY oy (€.9., 10 and 1000)
Default use HNN gradients

ghnn > Ahnn = U < AU s use leap frog with posterior gradients for N/ samples o Switch to posterior gradients for N lLf
ghnn > Ahnn = cUf 5 Al terminate tree building; move to next sample samples (e-g-’ 5'20) fo bring sampler fo
high density regions
o Then, HNN gradients take over

©)

ghnn < Ahmm s yse leap frog with L-HNN gradients

max

Similar in concept to multifidelity modeling
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I HNNs in NUTS with online error monitoring

3-D Rosenbrock density
N-—1
f(q) o< exp ( =) [100(gig1 — ¢})* + (1 - ¢;)°] /20)
=1
3 I

2_

q1
o

0 1000 2000 3000 4000 5000

Sample Index 0 ' 10000 " 20000 30000
Naive HNNs Sample index
in NUTS HNNs in NUTS with error

monitoring (calls a few posterior
gradients during the sampling) IDAHO NATIONAL LABORATORY




I Latent output HNNs (L-HNNSs)

Error

201

151

10

HNNs

(q,p)

\ 4

H

\

Gradient

(—q,p)

0

10000 20000
Sample index

30000

Error

20

151

101

_10.

L-HNNs

(q,p)

\

Ai

\ 4

d latent variables

H = Sum(/li)]

\ 4

(=4, p)

Gradient

0

10000 20000
Sample index

€EH(Z) +1Inu > Anas

30000

Traditional NUTS

HNNs in NUTS with online
error monitoring

3-D Rosenbrock density

HNNs and L-HNNs individually
used in NUTS with online error
monitoring

HNNs and L-HNNs trained with
the same training data

HNNs: 4,706 samples used
posterior gradients with ~1.5
Million posterior gradients during
error monitoring

L-HNNs: 180 samples used
posterior gradients with ~0.064
Million posterior gradients during
error monitoring

0.000128

0.000824

L-HNNs in NUTS with
online error monitoring

0.00236



Case studv: 2-D Ne

Probability
I o e =
S} o o o

o
o

o
i~

600
+  NUTS Ei
4001 + LHNN-NUTS :
200
S 0 ® 0 * 25,000 samples
~2001 e
—4001 e
+
—600 — : : e
-5 0 5 10+ i 15
a1
| — ~NuTs 1.01
— — LHNN-NUTS f
0.8
P
= 0.6
Q
d
Q
£ 0.41
[al
0.21
0.0 —
-5 0 5 10 15 —600 —400 —200 0 200 400 600
g1 gz

al’s funnel density

ESS/gradi

gradient
s

ent

Traditional

NUTS 16.6 Mil  0.000052

L-HNNs in
NUTS with
online error 3.59 Mil 0.000234
monitoring
(proposed)
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Jlll Case study: 25-D Allen-Cahn Equation
o _ Py s o rw e (- [ (5(5) + V) )o)

1

m(w) = exp (- 2_: (ﬁ (u(ida + Az) - u(id))” + S (V (u(ida + Az)) - V (u(ida)))) )
=0

gradient ESS/gradi
ent
S
Traditional .
NUTS 0.681 Mil  0.00032
} e L-HNNSs in
NUTS with
online error 0.097 Mil 0.00423
monitoring
(proposed)

ko M
-25 00 25 -2 0 2 -25 00 25 -25 0.0 25
x1 x12 x13 x25
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Jlll Case study: 50-D elliptic PDE

%(k(w,y) Z—Z) + (%(k(sv,y) Z_Z) = f(z,y)

16.2 s -V 16.2
‘ # :
: ESS/gradi
| gradient
(b)

ent

0.5
-16.2 s

0.0
0

Traditional
NUTS

2.5 o 254 1.8

2.0 1 5.; 201 " L'HNNS in

1.5 0.0 131 . 0.0 NUTS With
(c)

0.621 Mil  0.0065

online error 0.217 Mil 0.015

-10.8 0.5 1

monitoring

0.0 T T T T T 0.0
0.0 0.5 1.0 15 2.0 2.5

0.5 1

0.0
0.

(proposed)

(d)

Figure 12: (a) The f(z,y) field corrupted by a Gaussian noise and the points at which f(z,y) is recorded
for treating as experimental data. (b) and (c) The estimated mean f(z,y) field after performing Bayesian
inference using LHNN-NUTS and NUTS, respectively. (d) Mean squared error of the mean f(z,y) field
between LHNN-NUTS and NUTS.
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I Future work

 Newer HNN-type architectures: Physics-
informed HNNs and SympNets

« Sampling with physical constraints: nuclear
fuel model calibration. Spherical HMC with L-
HNNs (Yifeng Che is leading this)

 L-HNNSs trained on Manifolds: Riemannian
HMC with L-HNNs: better ESS due to
neutralizing bad posterior geometry

* Active (or online) learning: Proposed online
error monitoring similar in concept; but no re-
training of L-HNNSs.
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100-D Gaussian with inverse Wishart covariance (NUTS:
5.61 Mil gradients; LHNN-NUTS: 1.46 Mil gradients)
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Thank you
(Som.Dhulipala@inl.gov)

Resources:

“Bayesian Inference with Latent Hamiltonian Neural Networks” arXiV:2208.06120

“Physics-Informed Machine Learning of Dynamical Systems for Efficient Bayesian Inference”
arXiv:2209.09349
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