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Abstract—We present a novel Bayesian learning approach
to outdoor radio heatmap construction utilizing deep Gaussian
process (GP). The proposed approach employs a two-layer
hierarchy which consists of two cascaded Gaussian processes
that are capable of modeling more complex input-output relations
than standard single-layer Gaussian processes. Since deriving the
exact model likelihood is challenging, a lower bound is optimized
instead so that gradient descent-based methods can be performed
to find out the optimal model parameters. Typically, inducing
points are used in GPs to facilitate low-rank approximation of
covariance (kernel) matrices for computation speedup. However,
the inaccuracy induced by inducing points can accumulate when
stacking multiple layers of GP which may hinder the performance
of deep GP. Moreover, since inducing points need to be learned,
having them at all layers of deep GP also incurs computational
burden. To overcome the above challenges, in contrast to the
canonical deep GP model, we use a modified architecture where
a full standard GP resides in the first layer and inducing
points are only introduced for the second layer. This modified
architecture strikes a balance between model accuracy and
training complexity. In the proposed model, the noise parameter
of the first GP layer is also eliminated to improve the training
efficiency as the noise parameter at the output of the second layer
suffices to model the uncertainty in the output. The proposed
approach is evaluated on real-world datasets, in the form of
location-Received Signal Strength (RSS) pairs, collected from the
Platform for Open Wireless Data-driven Experimental Research
(POWDER) located at the campus of the University of Utah.
Experiment results show that the proposed approach can achieve
smaller prediction errors on various training and testing data
configurations than DNN-based and GP-based methods.

I. INTRODUCTION

Wireless radio heatmap [1]-[3] is an intuitive tool that helps
to analyze radio signal strength in both indoor and outdoor
environments. The heatmap is usually constructed using re-
ceived signal strength (RSS) samples which offers real-time
and comprehensive monitoring of the wireless signal strength
distribution and radio device activities. Conventionally, explicit
path loss models are used for RSS prediction [4]-[7]. For
example, the dual-slope model is used in [4]. Due to the
complexity of channel modeling, these approaches face chal-
lenges in achieving satisfactory levels of RSS prediction accu-
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racy given the variety of wireless propagation environments.
More recently, machine learning (ML)-based approaches are
explored in RSS prediction due to their ability to adapt to
complex radio propagation environments [8]-[11]. In these
approaches, available RSS measurements are used to train a
relevant ML model which is then used for RSS prediction
other than the measurement locations. For example, a deep
neural network (DNN)-based approach is used by Zhang et
al. [9] to model the intricate input-output relation in the RSS
data. In addition, convolutional neural network (CNN)-based
approach are also leveraged by Imai et al. [10] and Levie et
al. [11] respectively for RSS prediction.

ML-based, especially DNN-based approaches, demonstrate
great potential when there is adequate training data. However,
in reality, wireless heatmap construction is constrained by
limited data availability since RSS measurements can be costly
in many scenarios. With limited data, DNNs are known to
suffer from overfitting [12], hindering the RSS prediction per-
formance. Moreover, RSS prediction poses special challenges
to DNN-based approaches as DNNs do not have an explicit
mechanism to model the uncertainty caused by noise (i.e.,
channel and measurement noise) in the RSS measurements.
To overcome the above issues, the Gaussian process (GP)
model [13] is proposed, which is a type of Bayesian learn-
ing method to wireless heatmap prediction [14]-[17]. Gaus-
sian process regression [18] is a nonparametric probabilistic
learning paradigm where the GP output (i.e., observation) is
modeled as a multivariate Gaussian distribution governed by a
covariance (kernel) matrix that is determined by the inputs to
the GP. A set of i.i.d. Gaussian noise is also included in the GP
model which simulates the uncertainty in the observation. In
the context of heatmap prediction, geological locations and
RSS measurements respectively serve as the input to and
observation from the GP. For example, in the pioneering work
of Schwaighofer et al. [14], GPs with Martérn kernels are used
to conduct cellular user positioning using RSS measurements
generated by base stations. Moreover, Miyagusuku et al. [15]
propose to enhance the performance of GPs with path loss
models as a prior, which is experimentally verified to achieve
better model variance prediction.



Compared to standard GPs, deep Gaussian process [19] is
a more powerful model by stacking multiple GPs together
that can learn more complex location-RSS mappings. As a
result, deep GP is also employed for heatmap prediction [20],
[21]. For example, Wang et al. [20] use a canonical two-layer
deep GP model from [19] to carry out an indoor localization
task based on RSS measurements from WiFi access points. In
addition, a deep convolutional GP is used for millimeter-Wave
outdoor localization based on beamforming images [21].

In this paper, we propose a novel deep GP-based wireless
outdoor heatmap construction approach using a customized
two-layer deep GP with several adjustments over the canonical
model architecture used in [20] in order to achieve a better
trade-off between model accuracy and complexity. First, we
use a full Gaussian process for the first layer and inducing
points (IPs) are only introduced for the second layer. This
is in contrast to the canonical model [20] where (the same
number of) IPs are used at both layers to reduce training
complexity through low-rank approximation of the kernel
matrices, at the cost of an increased inaccuracy in model
likelihood estimation. Preliminary experimentation shows that
using a full GP at layer 1 helps to improve model performance
at a slightly higher training complexity. Second, the Gaussian
noise parameter in the first layer is eliminated (need not
to learn this parameter) in the proposed model to improve
training efficiency. This elimination causes no visible degra-
dation to the model capability because the noise parameter
at the second layer suffices to model the uncertainty in the
RSS measurements. We then derive a corresponding evidence
lower bound on the logarithm of the true model likelihood
which can be optimized using gradient descent-based methods.
In addition, we conduct extensive experiments using real-
world RSS data, in the form of location-RSS pairs, collected
from the Platform for Open Wireless Data-driven Experimental
Research (POWDER) [22], a campus-scale wireless research
platform located at the campus of the University of Utah. The
proposed approach is evaluated on various training and testing
data configurations representing different levels of training
data availability. Experiment results show that the proposed ap-
proach can outperform GP and DNN-based baseline schemes,
demonstrating its capability in dealing with scarce data.

II. PROBLEM DESCRIPTION AND PROPOSED APPROACH

We aim to learn the mapping between the measurement
locations and the RSS values using the proposed deep Gaus-
sian process model. In particular, the input to the deep GP
model is the 2-dimensional coordinates of the measurement
locations and the output/observation of the model is the
corresponding RSS values. The RSS dataset is stored in the
form of location-RSS value pairs and will be divided into
a training and a testing subset for the purpose of model
training and prediction respectively. Before proceeding to the
description of the proposed approach, we first provide a brief
overview of GP and deep GP regression models.

A. An Overview of GP and Deep GP

In standard single-layer GP [23], the input Z € RV*@z
and observation y € RY relation is governed by a Gaus-
sian process where each input z, € R%% n = 1,....N is
mapped to an output function value f(z,) ~ GP(0, k(zn, z,))
where k(z,,2, ) is the covariance function that measures
the correlation between the output function values f(z,) and
f(zy). Usually, the automatic relevance determination (ARD)
kernel k(zy,, 2,/ ) = nexp (— 3 Equzl tq(2ng—2nq)?) is used
where 1 > 0 is called the output-scale, which determines the
scale of the covariance, and «’s are called inverse length-
scales that reflect the importance of each input dimension.
One advantage of the ARD kernel is that it enforces automatic
dimension reduction by setting some «’s to be zero. In GP,
the output is usually corrupted with random Gaussian noise,
i.e.,, each observation y, € R,n = 1,..,N is given by
Yn = f(2n)+en, Vn, where g, ~ N'(0, 371). The observation
follows a multivariate Gaussian distribution

p(y|Z) =N (y]0, Kzz + 57" In) (1)

where Kz, € RN*N is the covariance matrix and
(Kzz)nn = k(zn,2, ). GPs can be trained by maximizing
the log-likelihood log p(y|Z) to the optimal kernel parameters
n*, {aZ}?:Zl and noise parameter 5*. Once done with training,
the prediction at a new unseen input z* can be carried out by
training input Zy,,i, and training observation yi,,in as follows.
The posterior predictive distribution of the output function
value f(z*) is given by

P (f(2")| Zirain; Yirain, 2°) = N (f(29)[p", 57) ()

where p* = Kyz,....(Kzz + (%) 7' 11) "' Ytrain and X% =
Kz*z* — Kz*Ztm;n(KZZ + (ﬂ*)_ljl)_lejj‘Ztm;n' The fi-
nal predictive distribution of observation y* is obtained by
p(y*|Ztrain;ytrain;Z*) =N (y*|,u*, ¥+ (ﬂ*)illl)- ﬂ* is
used as the prediction at the new testing point.

Due to the limitations of GP and advantages of deep GP that
will be described in III-A1, let us consider a simple supervised
deep GP consisting of two layers. The input Z € RV*@z
passes through the first GP mapping f¥X and produces an
(unobserved) output X € RV*@x which then passes through
the second GP mapping fY¥ and produces the final observation
Y € RV*P_ Given the input Z = {z,}_, and observation
Y = {yn}2_,, the deep GP can be trained under a supervised
learning setting in order to find the optimal kernel parameters
N> {ak, ?:Zl and 73, {a;q}qQ:Xl associated with the GP
mappings fX and fY respectively. More specifically, the
input-output relation in the considered two-layer deep GP is

Tng = [ (2Zn) +Engy =1, ,Qx 3)
Yna = [ (%n) +€0g, d=1,---,D @)
where fX = [fX(z1),---,f (zn)] and Y =
[fY (x1), -, £ (xn)]. Note that x,, = {24} € RO¥ is

latent variable which cannot be observed. The prediction of
the function value and observation at unseen input is similar
to the standard GP.



B. Proposed Approach

We present the proposed deep GP-based wireless heatmap
prediction approach in this section. A two-layer deep GP
model is used where two GP mappings f~ and f¥ need to be
learned. The input Z to our model is simply the measurement
location coordinates in an area where the radio heatmap needs
to be modeled, i.e., we have Z € RN*@z Qz = 2. The
observation of the deep GP is defined as the received signal
strength (RSS) measured at the corresponding locations. In
this model, we have Y = [yy,--- ,yp] € R¥*P, where the
observation dimension represents the number of RSS values
at each location, i.e., D = 1. In the deep GP, the probability
p(Y|Z) is not analytically tractable. Therefore, direct opti-
mization of the probability is not feasible. Instead, a variational
approach [24], [25] from Bayesian learning is used to obtain
an analytically tractable lower bound F, < logp(Y|Z). This
approach provides a tractable training procedure for deep
GPs and has been shown to obtain promising experimental
performance [19]. In this section, we present a novel deep GP
architecture to derive new lower bounds that are well-suited
for wireless radio heatmap prediction with a small dataset.

1) Model Training: In this supervised training stage, we use
the measurement location coordinates Z and observed RSS
value Y to maximize the lower bound of log-likelihood.

Let FX 2 [fX(z1), -, fX(zn)]" € RN*X@x and FY =
[fY (x1),-, fY(xn)]T € RV*P denote the output func-
tion values at the two layers respectively. In our proposed
deep GP model, the noise variance B;(l in layer 1 will
be treated as a positive constant parameter while the noise
variance ﬁ;l in layer 2 is learnable parameter. There are
three purposes for this setup. First, the learnable noise at
layer 2 is adequate to model the random Gaussian noise
added to the received RSS. Second, the proposed deep GP
model maintains its ability to model large geometric struc-
tures influenced by fading, shading, multipath, etc. Third,
the constant noise in layer 1 can improve the stability of
the values due to the constant diagonal shift to the ARD
kernel. The probability p(Y'|Z) can be written as p(Y|Z) =
S (Y, FY FX X|Z) where M 2 {FY FX X}. Let
Q(M) be a variational distribution over M, we can write the

i — p(LFY FX X|7) _
probability as log p(Y|Z) = log [, QM) =5 =
log (Epigr) [p(Y, FY, FX, X|Z)/Q(M)]). Since log is
a concave function, by using Jensen’s inequality, the lower
bound can be written as

log (Epm~oumy [p(Y, FY, F¥X,X|2)/Q(M)])
> Enrmgmy log (p(Y, FY,FX, X|Z)/Q(M)) . (5)

We factorize the joint probability as p(Y, FY, FX X|Z) =
p(YFV)p(FY|X)p(X|FX)p(F¥X|Z). Tt can be seen that
(5) is intractable due to the [y p(FY|X) term where X is
involved in p(FY|X) in a nonlinear way. To overcome this
issue, a set of K IP X € RE*®x ig introduced for latent
variables X. The purpose of the IPs in layer 2 (not layer 1)
is two-fold: First, IPs expand the joint probability space of
(5) such that the intractable terms can be canceled; Second,

the training dataset we used is small, so it is unnecessary to
use a smaller set of IPs to replace the training data in layer
1 to speed up the training process rather than maintain the
accuracy. Let UY = [u}, - ,u¥] € REXD be the function
values corresponding to the IPs X. We can then expand the
joint probability space as p(Y, FY, FX X, UY, X|Z) which
can be factorized as

p(Y,FY FX X UY,X|Z) = p(Y|F)p(FY|UY,X)
x p(UX | X)p(X|FX)p(F¥|Z), (6)
where note that X is not a random variable which will

be omitted in what follows. We can generate a variational
distribution

QM) = p(FY|UY, X)qU" )q(X)p(F¥|2), (7
IN

where M {FY  FX X,UY}. q(X) is chosen
as a factorized Gaussian distribution ¢(X) =
H?:X1 N(X(Gq)lp,55). qUY) is a  variational

distribution over the IP value UY. It can be factorized
as q(UY) = HD:1 q(ul), and the optimal form is

qul) eEx~ax) logN(y‘”KX??K%i‘(“g’ﬁflm)}p(ug). We

can then plug (7) and (6) into (5) so that the intractable terms
can be eliminated. In particular, we obtain the lower bound

F, - /M Olog (p(YIFY)p(UY)p(XIFX)) ®

q(UY)q(X)
which can be analytically calculated as
F,=g+r+ H(q(X)), ©))

where H(q(X)) = — [q(X)logq(X)dX is the differ-
ential entropy of ¢(X) which is equal to H(¢(X)) =
ZqQ:Xl(%(ln 21 +1)+ 5 In |S;*[). The first term g is related to
the second layer of the considered deep GP model and is eﬁual
to g = ]EP(FYlUYyX)q(UY)q(X) [10gp(Y|FY) + log sggyg]
We can further factorize g as g = Zle g4, Where

By)% K g2 1
gdZIOg[ (ﬂ )| XX‘ T €Xp —§Y§WYd
(2m) > By W2 + Kgx[?
By By —1
- v+ ST (KL es) (10)
where W = Byly — B2V (ByTs+ Kgg) ' 97, and

o = Nny. ¥y is a N x K matrix with (¥y), .
ay,q Lff —Fra)? 1

n% HqQ:Xl exp (—M) /(Oéy,qS,)fq + 1) 2 0y

ZL\I}Q is a K x K matrix where (U5)g =

_ _ 2 X - \2
QY‘Q(mkq_T‘k’q) _“‘Y,q(*"nq_mq) )
1

QQy’qS%{qﬁ—l

Qx 0 (_
7752/ Hq:xl

T , and 7, =

(2ay,qSX,+1)2

3 (Zkq + Tarq). The second term 7 is related to the first layer

of deep GP and is equal to r = EP(FXAQZ)[I(X) [logp(X|FX)]
X

which is factorized as r = > <%, where r, =

— T (log2m —log [Saq| — (1) Silpd —Tr(2;1SX)) and

xrq —q
Yaq=Kzz+ ﬁ;{ll ~. Now, the variational lower bound (9)
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can be analytically calculated so that gradient descent-based
methods can be used to find the optimal kernel and variational
parameters.

2) Prediction: The deep GP prediction (Fig. 1) is the cas-
caded GP predictions. We use the optimal mean of variational
distribution ¢(X') as an estimate Xi,,i, for the training output
of layer 1 and the training input of layer 2. The estimated RSS
value at the new locations Z* € RN *@7 can be carried out
by training location Zi,,i, and training RSS value Y,y in a
similar way to the standard GP. Thus, the distribution of layer
I’s output X* € RN *Qx jg

p (X*‘Ztraina Xtrain; Z*) = N (X*|M;(a Eﬁ( + 5)_(IIN*) )
(D
where M = Kz z,....(Kzz+Bx In+) "  Xirain and $% =
Kzeze =Kz 70 (Kzz+B8x In<) ' KZ. 5. . My is used
as the predicted testing output of layer 1 at new testing location
coordinates, which in turn becomes the test input for layer 2.
The distribution of observed RSS value Y* € RV *P g

P (Y*| Xirain, Yerain, X*) = N (Y| M3, S5 + (83) ' n-),

12)
where M}*/ = KX*Xtrah,(KXX + (ﬁ{/)_IIN*)_l}/train and
Ny = Kxoxe —KxoXpum (Kxx+(85) M ne) KXoy, .
M5 is the predicted RSS at the testing location.

In summary, in the RSS training and prediction stage, the
proposed two-layer deep GP model utilizes location coordi-
nates as inputs and corresponding RSS values as observations
to estimate their relationship. Then, the optimal model and
variational parameters are derived, enabling the generation
of radio heatmap predictions at testing locations along the
measurement route.

III. NUMERICAL EVALUATION
A. Experiment Setup

1) Data Processing: The proposed DGP model is evaluated
on the real dataset collected from the POWDER Platform [22],
which is for open wireless experimental research at the Uni-
versity of Utah. Four dense nodes (Mario, Wastch, Moran, and
Guesthouse) and one rooftop node (USTAR) are used as BSs,
and we use mobile USRP B210 radio to collect 112 sets of the
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Fig. 2. RSS measurements (dBm) at all 112 measurement locations.

I/Q (In-phase and Quadrature-phase) samples within an open
outdoor area of size 700 x 700 square meters in the University
of Utah campus, and a GPS device to collect the corresponding
location data. Each of these BSs uniformly emits a continuous-
wave signal in the CBRS Band (bandwith = 27.5 kHz,
fe,ustar = 3533.9175 MHz, f. Guesthouse 3533.95875
MHz, f. Maio = 3534 MHz, f. Moran = 3534.04125 MHz,
fe. Wasateh = 3534.0825 MHz). The locations are converted
from longitude and latitude in degrees to meters, and an
origin is selected to obtain the relative coordinates of all the
measurement locations. The number of received I/Q samples
for one location is 131,072. The processing of the I/Q samples
consisted of first separating the data into in-phase components
and quadrature components and then calculating the power
values using the I/Q samples. The data for each location is
represented by the average power of all samples collected at
that location, thus obtaining 1-dimensional observation data.
Afterward, the power is converted to RSS by converting the
Watts unit to dBm units. The conversion is used due to
the fact that most RSS measurements are extremely small
values near zero. It leads to numerical instability in deep GP
training, as well as baseline training. Therefore, the utilization
of dBm units ensures that RSS values fall within a suitable
numerical range. Fig. 2 and Fig. 3 show the RSS values and
the corresponding measurement locations (112 in total). We
will divide the dataset into different numbers of training and
testing sets to test the performance of deep GP.

2) Experiment setup: In our model, the dimension of latent
variable X and the dimension of observed RSS values Y are
both 1. The input locations Z are scaled by a factor of 1/700
to enhance the training efficiency of deep GP. The mean of the
variational distribution ¢(X') and IPs in layer 2 are initialized
by applying the principal component analysis (PCA) [26]
method to the observed RSS values. The variance of the
variational distribution is initialized with product LL”, where
L is an upper triangular matrix. Since we have 112 points in
total which is small, the number of IPs in layer 2 is equal to the
number of training inputs, N = K. First, random initialization
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Fig. 3. Demonstration of the RSS measurement locations along the traffic
route. BS locations are marked by red stars (five in total).

of length-scale, output-scale and noise variance are set for
prediction to evaluate the normalized root mean square error
(NRMSE). Subsequently, the initialization values are selected
based on the obtained NRME value. Then, we optimize the
model hyperparameters and variational parameters together.
We use the Adam optimizer with a learning rate of 0.001
and 50,000 iterations to ensure the convergence of deep GP.
The proposed approach is implemented with Python and uses
PyTorch as the auto-differentiation engine for model training.
3) Baselines: For comparison, we implement and evaluate
two baseline schemes. The first one is the standard GP model.
The experiments maintain the same dataset and the initial-
ization method of parameters and optimizer, only altering the
different model architectures. The second baseline is the DNN,
with four hidden layers and 200 neurons for each layer. The
activation function is the rectified linear unit function, and the
loss function is the mean square error (MSE) loss function.

B. Result

The experiment data and results are presented in this section.
1) Training set and testing set: The experiment employs
three different configurations to divide the dataset into training
and testing subsets with different numbers of data points, as
shown in the table below. Fig. 4 shows the specific distribu-

Configuration 1 2 3
# of training/testing locations || 38/74 | 56/56 | 94/18
Training percentage 34% | 50% | 84%
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Fig. 4. Training location (blue cross) and testing location (orange circle)
distribution under different configurations.
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Fig. 5. Comparison of prediction errors with the baselines under different
configurations.

The purpose of having multiple configurations is to evaluate
the performance of the proposed approach under scarce and
relatively adequate training data conditions.

2) Experiment result: Fig. 5 and Fig. 6 show the experi-
mental results. In particular, Fig. 5 compares the prediction
NRMSE of deep GP and the two baselines in different con-

tions of the training locations (denoted by blue crosses) and
testing locations (denoted by orange circles) under different
configurations. BS locations are marked by red stars. The train-
ing set is generated along the measurements route by taking
one training point at every three locations, one training point
at every alternate location, and five training points at every
alternate location for three different training set configurations.
The test sets include RSS values from the remaining locations.
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Fig. 6. Prediction error versus training data percentage.



figurations. All three schemes are able to regress the ground
truth RSS value when the percentage of training data is 84%,
which is relatively large. We can see the prediction error
of deep GP is comparable to but slightly higher than the
error of DNN. This is because the DNN model we used a
more complex and deeper structure than our proposed deep
GP, i.e., the structure of DNN is 4 hidden layers and 200
neurons while the deep GP is a two-layer model. Furthermore,
the error for the standard GP is much higher than that of
the other two methods. When gradually reducing the number
of training points, such as in configurations 1 and 2, the
prediction errors of the three methods show an increasing
trend of different degrees, as shown in Fig. 6. DNN is the
most affected, with its NRMSE increasing significantly from
0.097 to 0.151. The errors for both deep GP and standard GP
are slightly higher than the results for large dataset, but the
predicted RSS accuracy of deep GP is still better than that
of standard GP. Overall, compared with standard GP, deep
GP has better accuracy regardless of the size of the training
set because it can model more complex data structures than
standard GP, especially in capturing the nonlinear relationship
between input and observation. Deep GP achieves higher
accuracy and is more robust than the DNN baseline scheme
for small training datasets. In contrast, the performance of
DNN can be affected by overfitting problems to the training
data, which induces large generalization (prediction) errors.
Even with a larger dataset, deep GP achieves comparable
predictive performance to DNN with more complex and deeper
structures. Therefore, we attest that deep GP has a good
performance among these three prediction methods with a
small training dataset, and it is robust enough to make the
wireless outdoor heatmap prediction.

IV. CONCLUSION

In this paper, we proposed a Bayesian learning approach to
outdoor heatamp construction using a two-layer deep Gaussian
process. The proposed deep GP model replaces the standard
deep GP architecture with a full GP in the first layer and
only uses inducing point for the second layer, which strikes a
balance in model approximation accuracy and complexity. A
corresponding optimizable lower bound on the model likeli-
hood was also derived. In addition, the proposed approach
was evaluated using practical RSS datasets under a multi-
BS scenario from the POWDER platform. Experiment results
demonstrated the superior performance of the deep GP-based
approach over the baseline schemes including GP and DNN-
based regression models.
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