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ABSTRACT

While typical validation and verification approaches focus
on identifying the associations between data elements using sta-
tistical and machine learning methods, the novel methods in
this paper focus instead on identifying causal relationships be-
tween data elements. Statistical and machine-learning-based
approaches are strictly data-driven, meaning that they provide
quantitative comparison measures between data sets without ex-
plicitly considering the hypotheses behind them. This can lead to
the erroneous conclusion that, if two data sets are close enough,
the models that generated them are similar. In addition, when
experimental and simulated data differ to an extent that fails to
meet the acceptance criteria, calibration techniques are used to
tweak simulation model parameters to reduce the gap between
the two types of data. This produces the false expectation that
a simulation model will match reality. The methods presented
in this paper move away from these strictly data-driven methods
for validation and calibration toward more robust, model-driven
methods based on causal inference. Causal inference aims to
identify the possible mechanisms that might have generated data.
Thus, this analysis targets the prediction of the effects when one
(or more) of the identified mechanisms are altered. There are
many approaches to identify, quantify, and illustrate causal re-
lationships. For the scope of this paper, directed graphs are
employed as causal models. If the directed graph lacks cycles,
it is known as a directed acyclic graph. A node in such a graph
represents an observed data element while a directed edge con-
necting two nodes represents a causal relationship between two
variables. The developed causal methods are designed to extract
causal models from simulation models and experimental data.
Causal models capture the causal relationships between data el-
ements (e.g., simulated and experimental data). In this context,
validation and verification are performed by comparing causal
models. The proposed approach does not only inform system
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analysts on how a simulation model matches real-world data, but
also identifies elements of the simulation model that should be
revised when discrepancies between simulation and experimen-
tal data are observed. Through these causal methods, analysts
can identify the portion of the model equation(s) that are behind
an edge connecting two variables. Hence, once the structural
differences between causal models have been determined, model
calibration can occur by changing only those model parameters
that impact the identified causal relationships.

Keywords: Causality, Causal Discovery, Causal Inference,
Validation, Verification, Calibration

1. INTRODUCTION

Determining whether a simulation model accurately repre-
sents the target system poses a significant challenge [1]. Presently,
advanced simulation models serve not only in the system design
and licensing stages but are also integral to system day-to-day
operation and control, such as in autonomous systems operation
or within a digital twin situation. These simulation models are
carefully designed to closely replicate aspects of the real world to
accurately capture the evolution and properties of those aspects.
The development of these simulation models starts with defining
their underlying laws, expressed through a set of mathematical
equations (e.g., conservation laws, equations of motion, ther-
modynamic laws). At this stage, the causal relationships among
variables within the model are temporarily lost due to the inherent
nature of the mathematical formalism employed. These causal
relationships are later regained when the developed mathematical
equations are translated into a simulation model.

After the completion and verification of the coding process,
these simulation models undergo a validation phase. This re-
quires testing their ability to model real-world system aspects
by comparing simulated results with real-world experimental ob-
servations under similar initial or boundary conditions. Current
methods for model validation predominantly rely on standard
statistical analysis (for measuring statistical differences between
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data populations) or machine learning techniques (for identifying
response surfaces from data) [2]. Both approaches are purely data
driven, providing quantitative measures for comparing data sets
(e.g., simulated vs. measured data) without explicitly consider-
ing the hypotheses (e.g., boundary conditions) or the structure of
the employed models. This may provide a misleading conclusion
that, if two data populations are sufficiently close, the models
generating them are similar. Additionally, when simulated and
experimental data deviation are beyond acceptable limits, model
calibration techniques come into play. These calibration tech-
niques adjust simulation model parameters to narrow the gap
between the two types of data, creating the false expectation that
a simulation model mirrors reality.

The methods outlined in this paper depart from the current
purely data-driven approaches. The presented techniques for
validation, verification, and calibration move toward more robust
model-driven methods based on causal inference. These methods
focus on finding the causal relationships between data elements
(e.g., simulated and experimental data) rather than solely exam-
ining their associations.

To identify these causal relationships, directed graphs and of-
ten directed acyclic graphs (DAGs) are employed [3]. Essentially,
a DAG is a graph construct representing a measurable space for
the considered data elements (treated as nodes in the graph). Ina
validation context, the DAGs obtained from simulated and exper-
imental data are compared to quantify the differences between the
two data sets. In other words, validation becomes model-based
rather than relying solely on data. Once differences between
DAGS are identified, model calibration takes place by adjusting
only those model parameters that influence the established causal
relationships. Once the causality relations are inferred, deviations
in system dynamics (e.g., anomaly detection) can be attributed
to fewer root causes. This enables the fusion of different data
types because the common causality relations serve as the pri-
mary controller of the models, rather than relying solely on the
data.

This paper now introduces the fundamentals of causal infer-
ence and causal discovery along with brief descriptions of some
discovery methods. Following this, it presents an analytical com-
parison of the selected causal discovery methods on test problems.
Next, this paper applies the methods to a real-world experiment.
The subsequent sections provide the novel model-driven methods
for validation, verification, and calibration of simulation models.

2. CAUSAL INFERENCE AND DISCOVERY

The concept of causation provides more information than
simply a correlation between variables, it suggests a cause and
effect relationship in which a change in one variable induces a
change in another. Here, we follow the definition of causality
provided by [4] which relies on the concept of intervention: the
forced action on a particular system element (i.e., the cause) leads
to an alteration of other system elements (i.e., the consequences).
This is possible when “information” is carried through from the
causes to the effects [S]. Here, the process of sharing information
is considered in physical sense where energy, momentum, mass,
or force are exchanged between elements of the system. Causal
inference is an emergent field of study that aims to discover and

FIGURE 1: EXAMPLE OF A DIRECTED GRAPH DESCRIBED BY
THREE VARIABLES (l.E., x1, x2, AND x3) THAT CONTAINS CYCLES

make use of cause and effect relationships. The focus of this
work is to discover the cause and effect relationships between
variables and utilize this information for validation, verification,
and calibration. This section provides a brief introduction to the
field of causal inference and common terminology within it and
briefly describes some methods to discover causal relationships
from observational or experimental data.

There are many methods to identify, quantify, and illustrate
causal relationships [6]. For the scope of this work, directed
graphs are employed as causal models. A directed graph illus-
trates the existence of cause and effect relationships between a
set of variables and the strengths of those relationships. A node
in these graphs represents an observed variable while an edge
connecting two nodes represents a causal relationship between
the two variables. If it is known which variable is the cause and
which is the effect, the edge is directed, represented as an arrow
from the parent to the affected variable. As an example, assume
that two variables x; and x; are linked by an edge, x, — x1; this
implies that x; causes x| or, similarly, x, is a parent of x;. A graph
with multiple directed edges can contain cycles (see Figure 1).
When dealing with physics-based data, mutual interactions be-
tween physical elements are common; these kinds of interactions
are translated into cycles within the graph architecture. If a di-
rected graph lacks cycles, it is known as a DAG.

The process of identifying and quantifying causal relation-
ships from observational or experimental data is known as causal
discovery. Many causal discovery methods are graph based; con-
sider the following graph terminology. A pair of nodes is said to
be adjacent if there is an edge between them in the graph, either
directed or nondirected [3]. An immorality refers to a triple of
nodes in a directed graph that have the structure x| — x3 « x»,
where x| and x; are not adjacent. Skeleton graphs contain only
the edges with causal dependency between the nodes, but di-
rection has yet to be determined. Some discovery methods are
unable to direct all edges in a graph but can discover the Markov
equivalence class of that DAG. Two DAGs are Markov equivalent
if and only if they have the same skeleton and immoralities [3].

A fundamental assumption in causal discovery is that all
variables that can influence a system have been observed. That
is, a set of variables X is said to be causally sufficient if pa(x) € X
for all x in X, where pa(x) is the set of parents of x. There are
discovery methods that work to drop causal sufficiency [7-9];
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however, in the context of this work, it is assumed all influential
variables are observed. If the causal relationships and noise
distributions are invariant with respect to time, the causal model
is said to be causally stationary [10]. This work assumes that
there are no contemporaneous causal effects (i.e., causes occur
strictly before effects). There is work addressing cases where
contemporaneous causal effects are needed, see [11-13].

Some discovery methods focus specifically on DAG discov-
ery. In these methods, assumptions on the graph and probability
distribution over the nodes are needed. Consider a DAG € with
nodes x; where i € N. A set S is said to block [3] the path from
X1 to X, where x1,x,, ¢ S if either (1) or (2):

1. There exists a node x; € S that satisfies

Xk—1 =™ Xk — X+l
OF Xk_1 ¢— Xj ¢ Xk41

OF Xp—] <= Xk — Xj+]

2. ({xx} Udes(xx)) NS =0 and xx_; — xx < Xxp41, Where
des(xy) is the set of descendants of xy.

Consider disjoint sets of nodes A, B, and C in §. A and B are
said to be d-separated [3] by C, denoted A 1L¢B|C, if each path
from x, to x; is blocked by C for all x, € A and x;, € B. Let
P () be the joint probability distribution over N (6), that is, the
nodes of 6. The Markov condition holds if

AllgB|C = ALB|C

for all disjoint A, B, C € N(%) [3]. Also, Py is said to be
faithful to G if
AL B|C = AlgB|C

for all disjoint A, B, C ¢ N(%6) [3]. The Markov condition
and faithfulness assumptions provide x; lLgx;|S &= x;1Lx;|S
where i # j and x;,x; ¢ S € N(%6). That is, two nodes are
d-separated in a DAG € by a set S if and only if they are inde-
pendent with respect to the probability distribution Py ) when
conditioned on S. The following subsections provide a brief
description of a select set of causal discovery methods.

21 PC

The PC algorithm is an independence-based DAG discov-
ery method named after its authors Peter Spirtes and Clark Gly-
mour. Under the PC algorithm, causal sufficiency, acyclicity, the
Markov condition, and faithfulness are assumed. Under these
assumptions, d-separation in the DAG and conditional indepen-
dence in the probability distribution over the nodes of the graph
are equivalent. Causal stationarity is also assumed for time series
causal discovery. The PC algorithm utilizes conditional indepen-
dence (CI) testing and requires the assumptions for the specified
CI test.

Typically, independence-based discovery methods prune a
fully connected and undirected graph down to its skeleton by
performing CI tests between each pair of nodes. Some methods
determine the existence of an edge between nodes x; and x; in a
graph € by conditioning on all subsets of N(€) \ {x;,x2}. The

PC algorithm reduces the number of CI tests needed, particularly
in the case of sparse DAGs, by conditioning on (pa(x;) \ {x2}) U
(pa(x2) \ {x1}), a sufficient conditioning set for determining the
existence of an edge between x; and x; [3]. Clearly, pa(x;)
and pa(xy) are unknown, so PC conditions on all subsets of
(adj(x1) \ {x2}) U (adj(x2) \ {x1}) as (pa(x1) \ {x2}) U (pa(x2) \
{x1}) € (adj(x1) \ {x2}) U (adj(x2) \ {x1}) € N(96) \ {x1,x2}.
Once the skeleton graph is discovered, the edges need to be
directed. This work focuses on time series data and makes the
assumption that there are no contemporaneous effects, that is,
their causes must occur strictly before their effects. This implies
the directions of the edges in the skeleton graph.

2.2 PCMCI

PCMCI is an independence-based causal discovery method
tailored for time series data that utilizes an abridged version
of PC combined with the momentary conditional independence
(MCI) [14]. Under the PCMCI algorithm, causal sufficiency,
acyclicity, the Markov condition, faithfulness, causal stationar-
ity, and no contemporaneous effects are assumed. This DAG
discovery method aims to provide statistically significant causal
links by producing a sufficient conditioning set while reducing
the computational complexity required by the PC algorithm. As
described above, CI testing is used to determine d-separation
between nodes in a graph.

PCMCI consists of two stages. The first stage utilizes a
reduced version of PC to identify a suitable conditioning set,
lfa(fl.(o)), for each 5550). The variable 55;0) represents a time series
with O lag. These conditioning sets are first assumed to con-
tain all possible parents of 5550) and then pruned by performing
iterative CI tests with a significance level a), to remove insignif-

icant causal relationships. The sets [fa()?fo)) are sorted by the
magnitude of their test statistic at each iteration and the CI tests
condition on nodes with the strongest relationships [14].

The second stage determines the time series DAG by per-
forming the momentary conditional independence (MCI) test
on the pair of nodes ()'c’].(l),)'c’l.(o)) for i,j € {1,...,N} and
[ € {1,...,7} where 7 is the maximum lag considered. The
MCl test is a CI test that conditions on the union of the estimated
parents from both nodes, that is pfa()?j(l)) Uﬁa(fl.(o)) \ {)?J.(l) }, where

o 2(0) 5 2(0) :
pa(x g ) and pa(x;"’) are determined by the first stage. The edge
#D — £ is included in the DAG if & /u¥” |pa(") U

Py ()?fo) )\ {)?}l)} at a significance level of @c;.

2.3 SINDy

The primary purpose of the widely used Sparse Identification
on Nonlinear Dynamics (SINDy) algorithm is to reveal the gov-
erning physics of a black-box sampled data set. SINDy aims to
discover the underlying dynamics of a complex system by iden-
tifying sparse representations of its governing equations from
observational data. This algorithm is based on the assumption
that there are only a few relevant terms that govern a system’s
dynamics [15]. SINDy uses sparse regression to find a linear
combination of basis functions that best capture the dynamic be-
havior of the physical system (i.e., to discover the system of dif-
ferential equations that produced the data). This is accomplished
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by estimating E in %( ~ 0(X)E, where

[x1(t1)  x2(11) xn (1) |
xi1(t2)  x2(t2) - xp(t2)
X = . . .
() x2(tm) o (i)
[%1(t1)  X2(11) k(1) ]
o) x(r) - Xn(r2)
X = . . .
() 52(tm) - (i)

0(X) = [01(X) 6:(X) ... 6(X)]
E=& & ... &

here X is the matrix of time series data, {01, 0,, ..., 0,;} is a set of
basis functions, and E is a presumably sparse coefficient matrix.

This regression process basically allows the analyst to deter-
mine the dynamic behavior of each variable x,, by estimating its
analytical expression dx, dt From a causal point of view, note that
ordinary and partial differential equations contain cause-effect
information as they describe how a variable’s rate of change is
affected by the other variables. For example, % = f(x2,x3)
describes the temporal evolution of x;, which is “caused” by
x, and x3 where the causal relationship between x; and x;, x3,
is quantified by f. This information provides the parents for
each variable, giving the necessary elements for a DAG. Through
sensitivity analysis, the causal relationships (edges) can be quan-
tified.

2.4 MMD

Rather than relying on a pure statistical analysis of the data,
an intervention-based Maximum Mean Discrepancy (MMD) test-
ing method to automatically identify causal structure of a control
system is proposed in [16]. The core idea behind the proposed
causal analysis is to test the physical influence when manipulating
the input variables, as stated by the authors “manipulating causes
changes the effects”". Experimental designs or system interven-
tions have been introduced to manipulate input variables, while
the physical influence, i.e. causal relation, has been identified
via kernel-based statistical test based on MMD [17]. The authors
have demonstrated the proposed method for several control ex-
amples, such as kinematic control of a robot and the quadruple
tank process model, with accurate causal structure identification
and enhanced generalization. In this work, we propose to adapt
this intervention-based MMD method for simulation model val-
idation, calibration and uncertainty quantification. As illustrated
in Figure 2, MMD can be used to identify causal structure in sim-
ulation models, while knowledge-based causal structure can be
constructed by utilizing design requirements, experimental data,
expert judgements, physics governing equations, etc. Once both
causal structures have been constructed, we can perform model
validation via comparing the differences in causal graphs and
the strength of causal connections. In this way, we can validate
whether the structure knowledge has been properly implemented
inside the simulation models or not, and we think this process
can enhance the generalization of the validation process. If there

are any differences identified between the two causal structures,
we can perform model calibration to enhance the agreements be-
tween the causal structures, and quantify the model uncertainties
through the calibrated parameters.

In this work, intervention-based MMD method plays a criti-
cal role in the identification of causal structure. In the following,
we provide a brief introduction of MMD method. It is a kernel-
based two-sample test method that is proposed by [17] to measure
the distance between the kernel mean embeddings of two random
variables in the reproducing kernel Hilbert space (RKHS). As
defined in [17],

MMDI®,P,Q] = ;ug(EmPW(X)] —Ey-olo(])

where @ is a class of functions ¢. Random variables x and y
have distributions P and Q, respectively. Finally, E .p[¢(x)]
and Ey.o[¢(y)] are the kernel mean embeddings for x and y, re-
spectively. Then P = Q ifandonly if Ex.p[¢(x)] = Ey~o[¢(¥)]
or MMD[®,P,Q] = 0 for all ¢ € ®@. In practice, an unbiased
empirical estimate for the squared population MMD is provided
in [17], and summarized in the following:

1 m m
2 — .y
MMD;[®,P.Q] = s ; ; k(xi, %)

+ ﬁ Zn:zn:k()’i,yj)

i=1 j#i

- % z": Zn: k(xi, y5)

i=1 j=i

where k(-,-) is a continuous kernel function with k(x,y) =
(¢(x), p(y)) defined in the RKHS. A bootstrap method to com-
pute the M M D? and test the null hypothesis, i.e., Hy : P = Q was
proposed in [17]. Additionally, [17] proposed moment matching
to Pearson curves approach and asymptotic approach using the
linear time statistic to accelerate the testing process. In [16],
the authors proposed to utilize Chebyshev’s inequality combined
with surrogate models to further accelerate the statistical hypoth-
esis testing. The executions of surrogate models can be much
more efficient compared to the physical models. However, there
is an intrinsic difficulty in the selection, training, validation, and
generalization of surrogate models. In this work, we rely on the
bootstrap method from [17] to perform the hypothesis testing for
its simplicity. We have adapted the method to test several dy-
namic systems, such as the harmonic oscillator, quadruple tank
system, and double DAG model.

3. ANALYTICAL COMPARISON

Prior to implementing causal inference for validation, verifi-
cation, and calibration, the performance of the methods presented
in Section 2 is tested. Initial results of directed graph construction
from time series data from multiple analytical test cases are pre-
sented. Robustness testing against violations of causal discovery
method assumptions is necessary to determine the method’s per-
formance under real-world conditions where idealized assump-
tions may not hold. The analytical test cases implemented have
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FIGURE 2: INTERVENTION-BASED MMD FOR MODEL VALIDATION, CALIBRATION AND UNCERTAINTY QUANTIFICATION

known directed graphs to quantify the accuracy of causal discov-
ery methods by examining false positive and false negative rates.
Causal relationships may be obscured by noise or variations in ob-
servational data; therefore, the robustness of the discovery meth-
ods is tested in multiple cases with both deterministic and stochas-
tic time series data. For clarification, the stochastic cases are
based on the deterministic case (where the system set of ordinary
partial differential equations (ODEs) are numerically solved) with
the only difference that white noise terms 7(¢) are added. Given

a generic ODE in the form d;t" = fu(x1,...,Xxn), anoise can be

added internally, in the form of % = fu(xt, ... xn) +1,(2),
or externally where the noise term is added after the behavior of
X, (t) has been determined numerically (i.e., the new variable to
be analyzed becomes x,(t) + 1, (¢)). The first situation aims to
emulate physical phenomena that have an impact on the temporal
dynamics but are not being explicitly considered in the causal
analysis since the observed variables associated with these phe-
nomena are unavailable. The second situation emulates noise that
is added by the available monitoring system. A brief description
of three test cases follows.

3.1 Harmonic Oscillator

The first analytical test problem is that of a harmonic oscil-
lator. That is, four masses are arranged in a linear fashion linked
by springs as seen in Figure 3. Each mass is subject to a force
proportional to its displacement from the equilibrium position.
From Hooke’s Law, the governing equations for n masses can be
written as

dP; b;
i ki(Qiv1 = Qi —1i) —ki-1(Qi = Qi1 —li-1) — —P;
t m;
a0, _ P
dt m;

where m; are the masses, P; are the momenta, Q; are the positions,
[; are the lengths of the springs, k; are the spring constants, and
b; are the friction coeflicients [18]. Note that L is Figure 3 is the
sum of [; fori € {1,2,3,4}. This example is considered strictly

in the deterministic case. The true directed graph of this system
contains cycles as seen in Figure 4 [18], therefore violating the
underlying assumptions of both the PC and PCMCI discovery
methods.

Q=0 Qs =1L

FIGURE 3: FOUR MASS SYSTEM

ONONONO
PN

FIGURE 4: GRAPHICAL REPRESENTATION OF THE HARMONIC
OSCILLATOR

3.2 Double DAG Model

The double DAG test problem produces time series data for
two triples of variables. The pair of triples are independent as
seen in the following system of ODEs and as shown in Figure 5.
The objective of such a test problem is to evaluate the ability of
the algorithms to disassociate causal relationships of a subsystem
inside of a larger system.

dA ac

—_—= —k A —_— = —k C

dt A dt ¢

dB aD

— = —kgB — =—kpD

dt B dr b

da ag

— =kpA B — = D
i kaA+ kp i kcC+kp
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This example is considered strictly in the deterministic case, and
the causal relationships have no cycles, hence the causal graph is

a DAG.
0?

®—©

FIGURE 5: GRAPHICAL REPRESENTATION OF THE DOUBLE DAG
MODEL

3.3 Quadruple Tank System

The quadruple tank process [19] is illustrated in Figure 6.
This model consists of two pumps that provide fluid to four tanks.
Two valves are designed to partition the flow rate generated by a
pump to two corresponding tanks, that is, the flow generated by
the first pump is partitioned by the first valve between the first
and fourth tanks. The amount of water from the pumps to the
tanks is controlled by two parameters: the mass flow rates u#; and
uy generated by the pumps and the flow partition y; and vy,.

FIGURE 6: GRAPHICAL REPRESENTATION OF THE QUADRUPLE
SYSTEM

The water level in each tank is indicated with h; for i €
{1, ...,4}; thus, using basic mass conservation laws, the dynamic

laws for this system are:
dh _ a1 o 43 o
dt Al & A 3
dh
an —2\/2gh2 + ﬁ\/ng

dt

%:__ gy +( Vz)kz
dhy ( 71)k1
= ——\/2 ha

dt

where g is the acceleration due to gravity. For this analysis,
the parameters u; and u, vary using a sinusoidal behavior and
the remaining parameters are set as constant. Both deterministic
and stochastic cases are considered. The additional white noise
is added in for two scenarios, that is, external (variation from
measurement) and internal noise (variation propagating through
the system). The causal relationships in this model have no cycles,
hence the causal graph is the DAG shown in Figure 7.

\
®" ®

FIGURE 7: DAG MODEL ASSOCIATED WITH THE QUADRUPLE
SYSTEM

3.4 Results

The results obtained from applying the causal discovery
methods presented in Section 2 on the test problems described
above offer valuable insight into the efficacy of each approach.
This analysis examines the false positive and false negative (i.e.,
presence or absence of causal edges in the DAGs) rates of these
results when compared to the analytically computed directed
graphs. The following outlines the advantages and limitations
of the different methods.

The application of PC and PCMCI to the time series gen-
erated by the models described above produced varying results;
however, they appear to have similar advantages and disadvan-
tages when applied to the test problems. In the case of the
quadruple tank system, PC performed perfectly while PCMCI
missed a causal connection between the third and first tank as
seen in Figure 8. Additionally, PC and PCMCI are limited in
application to deterministic data and stochastic data with external
noise. These methods outperformed the others in the stochastic
case with internal noise.

Using the time series, the causal discovery with SINDy excels
in the deterministic case with all three test problems. SINDy
does not perform well in the stochastic setting, particularly with
internal noise. However, with external noise, SINDy does provide
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FIGURE 8: QUADRUPLE TANK MMD AND PCMCI RESULTS

favorable results after the data is pre-processed with smoothing
via rolling average.

The simulation models of the test problems were employed to
test MMD performances. In all case studies, the MMD approach
can identify the correct causal structures without any missing
connections. However, there are a few weak spurious causal
connections, seen in Figure 8, that MMD could not eliminate.
In future work, we will conduct further investigation to enhance
the MMD testing by post-processing the MMD causal model
using conditional independence testing similar to that in PC. In
addition, compared to [16] testing approach, the bootstrap method
can identify more accurate causal structures with less time series
data.

The choice between these methods should be guided by the
nature of the system under consideration and by the available data.
While PC and PCMCI excel in DAG discovery with stochastic
data from a system with internal noise, SINDy proves advanta-
geous when faced with deterministic data and systems that may
contain cycles. These tests show it is crucial to consider the spe-
cific characteristics of the data and underlying real-world system
under consideration.

4. ANALYSIS OF HAIRE EXPERIMENTAL SETUP

Applying causal discovery methods to experimental data
from a real-world system can provide further insight into the
robustness of the different methods. Knowledge of the advan-
tages and limitations of the causal discovery methods explored in
the previous section can inform their applications to a real-world
data set. This section will first introduce the real-world system
and experiment.

The Helium Air Ingress gas Reactor Experimental (HAIRE)
facility at the University of Michigan, seen in Figure 9, was
used for this real-world system. It consists of a pair of hollow
stainless-steel vessels, one within the other. Tank 1, seen in
Figure 9, depressurizes into Tank 2. Tank 2 can also be vented
into the atmosphere. The inner tank, Tank 1, can be equipped
with many different sized cracks to study depressurization and
air ingress phases of depressurized loss of forced cooling and air
ingress accidents in high-temperature gas reactors.

In the performed experiment, Tank 1 is filled with helium
at approximately 40.0 psig. The crack size in Tank 1 is set
at 1.07mm + 0.02mm. Tank 2 is filled with air at atmo-
spheric pressure and is not vented. Tanks 1 and 2 have vol-
umes 0.04204 m* + 0.003809 m* and 0.1214 m* + 0.0011 m>,
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FIGURE 9: SCHEMATIC OF THE HAIRE FACILITY

respectively. A graphical representation of the temporal profile
of experimental pressure (psig), filtered pressure (psig), temper-
ature (K), and mass flow rate (kg/s) values are shown in Figure
10.

Given the nature of the transient under consideration, the
depressurization of the first tank causes a pressurization of the
second through a transfer of mass from the first to second tank.
The rates of pressurization and depressurization for the two tanks
are proportional to the pressure difference between the tanks;
hence, there is a mutual cause and effect relationship between the
pressure variables.

Figure 10 shows significant noise variables AP and P», the
difference in the tank pressures and the pressure of Tank 2, re-
spectively. On the scale of the figure it is not visible, but the mass
flow, ri1 also has noise. This implies that causal discovery with PC
or PCMCI may provide favorable results. To apply SINDy, the
time series for 2 needs to be smoothed, but the filtered pressures
(FAP and P») and temperatures (77 and 7») are already smooth.

Preliminary results of the PC, PCMCI, and SINDy meth-
ods as applied to the HAIRE experiment show their respective
strengths and weaknesses. While PC and PCMCI benefit from
the presence of internal noise they struggle with external noise.
In an experimental setting, it may be difficult to determine the
source of the noise when dealing strictly with data and no knowl-
edge of the system. However, in the HAIRE experiment it is
known that the noise is instrumental, i.e. external. An additional
challenge for these two methods appeared in the analysis of this
experiment. Variables with different time steps can hide causal
relationships as these methods depend on the noise propagating
from one variable to another to reveal these relationships. Further
analysis is being performed to see if PC and PCMCI can perform
better in the case external noise case.

The application of SINDy requires a set of basis functions.
Designating the correct basis set of functions without prior knowl-
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FIGURE 10: SCHEMATIC OF THE HAIRE FACILITY

edge of the underlying physics of the system is difficult, meaning
the resulting DAG may be misleading or erroneous. Inthe HAIRE
experiment many of the governing physics are known, but further
analysis of the system is ongoing. Currently, we are applying
various data pre-processing methods to improve SINDy’s ability
to detect the expected DAG.

In conclusion, the test problems from sections 2 and 3 have
revealed valuable insights into the applicability and robustness of
the causal discovery methods from Section 2. PC and PCMCI
struggle with inconsistent time steps between variables and deter-
ministic data. SINDy performs well with deterministic data but
requires knowledge of the system under consideration to form a
sufficient set of basis functions. These tests show it is crucial to
consider the characteristics of the data and systems that generate
it. Additionally, the tests show that a hybrid of discovery meth-
ods that leverages the individuals strengths could benefit causal
discovery.

5. GENERATION OF CAUSAL MODELS

In the context of this paper, validation and verification are
performed by comparing the causal models generated by the sim-
ulation model against experimental measurements and the math-
ematical model, respectively. Sections 5.1, 5.2, and 5.3 provide
details on how the algorithms described in Section 2 are com-
bined to create causal models for three different situations (i.e.,
simulation model, experimental data, and mathematical model).

5.1 Generation of Causal Models from Simulation Models

It is here assumed that a simulation model is available and
it can be described by the generic formulation % =d(X,t,0),
where X = [xy,...,xy] represents the set of state variables, @
represents the set of internal parameters (including initial condi-
tions), and @ represents the function that describes the dynamic
behavior of X.

The causal analysis is performed by combining MMD, PC
and SINDy as follows:

1. Construct the initial DAG by applying MMD on the simula-
tion model

2. Test conditional independence for the edges obtained in Step
1 using PC to remove spurious causal associations

3. Generate a SINDy model using the provided simulation
model and informed by the DAG obtained in Step 2

The obtained causal model consists of the DAG and the SINDy
model obtained in Step 2 and 3, respectively.

5.2 Generation of Causal Models from Experimental Data

It is here assumed that only actual measurements of an ex-
periment transient is available in form of a time series; it is here
assumed that one single transient is available. As indicated in
Section 2, the process of causal discovery starts from pure data
elements in the form of X(¢) = [x1(¢),...,xn(¢)]. Here we also
have additional information about the experimental setup that can
be used to improve the limitations of the methods described in
Section 2 for causal discovery. Such information can be translated
into a nondirected graph.

The causal analysis is performed by combining PC and
SINDy as follows:

1. Generate the causal DAG by applying PC on the time se-
ries data set X(¢) for the edges originally indicated by the
nondirected graph derived from the experimental setup

2. Generate a SINDy model given the time series data set X ()
and informed by the DAG generated in Step 1.

The obtained causal model consists of the DAG and the SINDy
model obtained in Step 1 and 2, respectively.

5.3 Generation of Causal Models from Mathematical

Models

Since we are dealing mostly with dynamic systems (i.e.,
systems that are described by a time-dependent behaviour), the set
of governing equations is typically written in the form of ordinary
or partial differential equations coupled with equations of state.
Without a loss of generality, let’s consider a system composed of a
setof N variables X, withn = 1, ..., N. The dynamic behavior of
the system is described by a set of ordinary and partial differential
equations (in the form of d;t" = fu(x1,...,xn)) and by a set
of equations of state (in the form of x,, = g,(x1,...,xn), as
indicated in [18]. Often, these equations are derived from energy,
mass, and momentum conservation laws, and thus, they contain
already causal information. More specifically, the set of variables
whose behavior is described by ordinary and partial differential
equations are caused by the variables explicitly mentioned in the
corresponding function f;,. Thus, the analytical causal DAG can
be constructed by the set of equations of the considered system.

6. VALIDATION AND VERIFICATION

In the context of this paper, verification is the process de-
signed to check that the developed simulation model correctly
implements the set of governing mathematical equations of the
considered system. Similarly, validation is the process designed
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to test that the developed simulation model matches a transient
measured from an experimental setup. As indicated in Section 5,
the causal models obtained from simulation models or experi-
mental setups consists of two entities: a DAG and mathematical
expression that describes each variable X,, dynamics. Thus, here
verification and verification are performed by comparing causal
models.

In this respect, code verification is performed by comparing:

* The analytical causal DAG with the causal DAG generated
from the simulation model

e The SINDy model generated from the simulation model
against the original set of dynamic equations of the consid-
ered system.

Similarly, code validation is performed by comparing:

* The causal DAGs generated from the simulation model and
from the experimental data set

* The SINDy models generated from the simulation model
and from the experimental data set.

Comparison between DAGs simply is performed by check-
ing the discrepancies between graph structures (i.e., missing or
additional edges). Comparison between SINDy models directly
targets the comparison of the mathematical expression derived by
SINDy term by term.

7. CAUSAL MODEL ASSISTED CALIBRATION

Model calibration occurs when discrepancies between sim-
ulation and experimental results are observed. If such discrep-
ancies are observed, model calibration takes place by adjusting
only those model parameters that influence the established causal
relationships.

As indicated in Section 6, discrepancies can be observed
between DAGs and SINDy models. A discrepancy between
DAGs simply implies that a cause-effect relation between two
variables is either non existent or negligible. A discrepancy be-
tween SINDy models implies that the quantitative measure of
the cause-effect relation between two variables is different. As
a basic example, let’s consider two SINDy models; in Model 1
the ordinary differential equation associated with variable X is
in the form of % = 3.1x; + 2.7x3, while Model 2 provides a
slightly different formulation, d—xt‘ = 3.1x2 + 2.3x3. The analyti-
cal comparison of these two expressions highlights the different
causal contribution of x3 toward x; (i.e., 2.3 vs. 2.7). Such quan-
titative comparison provides indication on the simulation model
parameters to adjust such that newly obtained expressions are
closer.

An example based on the model shown in Section 3.3 is here
described. A simulation model for this system was developed and
the casual model (i.e., the DAG and the corresponding SINDy
model) for the simulation case was generated using the method
described in Section 5.1.

To emulate virtual experimental conditions, the same simu-
lation model has been modified by adding white noise terms to

each equation that describe system dynamic behavior. In addi-
tion, a single parameter has been modified which had an impact
on the temporal response of the system. Then, the casual model
for the two cases were generated from a single transient of the
model by following the method described in Section 5.2.

In both situations, the generated DAGs were matching initial
expectations given by the mathematical formulation of the system.
In addition, the corresponding SINDy models were able to capture
the discrepancy introduced in the generation of the experimental
data set as indicated below.

SINDy model from experimental data set

(h1) = -1.122 f0(hy) + 1.122 fO(h3) + 0.714 f1(v;)
(hy) = -0.788 f0(h2) + 0.786 fO(hs) + 0.419 f1(v,)
(h3) =-1.123 f0(h3) + 0.718 f1(v2)
(ha) = -0.788 f0(hs) + 0.416 f1(v})

SINDy model from simulation model

(h1) = -1.120 fO(hy) + 1.115 f0(h3) + 0.714 £1(u;)
(hy)’ = -0.787 f0(h2) + 0.783 f0(hs) + 0.838 £1(u2)
(h3) = -1.126 f0(h3) + 0.240 f1(u2)
(ha) = -0.788 f0(hs) + 0.416 f1(u1)

This allows the analyst to pinpoint the likely cause of such

highlighted discrepancies to the term Vz 2 uy as indicated in the

2
formulation of % shown Section 3.3.

8. CONCLUSION

This paper has presented the initial evaluation of an approach
to perform code verification, validation, and calibration that is re-
lying on causal inference methods. The rationale is to move away
from classical statistical methods, which are designed to measure
the statistical differences between data sets (e.g., simulated data
vs. experimental data) toward methods designed to estimate the
actual causes that are the source of the statistical differences be-
tween data sets. We have presented the causal inference methods
that, in our opinion, better fit our scope and their limitations when
performing causal inference and discovery on a few analytical test
cases. We have highlighted in particular how such limitations can
be addressed by coupling qualitative models of the process under
consideration with the considered causal inference methods. The
analysis of the performance of causal methods have been applied
to a few analytical test cases and to a more complex experimental
case.
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